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SUFFICIENT STABILITY CONDITIONS FOR TIME-VARYING NETWORKS OF
TELEGRAPHER’S EQUATIONS OR DIFFERENCE DELAY EQUATIONS

L. BARATCHART!, S. FuEYOo!, G. LEBEAU? AND J.-B. POMET!

Abstract. We give a sufficient condition for exponential stability of a network of lossless telegrapher’s
equations, coupled by linear time-varying boundary conditions. The sufficient conditions is in terms
of dissipativity of the couplings, which is natural for instance in the context of microwave circuits.
Exponential stability is with respect to any LP-norm, 1 < p < oco. This also yields a sufficient condition
for exponential stability to a special class of linear time-varying difference delay systems which is quite
explicit and tractable. One ingredient of the proof is that LP exponential stability for such difference
delay systems is independent of p, thereby reproving in a simpler way some results from [3].

1991 Mathematics Subject Classification. 37L15, 19A30, 35L51.

November 22, 2019.

1. INTRODUCTION

The stability of electrical circuits operating at high frequency, that is, when delays induced by wires cannot
be neglected, has received a lot of attention in the last decades, see for example references [2)[11]. At such
an operating regime, wires should be considered as transmission lines, and it is customary to model each of
them by a lossless telegrapher’s equation (a 1-D hyperbolic partial differential equation, in short: PDE) where
voltage and current are functions of abscissa and time. The other elements in the circuit, some of which may
be active and nonlinear (transistors, diodes), induce couplings between the boundary conditions of these PDE
consisting of a system of both differential and non-differential equations with finite-dimensional state, obtained
by applying the classical laws of electricity, at each node, to the boundaries that “touch” this node.

Periodic solutions for such infinite dimensional dynamical systems occur naturally in several contexts; for
instance, they arise spontaneously in the case of oscillators, or through periodic forcing in the case of amplifiers
(the forcing is the signal to be amplified, represented for instance by a periodic voltage source). Assuming a
periodic solution, one may linearize the equations around the latter to investigate its local exponential stability,
based on the exponential stability of the first order approximation. The linearized system consists of the original
collection of telegrapher’s equations (which are linear already), coupled at their nodes (i.e. the endpoints
of a line) by a set of linear differential and non-differential equations with periodic coefficients, obtained by
linearizing the initial couplings, see [I3]. To this linear system, one associates a high frequency limit system (in
short: HFLS), where the linear differential equation at each node degenerates into a linear, time-varying but
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non-differential relation (i.e. there is no dynamics in the couplings at infinite frequencies), so that the state of
the HFLS reduces to currents and voltages in the lines. The behavior of the HFLS is crucial to the stability
of the linearized system, because the solution operator of the latter is, in natural functional spaces, a compact
perturbation of the solution operator to the HFLS, see [9, ch. 3, thm. 7.3] and [8]. In particular, the stability
of the HFLS is essentially necessary to the stability of the linearized system.

The HFLS is a system of lossless 1-D telegrapher’s equations, with linear couplings that depend on time in
a periodic manner, and we stressed why it is important to study its stability. With this application in mind,
the present paper is devoted, more generally, to the stability of lossless 1-D telegrapher’s equations with linear
time varying couplings having uniformly bounded coefficients. As is well known, integrating the telegrapher’s
equation yields an expression of the general solution in terms of two (essentially arbitrary) functions of one
variable, and this allows one to recast the original system as a time-varying linear difference delay system; the
two frameworks are equivalent to study issues of stability.

Stability of networks of hyperbolic PDEs has been addressed extensively, including more general systems
with conservation laws than telegrapher’s equations, but only when the boundary conditions (i.e. the couplings)
consist of time-independent relations, see [I] and the bibliography therein. Typically, stability conditions can
be given for the equivalent difference delay system with constant coefficients, via the Henry-Hale theorem [91[10]
or variants thereof (¢f. Section B]). However, no analog for the time-dependent case seems to be known.

The main contribution of this paper is to establish sufficient conditions for exponential stability of networks of
telegrapher’s equations, in the form of a dissipativity assumption on the couplings at each node of the network,
which is fairly natural in a circuit-theoretic context. We also derive sufficient conditions for exponential stability
of time-varying difference delay systems, that are a consequence of the former and of independent interest. To
our knowledge, this is the first result of this kind in the time-varying case. The proof, which involves going back
and forth between the PDE formulation and the difference delay system formulation, has interesting features
that should be useful in other contexts as well. Roughly speaking, we rely on classical energy estimates to first
obtain a Lyapunov function in the L? sense for each telegrapher’s equation, using the dissipativity condition at
each node; this allows us to show L? exponential stability of the system of PDE, therefore also of the associated
delay system. In a second step, we deduce from the L? exponential stability of the difference delay system
its exponential stability in the L sense (and in fact in the L? sense for all p € [1,00]). This second step is
actually subsumed under the work in [3], but we feel our derivation is simpler and worthy in its own. Note that
applications to the local stability of a periodic trajectory in an electrical network indeed require L°° stability
(or CV stability) and not just L? stability, for the state along a perturbed trajectory of the linearized system
must remain uniformly close to the state along the periodic trajectory of the original system, in order that
linearization remains meaningful.

The paper is organised as follows. Section 2l introduces networks of telegrapher’s equations coupled by time-
varying boundary conditions, gives well-posedness results that we could not find in the literature, discusses
the construction of equivalent difference delay systems and defines the notions of stability under examination
here. Section [3] contains our main result, both in terms of networks of telegrapher’s equations and in terms of
difference delay equations, while Section M is devoted to the proofs.

2. PROBLEM STATEMENT

2.1. A time-varying network of hyperbolic equations

Consider a directed graph with N edges and N’ nodes, where N and N’ are two positive integers. Nodes are
numbered by integers p € {1, -+, N’'}, and edges by integers k € {1,--- , N}.

Figure 2T represents a graph with 3 nodes and 4 edges whose only purpose is to illustrate the definitions.

Each edge figures a telegrapher equation. More precisely, we see edge number k as a copy of the real segment
[0,1] (i.e. a transmission line of unit length) on which two real function v (¢,.) and ix(¢,.) are defined for each
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FIGURE 1. A graph that induces coupling boundary conditions for [{Il) with N = 4.

time ¢>0 (the voltage and the current) in such a way that the lossless telegrapher’s equation is satisfied:

C. Ovg(t, ) _ Oix(t, x) ,

ot Ox
t,x) € Q, 1
L dig(t,x) _ Oui(t, @) (t,2) S
or oxr
where
Q= {(t,r)eR* 0<x<land0<t< 4oo}, (2)

and, for each k, Ly and Cj are two strictly positive numbers (the inductance and the capacity of the line k). In
@) we define the numbers 74, and K}, often called the delay and characteristic impedance of the line k, and we
assume without loss of generality, possibly after a re-ordering of the edges, that the delays 73 are increasing:

T =V LC,, Kip=+/Cy/Ly, 0<T1 <T9---<7N. (3)

Each node couples the edges adjacent to it through boundary conditions involving, for each such edge, the
endpoint of [0, 1] that touches the node. More precisely, if

e j(p) is the out-degree of the graph at node p (i.e. the number of edges outgoing from node p) and j(p)
the in-degree of the graph at node p (i.e. the number of edges incoming at node p), and

o ki < -+ < kj(, are the labels of the edges outgoing from node p and kj(p)4+1 < -+ < kj(p)+j(p) the
labels of the edges incoming at node p,

then node p couples the equations (Il together by imposing j(p) + 7(p) relations between the 2(j(p) + 7(p))
entries of the following two vectors:

Uk, (t, 0) _ikl (tu O)
Vk .- (t, 0) —Z'k,. (t, 0)
Vo (t) = J(p) , I.(t) = o R . 4
o0 k1 (5 1) o) iy (£51) )
Uk 3m (65 1) ik (s (B 1)
These relations read
Vp(t) = Ap(t) L, (1), (5)

where ¢ — A, (t) is a map from R (the nonnegative real numbers) to the set of square (j(p)+7(p)) x (j(p)+7(p))
matrices which is assumed to be measurable and bounded. In many cases of interest (e.g. when modeling
an electrical circuit), it is moreover continuous. Our results rest on the following condition characterizing
dissipativity at (each) node p:

Ap(t) + Ay(t) > ap Id, o >0, pe{l,---,N'}, (6)
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where superscript * denotes the transpose of a matrix and o, is independent of ¢. Inequality (@) is meant to
hold between symmetric matrices, for a.e. . We shall have an occasion to deal also with complex matrices,
in which case superscript * denotes the transpose conjugate. Here and below, the symbol Id stands for the
identity operator or the identity matrix of appropriate size, while the context will keep the meaning clear.

