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A SUFFICIENT CONDITION FOR THE ABSENCE OF 2D
INSTABILITIES OF AN ELASTIC PLATE IN A DUCT WITH
COMPRESSIBLE FLOW*

J-F. MERCIER'

Abstract. We study the time-harmonic resonance of a finite-length elastic plate in a fluid in
uniform flow confined in a duct. Although the resonance frequencies are usually real, the combined
effects of plate elasticity and of a flow can create complex frequencies, different from the usual so-
called scattering frequencies, corresponding to instabilities. We study theoretically the existence of
instabilities versus several problem parameters, notably the flow velocity and the ratio of densities
and of sound speeds between the plate and the fluid. A 3D-volume in the parameters space is defined,
in which no instability can develop. In particular it corresponds to a low enough velocity or a light
enough plate. The theoretical estimates are validated numerically.

1. Introduction. We are interested in an acoustic fluid-structure problem: an
elastic finite plate surrounded by a compressible uniform flow confined in a rigid
waveguide. We consider the time harmonic regime: all the quantities vary like e~*?
where w is the frequency.

In this paper we focus on the resonance frequencies: the frequencies for which
there is non-uniqueness in the associated scattering problem, with a solution of the
homogeneous problem in the L?-space. It means that without any acoustic source,
fluid vibrations and plate deformations, periodic in time and with finite energy, can
exist. This solution is called a trapped mode since it is confined to the vicinity of
the obstacle and do not radiate energy. Therefore, these trapped modes are of great
physical importance because at the resonance frequencies, the response to a forced
excitation can be quite high.

The case of real resonance frequencies (Sm(w) = 0) has already been studied
[1, 2]. These frequencies are obtained as eigenvalues of a self-adjoint operator. Due to
the fluid-structure coupling, a quadratic eigenvalue problem is involved, in which the
resonance frequencies w solve the equations A(w) = w? where A are the eigenvalues
of an operator of the form A + wB. Then the method is in two steps. For a fixed
w value, the spectrum of the operator is made of a continuous essential spectrum
and of eigenvalues below the essential spectrum (w < w, defined in Eq. (6)). We
restricted to the discrete spectrum which is studied thanks to the Min-Max principle.
In particular we proved the existence of eigenvalues \;(w), ¢ = 1,--- , N and we
determined theoretical lower bounds for N. Then the fixed-point equations \;(w) =
w?, i=1,---,N are solved. The number of resonances has been estimated versus
various parameters, notably the flow velocity and the rigidity of the plate.

This study of real resonances has revealed an interesting behavior: when the fluid-
structure problem is decoupled (rigid plate or fluid at rest), the resonance frequencies
are necessarily real [1] (see also lemma 7). But when both effects are present, fluid
in flow and elastic plate, the resonance frequencies can be complex [2]. This is the
object of this paper, to study theoretically the resonance frequencies with Sm(w) > 0.
These complex frequencies are particularly interesting because they correspond to a
stronger transient response to a source of frequency w than for real frequencies: for
a real resonance, the response varies like te~%? whereas the response grows expo-
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2 J-F. MERCIER

nentially for a complex resonance, like ¢S« This latter case corresponds to the
flutter instability encountered in aeroelasticity of airfoils [3, 4]. More generally the
interaction of a finite flexible panel with a fluid flow with which the plate is aligned
is a fundamental problem that has received a large attention because of its practical
importance [5]. The main application lies in aerospace with the study of the airfoil
flutter of a flexible plate immersed in an axial flow. This instability is similar to flag
flutter and results from the competition between fluid forces and elasticity. The flutter
instability has also applications in paper industry or snoring. Experimental [6] and
numerical [7] studies have been carried out to clarify the paper flutter phenomenon,
which currently limits the speed of printing machines and paper machines. Besides
to study human snoring, the stability of a flexible cantilevered plate in channel flow
has been studied as a representation of the dynamics of the human upper airway
[8]. The focus is on instability mechanisms of the flexible plate that cause airway
blockage during sleep. A last class of applications concerns nuclear engineering where
parallel-plate assemblies are used as core elements in some nuclear research and power
reactors. References on these subjects may be found in [9)].

To our knowledge, this study is new. Most of the works on trapped modes concern
a rigid body and a compressible fluid at rest [10, 11, 12], the main application being
the water-waves trapped by vertical cylinders of various cross-section shapes. Unlike
the case of an unbounded flexible wall [13], works on a bounded elastic body and a
fluid in flow are rather focused on an incompressible flow [14] or a slightly compressible
flow [15, 16, 17, 18]. Some studies consider the case of a compressible flow, but mostly
for a membrane structure, not an elastic body, with applications to the control of noise
[19, 20, 21]. The case of an elastic structure in a compressible flow has been treated but
in conditions different from ours [22]: although we consider a rectangular geometry in
the time-harmonic regime with an elastic plate clamped-free, in [22] is considered a
cylindrical geometry in the time-domain with clamped-clamped boundary conditions.
The configuration in [22] is a flow in a cylindrical tube, a portion of which is flexible:
it is mostly a membrane and some results are given for a shell structure. Although
these differences, a critical velocity U, is defined in [22] to which we will compare (see
paragraph 5.3). The critical velocity is derived using an alternative approach to ours,
which consists in determining that a positive energy can be defined for U < U,.

The outline of this paper is as follows. In the second section is presented the
problem and the definition of what we call an instability is given. In the third section
is derived a general criterion for the existence of instabilities and this criterion is
precised in section 4: it is written in terms of the problem parameters, the ratio of
densities u, the flow velocity U and the ratio of sound speeds c. In particular, a volume
in the space (u, U, c¢) is defined such that no instabilities can develop in this volume.
In section 5, the boundaries of this volume are further investigated. In particular,
thanks to an approximation, threshold values p. and U, are explicitly derived such
that instabilities can develop only above these thresholds: © > p. and U > U,.
Finally, numerical validations of the derived theoretical estimates are presented in
section 6.

2. The general framework.

2.1. Geometry and dimensional equations. The geometry is shown in Fig.
1: we consider the 2D waveguide Q = {(X,Y) € Rx]|—h, h[} filled with a compressible
fluid. In the centre of the guide is placed an elastic plate T = {(X,Y), X €]0,L[,Y =
0}. The fluid is in flow with a uniform velocity upex. We take 0 < ug < ¢ (subsonic
flow) where ¢q is the uniform fluid sound speed.
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rigid walls

: . Y=nh
—l ~
1 1 Uy . ~ [%2)
& L elastic plate I' a
1 L Y
1 1
p— compressible fluid, uniform flow V——h

Fi1c. 1. Geometry of the problem

In time-harmonic regime of frequency @, if we send an incident wave ¢ (X/co—t)

from X = —oo on the plate and if we look for the scattered field, the problem is
found well-posed except for a sequence of so-called resonance frequencies [1, 2]. These
resonances correspond to the existence of eigenmodes (called also trapped modes):
solutions in L2(£2) of the problem without source. In this paper we focus on these
trapped modes and therefore we look for a solution of the following homogeneous
problem [1, 2]:

~\ 2
2 9 \_. (D\ . . .-
(6X2+8Y2>30—<CO> @ 1m Q\F7

d* _ .
BdX4 pphp@?® | @ = —[p](X,0) on T,
(1) p(X,Y) = —p,DG(X,Y) in O,

—(X,Oi):Dﬂ on T,

Y(X +h)=0 for X €R,
u(0) =0 =u'(0), a"(L)=0=a"(L),

where p is the fluid pressure, ¢ the fluid velocity potential and @ the vertical displace-
ment of the plate. The velocity potential satisfies the convected Helmholtz equation
whereas the displacement is solution of the linear plate equation. We have introduced
[p](X,0) = p(X,0") — p(X,07) the pressure jump through the plate and
D =uy— o~

the convective operator. The densities are p, for the fluid (typically the air) and p,
for the plate. The plate of width h, (supposed very small, the plate is seen as 1D)
and of flexural rigidity B, is clamped at its leading edge X = 0 and free at its trailing
edge X = L.

