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Abstract

In this paper, a bracket structure is proposed for the laser-plasma interac-
tion model introduced in [19], and it is proved by direct calculations that
the bracket is Poisson which satisfies the Jacobi identity. Then splitting
methods in time are proposed based on the Poisson structure. For the quasi-
relativistic case, the Hamiltonian splitting leads to three subsystems which
can be solved exactly. The conservative splitting is proposed for the fully
relativistic case, and three one-dimensional conservative subsystems are ob-
tained. Combined with the splittings in time, in phase space discretization
we use the Fourier spectral and finite volume methods. It is proved that the
discrete charge and discrete Poisson equation are conserved by our numerical
schemes. Numerically, some numerical experiments are conducted to verify
good conservations for the charge, energy and Poisson equation.

Keywords: Laser-plasma interaction, Vlasov–Maxwell system, Poisson
bracket, Hamiltonian splitting, Conservative splitting.

1. Introduction

The system of Vlasov–Maxwell (VM) equations is an important model to
describe the interactive dynamics of charged particles with electromagnetic
field. In this paper, we focus on a reduced VM system which is introduced
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in [19, 24] to describe the laser-plasma interaction. This laser-plasma (LP)
model describes the action of a laser wave, called pump, penetrating into
a plasma and heating it. During this process, the electrons will be accel-
erated by plasma waves generated from laser-plasma interaction, or more
precisely, from stimulated Raman scattering (SRS). A good understanding
of this model will help to realize many new applications arising in high-field
science including the fast ignition concept, and plasma based electron accel-
erator schemes.

The numerical computation of the VM system is known to be difficult
because of its high dimension in phase space and the multi-scale nature.
Particle in Cell (PIC) method has been a widely used method, the idea of
which is based on approximating the distribution function of particles by a
finite number of super particles [1, 4, 7, 15]. The main advantage of the
PIC methods is its low computational cost. However, its numerical noise
only decreases in O(1/

√
N) w.r.t particle number N . In comparison, grid-

based methods offer a good alternative to overcome this lack of precision,
for instance the semi-Lagrangian methods [18, 13, 35], energy-conserving
discontinuous Galerkin methods [10, 11], and so on. As for the LP model
and its variants, there have been some research works [3, 5, 6, 8, 14, 20,
22, 24, 2, 3, 21, 36], in which mathematical analyses of the LP model, some
numerical methods and one convergence analysis have been studied.

The physical models such as the Vlasov–Maxwell equations which de-
scribe the complex physical phenomena, usually have conservative properties.
Hence, numerical methods with good conservation properties, high accuracy,
and good long time behaviors are required. Geometric numerical methods
proposed in [17, 23, 32] are designed for the purpose of preserving the un-
derlying geometric structures of dynamical systems. By preserving the geo-
metric properties inherited by the concerned system, geometric integration
methods usually provide superior long time behavior in comparison with tra-
ditional numerical methods, and are thus more suitable for large-scale, long-
term simulations. In the context of VM system, several structure preserving
methods have recently emerged, such as grid based methods [12, 26], PIC
methods [25, 30, 38], in which Hamiltonian splitting methods [16, 31, 37]
play an important role.

In this paper, for the LP system we present the bracket structure to re-
formulate it. The bracket is then proved by direct calculations to satisfy the
Jacobi identity which means that it is Poisson. Our Poisson bracket is also
related to one Poisson bracket in [28] by a coordinate transformation. There
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are some other references about the Hamiltonian structures of reduced mod-
els for laser plasma interaction [33, 34, 9]. However, the models (expressed
with moments) considered are different from the LP model (kinetic) in this
work, although similar techniques are used in the derivation of Poisson brack-
ets. Moreover, the Casimir functions of the LP system and corresponding
conservative properties are analyzed based on the Poisson bracket.

In this work, we consider the LP model in three cases with different
Lorentz factors: non-relativistic, quasi-relativistic and fully relativistic. In
physics, these three cases are used to describe different physical problems.
For the the particles with high energy, their behaviors can be well described
by the fully relativistic LP model. When the effects of ultra-relativistic elec-
trons (velocity close to light velocity) are ignored, and the pump intensity
is moderate, the motion of charged particles can be simulated by the quasi-
relativistic LP model. If the plasma temperature and the intensity of pump
wave are small enough, the non-relativistic LP model without considering
relativistic effects can be used to describe the laser-plasma interaction. For
the non-relativistic and quasi-relativistic cases, implementing Hamiltonian
splitting leads to three subsystems which can be solved exactly. Composing
the exact solution of each subsystem provides the temporal discretizations
enjoying the following properties: (i) they are poisson, i.e., they can preserve
the poisson structure of the LP model; (ii) they can be generalized to have
arbitrary high order by various composition methods; (iii) they can be com-
bined with any approximations in phase space. In the fully relativistic case,
however, there is more difficulties: second order spatial derivatives and non-
linear source terms appears in the electromagnetic field equations, and the
Lorentz factor depends on the momentum and space at the same time. This
relativistic factor makes some subsystems derived by Hamiltonian splitting
can not be solved exactly and two dimensional reconstruction is need in nu-
merical computation. By rewriting the Vlasov equation in the conservative
formulation, we propose a new splitting which gives three one dimensional
conservative subsystems. One important property of the two splittings pro-
posed in this paper is that the discrete charge and Poisson equation are
conserved.

The paper is organized as follows. In section 2 we introduce the LP system
and its Poisson structure. In section 3, phase space discretizations of the LP
system are described. In section 4, two splitting methods are proposed for
the LP system in order to derive the temporal discretizations. In section 5,
several numerical experiments are given to validate the long term behaviors
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of our schemes. Finally, we conclude this paper.

2. The Hamiltonian structure of laser-plasma model

The starting point of the derivation of the LP model is a VM system with
one dimension in space (called x) and three dimensions in momentum. To
describe the laser-plasma interaction, we can assume the motions of charged
particles are faster along the propagation direction of laser than in the associ-
ated transversal direction. An important property is p⊥+A⊥(x, t) =const (⊥
means the transversal direction of the laser). Therefore, the four-dimensional
VM system can be reduced to a two-dimensional LP model considered in this
paper. Refer to [3, 19, 24] for more details.