Example 2.1. For the graph in Figure 211 it holds that N = 4, i.e. we have four telegrapher’s equations of
the form (), numbered with k € {1,2,3,4}, and we have that N’ = 3, hence we get three sets of boundary
conditions. Let us detail the latter.

- For p =1, we have j(1) =1, j(1) = 0, and we see from the graph that k1 =1,

- for p = 2, we have j(2) = 2, 7(2) = 1, and we see from the graph that k1 = 2, ko =4, k3 = 3,

- for p = 3, we have j(3) =1, 7(3) = 2, and we see from the graph that k; = 3, k2 = 2 and k3 = 4.

This yields three equations of the form (&) as follows, with A;(t) a scalar and As(t), A3(t) two 3 x 3 matrices:

(%] (f, O) —ig (t, 0) V3 (t, 0) —Zg(f, O)
(%} (t, 0) = —Al (t) il (t, 0), () (t, 0) = A2 (t) —i4(t, O) 5 V2 (t, 1) = A3 (t) 12 (t, 1) (7)
v3(t, 1) i3(t, 1) va(t, 1) ia(t,1)

Remark 2.2 (On the minus signs in the vector I, in (4))). We shall see later why (@) amounts to energy
dissipation in some sense. This is one justification for the minus signs in the first entries of the vector I,(t)
defined by (#): removing the minus signs, one may still express the (same) boundary conditions by an equation
like (@) with a different A,(¢), but then condition (@) will assume an intricate form. Alternatively, from a
circuit-theoretic viewpoint, the minus signs are justified by Kirchoff’s law of currents.

Remark 2.3 (On the normalization of line lengths). We have assumed that the space variable = belongs to the
interval [0, 1] for every k in equation (I rather than [0, £;] for some positive £;. This is no loss of generality,
for such a normalization can always be achieved by a linear change of variable on . With this normalization,
T given by equation (3) has the meaning of a time delay.

Remark 2.4 (On the possibility of loops). In the above framework, nothing prevents an edge from being both
outgoing from, and incoming to a given node p. In this case, the index k of this edge appears twice in equation
@, once as a k; with j < j(p) and once as a kj(,y4; with I < 7.

So far, we endowed a system consisting of N PDE, indexed by the edges of our graph (namely: (), with
boundary conditions given by a collection of N’ linear time-dependent relations, indexed by the nodes of the
graph (namely: (@)). As a result, the boundary conditions at 2 = 0 and at = 1 for a given telegrapher’s
equation of the form (Il) are generally obtained from two different relations of the form(H). To compactify
the notation, we shall rewrite the boundary conditions in lumped form, as a single linear relation between
concatenated vectors V(t) and I(t) defined by:

vi(2,1) i1(z,1) u(t,0) —i(t,0)
v(z,t) = : it = | . V() = ;I = , 8)
’UN(LL',t) iN(LL',t) U(t71) i(tvl)

that aggregate all boundary values of voltages and currents in the lines. Since the concatenation of all vectors
Vp(t) (rvesp. I,(t)) defined in (@) contains each component of V() (resp. I(t)) exactly once, as p ranges from 1
to N’, there is a 2N x 2N permutation matrix P; such that

Vi(t) L)
: =P V(), ; =P I(t). (9)
Vi (t) Iy (t)
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The set of equations (@), 1 < p < N’, can now be written as
V(t) = A(t)I(t) (10)

with

A(t) = Pl_l diag(Al(t),...,AN/)Pl (11)
where diag(A4;(t),..., An/(t)) is a block-diagonal 2N x 2N matrix. Note that this “aggregated” notation may
be understood as collapsing all the nodes into a single one; all edges are then “loops” as described in Remark 241
Clearly, the hypotheses on A, made in (@) translate into the following assumption on the matrix A(¢) that will
be used throughout the paper :

Assumption 2.5. The map t — A(t) is measurable and essentially bounded [0,+o0cc) — R2N>2N “moreover
there exists a positive number «, independent of t, such that
A(t)+A*(t) > ald, a>0 teR. (12)

2.2. Well posedness of evolution problem in the L? and C° cases

Equations (1) (1 < k < N) and (I0)-(@) define a linear time-varying dynamical system, whose state at time
t consists of a collection of 2N real functions on [0, 1], namely z — vi(t,x) and = +— ig(¢t,z) for 1 < k < N.
Before we can study the stability of this dynamical system, we need to address the issue of well posedness,
i.e. of existence and uniqueness of solutions given initial conditions vy (0,.) and ix(0,.) (the Cauchy problem).
When the matrices A,(t) (or equivalently the matrix A(t)) do not actually depend on ¢, well-posedness results
are classical, see for instance the textbooks [I}[5].

In the time-varying case, which is our concern here, a very definition of well-posedness seems hard to find
in the literature, perhaps because the introduction of time dependent boundary conditions leads to a failure
of classical semigroup theory. We shall consider two cases according to whether the state at time ¢ consists of
continuous functions or merely LP-summable functions on [0,1], 1 < p < co.

To fix notation, we denote respectively by N and R the sets of nonnegative integers and real numbers. We
also recall the notation RT for nonnegative real numbers. We write the Euclidean norm of z € R! as |z,
and the Euclidean scalar product of x,y € R! as (x,y), irrespectively of I. We put C°(E) for the space of
real continuous functions on any (topological) space E. When E is compact we endow CY(E) with the sup
norm. Also, whenever E C R! is measurable and 1 < p < oo, we put LP(E) for the familiar Lebesgue space of
(equivalent classes of a.e. coinciding) real-valued measurable functions on E whose absolute value to the p‘!
power is integrable, endowed with the norm || f||L»(r) = ([, |f(2)|Pdz)'/? where dz indicates the differential
of Lebesgue measure (restricted to E). The space L>(E) corresponds to real, essentially bounded Lebesgue
measurable functions, normed with the essential supremum of their absolute value on E. More generally, for F'
a Banach space with norm ||.||r, we let C°(E, F) be the space of F-valued continuous functions on FE, and if
E is compact we set || f|lco(g, 7y = supg || f||F. In a similar way, LP(E, F) is the space of F-valued measurable
functions f on E such that ||f||p € LP(E). We also define locally integrable functions: L} (E) designates
the space of functions whose restriction fx to any compact set K C E belongs to LP(K). Likewise, we let
L? (E,F) be the space of F-valued measurable functions f on E such that || f||r € L} (E). Since R! is o-
compact, the topology of LP-convergence on every compact set is metrizable on LfOC(Rl, F). The spectral norm
of a linear operator B : Fi — F between two Banach spaces is || B|| = sup,¢r, [|[Bz||r,/||2] F , keeping the
notation independent of Fy, F» for simplicity.

Next, let us make precise the meaning of () and (I0) when vy, and iy, lie in L}, (), where  is defined by
@) and Q indicates the closure of €2 in R?. Later, we shall see this space is big enough to accomodate cases
we have in mind. Note that Q = [0,00) x [0, 1], and that L} (Q) identifies with a subspace of Li (), since

loc loc

[0,00) x [0,1] \ © has 2-D Lebesgue measure zero. Indeed, the latter set is just the boundary 9Q of Q in R?:

0Q = ({0} x(0,1)) U ([0, +00) x{0}) U ([0, +00) x {1}). (13)
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Equation (I)) is understood in the distributional sense as soon as (vy,ix) € L}, () x L}, .(2). That is, (v, ix)
is a solution to () if, for all C*°-smooth functions ¢ : 2 — R with compact support, it holds that

[/ﬂ (Lk ir(t, x)g—f(t, x)+ U;Jt,x)%(t,x))dtdx =0,

(14)
//Q(ck wi(t, x)‘z—f(t, @) + it ;v)%(t, ;v))dtdx ~0.