2.2. Some symmetries considerations. In the following we will restrict to an
antisymmetric problem. Indeed, if the obstacle is symmetric and positioned symmetri-
cally about the waveguide centerline, the solution can be decomposed into a symmetric
and an antisymmetric part about that line. Antisymmetric trapped modes are gen-
erally looked for because the continuous spectrum of the antisymmetric solution has
a nonzero lower limit given by the first duct cut-off frequency (see paragraph 2.4.4).
Then the corresponding antisymmetric trapped modes can be found as discrete eigen-
values below the first cut-off frequency. On the contrary, for symmetric modes, all
the spectrum is continuous.

Trapped modes can be determined if the obstacle is no longer symmetric about
the waveguide centerline but this situation is mathematically more complicated. In
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4 J-F. MERCIER

this case, possible discrete trapped mode frequencies are embedded in the continuous
spectrum of the relevant operator, and one speaks of embedded trapped modes [23,
24, 25].

Since we only study antisymmetric modes, we can restrict to a half guide: Y €
10, [, the boundary condition [p](X,0) becomes 2p(X,0) and the boundary condition
P(X,0) =0 for X ¢ [0, L] has to be added.

2.3. Dimensionless equations and reduction to a half guide. Following
[9], we introduce the parameter v such that

R
pphp
and the following dimensionless parameters:
h pal L
a=4, p= P c=cop—.

« is an aspect ratio, p compares the fluid and plate densities and ¢ can be seen
as the ratio of the fluid and plate sound speed. Following [9] we also introduce the
dimensionless variables © = X/L, y = Y/h and the following dimensionless quantities:
velocity U, velocity potential ¢, vertical plate displacement v and frequency w defined
by

=vp, u= Lu, G):%w.

We note Q = {(z,y) € Rx]0,1[} the half wave guide, I = {(z,y),z €]0,1[,y = 0}
the plate and ¥ = {(z,y),z € R,y = 1} the upper wall. Also we introduce I'” =
{(z,y),z <0,y =0} and I't = {(z,y),z > 1,y = 0} (see Fig. 2) such that " UT'UT'"
is the lower wall of the half-guide.

ug = []7

=2
ASYl

dp
— D) 0
) dy
Q
y=0 . ______.__I I _____ =0
10y o
¢=0 ek Y S
i ady ( ox ! >“

Fic. 2. Geometry restricted to the half-guide

Finally, the problem (1) written in a half waveguide in dimensionless form is

92 1 9 1.0 \
(e twaz)e = @(vgm-w)e o
LA — (vl (z,0) r
g @ e = (U —iw ) oz, on T,
1 9p o .
2 - = — _
(2) oy (z,0) (Uax zw)u on I,
dp B
a—y(m,l) = 0 on X,
o(x,0) = 0 on TI'%
w(0) =0=4/(0) and u”(1)=0=u"'(1).

This is a non-linear eigenvalue problem in which w is the eigenvalue. As we will see,
these eigenvalues can be divided in real and complex eigenvalues.

This manuscript is for review purposes only.
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147 2.4. Some generalities on the trapped modes.

148 2.4.1. Definition of a resonance frequency. We are interested in the exis-
149 tence, for a complex frequency, of an acoustic field trapped around the plate, that we
150 call a resonance:

51 DEFINITION 1. We say that
152 w € C is a resonance frequency < I(p,u) € L*() x L3(T") solution of (2).
53 (¢, u) is called the associated trapped mode.

154 In practice it is more convenient to express the eigenproblem in a variational form.
155 Thanks to the introduction of the functional spaces

156 (3) V={peH(Q),p=0 on TI%*},
157 and
158 (4) W = {u € H*(I'),u(0) = 0 =u'(0)},

159 and of the sequilinear form on V' x W:

%@ 1 &pw_ w 8¢> 1 d?u d*v

) Op—
: _ a2 L opoy w op— 0P L[ atuav
160 bl(ps ), (9, 0)] = /Q(l M )835 oz + a? 0y Oy ‘ cM (8xw L 2uce Jp dx? da?’

161 —&—l/i U@—iwu + U@—i—iwﬁ —w? i/<,0@+L/u§ ,
a Jr Ox Ox 2 Jq 2ua Jp

162 where we have introduced the Mach number M = U/c, we can write the following
163 equivalent variational formulation of the eigenvalue problem (2):

164 DEFINITION 2. w € C is a resonance frequency < Ip,u) € V. x W such that
165 V(l[},ll) € V X W7 b[(¢7u)7 (1/’71))} = O

166 We have three remarks:

167 e The space V plays the role of radiation conditions. Indeed away from the plate
168 the velocity potential is decomposed on the duct modes, see Eq. (27) and
169 more generally see Appendix A for the definition of the duct modes. Since the

170 propagating modes are not in H'(f2), only the decreasing evanescent modes
171 are selected when restricting to solutions in V', which leads to a solution

172 trapped around the plate. In complement to the definition 2 corresponding
173 to an unbounded domain, in Appendix A are defined the radiation conditions
174 at finite distance which enables us to define in Appendix B the resonance

175 problem set in a bounded domain. The equivalence between the two problems
176 is also proved.
177 e The integration by parts leading to b[(¢, u), (1, v)] involves the boundary term

U

178 Lkgov} (1,0).

179 We have imposed a Kutta condition at the trailing edge of the plate: we have
180 set this term to zero by assuming that the condition ¢(z > 1,0) = 0 can
181 be extended by continuity to = 1. Another classical Kutta condition is to
182 impose the fluid velocity to be finite at the plate trailing edge. This requires
183 to use sophisticated tools like a Wiener-Hopf approach [26, 27] and makes
184 our analysis method inapplicable. The choice of the right Kutta condition is
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6 J-F. MERCIER

important since such choice has been proved to have strong influence on the
far-field, in particular on the upstream radiation pattern [26]. But it seems to
have a reduced influence on the unstable frequencies we are studying. Indeed
we have compared our results to the results in [27], in which only a rigid
plate in a flow is considered. We have found for different flow velocities that
when changing the Kutta condition from ours to the finite velocity one, the
resonance frequencies are just slightly moved in the complex plane. Even
though only the case of a rigid plate and a particular « value have been
tested, we assume that it is a general behavior: when changing of Kutta
condition, the resonance frequencies only slightly move in the complex plane.

e written back with dimensional quantities, M = ug/co and thus M < 1 since
the flow is supposed subsonic.

2.4.2. Properties of the resonance frequencies. The search of w in the
complex plane can be restricted to a fourth of the complex plane since the spectrum
of resonance frequencies has some nice properties:

LEMMA 3. If w is an eigenvalue of (2), then —w and £ are also eigenvalues.

Proof. By taking the complex conjugated of (2), we deduce immediately that if
w is an eigenvalue associated to the eigenmode (i, u) then so is —w simply associated
to (@, a).