The main goal of this section is to introduce the LP model and its Hamil-
tonian structure. The LP model is described by the following reduced VM
equations

∂f

∂t
+

p

γ1

∂f

∂x
+

(
Ex −

A⊥
γ2

· ∂A⊥
∂x

)
∂f

∂p
= 0, (1)

∂A⊥
∂t

= −E⊥, (2)

∂Ex
∂t

= −
∫
R

p

γ1

f(x, p, t) dp+ J̄(t), (3)

∂E⊥
∂t

= −∂
2A⊥
∂x2

+ A⊥

∫
R

1

γ2

f(x, p, t)dp, (4)

∂Ex
∂x

=

∫
R
f(x, p, t)dp− 1, (5)

where f(x, p, t) is the particle distribution function with x ∈ Ω ⊂ R the
spatial variable, p ∈ R the momentum variable, and t ≥ 0 time. Denote
the electric field and vector potential by E = (Ex,E⊥) and A = (0,A⊥),
where Ex = Ex(x, t) is the longitudinal component of electric field at the x
direction, E⊥ = (Ey, Ez) and A⊥ = (Ay, Az) are the transverse components
of electric field and vector potential (pump wave). γ1 and γ2 denote two
relativistic parameters: γ1 = γ2 = 1 in the nonrelativistic case; γ1 =

√
1 + p2,

γ2 = 1 in the quasi-relativistic case; and γ1 = γ2 =
√

1 + p2 + |A⊥|2 in
the fully relativistic case. Here · represents the scalar product in R2, and
J̄(t) = 1

|Ω|

∫
Ω×R

p
γ1
f(x, p, t)dxdp guarantees the zero average property of Ex,
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i.e., ∫
Ω

Ex(x, t)dx = 0, ∀t ≥ 0. (6)

Denote by M the infinite-dimensional manifold with coordinate (f , Ex,
E⊥, A⊥). For arbitrary two functionals F , G defined on M, we present the
following Poisson bracket for the LP system

{F ,G} =

∫
Ω×R

f

[
δF
δf

,
δG
δf

]
xp

dxdp +

∫
Ω×R

(
δF
δEx

∂f

∂p

δG
δf
− δG
δEx

∂f

∂p

δF
δf

)
dxdp

+

∫
Ω

(
δG
δA⊥

· δF
δE⊥

− δF
δA⊥

· δG
δE⊥

)
dx,

(7)
where [·, ·]xp is the Lie bracket defined by [h, g]xp = ∂xh∂pg − ∂ph∂xg for
any two smooth functions h(x, p) and g(x, p). In the above bracket (7),
δF
δg

denotes the Fréchet derivative or functional derivative1 of F about g,
g = f, Ex,E⊥, or A⊥.

Proposition 2.1 The bracket defined in (7) is a Poisson bracket.

Proof. It is easy to prove that the bracket is bilinear, skew symmetric, and
satisfies Leibniz identity. As follows, we prove that the bracket defined in (7)
satisfies the Jacobi identity for arbitrary functionals F ,G, H defined on M,
i.e.,

{{F ,G},H}+ {{G,H},F}+ {{H,F},G} = 0. (8)

The bracket (7) can be denoted as

{F ,G} = {F ,G}xp + {F ,G}AE + {F ,G}fEx (9)

with {F ,G}xp =
∫

Ω×R f [ δF
δf
, δG
δf

]xpdxdp, {F ,G}AE =
∫

Ω

(
δG
δA⊥
· δF
δE⊥
− δF

δA⊥
· δG
δE⊥

)
dx

and {F ,G}fEx =
∫

Ω×R

(
δF
δEx

∂f
∂p

δG
δf
− δG

δEx

∂f
∂p

δF
δf

)
dxdp. Then, the terms on the

1Note that the for the Fréchet derivative with respect to Ex, we need consider the zero
average property of of Ex (6).
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left side of (8) can be written as

{{F ,G},H}+ cyc

= {{F ,G}xp,H}+ {{F ,G}AE,H}+ {{F ,G}fEx ,H}+ cyc

= {{F ,G}xp,H}xp︸ ︷︷ ︸
1

+ {{F ,G}xp,H}AE︸ ︷︷ ︸
2

+ {{F ,G}xp,H}fEx︸ ︷︷ ︸
3

+ {{F ,G}AE,H}xp︸ ︷︷ ︸
4

+ {{F ,G}AE,H}AE︸ ︷︷ ︸
5

+ {{F ,G}AE,H}fEx︸ ︷︷ ︸
6

+ {{F ,G}fEx ,H}xp︸ ︷︷ ︸
7

+ {{F ,G}fEx ,H}AE︸ ︷︷ ︸
8

+ {{F ,G}fEx ,H}fEx︸ ︷︷ ︸
9

+cyc,

(10)

where ’cyc’ denotes the cyclic permutation. By the bracket theorem pre-
sented in [29], we only need to consider the functional derivatives of {F ,G}
modulo the second derivative terms, which, with abuse of notations, gives

δ{F ,G}xp
δf

=

[
δF
δf

,
δG
δf

]
xp

,
δ{F ,G}xp
δE⊥

= 0,
δ{F ,G}xp
δA⊥

= 0,
δ{F ,G}xp
δEx

= 0,

(11)

δ{F ,G}AE
δf

= 0,
δ{F ,G}AE

δE⊥
= 0,

δ{F ,G}AE
δA⊥

= 0,
δ{F ,G}AE

δEx
= 0, (12)

δ{F ,G}fEx

δf
= − δF

δEx

∂

∂p

δG
δf

+
δG
δEx

∂

∂p

δF
δf

, (13)

δ{F ,G}fEx

δE⊥
= 0,

δ{F ,G}fEx

δA⊥
= 0,

δ{F ,G}fEx

δEx
= 0. (14)

With the above equalities, the following assertions are the immediate conse-
quences:

• Term 1 + cyc vanishes because {F ,G}xp is the Lie Poisson bracket of
the Vlasov–Poisson system (see [27]).

• Term 2 vanishes due to the second and third equations in Eq. (11).

• Terms 4, 5, 6 vanish when Eq. (12) is used.

• Term 8 vanishes because of the first and second equations in Eq. (14).