As to (I0), the definition () of V and I, as well as the choice of initial conditions vy (0, .) and 44 (0, .), require
that vy and i) extend in some way to 99 described in (I3)), and this is where their membership to L}, .(Q) (not
just to L} (€)) is useful. In fact, when h € L}, (Q) = L, ([0, 00) x [0,1]), we get from Fubini’s theorem that

loc loc loc

7+ h(r, ) belongs to L}, .([0,00)) for a.e. = € [0,1] and that s — h(t,s) lies in L'([0,1]) for a.e. t € [0, 00).

loc
For such x and t, we set

€ £ 1

o~ ~ o~

h(0,2) = lim — h(s,x)ds, h(t,0) = lim — h(t,s)ds, h(t,1)=lim E h(t,s)ds, (15)

e—=0 ¢ 0 e—=0 ¢ 0 e—0 ¢ 1_e

whenever the limits exist.

Definition 2.6. We say that h € L}, _(Q) has a strict extension to 99 if and only if the limits in ([H]) exist for

loc
almost all z € (0,1) and almost all ¢t € (0,00), and then the functions z — h(0,z), t — h(¢,0) and t — h(t,1)
define the strict extension of h to 92, almost everywhere with respect to H!-Hausdorff measurdl, see e.g. [7, ch.
2] for the definition of Hausdorff measures.

Remark 2.7. Definition may look strange at first glance, since when h € L}, .(Q) it seems to be defined
already on 092 C Q; but of course it is not so, because 9 has 2-D Lebesgue measure zero, hence the values
assumed by h there are immaterial. When the limits in (I3 exist for a.e. x and ¢, they produce a specific
definition of h on 09, a.e. with respect to H!, that we call the strict extension. If h :  — R is continuous
and extends continuously Q@ — R, clearly the strict extension exists and it is the natural one. Even then, we
sometimes use the notation E(O, x), E(t, 0) and ?L(t, 1) for reasons of consistency, although writing (0, ), h(t,0)
and h(t,1) is more appropriate in this case.

If all v, and i have a strict extension to 02, then we interpret the boundary conditions (I0) to mean the
following set of equalities between (a.e. defined) measurable functions of a single variable ¢:

01(t,0) —71(t,0)
a0y | v (t,0)
ﬁ]j(t,l) = A(t) ?1%71) . ae te(0,00). (16)
@N(.tv 1) /Z\N(%v 1)

We can now state a well-posedness result for the system (I)-(I0). Part I deals with solutions belonging to
L},.([0,00), LP([0,1])), and part II is about continuous solutions. They do not run completely parallel to each
other, because continuity requires a compatibility relation on the initial conditions, see ([I8). The theorem is
standard in nature but, as mentioned already, we could not find a reference in the literature for the case of
time-varying boundary conditions (I6]). To connect the statement with the previous discussion, we observe that

1341 restricted to 8Q C R? is simply the measure whose restriction to each curve {0} x (0, 1), [0, +00) x {0} and [0, +00) x {1}
coincides with arc length.
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L} .([0,00), LP([0,1])) € L} .([0,00) x [0,1]) = L} (Q) for 1 < p < oo, by Hélder’s inequality and the Fubini

theorem.

Theorem 2.8 (Well-posedness). Let A : [0,00) — R2VX2N meet Assumption[Z8 and 1 < p < oc.
I) If i, v) € LP([0,1]), 1 < k < N, there is a unique map (t,z) — (vi(t,z),...,on(t, 2),i1(t,2),...,in(t T))
from  into R2NV*2N sych that:

ot (vi(t,.),...,on(t,.),41(t,.),. .. in(t,.)) belongs to L} .([0,00), (LP([0,1]))?N) and vy, i) have a
strict extension to OS) satisfying the initial conditions

(0, 2) = v2(x), W%(0,2) =id(z) k=0,...,N, (17)

o (t,x) — (vi(t,x),...,on(t,),i1(t,x),...,in(t,x)) is a solution of [A)-O), 1 < k < N, in the sense

of (@) and (I4G).

IT) If, in addition, t — A(t) is continuous and vY,...,v%,i%,...,i% are elements of C°([0,1]) satisfying
?(0) —i1(0)
0 0
vn(0) —iy(0)
—A®0) |~ , 18
) | A 1)
v (1) ix(1)
then the map (t,z) — (vi(t,z),...,on(t,2),41(t,x),... in(t,z)) from part 1 is continuous Q — R2YN (equiva-

lently: t — (vi(t,.),...,oNn(t,.),i1(t,.), .- in(t,.)) ds continuous [0,00) — CO([0,1])2V*2N) and satisfies the
initial conditions in the strong sense:

v (0,2) = vR(x), ir(0,2) =4Q(x), rel[0,1], k=0,...,N. (19)

Remark 2.9. Assumption is stronger than needed for the previous result to hold. In fact, it is enough for
part I that the maps ¢ — A(t) and t — (I + A(t) K) ™" be well defined, measurable and bounded (K is defined
in (28)), and for part II that they be continuous and bounded. We do not dwell on such generalizations.

The proof of Theorem 2.8 is given at the end of Section [Z3] after establishing the equivalence of (I)-(I0)
with a suitable difference delay system. As a first step in this direction, we stress below the special form of

solutions to () in L} (£2), and show they have a strict extension to dQ if, moreover, they lie in L] (€2).

Proposition 2.10. Let i, and vy belong to LY (Q) (resp. C°(2)) for some p € [1,00], and satisfy (@) on Q in

loc

the sense of [Id). Then, the following properties hold.

(i) There exists two functions fi and g in LV ((—o00,1)) and L?

loc 1ne((0,00)) (resp. in C°((=00,1)) and
C°((0,00))) such that

wltn) = e = D)+ oo+ 1), o) = Ki (fm— f—k>—gk<x+%>) , (20)

A
Tk

for almost every (resp. every) (x,t) in ), where 1, Kj, are defined by ().
(i6) If, in addition, vy, and iy lie in LY () (resp. ewtend continuously Q@ — R), then fr and gy lie in
LY ((—o0,1]) and LY, ([0,00)) (resp. in CO((—o0,1]) and C°([0,00))), moreover vy, iy have a strict

loc
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extension to OQ according to Definition[Z.8. More precisely, we have that

Bu(t,0) = fil— L) + gL, B(1,0) = Ky (m—i) - gk<i>) ,
Tk Tk Tk Tk
~ t t . t t
1) = Al = )+ gul1 + 1), (1) = K, (fka -L-aa+ E)) L@
(0, 2) = Ky (fru(x) — gr(x)) , U(0,2) = fu(x) + gr(x),

where the first four relations hold for almost all (resp. all) t in (0,+00) and the last two for almost all
(resp. all) z in (0,1).
(iii) Conversely, if fr, and gy lie in LY ((—oc,1)) and L}, ((0,00)) (resp. in C°((—o0,1)) and C°((0,0))),
then vy and i), given by @0) belong to LY () (resp. C°(Q)) and satisfy [@). If, moreover, fi and gy
lie in LY ((—o0,1]) and LY ([0,00)) (resp. in C°((—o0,1]) and C°([0,0))), then vy, and i) belong to

_ . loc
L7, (Q) (resp. C°(Q)) and @) holds.

Proof. Point (7) is classical: if we introduce new variables r = x — t/7,, s = « + t/7, and define two functions
fr, g on Q1 == {(r,5) €R?, 0 <r+s<2and —oo <r—s <0}, in one-to-one correspondence with vy, iy, via
1 —r+s r+s
— v Tk
fk('f‘,S) - 2K}, k 2 k 2 vg (L, x) _ 1 1 fk(x—t/Tk,x—l—t/Tk)
gr(r, s) _ 1 ; —r+s r4+s » \ik(t, x) K —Kj, gk(x—t/Tk,;v—I—t/Tk) ’
2K, k 5 Tk » )

then fi,gr € L} (1) by the change of variables formula, moreover they are continuous Q; — R when i), and

vg are continuous on ), and System () gets transformed into the distributional identity

Ofs _ 09k _
ds  or

N = N =

(22)

Equation ([22) means that fj does not depend on the second argument nor gy on the first one, hence the form (20)
for vy, and ij. We turn to Point (i7). First, we observe that if v and iy, lie in LT (€2) (resp. extend continuously
Q — R), then f; and gy lie in L} ((—o0,1]) and L7 ([0,00)) (resp. in C°((—o0,1]) and C°([0,0))), by the
change of variable formula (resp. by inspection). The case where vj, and i extend continuously  — R is now
obvious. To handle the case where v, i, € LY (Q), recall that a (non-centered) Lebesgue point of a function