The other property that if w is an eigenvalue then so is @ is mode delicate to
obtain. In Appendix B we give the proof for the continuous mathematical problem.
The proof is rather technical and requires to restrict the resonance problem to a
bounded domain to get compacity properties in order to use the Fredholm alternative.

An alternative proof is given here, easier but restricted to the discretized prob-
lem. We have determined numerically the resonance frequencies thanks to a method
coupling Finite Elements and a modal expansion. The velocity potential is discretized
on a Finite Element basis while the plate displacement is expanded on the modes of
the plate (details in Appendix C). This leads to a matricial problem to solve of the
form

(5) (A+iwB +w?C)X =0,

where A, B and C are Finite Element matrices and X is a vector concatenating
the nodal values of ¢ and the modal components of u. A, B and C are real valued
matrices with A and C' symmetric and B antisymmetric. Then we can prove that if
w is an eigenvalue, —w is also an eigenvalue. Indeed w is an eigenvalue is equivalent
to det(A + iwB + w?C) = 0. Then using that for any matrix M we have det(M) =
det(M7T), we get that det(A —iwB+w?C) = 0. Finally, we have proved that if w is an
eigenvalue then —w and —w are also eigenvalues. But then, since —w is an eigenvalue,
w and w and are also eigenvalues which ends the proof. O

2.4.3. An example of resonances. To show the complexity of the behaviors
of the resonance frequencies versus the various parameters of the problem, we present
here a typical example of such behavior. The non-linear eigenvalue problem (5) can
be written as a classical (but generalized) eigenvalue problem: noting ¥ = wX, we

get: (259)();):00((1)—00%);)'

As proved in the previous paragraph, the search of w in the complex plane can be
restricted to a fourth of this plane: we just represent the eigenvalues in the quarter

This manuscript is for review purposes only.
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a=0.15, c=1, U=0.9 a=0.15, c=1, U=0.9

Fic. 3. Three lowest resonance frequencies w when p varies for o = 0.15, ¢ =1 and U = 0.9.
Re(w) with dots and Im(w) with circles. (a): zoom on the small p values, up to 2.5, (b): 0 < p < 25

231 plane Re(w) > 0, Sm(w) > 0. In Fig. 3 are plotted the evolution of the three lowest
232 (in the sense |w| small) resonance frequencies when pu varies, the other parameters
233 being fixed: ¢ =1 and U = 0.9. In all the figures of this paper, we fix the geometry
234 and we take o = 0.15 which corresponds to a plate of length L ~ Th. The real parts of
235 w are with dots and the imaginary parts are with circles. Fig. 3(b) is for 0 < pu < 25
236 whereas Fig. 3(a) corresponds to a zoom on the small p values, up to 2.5. We see
237 in Fig. 3(a) that for small values of p (here p < p. = 0.55) all the frequencies are
238 real. At the threshold pu., the first frequency w; vanishes and is found to turn from
239 purely real to purely imaginary. As we will detail latter, it becomes an instability.
240 In Fig. 3(b), we see that at u = 16.4, the second real frequency ws becomes purely
241 imaginary, leading to a second instability for p > 16.4. Moreover, an interesting
242 event happens at g = 19.9, illustrating the complexity of the resonances behavior and
243 showing also that the complex frequencies are not necessarily associated to a zero real
244  part: the two instabilities, purely imaginary, merge to create for p > 19.9 a complex
245 frequency wjto with non-zero real and imaginary parts. In this paper, we will focus
246 on the first threshold p. and we will characterize it: we will derive a lower bound of
247  this threshold value and also we will find an upper bound of the modulus of the first
248 unstable frequency (an upper bound of the red curves in Fig. 3).

249 From Fig. 3, it appears that the resonances can be divided in two classes:
250 DEFINITION 4. Let w € C be a resonance frequency (definition (2)).
251 o Sm(w) =0 = w is called a real resonance,
252 o Sm(w) > 0= w is called an instability.
253 We will now give some properties of these two kind of resonances.
254 2.4.4. The real resonance frequencies. The study of real frequencies has
255 already been done [1, 2] . They have been looked for below the cut-off frequency w,
256 of the half wave-guide (with a Dirichlet boundary condition at y = 0, see Appendix
257 A)
0
258 (6) w<we=—Vc2-U2

2c

59 Indeed, only a finite number of eigenfunctions, so-called propagating modes, propagate
260 undamped along the waveguide while all other so-called evanescent modes decay [28].
261 Only the propagating modes can radiate energy to infinity and below the cut-off
262 frequency we, all the guided modes are evanescent (see Appendix A). Then the velocity

D DN
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potential ¢, which away from the plate can be decomposed on the guided modes,
naturally decreases exponentially when |z| — co: it is localized around the plate and
thus called a trapped mode.

Above the cut-off frequency, some resonance frequencies may exist, but they are
embedded in the continuous spectrum and their mathematical study is much more
involved [23, 24, 25].

2.4.5. The instabilities. We consider causal solutions and thus we focus on
the asymptotic solutions behavior only when ¢ — oo. The second case Sm(w) > 0
corresponds to an unstable behavior since e Wt = ¢~ iRe(@)tSm(W)t up SM(WE _y 0
when ¢ — oo (we do not restrict when considering that Sm(w) > 0 since if w is a
resonance frequency, w is also a resonance frequency).

Note that these unstable frequencies are not the usual “complex resonances” that
have been studied for rigid bodies [29, 30] or elastic bodies [31, 32]. The complex
resonances are defined as the poles of the analytical continuation of the resolvent
scattering operator and are also called scattering frequencies. These poles are very
different from the unstable frequencies: the associated modes are not trapped but on
the contrary they grow far from the scattering body. These modes are called leaky
modes since they have radiation losses. Moreover the analytical continuation is made
in the half plane Sm(w) < 0 which corresponds to a decreasing behavior in time.
Therefore the leaky modes cannot correspond to instabilities.

To sum up:

e a complex resonance is bounded in time but not bounded in space,

e an instability is bounded in space but not bounded in time.

In the rest of the paper, to avoid confusion, we will talk about instabilities and not
complex resonances and we will focus on the existence conditions of these instabilities.

3. General results on the instability frequencies. First we give general
properties on the imaginary part of a resonance frequency.

LEMMA 5. If w is a resonance frequency and if (p,u) is the associated trapped
mode, then Sm(w)a(w;p,u) =0 where

2 2 2

2
dx?

dp

or

1

a?

dp

Jy

2U 7({9u 2 1 2 1 2
+2we [ o8t (5 [ 1ol + g [ 1),

Proof. From definition 2, taking (¢, v) = (¢, u), the result is deduced using

1

(7) a(w;%U):/ﬂ(l—MQ) 2per Jr

sm {-Liitp. el | <o 0

This lemma has a simple consequence: a general non-existence result for instabil-
ities, that will be used in all the following of the paper.

LEMMA 6. IfV(p,u) € V x W, a(w;p,u) > 0, then w cannot be an instability.

Proof. This is a consequence of lemma 5 and definition 4: Sm(w)a(w; e, u) = 0

and a(w; @, u) > 0 implies Im(w) = 0.

REMARK 1. In this paper we derive non-ezistence results for instabilities and we
do not know how to derive an existence result for instabilities. But since in practice

This manuscript is for review purposes only.
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304 we wish to avoid instabilities, it is useful to determine in which conditions we are sure
305  they do not develop.