The remaining terms in (10) labelled as 3, 7, and 9 are proven to be cancelled
out in Appendix A. This completes the proof of this proposition. �
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With this Poisson bracket, the LP system (1-4) can be reformulated as a
Poisson system

Ż = {Z,H} (15)

with the corresponding Hamiltonian

H = K +
1

2

∫
Ω

|E|2dx+
1

2

∫
Ω

∣∣∣∣∂A

∂x

∣∣∣∣2 dx. (16)

In (16), K denotes the kinetic energy which isK = 1
2

∫
Ω×R (p2 + |A⊥|2) fdxdp

in non-relativistic case, K =
∫

Ω×R(γ1 − 1 + |A⊥|2
2

)fdxdp in quasi-relativistic

case, and K =
∫

Ω×R(γ1 − 1)fdxdp in fully relativistic case.
LetM1 be an infinite-dimensional manifold with coordinate (fM , A, Y).

Here, fM is a function of (x, P, t) defined by fM(x, P, t) := f(x, P −Ax, t), Y
is a function of x by Y(x) := −E(x). Then we have the following proposition.

Proposition 2.2 The Poisson bracket onM defined in (7) can be connected
to the Poisson bracket on M1 by

{{F̄ , Ḡ}}(fM,A,Y) :=

∫
Ω×R

fM(x, P, t)

[
δF̄
δfM

,
δḠ
δfM

]
xP

dxdP

+

∫
Ω

(
δF̄
δA
· δḠ
δY
− δḠ
δA
· δF̄
δY

)
dx

(17)

for functionals F̄ and Ḡ of fM,A,Y.

Proof. Given a functional F(f, Ex,A⊥,E⊥), define F̄(fM,A,Y) by

F̄(fM,A,Y) := F(f,−Yx,A⊥,−Y⊥).

By the chain rules of functional derivative, we obtain

δF̄
δfM

=
δF
δf

,
δF̄
δAx

=
δF
δf

∂f

∂p
,

δF̄
δA⊥

=
δF
δA⊥

,
δF̄
δY

= −δF
δE

. (18)

Substituting the above equalities into the right side of (17), gives

{{F̄ , Ḡ}}(fM,A,Y) =

∫
Ω×R

f(x, p− Ax, t)
[
δF
δf

,
δG
δf

]
xp

dxdp

+

∫
Ω×R

(
δF
δEx

∂f

∂p

δG
δf
− δG
δEx

∂f

∂p

δF
δf

)
dxdp+

∫
Ω

(
δG
δA⊥

· δF
δE⊥

− δF
δA⊥

· δG
δE⊥

)
dx.

(19)
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Comparing (19) with (7) implies

{F ,G}(f, Ex,A⊥,E⊥) = {{F̄ , Ḡ}}(fM,A,Y).

This completes the proof of this proposition. �

The above proposition can be generalized to four-dimensional LP model [2,
21] by one similar coordinate transformation.

Definition 2.1 [27] A smooth functional C defined onM is called a Casimir
functional for a given Poisson bracket {·, ·} if

{C,G} = 0

holds for arbitrary smooth functional G.

Proposition 2.3 The functional

Cx0(Z) =

∫
Ω

∂Ex
∂x

δ(x− x0)dx−
∫

Ω×R
fδ(x− x0)dxdp, x0 ∈ Ω (20)

is a Casimir functional of the Poisson bracket (7).

Proof. From (20), it is known that

δCx0
δf

(Z) = −δ(x−x0),
δCx0
δEx

(Z) = −∂δ(x− x0)

∂x
,

δCx0
δE⊥

(Z) =
δCx0
δA⊥

(Z) = 0,

where δ is the generalized function. Inserting the above equality into (7)
gives

{Cx0(Z),G(Z)} =

∫
Ω×R

∂δ(x− x0)

∂x

(
−f ∂

∂p

δG
δf
− ∂f

∂p

δG
δf

)
dxdp

+

∫
Ω×R

δG
δEx

∂f

∂p
δ(x− x0)dxdp.

(21)

By using the integration by parts, it is clear that the first integral on the right
side of Eq. (21) vanishes. As f is compactly supported along p direction and
δG
δEx

is independent of p, the second integral on the right side of Eq. (21) is
also 0. This implies that Cx0 is Casimir according to definition 2.1. �
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Proposition 2.4 [27] Denote F(M) the set of smooth functionals on M.
For a given function Φ : R→ R, the functional C : F(M)→ R defined as

C(f) =

∫
Ω×R

Φ(f(x, p))dxdp, (22)

is a Casimir functional of the Poisson bracket (7).

Based on the Poisson structure (7), in the following sections splitting
methods are constructed for the LP system.

3. Phase space discretization

In this section, we present the phase space discretizations for the LP
system. With the assumption that the LP system is periodic in x direction
with period L, we can take the computational domain in phase space as
Ω×Ωp = [0, L]× [−PL, PR] with PL, PR large enough to guarantee that f is
sufficiently small at Ω × ∂Ωp. In the following sections, periodic boundary
conditions are imposed at the boundary of Ω × Ωp. Choosing the uniform
grids gives

xj = (j − 1)∆x, j = 1, . . . ,M, ∆x = L/M,

p`−1/2 = (`− 1)∆p− PL ` = 1, . . . , N, ∆p = (PR + PL)/N.

Firstly, we present the spatial discretizations for Ex,E⊥,A⊥. Let us give the
detail for approximating Ex, the same strategy can be used for discretizing
E⊥ and A⊥. Denote the discrete value of Ex at (xj, t) by Ex,j(t). We use
the spectral Fourier expansion to approximate Ex due to the periodicity of
Ex. It reads

Ex,j(t) =

M/2∑
k=−M/2+1

Êx,k(t)e
2πijk/M , (23)

where j = 1, . . . ,M and i =
√
−1. To discretize the distribution function f

in phase space, we use a spectral representation in x direction while a finite-
volume discretization is used for the momentum p direction. Use f`(x, t) to
denote the average of f(x, p, t) over a cell P` = [p`−1/2, p`+1/2], it is

f`(x, t) :=
1

∆p

∫
P`

f(x, p, t) dp.