(€ L, (R) is a point 2 € R such that lim;_0 5, ﬁ J; [€(y) — £(z)|dy = 0, where the limit is taken over

loc
all closed intervals I containing x and |I| indicates the length of I. Let fk and g be the extensions by 0 of
fr and g to the whole real line. Using (20) in (IH), we see that the first two relations in (2I)) certainly hold
for t € (0,00) such that —t/7y is a Lebesgue point of f and /7 is a Lebesgue point of i, the third and
fourth relations if 1 — ¢/7, is a Lebesgue point of fk and 1+ t/7 is a Lebesgue point of g, and the last two if
x € (0,1) is a Lebesgue point of both fk and gx. Since almost all points are Lebesgue points of a given function
in L}, .(R) [7, thm. 1.34], while L (R) C Lj,.(R) by Hélder’s inequality, this proves Point (i7). Point (iii) is
obvious, reverting computations. O

Remark 2.11. The weak formulation (I4]) defines solutions vy, ir to () as locally integrable functions  —
R, while Theorem 2§ stresses their representation as functions Rt — LP([0,1]). The two points of view
are essentially equivalent by Fubini’s theorem, but suggestive of different moods. In this connection, it is
worth mentioning that if p < oo, then the solution set forth in Part I of Theorem 28 not only belongs to
Li,.([0,00), (L([0,1]))?Y), but in fact is continuous [0,00) — (LP([0,1]))*¥N*2N_ Indeed, granted that f, and
gk lie in LP ((—o0,1]) and L? ([0, 0)) by Proposition 210 this follows from the very proof of the theorem (cf.
BI) and (26]) below) and the fact that 7 +— f(. — 7) is continuous R — LP(R), whenever f € LP(R), p < 0.

loc loc
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2.3. Difference delay equations and their relation with networks of telegrapher’s equations

A general linear time-varying difference delay equation in the variable z is of the form

M
2(t) =Y Di(t) z(t —m:) for all (or almost all) £ >0, (23)

=1

where the delays 0 <y < --- <)/ are arranged in nondecreasing order, each ¢t — D;(t) is a d x d matrix-valued
function, and solutions ¢ — z(t) are R%valued functions. Hereafter, we make the following assumption.

Assumption 2.12. The maps t — D;(t) belong to L>=°(R* , R¥*9) for 1 <i < M.

Given initial conditions on [—nys, 0], we recap existence and uniqueness of solutions to (23] in the following
theorem. The existence of continuous solutions requires an additional continuity assumption on the D;, as well
as compatibility relations on the initial conditions; this is why we introduce the following space:

M

C:={¢ € C°[=nm, 0L, RY) [$(0) = > D;(0)p(—mi)} - (24)

=1

Theorem 2.13. Let Assumption 214 hold and ¢ be an element of LP([—nar, 0], R?) with 1 < p < oo.

(i) There is a unique solution z to Z3) in L}, ([—nar, +00), RY) meeting the initial condition z_y,, o] = ¢.

(ii) If, moreover, the maps D; : Rt — R¥*< gre continuous and ¢ € C, then z € C°([—nar, +00), RY)).

Proof. This is a classical, elementary inductive argument, see e.g. [9]: for any T > 0, if a solution has been
found on [—nas, T, it clearly can be extended to [—nar, T+ m] in a unique manner using (23)). When the D;(.)
are continuous, ¢ € C is clearly necessary and sufficient for the unique solution to be continuous. O

Remark 2.14 (merging repeated delays). In (23)), we allow for repeated delays, i.e. it may be that n; = n;41
for some ¢. This to comply with ([I)-([B), where it would be too restrictive to require that the numbers 7 are
distinct, and because we are about to convert (I)-(@) into ([23) in such a way that n; = 7;. However, when
dealing with (23)), it is better to avoid repetition by merging terms with the same delay. Since it will be needed
in the statement of Theorem B.6, let us formalize this: first, define an enumeration without repetition of the
original list of delays, say, 0 <71 <7 <--- <7 with M < M, then define for each j

Dit)y= > Dit). (25)
{iw i = ﬁj}

It is clear that (23) can be re-written as z(t) = Z;Ai1 ﬁj (t) z(t — 1;), and if the n; were distinct already, then

the system is left unchanged.

We now construe the system of coupled telegrapher’s equations from Sections [ZI]and 2-2] as a difference delay

system of the form (Z3). For this, let (vy,ix) € Li,.(Q) x L (Q) (resp. C°(Q) x C°(2)) be, for 1 < k < N,
solutions of ([Il)- (), observing from Proposition 210l () that the boundary conditions (0] indeed make sense.

Let fi, gx be as in Proposition 2210, and define:

~ 1) and oyt = g1+ 2. (26)
Tk Tk

2k (t) = i

The functions f; and gy, lie in L}, ((—o0,1]) and L}, ([0, 00)) (resp. in C°((—oc,1]) and C°([0,c))) by Propo-

sition 2I0, therefore zj and yy lie in L} ([—7k, +00)) (vesp. CO([—7k, +00))). Moreover, the boundary values
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of vy, and iy, are related to z; and yy as follows (substitute (26) in (21])):

U(t,0) = ax(t) + ye(t — ),
(1, 0) = Kglzg(t) — yr(t — )], (27)
Op(t, 1) = 2 (t — 7k) + yx(t)
/Z\k(t,l)ZKk[xk(t—Tk)—yk(t)].
Plugging [27) in (I8) gives us
w1 (t) y1(t —71) [ [ —Kqz1(t) Ky (t—m)
x (t) Yy (t'—T) B -K .x (t) Kyy (.t—T)
n®) | " me-n) | TAO | Sk | T Kine-n)
yN'(t) ,TN(t'—TN) L —KN.yN(t) KN,TNG—TN)
Thus, if we define
K — di (0 Id
= 1ag(K1,...,KN,Kl,...,KN), PQ—(Id 0> (28)

where Id has size N x N, and observe that P,K = K P, while noting that relation K = K* > 0 together with
the dissipativity condition (I2) entail that I + A(¢) K is invertible, we obtain:

xl(t) ZEl(t — 7'1)
o | gy o (t—7v)
n(p) | =7 UFAOKTE=AGIOR |\ ) 2
yN'(t) yn(t - TN)
Setting d = 2N and letting z(¢) be the vector [x1(t), - ,zn(¢), y1(t), -+ ,yn(¢)]* and, for each i € {1,---,, N},

the d x d matrix D;(t) have the same i and (i+N)™ columns as the matrix — (I + A(t)K)™" (I — A(t) K) Py,
the other columns being zero, it is obvious that system (23] can be rewritten in the form (23] with M = N and
7, =T, 1 <4 < N. As for initial conditions, we obtain from (28] and the last line of (2IJ) that

) = g (K- D)+ 22 0 = i (K4 ) =0+ ) ve om0l (0

Tk Tk

where we note that both —¢/7;, and 1 + /7, range over [0, 1] when ¢ ranges over [—7, 0]. The only difference
with the situation in Theorem is that initial values for xy, yj are only provided over [—7,0] through (26)
and (21), not over [—7x, 0]. However, with the previous definitions of z(t) and D;(t), 1 <i < N, the values of
xy and y on [—7n, —7) when 7, < 7y are unimportant to the dynamics of (23] for ¢ > 0, because the columns
of D;(t) other than i*" and (i + N)' are identically zero. Thus, we may pick initial conditions for z3 and y
on [—7n, —7x) arbitrarily, provided that we comply with summability or continuity requirements. For instance,

we can extend xp and y to [—7n, 0] using the operators J[[:TT;V (’)?] defined as follows. For a < b < ¢ three real
[a,c]

numbers, .Jy, 7 be an extension operator mapping functions on [a,b] to functions on [a,c| so that LP([a,b])

gets mapped into LP([a,c]) and C°([a,b]) into C°([a,c]), in a continuous manner. Such an operator is easily
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constructed by choosing a smooth function ¢ : R — R which is 1 on (—o0,b] and 0 on [min{2b — a, c}, +00);
then, for f : [a,b] — R, define J[[Z’lf]]f to be f on [a,b] and ¢(t)f(2b — t) for ¢t € (b,c], where the product is

interpreted as zero if 2b — ¢ < a. Similarly we define J[[g C?] mapping functions on [b, ¢] to functions on [a, c|.