6 REMARK 2. We do not discuss if the instabilities we look for are physical (in the
sense causal) solutions. The boundary conditions are assumed to be decay at infinity
8 for any Sm(w), and this is definitely correct for the case we are interested in of
9 Qm(w) > 0, but may not be physically correct or causal for the other solutions with
310 Sm(w) < 0, in particular if Sm(w) is sufficiently negative. This causality question
311 is complicated when considering complex frequencies but hopefully not essential for us
312 since we focus on cases for which no instabilities can exist, whether they are causal or
313 not. If we wanted to describe how to excite an instability, then the causality question
314 would become essential.

315 In the rest of the paper, we will derive simple conditions on the parameters of the
316 problem under which lemma 6 is fulfilled.

317 4. Criteria of non-existence of instabilities. Following lemma 6, for a fixed
318 frequency w we look now for conditions, as simple as possible, for which a(w; ¢, u) > 0,
319 V(p,u) €V xW.

320 4.1. A simple criterion. A first result is, as announced in the introduction,
321 that only the joint effects of the elasticity of the plate and of the flow can create
322 instabilities:

323 LEMMA 7. If the fluid is at rest (U = 0) or the plate rigid (u = 0), there is no
324 instability.

325 Proof. In the expression of a(w;p,u) in (7), all the terms are strictly positive for
326 (@, u) # (0,0) excepting the term

3u
327 7%6 8x O

28 Therefore, if this term is equal to zero, there is no instability using lemma (6). This
29 is the case if U =0 or u = 0.

330 As already said, the trapped modes for these uncoupled problems (fluid at rest
331 or rigid plate) have already been studied [1]. In this paper we focus on instabilities.

332 4.2. A general criterion. We will now state the main theorem of this paper,
3 giving an explicit sufficient condition to have no instability. For this theorem, we need
334  to introduce some notations. We introduce

335 (8 A= inf  R(p),
(8) V= nf R()

336  where we have introduced the Rayleigh quotient

2 2\ | 9¢ 2 2 |9y
Jo(2=U?) |38 + & dy
337 (9) R(p) = 5 :
Jol#l
338 Also we introduce
f 172
3309 (10) al= inf = a

weW\(0} [ fu®
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10 J-F. MERCIER

The values \; and af are the first eigenvalues of problems that are specified in
Appendix D. The value \; is sometimes called the first eigenvalue of vibration for
the fluid [22]. Tts value is determined numerically and a useful approximation of \; is
derived in Appendix D. In Eq. (10), a? = &P where w?'** is the first eigenfrequency
of the plate alone in vacuum. Numerically it is found that a; = 1.88.

Finally we introduce

(11) 6 = min ()\17 0/11) ,
and
(12) 8= %fa

With these notations, we have the

THEOREM 8. Let
(13) T(w)=6 [1—U (;Jrﬁ) \/CTM} + |wl?,

where 6 and ( are defined in (11) and (12). If T(w) > 0, then w cannot be an
instability.

Proof. The idea is to show that T'(w) is a lower bound of a(w; ¢, u) and then to
use lemma 6. In this aim, first we derive a general lower bound for a, depending on
some parameters obtained only numerically. Second, we derive another lower bound,
a little less accurate, but given in a closed-form and thus easier to utilise.

e a general lower bound for a(w; p,u)

We decompose a defined in (7) in three parts: a = a1 + ag + asz, with

2 2

2u?
r dﬂ:z

[
81‘

1

o

e

dy

1
2ua

)

alp) = [ (1=ar)

az(p,u) —fﬂ?e/ 8
as(p,u) = [wl*||(¢, )||2

ol =5 [ 1o+ 5 [ 1l

We look for a positive lower bound for ¢ and in this aim, we determine a small
upper bound for |az|. Using the Poincaré’s inequality it is found that Vu € W defined

in (4)
(15) /F % /F

We also use the trace inequality: V7 > 0 and Vp € V,

9 5 9 1 8@2
(16) " <(A+77) [ lel"+ = | |5
r Q 72 Jo |0

This trace inequality is derived by using an alternative of the Poincaré’s inequality
for a fixed value of z, and then by integrating along the z axis on the plate I'.

with

d2u|?
dz?

dqu
dx
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371 Then, writing as under the form
372 a2:277/T|<,0||Z;|
ro L /pa

373 with n = Uy/pa /7, we deduce with Young’s inequality and then with (15) and (16)
374 that:

a 72 1 |dul?
375 Mg/fz@‘ﬂ_ii 7

n r o po | dx

72(1 4 72 1 [ |0p]? 1 | d2ul?
376 §¥/|¢|2+7/£ +/772
e Q a? Jq |0y r 2ua |dx

377  Then using (14) leads to

loa] _

2
C
1+ 7). )l + ar.

379  Finally, using a > a1 — |ag| + a3, we deduce V(p,u) € V x W, (p,u) # (0,0) and

380 VYw € C: ( ) 5

) a\w; Y, U * 2 2\ € 2

381 = > (1 =)o —nr (1 +7°)—= + |w|,
(0, u)||? a?

382  where

383 of= i ACal)

 (ewevxw ||(p, u)|[?

384 This lower bound is more accurate than 7" defined in (13) but requires the use of some
385 numerics to determine o*. To find the closed-form formula (13), we need to evaluate
386 a more explicit lower bound for ¢*, noted ¢ and also to choose the value of 7.

387 e an explicit lower bound for a(w; @, u)
388 o Value of &
389 The value of ¢ is obtained by using the inequality for any positive real numbers

390 a, b, cand d:

391 atb > min a 9
c+d ™~ cdf’

392 from which is deduced V(p,u) € V- x W, (¢,u) # (0,0)

2 2 2
2 2\ |9 2o d?
a(pu) _ . JJol@=U G2 + &5y Jr|@E
393 T~ = min 5 ) 2 (>
(e, vl Ja lel Jr lul
394  which leads to
395 c* > 0 = min (/\1, 0/11) ,
396 using the definitions (8) and (10). Finally we get
397 CL(LSD’UQ) > T,
(e, wll
398 with T defined by
.U A 2 2 2
399 T=6-—ypa|G+7(1+77)—= |+ ||
T !
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o Value of 7

To get (13), the value of 7 has to be chosen. If U = 0, T'(w) = & + |wl|? is always
positive and we recover that all the resonances are real for a fluid at rest (lemma 7).
For U > 0, we choose 7 such that T remains positive as long as possible when U
increases. It means that we need

02

6+ 72(1+ 7'2)—2
o

)
T

to be small. It is straightforward to check that this quantity is minimum for 7 =
with

(17) 32:é<—1+\/1+12‘%;2>. 0

If 602 / % is large, we get the approximation BQ ~ o / ¢?. We have checked numeri-
cally that 6a? / ¢? remains a good approximation of Bz, even when it is not large (see
Fig. 4). Therefore we choose to define 7 by the value of 8 in(12) which leads to the
expression (13) of T

A nice consequence of Theorem (8) is that we can establish a closed-form criterion
for the appearance of instabilities. This is done in the next paragraph.

4.3. A threshold for instabilities existence. Utilizing theorem 8, we can
deduce a threshold for the possible existence of an instability and also a bounding
of the modulus of the unstable frequencies above the threshold. If we introduce the
function

(18) FuU,e)=U (; T /3) Na

we have the

COROLLARY 9. A resonance frequency w is necessarily real if

o f(u,Uc) <1,

o f(u,Urc)>1 and |w|?> > 6 [f(u, U, c) —1].