9



Combining it with the Fourier expansion in x-variable gives the approxima-
tion solution of f at (xj, p`) with p` = (`− 1

2
)∆p− PL that

fj,`(t) =

M/2∑
k=−M/2+1

f̂k,`(t)e
2πijk/M . (24)

To evaluate the off-grid value of f in p direction, here we use the so-called
parabolic spline method (PSM) introduced in [39] to reconstruct a continuous
function by using fj,` and periodic boundary condition. It has been pointed
out in [13, 39] that using PSM for reconstructing f is equivalent to applying
the cubic spline interpolation for the primitive function of f . Specifically, for
a simple advection problem (independent variable x is omitted),

∂f

∂t
+ a

∂f

∂p
= 0, a > 0

we have

f`(t) =
1

∆p

∫ p
`+1

2

p
`− 1

2

f(p, t)dp =
1

∆p

∫ p
`+1

2
−at

p
`− 1

2
−at

f0(p)dp, (25)

where f0(p) is the initial condition which is a piecewise polynomial recon-
structed from the values f`(0), ` = 1, . . . , N by using PSM. The last equality
of (25) holds as the solution f of this advection system is f(p, t) = f0(p−at).
The reconstruction of f can be obtained by other approaches. The advantage
of using parabolic spline method is that it can preserve the charge, that is∫ PR

−PL

f(p, 0)dp =
N∑
`=1

f`(0)∆p. (26)

4. Numerical discretizations

In this section, splitting methods are constructed for the LP system based
on the Poisson bracket derived above. As there is no intrinsic difference be-
tween non-relativistic case and quasi-relativistic case, we here concentrate on
quasi-relativistic, and fully relativistic cases. Combined with the phase space
discretizations presented in the previous section, fully numerical discretiza-
tions are obtained.
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4.1. Quasi-relativistic case

In the quasi-relativistic case γ1 =
√

1 + p2 and γ2 = 1, from (16) we know
that the Hamiltonian has a form of

H(f, Ex,E⊥,A⊥) =
1

2

∫
Ω

(E2
x + |E⊥|2)dx+

∫
Ω×R

(
√

1 + p2 − 1)fdxdp

+
1

2

∫
Ω

∣∣∣∣∂A⊥
∂x

∣∣∣∣2 dx+
1

2

∫
Ω×R
|A⊥|2fdxdp.

(27)

By investigation, the Hamiltonian (27) can be decomposed as

H = HE +HA +Hp,

where HE = 1
2

∫
Ω

(E2
x + |E⊥|2)dx, HA = 1

2

∫
Ω×R |A⊥|

2fdxdp+ 1
2

∫
Ω

∣∣∂A⊥
∂x

∣∣2 dx,

and Hp =
∫

Ω×R

(√
1 + p2 − 1

)
fdxdp, and three subsystem can be obtained,

Ż = {Z,HE}, Ż = {Z,HA}, Ż = {Z,Hp}. (28)

For (28) it is known that each subsystem can be solved exactly, so that
Poisson-structure-preserving temporal semi-discrete methods can be con-
structed by composing the solutions of subsystems [23]. Moreover, we have
the following proposition.

Proposition 4.1 For the Hamiltonian splitting (28) applied to the quasi-
relativistic LP system, the charge

∫
Ω×R f(x, p, t)dxdp and Poisson equation

(5) (if satisfied initially) are conserved by the semi-discretization based on
Hamiltonian splitting.

Proof. It is easy to know that the charge and Poisson equation are the two
Casimir functionals corresponding to the Poisson bracket. By propositions
2.3 and 2.4 with Φ being an identity map, the two conservative quantities
can be conserved by the Hamiltonian splitting methods. �

The subsystem corresponding to HE is

∂f

∂t
+ Ex

∂f

∂p
= 0,

∂Ex
∂t

= 0,
∂E⊥
∂t

= 0,
∂A⊥
∂t

= −E⊥. (29)
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For a given initial value (f0(x, p), Ex0(x),E⊥0(x),A⊥0(x)) at time t = 0, the
solution of this subsystem at t can be written as

f(x, p, t) = f0(x, p− tEx0(x)), Ex(x, t) = Ex0(x),

E⊥(x, t) = E⊥0(x), A⊥(x, t) = A⊥0(x)− tE⊥0(x).
(30)

From (30), it can be seen that Ex and E⊥ stay unchanged along time, and the
distribution f is advected with constant velocity. In numerical computation,
the distribution function f can be advanced in time by reconstruction using
the PSM method. Applying the Fourier expansion to the fourth equality of
(30) gives the equality satisfied by the Fourier coefficients

Â⊥,k(t) = Â⊥,k(0)− tÊ⊥,k(0).

It is clear from (30) that Êx,k(t) = Êx,k(0). For this subsystem, we know that∑N
`=1 f̂k,`(t) =

∑N
`=1 f̂k,`(0), as PSM is charge-conserving. Assume initially

the discrete Poisson equation is satisfied, i.e.

2πki

L
Êx,k(0) =

N∑
`=1

f̂k,`(0)∆p, k 6= 0, and Êx,0(0) = 0. (31)

then the discrete Poisson equation is satisfied at time t

2πki

L
Êx,k(t) =

N∑
`=1

f̂k,`(t)∆p, k 6= 0, and Êx,0(t) = 0. (32)

The subsystem corresponding to HA is

∂f

∂t
−A⊥ ·

∂A⊥
∂x

∂f

∂p
= 0,

∂Ex
∂t

= 0, (33)

∂E⊥
∂t

= −∂
2A⊥
∂x2

+ A⊥

∫
R
f(x, p, t)dp,

∂A⊥
∂t

= 0. (34)

With the initial value (f0(x, p), Ex0(x), E⊥0(x), A⊥0(x)) at time t = 0 the
solution at time t can be derived explicitly as

f(x, p, t) = f0

(
x, p+ tA⊥0(x) · ∂A⊥0(x)

∂x

)
, Ex(x, t) = Ex0(x),

E⊥(x, t) = E⊥0(x)− t∂
2A⊥0(x)

∂x2
+ tA⊥0(x)

∫
R
f0(x, p)dp, A⊥(x, t) = A⊥0(x).

12



The distribution function is advected with constant velocity tA⊥(xj, 0) ·
∂A⊥
∂x

(xj, 0) in p direction, which can be advanced in time by using PSM.
By Fourier expansion, the Fourier coefficients of E⊥ are advanced as

Ê⊥,k(t) = Ê⊥,k(0)−t
(

2πik

L

)2

Â⊥,k(0)+t
N∑
`=1

∑
k1,k2∈Z,k1+k2=k,

−M/2+1≤k1,k2≤M/2

∆pÂ⊥,k1(0)f̂k2,`(0).