We have now reduced the Cauchy problem for [I)-([I0), 1 < k < N, to the Cauchy problem for a particular
equation of the form (23]). Moreover, it is obvious from what precedes that initial conditions in LP(][0, 1], R)
(resp. C°(]0,1]) meeting (I8)) for vy, i correspond to initial conditions in LP([—7x,0],R*Y) (resp. C) for z,
and that solutions vy, i in L7 (]0,00), LP([0,1])) (resp. C°([0,00),C?([0,1]))) correspond to solutions z €

L;lnoc([ov 00), R2N) (resp. CYO([()7 Olg(;’ R2N)),

Proof of Theorem[Z.8. The above discussion (starting after Theorem [2.I3) shows that the function (¢,z) —

(v1(t, ),..., vn(t, x),i1(t,x),...,in(t,x)) is a solution of ()-(TA)-[T7) for Part I or (I)-(I0)-(T9) for part IT if

and only if
vg(t,x) = zop(t — am) +ye((x — D)7 +8), gt z) = K (vp(t — 27) —yp((z — D)1 + 1)) (31)

where t = (21(t), ..., 2N (), yi(t),...,yn(t)) is a solution of the difference delay system (Z9) in L ([0, c0), R?V)

loc

or in C9([0,00), R?Y), with initial conditions given by ([B0) and extended if necessary to [—7n, 0] using the
operator J[[::: (’J(])] constructed just before this proof. The result now follows from Theorem 213 O

2.4. Exponential stability: definitions

Definition 2.15. Let A : [0,00) — R2V*2N meet Assumption (resp. meet Assumption 2.5 and be contin-
uous). For 1 < p < oo, System ()-(I0) is said to be LP (resp. C°) exponentially stable if and only if there exist
v, K > 0 such that, for all solutions given by Theorem part I (resp. part IT), one has:

1@t )0 ) 0.1, < K77 [[@0,),50,) || o o.1y ey » for all ¢ >0

: ot 1l (s (32)
(‘resp. [|(i(t,-),v(t,")) Hco([OJ]yRQ) < Ke " (i(0,-),v(0,-)) HCO([O,l],JR?) for all ¢ > 0).

Definition 2.16. Let the maps ¢ — D;(t) meet assumption (ZI2) (resp. meet assumption (ZI2) and be
continuous). System (Z3)) is said to be LP (resp. CY) exponentially stable, p € [1, 00], if and only if there exist
v, K > 0 such that, for all solutions given by Theorem 23] part (i) (resp.part (ii)), one has:

0 1/p 0 1/p
(/ 12t + 9)||”d9> < Ke (/ ||z(9)||”d9> t>0, ifl<p<oo (33)

—TN —TN
esssup ||z(t+0)|| < Ke 7" esssup ||z(0)]|, t >0, if p = oo, (34)
96[77’1\7,0] 96[77’1\7,0]
(resp. sup |lz(t+0)]| < Ke™ " sup |[[z(0)], t>0). (35)
96[77’1\7,0] 96[77’]\],0]

Our main concern in this paper is the exponential stability of system ({I)- [I0)), but we shall need the equivalent
formulation as a difference delay system of the form (29)), which is a particular case of ([23)). In fact, exponential
stability of the two systems are equivalent properties, as asserted by the following proposition.

Proposition 2.17. System ({)-(10) is LP exponentially stable (resp. C° exponentially stable) if and only if
System [29) is LP exponentially stable (resp. C° exponentially stable), 1 < p < co.

Proof. This follows at once from (BI]) expressing solutions of ([)-(I0) from solutions of ([29) and vice-versa. O
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3. RESULTS

3.1. Known results in the time-invariant case

The exponential stability of difference delay systems like ([23) when the D; are constant matrices is well
understood. Indeed, the following necessary and sufficient condition is classical.

Theorem 3.1 (Henry-Hale Theorem, [910]). If the matrices D; in system (23) do not depend on t, the following
properties are equivalent.
(i) System (23) is LP exponentially stable for all p € [1,+0].
(it) System (23) is C° exponentially stable.
(@) There exists 8 < 0 for which

N
Id— ZDi e~ i s invertible for all X € C such that R(\) > S. (36)
i=1

Theorem [B.] is usually stated for CY exponential stability only. However, the proof yields LP exponential
stability as well for 1 < p < oo, see the discussion after [4, eq. (1.11)]. To study the stability of time-invariant
networks of 1-dimensional hyperbolic systems, it is standard to convert them into a delay system, much like we
did in the previous section, and to apply Theorem Bl There is a sizeable literature on this topic, dealing with
more general equations with conservation laws than telegrapher’s ones, see for instance the textbook [I] and
references therein.

For systems of the form (29), if we assume on top of the dissipativity condition (I2)) that the coupling matrix
A(t) in fact does not depend on ¢, then Theorem Bl applies to yield exponential stability. This is the content
of the following proposition, whose (elementary) proof is given in section for completeness:

Proposition 3.2. If the matriz A(t) is constant and condition ([I2) holds, then the constant matrices D;
obtained when putting 29)) into the form @3)) satisfy B6) for some B < 0.

3.2. Sufficient stability condition in the time-varying case

Unfortunately, there is no generalization of the Henry-Hale theorem to time-varying difference delay systems
of the form (23), even if we assume that the D;(t) are periodic with the same period, as is the case in the
application to electrical networks outlined in the introduction. To the best of our knowledge, there are very
few results on the stability of such systems, and existing ones seem hardly manageable. The most complete
reference we are aware of is [3], where a necessary and sufficient condition for L? exponential stability is given,
1 < p < 400, which obviously remains valid for C° exponential stability as well. It is stated in terms of bounds
on sums of products of matrices D;(t;) at delayed time intants ¢;, where the number of terms in the sums and
of factors in the products can be arbitrary large. The latter is akin to an expression of the solution to (23] in
terms of the matrices D;(.) and the initial conditions (see (B9) and (60) further below), which looks difficult
to bound efficiently in practice because of the tremendous combinatorics and the many cancellations that can
occur. In contrast, we only deal with telegrapher’s equations, or with difference delay systems that can be recast
as such, but Assumption is a much more manageable sufficient condition for exponential stability.

The main result of the paper —see Theorems and below— asserts LP exponential stability for all
p € [1,00], as well as C¥ exponential stability, for networks of telegrapher’s equations with time-varying coupling
conditions of the form or (I)-(I0) (or ([@)-({)) under Assumption (dissipativity at the nodes), and for
difference delay systems (23] under conditions that imply that they can be put in the form ([29) with the same
dissipativity conditions. Let us state these results, preceded by some auxiliary results of independent interest.
The proofs not given right after the theorems can be found in Sections [£3] 4] and

The first step is to establish the L? exponential stability of System ({II)-(I0) asserted in the following theorem.
The proof, given in Section 3] uses a natural energy functional for the telegrapher equations () as Lyapunov
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function. Condition (I2)) in Assumption 28] which has been termed dissipativity without much explanation so
far, expresses dissipativity in the sense of this energy functional.

Theorem 3.3. Under Assumption [Z5, the time-varying network of telegrapher’s equations ({I)-(I0)-(®) is L?
exponentially stable.

In view of Proposition 21T, we get as a corollary that L? exponential stability holds for difference delay systems
of the form (29).

To deduce from Theorem LP exponential stability for all p, we rely on the following result.

Theorem 3.4. Under Assumption 212, System 23]) is LP exponentially stable for some p € [1,00] if and only
if it is LP exponentially stable for all such p. Moreover, if the maps t — D;(t) are continuous, then this is also
if and only if System 23) is C° exponentially stable.

The only original bit here is that C° exponential stability implies L? exponential stability for all p, because the
first assertion of Theorem B.4lis essentially contained in [3, Corollary 3.29]. We do consider C? stability, because
it is the natural one in the application to electronic circuits mentioned in the introduction. Although, again,
the first assertion is a consequence of [3] Cor. 3.29], we nevertheless give an independent proof in Section .4
Indeed, we feel our argument is simpler than in [3] (the latter paper contains of course other results), and of
independent interest. Moreover, our proof shows (for better readability it is not stated in the theorem) that
if System (23) is LP (resp. C°) polynomially stable of degree m > N for some p € [1,00] (i.e. if B3) or (B4)
(resp. ([BH)) holds with e~ " replaced by (1 + ¢)~™), then it is L? polynomially stable of degree 1 for all such p
(and also C° polynomially stable of degree 1).

An obvious corollary of Theorem B.4] based on Proposition 217 is that System (I)-([0) (network of telegra-
pher’s equations) is LP exponentially stable for some p € [1, 0] if and only if it is C° exponentially stable and
also L? exponentially stable for all ¢ € [1,00]. This leads to our main result regarding network of telegrapher’s
equations:

Theorem 3.5. Under Assumption [Z3], the time-varying network of telegrapher’s equations (I)-(I0)-@) is LP
exponentially stable for 1 < p < oo, and also C° exponentially stable if the maps t — A(t) are continuous.