In other words, an instability w can exist only if f(u,U,c) > 1 and |w|*> <
o [f(p,U,c) = 1].

REMARK 3. When it exists, an instability w is necessarily of small modulus |w|
since w is located in the complex plane (Re(w), Sm(w)) inside a disc of bounded radius

o [f(lian C) - 1]'

Proof. This corollary is a direct consequence of theorem 8:
T(w) > 0= Qm(w) =0. O
The improvement of corollary 9, compared to theorem 8, is that the conditions leading

to T' > 0 have been written in a closed-form.

Although this corollary is rather explicit, it is not so easy to use in practice
because it describes the joint effects of p, U and c¢. Before presenting numerical
validations of the theoretical estimates, in the next section we will simplify corollary
9 by considering separately the different effects.
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437 5. Analysis of the stability area. The previous corollary has introduced a
438 “stability area”, defined by

439 (19) f(p,U,c) < 1.

440 It corresponds to an unbounded volume in the space (U, i, c) in which no instability
441 can exist and we will now characterize this volume. This volume can be obtained
142 numerically (see Fig. 7) but we wish here to get closed-form results, easier to utilise.
143 To do so, an approximation is required: in Appendix D we prove that \; defined
444 in (8) can be approximated by A\; ~ (¢ — U?)w2. Thus & defined in (11) can be
445 approximated by

146 (20) o =min [(¢* —U*)n*, of] .

447  Since 3 defined in (12) depends on U and ¢, the dependence of the volume defined
148 in (19) versus U or c is rather involved. On the contrary, the dependence versus p is
149 explicit: f is an increasing function of p and the relation (19) is obviously not fulfilled
450 for large p values. For its simplicity, we start by analyzing the dependence versus pu.

1 5.1. Influence of u. p becomes large when the fluid is heavy and/or the plate
2 is light and this is necessary for the possible development of instabilities as stated in
3 the following lemma:

454 LEMMA 10. For U and c fixed, an instability w can exist only if
155 ® [ > [ic,
2

456 o |2 <6U (ﬂ + 6) Va (\/ﬁ— ﬂ/uc), where the critical threshold . is defined
457 by

. 1
458 (21) He = g(Ua C) = ﬁ

aU? ( + [3)
g

459 Proof. f defined in (18) is obviously an increasing function of u. Therefore, if we
460  define p. by f(pe, U, ¢) = 1 which is equivalent to (21), we deduce that
461 w<pes f(p,Uce) <1
162 Then the lemma is just a consequence of Corollary (9). |
463 The validity of this lemma is illustrated in Fig. 4, where are represented the three

164 first resonance frequencies when p varies for & = 0.15, ¢ = 1 and U = 0.7. Re(w)
465  is represented with dots and Sm(w) with circles. Using (6), the cut-off frequency is
466 w, = 7.48. Two additional curves represent the function

w—0 for u< e,
u%\/ﬁU<;+ﬂ)\/a(\/ﬁ\/ﬁc) for p > pe,

468 where . = 0.35 is determined with (21). The difference between the two curves is the
169 value of o and of 8: the straight line is an approximated curve evaluated with (20)
470 and (12) whereas the dashed line is exact and corresponds to the use of (11) and (17).
471 As announced previously, (20) and (12) are confirmed to be very good approximations
472 of (11) and (17).

473 Fig. 4 validates Lemma 10: the instability develops for values of u > 2, larger than
174 e and the modulus of the unstable frequency (here |Sm(wy)| = |w| since Re(wy) =0
475  for the instability) is below the solid and dashed curves.

167 (22) h:
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0=0.15, c=1, U=0.7

FiG. 4. Three lowest resonance frequencies wy, n = 1,2 and 3 when p varies for a = 0.15,
c=1and U =0.7. Re(w) with dots and Sm(w) with circles. Upper boundary h(u) for |w|, defined
in (22): solid line for the approzimated boundary and dashed line for the exact one

5.2. Influence of U and c. We study now how varies f versus U and c. To
simplify the study and get monotonous behaviors, we restrict ourselves to the case
am < v/2 which means that the plate is long enough (v2L > 7h).

LEMMA 11. For am < /2, f(u,U,c) is an increasing function of U and for values
of ¢ such that ¢ < o2/, f is a decreasing function of c. In other words, an instability
can occur only for U large enough or ¢ small enough.

2
Proof. We note 0(x) = - + x such that f in (18) is defined by

f(w, U, e) = UB(B)Vap. O

Recalling that there is no instability if f(u, U, ¢) < 1, we need to evaluate 8 from (12)
to conclude. The results depend on the value of o = min [(¢? — U?)n?, a}] and thus
4
on the sign of U? + O% —
i
o If 2 <U? + O%, then o = (¢ — U?)7? and thus 8 = arv/1 — M?
™
4 2
oIf02>U2+O%,thenc7:o/1l andthus,@zw<om'\/1—M2
T c
Therefore, in all cases, 8 < aw. Now we use the fact that 6 is decreasing for
x < /2. Therefore, if ar < v/2, 0(j3) is a decreasing function of 3. The conclusion is
then easy to deduce: f if
U /7,
ot

002<U2+—;andc\‘
T

oc2>U2+a—;andc/‘.
s

In particular, if ¢ < o2 /7, f 7 when ¢ \..

To illustrate this lemma, we have represented in Fig. 5 isovalues of the function
g(U,c) defined in (21). The black thick line is the curve ¢*> = U? + aj/n?, which
corresponds to the change of definition for o (see (20)). We recall that we have two
equivalent definitions for the stability area:

f(w,U,e) <1 p<g(U,oc).
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Fic. 5. Isovalues of the function g(U,c) defined in (21) for o = 0.15. For p = po, the area
g(U,¢) > po in the (U, c) plane is stable. Curve ¢ = U? + af/n? in black thick line

501 Therefore, if © = pg, the stability zone is defined by the area in the (U, ¢) plane such
502 that g(U, ¢) > po. Values of g between 1 and 5 are indicated in Fig. 5. We see that
503 this area reduces when p increases. We see also that we go out the stability zone
504 when increasing U or p or decreasing c if ¢ < a} /7, in accordance with lemma 11.
505 Contrary to the simple dependence versus p, it is not possible to define, starting
506 from (19), closed-form critical threshold U, and ¢, such that an instability can occur
507 only for U > U, or ¢ < c.. However, by approximating (19), it is possible to derive an
508 approximate value of U, noted U2PP, which compares with the one derived in [22].
509 5.3. Simplifications for the influence of U. Still for ar < v/2, since f(u, U, c)
510 is an increasing function of U, we can introduce the threshold frequency U, defined
511 by
512 (23) f(p,Uec) =1.
513 Let us recall that thanks to lemma 11 we have the following alternative:
514 e If U < U, = no instabilities exist
515 o If U > U, = instabilities can exist
516 The aim of this paragraph is to look for a closed-form expression of U,, as obtained
517 in [22]. We have
518 LEMMA 12. For am < /2 and ¢ < o3 /n, U. < UZPP where
2.2

ar’c
519 (24 Uwry? = — —
) ( ) ( c ) 4/1402 ¥ o

520 and U, is defined in (23).