Similar to the proof of subsystem HE, the discrete Poisson equation (32) is
satisfied by the solution at t of this subsystem if it is satisfied initially.
The subsystem corresponding to Hp is

∂f

∂t
+

p

γ1

∂f

∂x
= 0,

∂Ex
∂t

= −
∫
R

p

γ1

f(x, p, t)dp+ J̄(t),
∂E⊥
∂t

= 0,
∂A⊥
∂t

= 0.

(35)
With initial values (f0(x, p), Ex0(x),E⊥0(x),A⊥0(x)) at time t = 0, the so-
lution is as follows,

f(x, p, t) = f0

(
x− t p

γ1

, p

)
, E⊥(x, t) = E⊥0(x), A⊥(x, t) = A⊥0(x),

(36)

Ex(x, t) = Ex0(x)−
∫ t

0

∫
R

p

γ1

f(x, p, τ)dpdτ +

∫ t

0

J̄(τ)dτ. (37)

To compute the distribution function, we apply the spectral expansion to the
first equation of (36). Notice γ1 =

√
1 + p2, then

f̂k,`(t) = f̂k,`(0) exp

(
−i

2πk

L
t

p`√
1 + p2

`

)
, (38)

where k = −M/2 + 1, · · · ,M/2, ` = 1, . . . , N. For Ex, when k = 0 we have

Êx,0(t) =
1

L

∫
Ω

Ex(x, t)dx = 0. (39)

When k 6= 0, using equation of (37) gives

Êx,k(t) = Êx,k(0)−∆p

∫ t

0

N∑
`=1

f̂k,`(τ)
p`√

1 + p2
`

dτ.

13



Substituting (38) into the above equality, provides

Êx,k(t) = Êx,k(0)−∆p

∫ t

0

N∑
`=1

f̂k,`(0) exp

(
−i

2πk

L
τ

p`√
1 + p2

`

)
p`√

1 + p2
`

dτ

= Êx,k(0) + ∆p
L

2πik

N∑
`=1

f̂k,`(0)

[
exp

(
−i

2πk

L
t

p`√
1 + p2

`

)
− 1

]
.

(40)

If initially the discrete Poisson equation 2πik
L
Êx,k(0) = ∆p

∑N
`=1 f̂k,`(0) holds

for k 6= 0. Then, inserting the relation into (40) gives

Êx,k(t) = ∆p
L

2πik

N∑
`=1

f̂k,`(0)

[
exp

(
−i

2π

L
kt

p`√
1 + p2

`

)]

= ∆p
L

2πik

N∑
`=1

f̂k,`(t).

which is the discrete version of Poisson equation (32) at time t.
Based on the above Hamiltonian splitting methods in time, Fourier spec-

tral method and finite volume methods in space, fully discrete schemes can
be obtained by using composition methods [23].

Proposition 4.2 For the quasi-relativistic LP system, the solution of the
above derived fully discrete scheme preserves the discrete charge

M∑
j=1

N∑
`=1

fn+1
j,` ∆x∆p =

M∑
j=1

N∑
`=1

fnj,`∆x∆p.

Proof. Due to the charge-conserving property of PSM, it can be seen from
the construction of numerical methods that the discrete charge is conserved
by the fully discrete solution of subsystems HE and HA. As for subsystem
Hp, by the definition of fast Fourier transform, we have f̂0,` =

∑M
j=1 fj,`. In

order to prove the discrete charge conservation, we only need to prove that∑N
`=1 f̂0,`(t) =

∑N
`=1 f̂0,`(0), which is true from Eq. (38) when k = 0. �

14



Proposition 4.3 For the quasi-relativistic LP system, it can be proved that
the fully discrete schemes constructed above preserves the discrete Poisson
equation

2πki

L
Ên
x,k =

N∑
`=1

f̂nk,`∆p, when k 6= 0,

Ên
x,k = 0, when k = 0.

(41)

Proof. This can be proved by analyzing the fully discrete solution of each
subsystem. �

4.2. Fully relativistic case

For the fully relativistic case, some subsystems obtained by Hamilto-
nian splitting methods are no longer solvable. Thus constructing numeri-
cal solutions to preserve the good conservative properties inherited by the
original system becomes more important. In this subsection, we study the
fully relativistic system by a conservative splitting [13, 24], which gives three
one-dimensional conservative subsystems for Vlasov equation. By solving a
succession of one dimensional problems, the approximate solution of distri-
bution can be derived which is more efficient and easier to be implemented.
The other advantages of the conservative splitting is that the discrete charge
and the discrete Poisson equation are conserved.

Let F = ( p
γ
, Ex− A⊥

γ
· ∂A⊥
∂x

)T be the 2D advective field of Vlasov equation

Eq. (1). It is easy to check that ∇·F = 0 with ∇ = ( ∂
∂x
, ∂
∂p

)T . So the Vlasov
equation can be written in a conservative form

∂f

∂t
+

∂

∂x

[
p

γ1

f

]
+

∂

∂p

[(
Ex −

A⊥
γ2

· ∂A⊥
∂x

)
f

]
= 0.

Then, one conservative splitting for the evolutionary field of LP system (1-4)

15



is given by
− ∂
∂x

[
p
γ1
f
]
− ∂

∂p

[(
Ex − A⊥

γ2
· ∂A⊥

∂x

)
f
]

−∂2A⊥
∂x2

+ A⊥
∫
R

1
γ2
f(x, p, t)dp

−E⊥
−
∫
R

p
γ1
f(x, p, t)dp+ J̄(t)

 =


− ∂
∂p

(Exf)

0
−E⊥

0


︸ ︷︷ ︸

RE

+


∂
∂p

(
1
γ2

A⊥ · ∂A⊥∂x f
)

−∂2A⊥
∂x2

+ A⊥
∫
R

1
γ2
f(x, p, t)dp

0
0


︸ ︷︷ ︸

RA

+


− ∂
∂x

(
p
γ1
f
)

0
0

−
∫
R

p
γ1
f(x, p, t)dp+ J̄(t)


︸ ︷︷ ︸

Rp

.

(42)

It is noticed that the subsystem corresponding to RE is the same as the one
in the quasi-relativistic case. Thus, we concentrate on other two subsystems
in this subsection.

Remark 4.1 The charge
∫

Ω×R f(x, p, t)dpdx and Poisson equation (5) can
be conserved by the solution of each subsystem when using the above conser-
vative splitting.