Proof. This is a straightforward consequence of Theorem and the “obvious corollary” to Theorem [B.4] men-
tioned just before Theorem [3.5] g

A direct consequence of Theorem and Proposition 2I7 is that the same stability properties hold for
difference delay systems of the special form (29). It is interesting to restate this in terms of general delay
systems of the form (23), making additional assumptions to fall under the scope of the previous result. This
is the purpose of Theorem below, whose proof is given in Section Recall that the matrices lA)j (t) were
defined from the matrices D;(t) in Remark 214l (¢f. (25])), and that they differ from the D; only when some of
the delays 7; appear with repetition in (23))).

Theorem 3.6. Under Assumption [Z12), if Conditions (i) and (i) below are satisfied, then the time-varying
difference delay system 23)) is LP exponentially stable for all p € [1,00]. Moreover, if the maps t — D;(t) are
continuous, then it is also C° exponentially stable.
() The columns of the matrices ﬁj (t) are disjoint, i.e. there is a partition {1,...,d} =1 U-- ULy (with
i#j =T, NI, =) such that the k™ column of ﬁj (t) is identically zero if k ¢ T;.
(i) The sum of the matrices D;(t) is uniformly contractive:

M
there is a number v < 1 such that Z D;(t)||| < v for almost all positive t .
i=1
Here, ||-||| is the spectral norm for matrices associated to the Euclidean norm on R, like in section

To recap, Theorem offers a sufficient condition for exponential stability of networks of coupled telegra-
pher’s equations, relevant to the study of oscillations in circuits with transmission lines as explained in Section
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[0, while Theorem [B:6] deals with difference delay systems and applies to an admittedly narrow class thereof (the
disjoint columns assumption is clearly restrictive), but is still worth stating for it points at a class of time-varying
systems for which relatively simple sufficient conditions for exponential stability can be given. These results
are apparently first to give fairly manageable sufficient conditions for exponential stability in the time-varying
case. Another contribution is the somewhat simpler approach, provided by Theorem [3.4] and its proof, to the
fact that all types of LP exponential stability, 1 < p < oo, are equivalent for general time-varying difference
delay systems.

4. PROOFS
4.1. A technical lemma
Here, the superscript * denotes the transpose of a real matrix, and the spectral norm |||-|| defined at the
beginning of section 22 is with respect to the canonical Euclidean norm ||z|| = (z*z)/2.

Lemma 4.1. If Q is a square matriz satisfying Q + Q* > k > 0, there is a unique square matriz R solution of
(Id+Q)R=1d-Q, (37)

and it satisfies ||R|| < (1 — k)/(1 + k) < 1. Conversely, if R is a square matriz satisfying ||R|| < 1, there is a

unique square matriz Q solution of BT) and it satisfies Q + Q* > i;\ll‘\lgm 1d.

Proof. Tt is clear that —1 cannot be an eigenvalue of @ if @ + Q* > 0 or an eigenvalue of R if ||R|| < 1. This
allows to solve for R or Q using the inverse of Id + @ or Id + R.

Now suppose that R and @ satisfy [B7). Then (Id + Q)(Id + R) = 2 Id, hence both Id + @ and Id + R are
invertible and R commutes with Q, 1) can be re-written R(Id + Q) = Id — Q that readily implies

|R(Id+Q)y|?> v (Q+QY)y

[(Td+ Q)yl? T ATd+ Q)

for any nonzero y. Since on the one hand, using invertibility of Id + @, ||R|| < 1 if and only if the left-hand
side is less than 1 for any nonzero y and on the other hand the right-hand side is less than one if and only if
y*(Q + Q*)y is positive, one deduces that Q) + Q* > 0 and [|R|| < 1 are equivalent. O

4.2. Proof of Proposition
From the very definition of D; in terms of A, K and P, —see discussion after (29)— we get that

N
> Die™ = [Id+ AK]| ' [Id — AK] P, diag(e™™,...,e ™, e L e7MY). (38)

=1

In view of ([IZ), 28) and the strict positivity of the K, it holds if we set Q@ = K'/2AK'/? that Q + Q* > ald
with & = amini<;<y K; > 0, hence Lemma E.T] gives us:

H‘(Id FKY2AKY?) N (1d — Kl/QAKl/Q)H‘ <1. (39)

Consider now the K-norm on R2V | defined for z € R2N by |z||k = |[K2z|. Clearly, for any 2N x 2N

complex matrix B, the corresponding operator norm is || B||x = ‘HK%BKf%

Since [Id+ AK] '[Id — AK] = K 2 (Id+ K2 AKz)"(Id — K AK?)K?=, equation (3J) implies that

; it is obviously multiplicative.

||[7d + AK]~'[Id — AK]|| <1, (40)
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consequently there is 8 < 0 such that
|[[Id + AK]'[Id — AK]|[| e "™ <1. (41)
To see that ([B6]) holds for this g, pick A € C with ®(\) > § and observe that
’HPQ diag(e ™, ..., e NN 7T ,ef)‘TN)‘HK < e P

by (Bl), the multiplicativity of the K-norm and the fact that P, commute with K'/2. Hence, using (]) and

N
> Dje AT < 1 which implies (B6]). O
=1 K

I together with the multiplicativity of the K-norm, we see that

4.3. Proof of Theorem [3.3

Lot (v1(t, ), on(t, @), is (6, @),y in (@) € LL (]0,00), (L2([0, 1]))2Y) be the solution to (I)-(0)- ()
set forth in Part I of Theorem [Z8] with initial condition 9, v) € L?([0,1]) for 1 < k < N. We define the energy
functional Ej in the line k and the global energy F by

] =

Ek(t):—/o [Crvi(t,x) + Lyij(t,z)] de,  E(t) =Y Eg(t). (42)

k=1

We now proceed to show that global energy decreases with time, by computing the derivative with respect to ¢
of each Ej(t). This would be easy if the solution were smooth (differentiating under the integral sign and using
(@) would readily yield [G])), but we have only proved so far, according to Remark 211 that E} is continuous
[0, +00) — R for each k. In particular it defines a distribution on (0, +00); Let us compute the derivative of the
latter distribution by approximation, as follows. By Proposition 2-I0l points (¢)-(#), the functions vy, iy are of
the form (@20) with f € L2 ((—00,1]) and gx € L2 ([0,00)). Let fi and i extend f, and gi by zero to the

whole of R, and pick ¢ : R — R a positive, C*°-smooth function, supported on [—1, 1] and such that fR ¢ =1
For each & > 0, we set ¢.(z) := @(z/e)/e (hence, [ ¢ = 1) and define

Frels) = / F@)dels —9)dy,  Geels) = / §y)be(s —y)dy, yeR (43)

Thus, fk,a is a C* smooth functions in L? (R) satisfying ||]71€7€||L2(K) < N frll L2 (i 4[-c,e)) for any compact

2
loc

K C R, and similarly for gi .. Moreover, fi . and gy . converge, both pointwise a.e. and in L;, .(R), respectively
to fk and i, when € — 0. Indeed, it is enough to check this on an arbitrary compact set K C R, and since
- is supported on [—¢, e] we may redefine fi and i as being zero outside the compact set K + [—¢, €] without
changing the values of fkﬁ nor gx. on K. Thus, it is enough to prove the desired pointwise and L?, . convergence

when fj, and gy, lie in L?(R), in which case the result is standard [I2} ch. III, thm. 2]. Next, let us put

Toe(t,2) = Fre(® — 2) + Goele + %) L Tee(t,z) = K, (fl,m - :—k> Gz + %)) L

]
Tk

2 (R?) and are C* smooth solutions to () on R?, by Proposition ZI0 point (iii).
Because (t,z) — (x—t/T, x+1/7%) is a bi-Lipschitz homeomorphism of R?, it preserves compact sets and sets of

so that Uy . and 7 . lie in L?

measure zero. Thus, since fi and g, coincide respectively with fi and gj, on [0, 400)x [0, 1], the properties of ]71@76
and g, . indicated after (@3) imply that vy ., i - respectively converge pointwise a.e. to vy, i on [0, +00) x [0, 1],
in such a way that [|Ug.c(t,.)£2(j0,1) and |[2x,c(t,.)||L2([0,1)) remain essentially bounded with ¢. Therefore, by
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dominated convergence, we get for every C'™ smooth compactly supported function ¢ : (0,4+00) — R that

e—0

+oo pl +oo rl
lim / [CrV; o (t, @) + Lty . (t, 2)](t) dtd:c:/ / [Crvi(t, x) + Lyii (t, x)]2(t) dtde.
0 0 0 0