521 Proof. The condition on ¢ implies, from (20), that & = (¢ — U?)72. Then we
522 introduce an approximation of f, deduced by cancelling the term £ in (18). It is thus
523 defined by

2 uU2c?

a 2
pr(M’U,c):UB\/OT:; m7 0

ot
]

525 and it is such that f2PP < f. To this approximated function is associated an approxi-
526 mated threshold velocity U2PP, defined by f2PP(u, U2PP, c) = 1. It leads to (24) which
527 is similar to the value in [22] (4 is replaced by 1 in [22], leading to a less precise upper
528 bound, certainly due to a 1D approximation of the acoustic propagation introduced
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0=0.15, c=1, p=10 @=0.15, c=5, p=1

5 v(U)

Fic. 6. Three lowest resonance frequencies wyn, n = 1,2,3 when U varies for a = 0.15. Re(w)
with dots and Sm(w) with circles. Upper boundary v(U) for |w|, defined in (25), in solid line. (a)
c=1and p=10, (b)) c=5and p=1

in [22]). Finally, U2PP is less precise than U, since it is an upper bound for U,: indeed
f?PP < f and f?PP is an increasing function of U.

6. Numerical validation of the estimates. The aim of the numerical study
is mostly to validate corollary 9. First we look the influence of the velocity U. Then
we illustrate the validity of the stability area defined in (19).

6.1. Threshold for the velocity. In Fig. 6 are plotted the three first resonance
frequencies when U varies between 0 and ¢ for aw = 0.15 and for two values of (c, ).
Re(w) is represented with dots and Im(w) with circles. The green curves represent
the function

(25) U:U—>\/max{O,U[U<;+,3>\/@—1]},

involved in corollary 9 with o and /8 evaluated thanks to (20) and (12). Corollary 9
asserts that an instability w can not exist if v(U) = 0 and that, when it exists, it must
satisfy

lw| < v(U).

These results are validated since the circles are found below the continuous solid
curves. Note that in Fig. 6(b), at u = 4.3, two purely imaginary frequencies merge
to produce a frequency w49 with non-zero real and imaginary parts for p > 4.3 (as
in Fig. 3(b)). The modulus of the complex frequency wis is not represented but it
is clearly below the values of the green curve.

6.2. Stability area. Now we focus on the shape of the stability area, defined by
(19), f(u,U,c) <1, versus u, U and ¢. Lemmas 10 and 11 indicate that the stability
area corresponds to p or U small enough (the behavior versus ¢ is more involved). In
other words, we expect instabilities to appear when increasing p or U. We will see
numerically that it is the case and that instabilities only develop outside the stability
area, confirming the validity of the theoretical estimates. In Fig. 7 are plotted two
isovalues of the function f(u, U, ¢) defined in (18) for a = 0.15 and with one parameter
fixed: Fig. 7 (a) is for ¢ = 1 and Fig. 7 (b) for p = 1. The isovalue f(u,U,¢) =1 is
represented to show the borderline of the theoretical stability area. The isovalue f = 2
is included to clarify the location of the theoretical stability area f(u,U,c) < 1 (it is

This manuscript is for review purposes only.



A SUFFICIENT CONDITION FOR THE ABSENCE OF 2D INSTABILITIES OF AN ELASTIC PLATE IN A DUCT WITH COMPRESSIBLE FL

0=0.15, c=1 a=0.15, p=1

unstable area

unstable area

Fi1c. 7. Isovalues of f(u,U,c) defined in (18) for a =0.15. (a) c=1, (b) p=1.

558 enough since f has monotonous variations). The black squares represent the couple
559  of values obtained numerically, (u, U) or (¢,U), for which an instability appears. It
560 means that the area above the black squares is an unstable area associated with the
561  effective existence (found numerically) of instabilities. Fig. 7 confirms that the lower
562 area f(u,U,c) < 1 (in dark) corresponds to a stability area since the black squares
563 are outside this area. Note that the “true” stable area, found numerically, is larger
564 and in particular it contains the light area located between f =1 and f = 2.

65 7. Conclusion. We have studied the trapped modes localized around an elastic
66 plate placed in the center of a rigid waveguide and surrounded by a compressible
67 fluid in a uniform flow. The case of real resonance frequencies was already known
68 and we have extended the study to the search of complex frequencies corresponding
69 to the development of instabilities. We have mainly proved two results: in the space
0 (u,U,c), there is a “stability” area in which no instability can develop. In particular
I it corresponds to u < p. or U < U, where p. and U, are threshold values. Moreover,
2 outside this stability area, if an instability of frequency w develop, necessarily w lies
3 in a disc of bounded radius in the complex plane. A numerical study has confirmed
I these results.

5 A point that has not been discussed in the paper is the quality of the threshold
6 estimates. In practice it appears that the theoretical threshold are rather far from the
“real” thresholds found numerically, as shown in Fig. 7. For instance, instabilities
8 are found numerically to develop for U > U"™ and the theoretical threshold U.,
9 obtained in closed form, is not a good approximation of U™ (see Fig. 6 (a) where
80 U, =0.18 and U™ = 0.4). We do not know how to improve our estimates since we
I have already used Poincaré’s inequalities with adjustable parameters (see Eq. (16)
2 and (17)) to be the most accurate as we could. However, our results are useful since
83 they define a stability area which, although it could be larger, gives a security area
1 to avoid instabilities, which is what we wish the most in practice.

585 Appendix A. Modes of the duct.

586 A.1. Characterization of the modes. The acoustic propagation in the half
587 duct without plate, in presence of a uniform flow, can be completely described by
588 computing the modes of the duct. These modes are the solutions with separated
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variables (¢(z,y) = €50(y)) of:

92 1 62 1 o .\ .
(axQ“v‘aQa?Jz)(P = C2<Uax—lw> @ 1m Q,

0
£(m’ 1) = 0 on X,
o(z,0) = 0 for zeR.

Introducing the transverse functions

0,(y) = V2sin {w <n ;) y} >,
forming a basis of {6(y) € H'(0,1)/6(0) = 0}, the modes read

1 ix
P (x,y) =P 0,(y),

with
—kM +
,87:1: = 1_7]\427n where k = %7
(26) = VE? = (1 - M?)¢2,

1
an<n>,n21.
« 2

To define 7, the chosen definition of the complex square root is: \/z = 1/re*?/? for
z=re? 0 € [0,2r]. This definition of the complex square root leads to m(v,) > 0
for any w € C.
The characteristics of the modes depend on the nature of w: w € R or w € C\R.
e For real values of w € R, we get

1 ka
n=vVk*—(1-M?)(2 for n— - < ———,
= Vk? = ( )¢ ;< ——n

. 1 ka
Yo =i/ (1 — M2)¢2 — k2 for n— 3 > v
Therefore a finite number of propagative modes (8 € R) exist and an infinite number
of evanescent modes (8 € iR with £3m(B8F) > 0) exist. The + modes “propagate”
downstream: when they are propagative, they correspond to a positive group velocity
and when they are evanescent, they decrease when x — oco. Symmetrically, the —
modes propagate upstream.

For low frequencies, k < k. = mv/1 — M?/(2a), the so-called cut-off wave number
of the half-guide, all the modes are evanescent and this is a good framework when
looking for trapped modes.

e For complex values of w, w € C\R, all the modes are evanescent since it is
straightforward to verify that £3m(B;5) > 0 and the + modes are downstream modes
whereas the — modes are upstream modes.