The subsystem corresponding to RA is

∂f

∂t
− ∂

∂p

(
1

γ2

A⊥ ·
∂A⊥
∂x

f

)
= 0,

∂A⊥
∂t

= 0, (43)

∂E⊥
∂t

= −∂
2A⊥
∂x2

+ A⊥

∫
R

1

γ2

f(x, p, t)dp,
∂Ex
∂t

= 0, (44)

where γ2 =
√

1 + p2 + |A⊥|2. The characteristic equation of the first equa-
tion is

ẋ(t) = 0, ṗ(t) = − 1√
1 + p2(t) + |A⊥|2(x, 0)

A⊥(x, 0) · ∂A⊥(x, 0)

∂x
. (45)

To solve (43) numerically, the numerical unknown fj,`(t) is obtained from the
value of fj,`(0) thanks to the volume conservation property,

fj,`(t) =
1

∆p

∫ p
`+1

2
(0)

p
`− 1

2
(0)

fj(p, 0)dp,

16



where p`±1/2(0) is numerical solution of (45) solved by the fourth order
Runge–Kutta method or other numerical methods in [13], and fj(p, 0) is
reconstructed from the integral average values fj,`(0) by using PSM. We ap-
proximate E⊥ by applying a trapezoidal integration to the first equation of
(44),

E⊥,j(t) = E⊥,j(0)− t∂
2A⊥
∂x2

(xj, 0) + tA⊥,j(0)∆p
N∑
`=1

1

γj,`

(
fj,`(t) + fj,`(0)

2

)

where γj,` =
√

1 + p2
` + |A⊥,j(0)|2. Due to the conservative method, we know

that
∑N

`=1 f̂k,`(t) =
∑N

`=1 f̂k,`(0). Notice Êx,k(t) = Êx,k(0), then the discrete
Poisson equation (32) is satisfied at time t if it is satisfied initially.
The subsystem corresponding to Rp is:

∂f

∂t
+

∂

∂x

(
p

γ1

f

)
= 0,

∂E⊥
∂t

= 0, (46)

∂Ex
∂t

= −
∫
R

p

γ1

f(x, p, t)dp+ J̄(t),
∂A⊥
∂t

= 0. (47)

Apply the Fourier spectral method in x direction and finite volume method
in p direction, we obtain the following equation in Fourier space,

∂f̂k,`(t)

∂t
+

2πik

L

̂(p`
γ1

f`(t)

)
k

= 0, (48)

where k = −M
2

+ 1, · · · , M
2
, ` = 1, · · · , N . The second term of the above

equality can be calculated further as

̂(p`
γ1

f`(t)

)
k

=
∑

k1,k2∈Z,k1+k2=k,

−M/2+1≤k1,k2≤M/2

̂(
p`√

1 + p2
` + |A⊥|2

)
k1

f̂k2,`(t).

For each `, it is known that Eq. (48) is a M -dimensional linear ordinary
system about f̂` with f̂` = (f̂−M

2
+1,`, · · · , f̂M

2
,`)

T, which can be solved exactly.

When k = 0, it is clear that

Êx,0(t) =
1

L

∫
Ω

E(x, t)dx = 0, (49)
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If k 6= 0, we express the first equation of Eq. (47) in Fourier space, and
integrate it w.r.t time. Then, by using Eq. (48) we have

Êx,k(t) = Êx,k(0)−
∫ t

0

N∑
`=1

̂(
p`
γ1

f`(τ)

)
k

∆pdτ

= Êx,k(0) +
L

2πik

∫ t

0

N∑
`=1

∂f̂k,`(τ)

∂t
∆pdτ

=
L

2πik

N∑
`=1

f̂k,`(t)∆p+ Êx,k(0)− L

2πik

N∑
`=1

f̂k,`(0)∆p.

This implies that

Êx,k(t)−
L

2πik

N∑
`=1

f̂k,`(t)∆p = Êx,k(0)− L

2πik

N∑
`=1

f̂k,`(0)∆p,

which states the preservation of discrete Poisson equation if it is satisfied
initially.

Based on the above conservative splitting methods in time, Fourier spec-
tral method and finite volume methods in space, fully discrete schemes can
be obtained by using composition methods [23].

Proposition 4.4 For the fully relativistic LP system, the above derived fully
discrete schemes preserve the discrete charge

M∑
j=1

N∑
`=1

fn+1
j,` ∆x∆p =

M∑
j=1

N∑
`=1

fnj,`∆x∆p.

Proof. As subsystem RE is the same as subsystem HE, the discrete charge
is conserved by the fully discrete solution of this subsystem. Discrete charge
is also conserved by the fully discrete solution of subsystem RA due to the
implementation of conservative splitting. For subsystem Rp, we needs to

prove that
∑N

`=1 f̂0,`(t) =
∑N

`=1 f̂0,`(0), which is true from Eq. (48) when
k = 0. �
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Proposition 4.5 For the fully relativistic LP system, it can be proved that
the solutions of the fully discrete schemes constructed above satisfy the dis-
crete Poisson equation, for n ≥ 1

,

2πki

L
Ên
x,k =

N∑
`=1

f̂nk,`∆p, when k 6= 0,

Ên
x,k = 0, when k = 0.

(50)

Proof. As mentioned above, the discrete Poisson equation (32) is satisfied
by the fully discrete solution of each subsystemRA, Rp, andRE (the same as
HE), discrete Poisson equation (32) is satisfied by the fully discrete schemes.

�

5. Numerical experiments

In this section, we conduct the numerical simulations for the LP system
both in quasi-relativistic and fully relativistic cases by using the numerical
methods presented above. Moreover, comparisons with standard methods
from references are presented.

5.1. Quasi-relativistic case

Our first numerical experiment is to simulate the parametric instability
phenomena during wave interaction. This phenomena happens, for instance,
when electromagnetic waves propagate through a plasma layer (see [3, 24]).
As a consequences of energy and momentum conservation, the waves allow
the frequency and wavenumber matching.