In other words: when & — 0, then Ej, . (t) := fol [Cf, (t, 2)+ L33, (t, ¥)]dx converges to Ex(t), as a distribution

on (0,400). Now, since 7 . and ¥y . are smooth, the derivative of ¢ — Ekﬁs(t) can be computed in the strong
sense by differentiating under the integral sign; since 7 . and vy, . are solutions of the telegrapher’s equation (),
an elementary integration yields:

d ~ - - ~ ~
EEk’a(t) = —Zk)a(t, 1)’1};9)5(15, 1)+ Zk)a(t, O)’U;g)a(t, 0). (45)

By (@4) and the Schwarz inequality, the properties of fk,s and g . indicated after (43) imply that the right

hand side of (@) converges pointwise a.e. and in L}, .(R) to the function

Fo)i= Ko (S 1) () - R0 - D)+ 1+ D))

Tk Tk

and since we know that %Ekﬁ converges to %Ek as a distribution we conclude that %Ek = F'. In, particular,
since it is a distribution in dimension 1 whose derivative is a locally integrable function, Fj is locally absolutely
continuous [6, thm. 6.74] and we get from what precedes that 2 Ey(t) = F(t) for a.e. t. In view of (ZI)), this
can be rewritten as

d N N N N

pn Ek(t) = —Zk(t, 1)vk(t, 1) + ’Lk(t, O)Uk(t, 0), a.e. t. (46)
Subsequently, [@2) and @) together with the boundary conditions (I8]) lead us to the conclusion that the global
energy F is locally absolutely continuous, with derivative given by

*

_/7’\1 (tv O) _/Z\l (ta O)

d —in(£,0) (L, 0)

—dE{t)=—1| " AR 700 . 47

a ") ) | A0 e )
/Z\N(tu 1) /z\N(tv 1)

Hence, we get from the dissipativity condition (I2]) that
d N
S Bt <-a ; [2(t,0) +72(t,1)],  ae t (48)

Equation (48] entails that the global energy is decreasing, and we now show that it tends to zero exponentially
fast. For this, we express the energy in terms of the functions fx, gr as follows. Substituting 20) in [@2]), we
get since LkK,f = ()}, that

E(t) = C (/Olgk(iv + %)2d9€+ /01 Ji(@ — %)26530) : (49)



Sufficient stability conditions for time-varying networks of telegrapher’s equations or difference delay equations 17

Changing variables to 7 = x7y + ¢ in the first integral and to 7 = (1 — )7, + ¢ in the second, we obtain:

Bilt) = K [ +( H)+ - D)) ar (50)

Thus, if we define G : (0, +00) = R by G(7) := S0, Ki(g2(1/7) + f2(1 — 7/71)), we deduce from (50) that

E@) < /HTN G(r)dr. (51)

In another connection, we get from from 20) that g7(r/7x) + f2(1 — 7/7%) is equal, for a.e. 7 > 0, to a
positive definite quadratic form with constant coefficients in the variables v (7,0), Uk (7, 1), % (7, 0) and 7 (7, 1).
Therefore, G(7) is a positive definite quadratic form with constant coefficients in all the variables vy (7,0),
Uk (7,1), 7% (7,0) and 2% (7,1) for 1 < k < N. Hence, taking (8] into account, G(7) is equal for a.e. 7 > 0 to
a positive definite quadratic form, with time dependent but bounded coefficients, in the variables 7;(¢,0) and
7%(t,1) alone, 1 < k < N. This implies that for A > 0 large enough, we have:

N
AN [@B(r0)+%5(r1)] 2 G(r),  ae 7T >0. (52)
k=1

From (52) and ([8), we gather that

d a
. E(r) < ZG(T), a.e. 7 >0, (53)

and integrating (53) between ¢ and ¢ + 7 yields, in view of (EII), that
0<E(lt+7n)<(1-=)E(), t>0. (54)

This last inequality readily implies that system (d)-(I0) is L? exponentially stable. O

4.4. Proof of Theorem [3.4]

Before proceeding with the proof, we take a closer look at the structure of solutions to System (23]).
Given the ordered collection of delays 0 < 71 < 79 < ... < 7, we define the following subsets of R:

Ez{ZqiTi,(ql,...,qN)EN }and X, =[0,¢)NX for ¢ in [0, +0). (55)

Call Q(t) € N the cardinality of ;. Clearly, Q(t) is no larger than the number of N-tuples (qi,...,qy) € NV

satisfying Zi\il ¢; < t/71, and the latter is bounded from above by (1 + [[t/71]])", where [[r]] indicates the
integer part of the real number r. Hence, we have that

N
t
Q) < (1 + —) , t € [0,+00). (56)
1
We enumerate the elements of ¥ as a sequence 0 = 07 < 09 < 03 - -+, so that ¥; is described as:

Yi ={o1,00,...,00w)} t €[0,+00). (57)
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Our proof of Theorem [B:4] will dwell on the following observation.

R*4 enjoying properties (4), (i), (iii) below.

Fact. There is a collection of maps (M,)qen from R into
(i) The map M, lies in L{C (R, R?*4),
(#) M, satisfies
t ¢ (oqg—Tn,0q] = My(t) =0, (58)

(#4) the solution ¢ — z(t) of (23) with initial condition z(t') = ¢(¢'), ¢’ € [-7n, 0], is given by

Q(t+7n)

+oo
2(t) = Z My(t) p(t — 0q) = ZMq(t) ot — aq), t>0. (59)

Formula (59) applies equally well to continuous solutions and to solutions in L7 ([0,00),R?), but in the latter
case the equality is understood for almost every t. Note that (B8] ensures that the two sums in (BY) are equal,
and also that they do not depend on the values ¢(y) for y ¢ [—7n,0] (which are not defined).
Proof of the Fact. For 0 <t < 11, Equation (23) is of the form (59), with M,(¢t) = D;(¢t) if 0, = 7; and M,(t) =0
otherwise. If we assume inductively such a formula for 0 < ¢ < g4, and substitute it in the right hand side of (23)
when o4, <t < 0g,41 to express z(t) as a linear combination of the ¢(t — o4) for —7n <t — 0, < 0, a moment’s
thinking will convince the reader that we get a formula of the same type over the interval o4, <t < 0¢y41 by
defining M,(t) as the sum of the coefficients corresponding, after the above substitution, to one and the same
o(t — o4) (the latter may arise as many times as there are decompositions oy, = 7; + o4 with ¢ € {1,--- , N}
and 04 € Xy, 4ry- Such coefficients are of the form D;(t) M, (t), and therefore properties (), (i) and (éii) are
obviously met.

Although we will not need this, it is instructive to derive an explicit expression for M, that should be
compared with [3] thm. 3.14] or, in the continuous case, with [9] ch. 9, equs. (1.4)-(1.5)]. Namely, we can take
M, (t) to be the sum of all terms

]]'(Psflqps](t) Dkl (t)Dkz (t - pl)Dks (t - p2) e 'Dks (t - ps—l) (60)

for all s in N'\ {0} and all s-tuples (k1,...,ks) € {1, -, N}® such that E;:l Tk; = 04, Where the numbers p;

are defined by po = 0 and p; = 25:1 Tk, for j > 1 (in particular p, = 04), and 1(,_ _, , ) is the characteristic
function of the interval (ps—1,ps]. These maps M, satisfies (B8)) because (ps—1, ps] = (04 — Tk,,04] is a subset
of (04 — Tn, 04, and formula (B9) is easily checked from (23), by induction on j such that ¢ € (o,_1,0;].