A.2. Transparent boundary conditions. Let us point out that the duct
modes are useful since every fluid vibration propagating outside the duct part in-
cluding the plate can be decomposed on these modes. More precisely, if we introduce
the vertical boundaries

21:5 = {(‘T7y)ax = :l:Ray E]Oa 1[}7
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622 and remembering that the plate is of length 1, we have the

623 LEMMA 13. For any R > 1, for any +a > R, a solution of (2) belonging to
624 HY(Q) can be written:
035 (27) pla,y) = Y arePF g, (y),

n>1
626 with .
627 at = (go,@n)zi E/ V(ER,y)0,(y)dy.

0

628 Proof. For any x ¢ [0, 1], which corresponds to be located in the duct outside the
629 plate, the velocity potential can be decomposed on the duct modes:
630 ple,y) = ake®i @FRg, (4).

n>1

631 The coefficient a:X are deduced, using the orthogonality of the transverse functions

632 (Qn,ﬂm)zﬁ = O for any n,m > 1. 0
633 Using (27), we can define (exact) transparent boundary conditions thanks to DtN
631 (Dirichlet to Neumann) operators T+: for any R > 1,
dp " .
87(:8 ==+R,y) = T p(r==xR,y) with
x
35 : + - +
635 (28) T+ . Hl/Q(ZR) N H i/Q(ER)?
p(ER,y) = +ify (9,0n) 5z On(y).
636 Appendix B. Proof of lemma 3 for the continuous resonance problem.
637
638 To prove that if w is a resonance frequency, then w is also a resonance frequency,
639 we proceed in different steps:
640 e for the resonance problem (2) set in an unbounded domain, we define an
641 equivalent formulation (29) set in a bounded domain,
642 e in the bounded domain, thanks to a compacity property we prove that the
643 resonance problem is of Fredholm type,
644 e we conclude using the fact that A*(w) = A(w) and the property Ker A*(w) =
645 (Ran A(w))J‘.
646 B.1. Resonance problem set in a bounded domain. Thanks to the defini-

647 tion of the radiation conditions at finite distance (28), we can introduce two equivalent
648 ways to define the trapped modes: in an unbounded domain or in a domain bounded
649 by radiation conditions. The unbounded problem has been defined in (2). The prob-
650 lem can also be set in a bounded domain, using the DtN operator (28) to write
651 transparent boundary conditions on the boundaries of the domain. In this aim we
652 note for any R > 1 (to include the whole plate)

653 Qr = {(z,y) € Q,|z| < R} and T'E = {(2,y) € I'%,|z| < R},
654  the bounded domains and we introduce the new solution space

655 Vi ={p e H (Qr),p=00nTF}.
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656 Then the problem of finding trapped mode takes the form: Find (p,u) € Vg x W

657 such that
0?2 1 9?2 1 9 . 2 .
(3 ") e = (Vo) o oo
d* 2 0 )
@—w u = 2u U%—lw o(z,0) on T,
1 0p b .
658 (29) a@(xa 0) = <U8x - zw> u on T,
9 .
3%) = +if, (0,0n) 52 0n(y) on vk
%(Qﬁ, 1) - 0 on ER,
u(0) =0=1(0) and w”(1)=0=u®(1).

659 To justify this problem we will prove that (29) is equivalent to (2).

660 B.2. Equivalence between the bounded and unbounded problems. Prob-Jj
661 lems (2) and (29) are equivalent. One implication is easy: (2) implies (29) since (29)
662 is obtained by restricting the solution of (2) to Qr. The reverse is less obvious but
663 is true since a solution of (29) can be extended in a solution of (2), using (27). The
664 only difficulty is to check that the extended solution is in H'(2). When w € C\R,
665 the fact that all the duct modes are evanescent insures that the extension belongs to
666 H(£2). When w € R, we have first to prove that the solution of (29) does not excite
667 the propagating modes. In this aim, we write the variational form of (29):

668 (30) Find (v, u) € Vg x W such that ag|w; (p,u), (1,v)] = 0 for all (3),v) € VR x W,

669  with
670 aR[w; (% ’U,>7 (1#7 U)] = afluid[w; (9‘7’ ’U/)7 (’(/}7 ’U)] + Aplate [W§ (903 ’LL), ('(/]7 ’U)L
671  and
672 afluid[w; ((Pa 'LL), (¢7 U)] =
Oy 1 00 w dp— o w?

- a2\ droy | L opoy W A vNs o
o /QR [(1 M>8x oz | a2 dy Ay ch<8xw wé)x) 02901/) ’
674

i 1 [—( Ou . .
o w1 [ (vt - i) - P (s oot

676 with =y, defined in (26) and

1 d*u d*v _ 1 ov . _
677 aplate[w; (QD,U), ('(/J,'U)] = % . (dede — OJ2'LLU) + a A %2 <U8x + ZCUU) .

678 Then, choosing (¢, v) = (p, u), we take the imaginary part of (30)

679 Sm (arw; (v, u), (p,u)]) =0, which leads to Z Re (vn) | (¢, on)zg 12 =o0.

n>1

680 Since Re (y,) = 0 for the evanecent modes for w € R, it leads to (¢, an)2§ = 0 for

681 all the propagating modes. Therefore the extended solution (27) is purely evanescent
682 and belongs to H!(Q) and we have proved that (29) implies (2).
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683 B.3. Fredholm alternative. Thanks to the Riesz theorem we can introduce
684 the operator A(w) such that for all (p,u) in Vg x W and all (¢,v) in Vg x W,
685 (A(w)((p, u)a ("/17 U)>VR><W = aR[w; (4,07 u)’ (w7 U)]’
686 where we use the scalar product on Vi x W:
687 ((<p7u), (¢7U))VR><W =
688 ) )
Op O Bcpaw / dud* du dv
38 dzxd — dz.
o / [axagﬁa oy Tyt | e e )

690 Then the problem (30) can be written in an operator form: find w € C such that
691 exists (p,u) in Vg x W satisfying A(w)(¢,u) = 0. The operator A is decomposed as
692 A = B+ C where

Doy 1 0pdy
e B e = [0 -MATET s 28T o).

694
1 d*u d*v _ .
695 — <d1‘2d$2 +’U/U> —'LZ'WL(W) (@aen)zﬁ (9n,¢)g§ )

C

1 [— 1+ w? 1 g
698 —|——/1/) U@—iwu _ 1t /uﬁ+—/gp U@—i—ioﬁ .
a Jr ox 2ua Jr a Jr ox

699 The sesquilinear form br[w; (¢, u), (¢,v)] = (B(w)(e,u), (¥, v))vyxw is coercive on
700 Vi x W which proves that B(w) is an isomorphism of Vg x W. Indeed

701 30k > 0,Y(,u) € Vi x W, Re (brlw; (¢, w), (¢, w)]) = Crll(¢, w)l[{ -

702 The key point is that

703 Re —iZ’yn(w) (0,0n)s ( s P)s; Z\sm (Yn) 9n)z§ 2>0

n>1 n>1

0 o 2\
696 L (C(OJ)(QO,’U,), (w7v))VR><W = 0 |:_ZM (8i¢ W;ﬁ) - (1 + (ACJ2> @1#} )

since Im(y,(w)) > 0. It is also straightforward to prove that C(w) is a compact
operator on Vi x W, the key point being the Rellich theorem which applies since Qp
6 is bounded.

7 The resonance problem (B + C)(p,u) = 0 can be written (I + B~1C)(p,u) =0
8 because B is an isomorphism. And finally since B~'C is a compact operator, the
9 Fredholm alternative holds for this equation.