In this numerical test, we take the initial distribution function as a ho-
mogeneous Maxwellian with a small perturbation which is expressed as

f0(x, p) =
1√
2πT

exp

(
− p

2

2T

)
(1 + a cos(kx)),

where T = 3/511 denotes the temperature, a = 0.001 is the perturbation
amplitude, k = 1/

√
2 is the wave number. The initial longitudinal electric

field is taken as
Ex0(x) =

a

k
sin(kx),
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and the transverse circularly polarized electromagnetic field is

Ey0(x) = E0 cos(kx), Ez0(x) = E0 sin(kx),

Ay0(x) = −E0 sin(kx), Az0(x) = E0 cos(kx)

with a quiver momentum E0 =
√

3.
Using the Lie (first order) and Strang (second order) splitting for Hamil-

tonian splitting gives

Z(n+1)∆t = φHp,∆t ◦ φHE ,∆t ◦ φHA,∆tZn∆t,

Z(n+1)∆t = φHp,∆t/2 ◦ φHE ,∆t/2 ◦ φHA,∆t ◦ φHE ,∆t/2 ◦ φHp,∆t/2Zn∆t,

where φHE ,t, φHA,t and φHp,t are the solution mappings of the subsystems
corresponding to HE, HA, and Hp.

We take the results from [6] as a comparison, in which a semi-Lagrangian
method of second order in time is considered combined with the two-dimensional
interpolation by cubic splines. The numerical parameters are chosen as
∆t = 0.02, Ω × Ωp = [0, 2π/k] × [−π/k, π/k], andM = N = 128. First,
we compare in Figs. 1-3 the results from [6] with those obtained by the Lie
Hamiltonian splitting. From Fig. 1, it is investigated that the contour plots
of distribution function f by the two methods are similar. It shows that as
time goes on there appear two vortices, which then separate.

We also compute the relative error of the total energy (16) and charge.
The error of Poisson equation is measured by M∑

j=1

((
∂En

1

∂x1

)
j

−
∑
`

fnj,`∆p+ 1

)2
1/2

.

These results are displayed in Figs. 2 and 3. It is observed that using the
semi-Lagrangian method [6] leads to a significant drift of errors after the
instability starts (t ≈ 22). In comparison, the Lie Hamiltonian splitting
method gives better results: the relative charge is preserved in the level of
10−11; the relative energy error oscillates in the level of 10−3 over long time
which is typical for geometric numerical integrations; the error of Poisson
equation is about 10−10 which verifies that the discrete Poisson equation is
satisfied by our numerical schemes. In Figs. 4 and 5, the results obtained by
the Strang Hamiltonian splitting are displayed. In Figs 4, it shows that the
Strang Hamiltonian splitting method gives the similar contour plots for the
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Figure 1: Quasi-relativistic case: time evolution of distribution function at t = 10, 24.
Left: Lie Hamiltonian splitting method. Right: Semi-Lagrangian method.

distribution function as in Fig. 1. In Fig. 5, compared with the Lie Hamil-
tonian splitting, the error of total energy by Strang Hamiltonian splitting
is smaller because of its second order of accuracy, which makes this method
very attractive in numerical simulations.

5.2. Fully relativistic case

For the relativistic case, we simulate the vortices generated by an ultra-
intense pump wave in a periodic box due to the relativistic parametric in-
stability. In this numerical experiment, we use the same initial values as
the ones in quasi-relativistic case except that the perturbation coefficient a
is taken as 0. The phase space domain is taken as [0, 2π/k] × [−π/k, π/k],
the numbers of grids in phase space is M = N = 128, and ∆t is taken as
0.01. We split the fully relativistic LP system by conservative and advective
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Figure 2: Quasi-relativistic case: time evolution of relative errors for charge, and energy
computed by Lie Hamiltonian splitting method (a)-(b), and method in [6] (c)-(d).

time
0 20 40 60 80 100

P
o

is
s
o

n
 e

q
u

a
ti

o
n

 e
rr

o
r

×10
-10

-8

-6

-4

-2

0

2

4

6

8

(a)

time
0 20 40 60 80 100

P
o

is
s
o

n
 e

q
u

a
ti

o
n

 e
rr

o
r

0

20

40

60

80

100

120

(b)

Figure 3: Quasi-relativistic case: time evolution of errors of Poisson equation by Lie
Hamiltonian splitting method (a), and method in [6] (b).
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Figure 4: Quasi-relativistic case: time evolution of distribution function computed by
Strang Hamiltonian splitting method at t = 10 and 24.

splittings, the resulting numerical discretizations in time are derived with
Strang splitting method.

Similar behaviors of distribution function by the conservative and advec-
tive splittings are presented in Fig. 6. There appear two vertices firstly, then
their structure becomes very complicated. This is in a very good agreement
with the results obtained in [6]. We also compare the conservative splitting
with the advective splitting by computing the relative errors for the charge,
energy (given by (16)) and Poisson equation error, and the numerical results
are shown in Figs. 7 and 8. From these figures, it can be seen that the con-
servative splitting gives better conservations of charge, energy and Poisson
equation. Finally, the time evolutions for the second mode of Ex and Ey
are displayed in Fig. 9 and 10. The dispersion analysis (see [19]) provides a
growth rate of γ = 0.409 for the second mode of Ex and a growth rate of
γ = 0.32 for the second mode of Ey. Comparing Fig. 9 with Fig. 10, it is
clear that the second modes of Ex and Ey by conservative splitting are in a
better agreement with analytic results.

6. Conclusions

In this work, the Poisson structure of the LP system is investigated. Based
on this structure, a Hamiltonian splitting method is given to numerically
solve this system in the quasi-relativistic case. Fourier spectral and finite
volume methods are used in phase space discretization. The scheme is applied
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Figure 5: Quasi-relativistic case: time evolution of errors by Strang Hamiltonian splitting
method. (a) Relative charge error; (b) Relative total energy error; (c) Poisson equation
error.

in parametric instability, in which our scheme shows very good long term
conservations of charge, energy and Poisson equation. The splitting method
is extended into relativistic case by one conservative splitting.

There are several perspectives of this work that can be envisaged. First,
application of this method to more complex laser-plasma numerical exper-
iments can be conducted as in [3]. Second, more careful phase space dis-
cretizations can be considered to construct fully discrete energy preserving
and Poisson-structure-preserving methods.
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Appendix A. Proof of the Jacobi identity

The proof of Proposition 2.1.
As follows, we prove that the sum of terms 3, 7 and 9 vanishes.
For term 9, using the first and last equations in Eq. (14) leads to

Term 9 + cyc =

∫
Ω×R

δH
δEx

∂f

∂p

(
δF
δEx

∂

∂p

δG
δf
− δG
δEx

∂

∂p

δF
δf

)
dxdp+ cyc

=

∫
Ω×R

( δF
δEx

∂

∂p

δG
δf︸ ︷︷ ︸

9a

− δG
δEx

∂

∂p

δF
δf︸ ︷︷ ︸

9b

)∂f
∂p

δH
δEx

dxdp

+

∫
Ω×R

( δG
δEx

∂

∂p

δH
δf︸ ︷︷ ︸

9c

− δH
δEx

∂

∂p

δG
δf︸ ︷︷ ︸

9d

)∂f
∂p

δF
δEx

dxdp

+

∫
Ω×R

( δH
δEx

∂

∂p

δF
δf︸ ︷︷ ︸

9e

− δF
δEx

∂

∂p

δH
δf︸ ︷︷ ︸

9f

)∂f
∂p

δG
δEx

dxdp.