Proof of Theorem [34) Assume first that 1 < p < oco. If System (23)) is LP exponentially stable, there is by
definition v > 0 and C > 0 such that, for all ¢ € LP([—7x,0],R%) and all ¢ > 0, one has

¢ » 1/p "
(f  elrau) ™ < o blanrmnzo (61)

—TN

for z(.) the unique solution of (23 with initial condition ¢ given by Theorem ZI3l Pick ¢, € (—7n,0), v € R4,
e > 0, and define a function ¢y, , . € LP([-7n, 0], R?) by

1
(bt*ﬁvys(@) = 51711(,5*_87,5*)(9) v, 0 S [—TN, 0] (62)

Let z;, v.e(.) be the solution to ([23)) with initial condition ¢y, . on [—7n,0]. By (61)), it holds that

¢ 1/p
([ lewctolpan) " < o, >0, (63
t

—TN
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and from (G9) we get for all u > 0 that

1 [
Zoelw) = 7 (Z L, ey (u—0yg) Mq(U)> v. (64)

q=1

Let us fix ¢ > 0 for a while. By (B8], the only terms in the sum on the right of (G4]) which may not be zero for
a.e. u € (t—7n,t) are such that E(q,t.,€) := (0q+te—¢€,04+1)N(0g — TN, 04] N (t — 7n, t) has strictly positive
measure. The set of integers ¢ for which this holds for some t, € (—7n,0) and some £ > 0 consists exactly of
those ¢ such that t — 7y < 0y <t + 7n. If we pick one of them and, say, o4 > t, it is easy to check that for ¢
small enough E(q,t,,€) = (t« + 04 — €, tx + 04) when ¢, <t — o, and E(q,t«,c) = & when t, >t — o, If on
the contrary o, < t, then E(q,t., &) = (t« + 04 — &,tx + 04) When t, >t — oy — 7n and E(q,t.,e) = & when
te <t— 04— 7n. Altogether, since there are finitely many ¢ under examination (i.e. at most Q(¢ + 7n)), we
can take € > 0 so small that all intervals E(q, t4, ) are disjoint, and then we deduce from (64)) and the previous
discussion that

JENEE DI S Y S R R (65)

TN {g: t—Tn—t.<oq<t—t,} —€

Observe next that a.e. t, € (—7n,0) is a Lebesgue point of (each entry of) s — My(s + g4) for all ¢ € N,
and let ' denote the set of such points. By the triangle inequality, E a fortiori consists of Lebesgue points of
s+ [|[My(s + o4)v|, and since M, € L (R, R%*4) it also consists of Lebesgue points of s — |[My(s + a4)v]?,

loc

by the smoothness of & — zP for > 0. Thus, from (63)) and (6H), we deduce on letting ¢ — 0 that
t—TN —te <oy <t—t, = [[My(ts +0og)v|| < Coe v, t, € E. (66)

Now, choose 04 € ¥ and t, € . We can find ¢ > 0 such that ¢ — 7y < 04 + ¢, < t and then, applying what
precedes with this ¢ and this ¢,, we obtain in view of (66) that

1My (£ + 0g)v]| < Coe ™" |lu]| < Coe™ " F79)[o]. (67)
As E has full measure in (—7y,0] and v € R? is arbitrary, we conclude from (67) and (G8) that
[IMg(s)|| < Coe™ %, a.e. s >0, (68)

where ||-|| is the spectral norm for matrices on Euclidean space. Because the number of summands in the
middle term of (59) is Q(t + 7 ) which is bounded above by Ct" for some constant C, as asserted in (50)), the
inequality (68)) implies that to any 4’ € (0,+) there is a constant C; > 0 for which

2l LA ((t=rw 1) ,Re) < C1 eﬂlt||¢||LA((—TN,0),Rd), t>0, 1 <A <o, (69)

and also 2| poe((t—ry 0 me) < C1e7 |Gl Lo (mryopmey, £ >0, (70)

Since (70) readily implies C° exponential stability when the maps D;(.) are continuous, this achieves the proof
when 1 < p < co.

Assume now that p = oo, so that (1) gets replaced by ||2]| oo ((t—ry,¢),Rd) < Coe_’yt||¢||Lao((7TN70)1]Rd) for all
t > 0. The goal is again to prove (68) from which the result follows, as we just saw. For this, we argue much
like we did before, defining ¢y, , - as in ([62) except that we do not divide by £'/P. Then, (63) becomes

ess. sup ||z¢, ve(@)]| < Coe™ |0, (71)
aE(t—7nN,t)
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and the discussion that led us to (G3]) now yields for € > 0 small enough:

ess. sup ||z, ,v.c(@)|| = max ess. sup||My(ts + o4 + 0) v||. 72
oo (@ = mex s sl +0q 4 0) o] (72)

We need now to replace Lebesgue points by points of approximate continuity. Recall that a function f : R — R™
is approximately continuous at x if, for every ¢ > 0,

tim, o= H (0= o) 0 s 15 = F(@)] > )= 0

r—0t 271

where H! is the Lebesgue measure on R, and that a measurable f is approximately continuous at almost every
point [7, thm. 1.37]. Thus, if we define E C (—7x,0) to be the set of approximate continuity points of all maps
s = My(s + 0g4) (say, extended by zero off (—7n,0)) as ¢ ranges over N, then E has full measure in (—7x,0)
and letting ¢ — 0 in (2] we find that (66) holds. From the latter we obtain (68)) by the same reasoning as
before, thereby completing the proof when p = oo.

It remains to handle the case where the D;(t) are continuous and System (23)) is C° exponentially stable.
Then, the previous argument needs adjustment because ¢, .. ¢ C. However, it is easy to construct a sequence
of continuous functions ¢y : [—7n,0] — [0,1], with ¢ (0) = wr(—7;) = 0 for 1 < j < N, such that ¢
converges pointwise a.e. to 1, _.¢,) when k — +4oo (for instance, we may take piecewise linear ¢y ). Then,
the ¢ (0) := pr(f)v lie in C, and if z; denotes the solution to System (23) with initial condition ¢, we get by
assumption that  sup ||zx(@)| < Coe 7 ||v||. As @i converges pointwise a.e. to ¢y, , on [—7n,0], we see

a€(t—7n,t)
from (B9) that zj converges to z;, ,. pointwise a.e. on R. Thus, letting ¥ — 400, we deduce that (1)) holds
and we conclude as before. O

4.5. Proof of Theorem

~

First assume that each set Z; has even cardinality 2n;, and put N = E]]Vil n; so that d = 2N. Let
P; be the permutation matrix sending 7Z; to {1,...,n1} U{N + 1,...,N + n1} and, more generally, Z; to
{1+ Z%;i Meyes 2 p—g et U{N + 1+ S ing,..., N+ 30 ng} for each j. Set 7, = n; for each k in
{1+ Z%;} Ne,y ...y 99—y ne}. Using P3 as change of basis and denoting by (21,...,2n,¥y1,...,yn) the new
coordinates, one can (by gathering the matrices with disjoint nonzero columns into a single one) re-write (73) as
(Z9) where — (I + A(t)K) ™' (I — A(t)K) P, has been replaced with Z;Ai1 Pyt ﬁj (t) Ps. We want now to find
A(t) and K so that these two matrices coincide. For this, we fix K = Id and solve (I + A(t)) "' (I — A(t)) = R(t)

with respect to A(t), where R(t) = —P;~! <z§{ 1ﬁj(t)> PPyt = —pyt (zfi ) Di(t)) PyPy~! (the last

equality is clear from the definition of D;(¢) in (25)). Assumption (ii) implies ||R(t)|| < v < 1 because P, and
P; are orthogonal matrices, hence, according to Lemma 1] setting A(t) = (Id — R(t))(Id + R(t)) " solves the
above and satisfies Assumption [Z5l with o = (1 — v)/(1 + v); [28)) is satisfied too with K = Id, setting all the
numbers K}, to 1. By virtue of Proposition [ZT17 and Theorem B35 the difference delay equation (29]) with these
A(.) and 73 is LP exponentially stable for all p € [1,00], as well as C® exponentially stable if the maps D;(.)
(hence A(.)) are continuous. This proves the result if all the sets Z; has even cardinality.

If some of the sets Z; have odd cardinality, define d’ > d so that d’ — d is the number of such sets Z;. By
adjoining to each such Z; one element of {d + 1,...,d'}, one constructs a partition T, ... ,fﬁ of {1,...,d'}
such that, for each j, fj has even cardinality and contains Z;. Constructing some d’ x d’ matrices ZN)J- (t) by
adding d’ — d zero last lines and d’ — d zero last columns to ﬁj (t), the following difference delay system (with
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state 2 in R?):

M
20 =Y Dyt —ny) (73)

satisfies the assumptions of the theorem: (i) with the sets fj instead of the original sets Z; and (%) because
adding zero lines and columns to a matrix does not increase its norm, hence the first part of the proof gives
exponential stability, that yields exponential stability of the original system because, since the last d’ —d columns

are zero, the evolution of the d first entries of z does not depend on the last ones. ]
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