It vanishes as the terms 9a and 9d, 9b and 9e, 9c and 9f, are cancelled out.
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Term 7 can be expanded as

Term 7 + cyc =

∫
Ω×R

f

[
δ{F ,G}fEx

δf
,
δH
δf

]
xp

dxdp+ cyc

=

∫
Ω×R

f
∂

∂x

(
δG
δEx

∂

∂p

δF
δf
− δG
δEx

∂

∂p

δF
δf

)
∂

∂p

δH
δf

dxdp

−
∫

Ω×R
f
∂

∂p

(
δG
δEx

∂

∂p

δF
δf
− δF
δEx

∂

∂p

δG
δf

)
∂

∂x

δH
δf

dxdp+ cyc

=

∫
Ω×R

(
δG
δEx

∂

∂p

δF
δf
− δF
δEx

∂

∂p

δG
δf

)(
∂f

∂p

∂

∂x

δH
∂f
− ∂f

∂x

∂

∂p

δH
∂f

)
dxdp+ cyc

=

∫
Ω×R

(
δG
δEx

∂

∂p

δF
δf
− δF
δEx

∂

∂p

δG
δf

)(∂f
∂p

∂

∂x

δH
∂f
− ∂f

∂x

∂

∂p

δH
∂f︸ ︷︷ ︸

7a

)
dxdp

+

∫
Ω×R

(
δH
δEx

∂

∂p

δG
δf
− δG
δEx

∂

∂p

δH
δf

)(∂f
∂p

∂

∂x

δF
∂f
− ∂f

∂x
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δF
∂f︸ ︷︷ ︸

7b

)
dxdp

+

∫
Ω×R

(
δF
δEx

∂

∂p

δH
δf
− δH
δEx

∂

∂p

δF
δf

)(∂f
∂p

∂

∂x

δG
∂f
− ∂f

∂x

∂

∂p

δG
∂f︸ ︷︷ ︸

7c

)
dxdp.

(A.1)
Using the integrations by parts and the fact that the sum of Terms 7a, 7b,
7c is zero, provides

Term 7 + cyc =

∫
Ω×R

(
δG
δEx

∂

∂p

δF
δf
− δF
δEx

∂

∂p

δG
δf

)
∂f

∂p

∂

∂x

δH
∂f

dxdp+ cyc.

(A.2)

Concerning Term 3, by using the first and fourth equations in Eq. (11) we
have

Term 3 + cyc = −
∫

Ω×R

δH
δEx

∂f

∂p

[
δF
δf

,
δG
δf

]
xp

dxdp+ cyc. (A.3)
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Taking the sum of Term 3 (A.3) and Term 7 (A.1) leads to

Term 3 + cyc + Term 7 + cyc

=

∫
Ω×R

(
∂

∂p

δF
δf

∂

∂x

δG
δf
− ∂

∂x
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δf
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δf
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∂
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a

)∂f
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δEx

dxdp

+

∫
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δf

∂
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d
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∂x

δG
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∂

∂p

δH
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c

)∂f
∂p

δF
δEx

dxdp

+

∫
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( ∂

∂p

δH
δf

∂

∂x

δF
δf︸ ︷︷ ︸

f

− ∂

∂x

δH
δf

∂

∂p

δF
δf︸ ︷︷ ︸

e

)∂f
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δEx
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+

∫
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( δG
δEx

∂

∂p

δF
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e

− δF
δEx
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)∂f
∂p
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∫
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( δH
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∂
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)∂f
∂p

∂
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δF
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+

∫
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( δF
δEx

∂
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− δH
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∂

∂p

δF
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b

)∂f
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∂
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δG
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The above terms vanish because of that the terms labelled by the same letter
cancelled out.
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Figure 6: Fully relativistic case: time evolution of distribution function computed by
Strang splitting for conservative splitting at t = 136, 150 (a)-(b) and advective splitting
at t = 125, 140 (c)-(d).

32



time
0 50 100 150 200 250 300

R
e
la

ti
v
e
 c

h
a
rg

e
 e

rr
o

r

×10
-11

-6

-4

-2

0

2

4

6

(a)

time
0 50 100 150 200 250 300

R
e
la

ti
v
e
 e

n
e
rg

y
 e

rr
o

r

×10
-4

-5

-4

-3

-2

-1

0

1

2

3

4

5

(b)

time
0 50 100 150 200 250 300

R
e
la

ti
v
e
 c

h
a
rg

e
 e

rr
o

r

×10
-4

-1

0

1

2

3

4

5

6

(c)

time
0 50 100 150 200 250 300

R
e
la

ti
v
e
 e

n
e
rg

y
 e

rr
o

r

×10
-4

-2

0

2

4

6

8

10

12

14

16

(d)

Figure 7: Fully relativistic case: time evolution of relative errors for charge, and to-
tal energy computed by Strang splitting for conservative splitting (a)-(b), and advective
splitting (c)-(d).
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Figure 8: Fully relativistic case: time evolution of Poisson equation error computed by
Strang splitting for conservative splitting (a) and advective splitting (b).
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Figure 9: Fully relativistic case: time evolution of second mode of (a) Ex and (b) Ey

computed by Strang splitting for conservative splitting.

time

0 50 100 150 200

S
e
c
o

n
d

 m
o

d
e
 o

f 
E

x

10
-30

10
-20

10
-10

10
0

10
10

10
20

γ = 0.409

numerical solution

(a)

time
0 50 100 150 200

S
e
c
o

n
d

 m
o

d
e
 o

f 
E

y

10
-25

10
-20

10
-15

10
-10

10
-5

10
0

10
5

10
10

γ = 0.32

numerical solution

(b)

Figure 10: Fully relativistic case: time evolution of second mode of (a) Ex and (b) Ey

computed by Strang splitting for advective splitting.
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