710 B.4. Characteristics of the eignevalues. The Fredholm property obtained
711 in the previous paragraph implies in particular, for the operator S = I + B~'C but
712 also for the operator A = BS = B + C' (since B is an isomorphism), that

713 e Ker A(w) = {0} & RanA(w) = Vg x W,

714 e Ker A*(w) = (Ran A(w))™ where A*(w) is the adjoint of A(w).

715 Moreover it is easy to prove A*(w) = A(w). This is in particular due to v, (@) =
716 —yn(w).
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Therefore, combining together the previous results, we get Ker A(w) = {0} &
RanA(w) = Vg x W & KerA*(w) = {0}. In other words KerA(w) # {0} &
Ker A(w) # {0} and thus if w is a resonance frequency, then @ is also a resonance
frequency.

Finally, we have proved that if w is an eigenvalue then +w are also eigenvalues.
But then, since w is an eigenvalue, +w are also eigenvalues which ends the proof of
lemma 3.

Appendix C. Numerical method.

We start from the formulation of the trapped modes problem set in a bounded
domain (30). Noting (w;);j=1...n,,, the finite element basis (P1 elements) with Ngof
the number of degrees of freedom, the velocity potential is sought under the form

Naog

Y= Z pjw;(z,y),

j=1

where the nodal values ¢; are unknowns. Also using the modal basis of the plate
(&m)m>1 Eq. (33), the displacement of the plate is sought under the form

Np1
u = Z Ungn(x)a
n=1

where the modal components u,, are unknowns and Ny, is the number of plate modes
taken into account. Then, developing

Naor

A fluid |W; Z@jwjazungn (wi, &m) | =0,

and

Naot
Aplate |W; Z Ppjw;, Z Unn wlv fm) =0,

for all ¢ =1 to Ngor and all m =1 to Ny, we are lead to define the matrices

Dij:(l—M2)(aw,8wi> +12(8wj 8“”) :
op ¢

Ox ' Oz Oy’ Oy

g M\(, dwi) _ (0w
Zj_c j)ax QR axv’LQR7

NpiN

=—1 Z 7p Cp wj79 )z% (9p,wi)21%,

1 U (d, 1
Fij = (—62> (wj7wi)QR7 Gin = E (dx7wi>ra H;, = (_oz> (fnywz‘)Iw
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746 Npgn 1S the number of term taken to describe the DtN operators. Thanks to the
747 defined matrices, the discretized resonance problem is

D+ iwE +w?F + M(w) G+iwH )
GT —iwHT I+w?J U

748 (31)

7

749  where we have introduced the vectors of unknowns

T
750 B = (01, oNa) and U= (&, ,En,) -

751 This is a non-linear eigenvalue problem because of the matrix M (w) which includes
752 yp(w) defined in Eq. (26) as a square root of w. To simplify the study, we have ap-
753 proximated the matrix M to get a quadratic eigenvalues problem. Several approaches
754 are possible and we have checked that they give very similar results. The simplest
755 possibility is to replace the transparent boundary conditions (28) by homogeneous
756 Neumann or Dirichlet boundary conditions:

- dp +
757 %:0 or ¢ =0 on X7.
758  Since the velocity potential decreases exponentially away from the plate, these ap-
759 proximations are very good if Eliz is far enough from the plate. In both cases, we

760 get that the matrix M = 0. The Dirichlet case requires an extra element: the finite
761 element basis (w;);j=1...N,,, must satisfy the Dirichlet condition.

762 We have chosen another approach which consists in replacing ~,, = \/ k2—(1-M 2)(,%'
763 by the approximation ¥, = iv/1 — M?2(,. This is the natural approximation when

764 n — oo. It leads to the approximation M of the matrix M, independent of the

765 frequency and defined by

Npin

766 M;; = V1- M2 Z Cp (wjvgp)gg (opawi)zﬁ :
p=1

767 We have chosen this approximation because it is close from the true radiation con-
768 ditions and it becomes exact for large p values. Moreover it is easy to implement
769 numerically.

770 To write the quadratic eigenvalue problem as a classical eigenvalue problem, we
771 introduce the matrices:

_(D+M G ( E H ([ F 0
o A_< st O),B_<_HT 0),0_(0 J>,

773 where A, B and C are real matrices with AT = A, BT = —B (since ET = —E) and
774 CT = C. Then (31) reads

75 (A+iwB +w?C)X =0,

776 where X is the vector (®,U)T.

777 The Finite Element matrices are built using a Finite Elements code [33] and the
778  eigenvalues are determined using the Matlab software. For a domain of size 2 x 1, we
779 use an unstructured triangular mesh, we introduce P1 finite elements and in practice
780 we take Ngor = 2309, N1 = 6 and Npen = 10. We have checked that taking larger
781 values doesn’t change significantly the results.

782 Appendix D. Simplification of the theoretical estimates.
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0=0.15, c=1, p=1

Fic. 8. Three first eigenvalues Ap, of problem (32) versus U for a = 0.15 and ¢ = 1. Clrcles:
exact values, Solid lines: approzimations Ap'?

Here we show that & defined in (11) can be approximated by (20) that we recall
o =min (¢ —U?)n?af] .

Indeed the values of \; and «f, introduced in (8) and (10), can be obtained in
closed form, as explained now.
e Approximation of Ap:
Since
A1 = inf R(p),
1= Inf R(p)

with R defined in (9), using the test field o € V' defined by
{ QDO(I,y)

sin(mx) for  x€]0,1],
0 for x ¢]0,1],

eo(z,y)
we find the upper bound
A1 < R(pg) = (¢ = U7

We have determined numerically that this upper bound (¢? — U?)n? is in fact a good
approximation of A\;. To do so and to find the numerical value of \;, we notice that
A1 is also the first eigenvalues of the problem: find ¢ € V and A € R such that

Po 20y .
_(CQ—UQ)@_gain:)\QD mn Q7
1
(32) 1990 00=0 on T,
a dy
e

Indeed the Min-Max principle indicates that A; defined by (8) thanks to the Rayleigh
quotient (9) is the first eigenvalue if A\; < (me¢/2a)? (below the essential spectrum).
For @« = 0.15 and ¢ = 1, in Fig. 8 are plotted with solid lines the three first
eigenvalues \,,, n = 1, 2 and 3, of problem (32) versus U below the essential spectrum
((me/2a)? ~ 110), obtained numerically thanks to a Finite Element method. The
circles represent the values \2PP = n?7?(c?> — U?) versus U for n = 1, 2 and 3. We

see that for n = 1, AJP? = 72(c? — U?) approximates very accurately A\;. On the
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805 contrary, the approximations A2PP of A, for n = 2 and 3 are not satisfactory (they
806 become better approximations when « is decreased, result not reported here).

807 e Approximation of «jy:

808 To determine «a;, we introduce the following eigenvalue problem: find v € W and
809 APt € R such that

d4
810 chZ = APty for 2 €0, 1],
811 u’(1) =0 =u(1).

812 This is the equation of the plate in vacuum and the eigenvalues AP'3*¢ are equal to the
813 square of the eigenfrequencies wP!a of the plate. A simple explicit calculation shows
814 that APlate = o with a,, satisfying [1, 9]

815 cos ay, cosh a, = —1.

816 In particular, oy = 1.88. The eigenmodes are

817 (33) &n(z) = A, [sinh (o, x) — sin ()] + By, [cosh (an,x) — cos (a, )],
818  where

sinh (v, ) + sin (o)
" cosh (a,) + cos (o)

819 B, =—

)

820 and A,, can be chosen such that / |62 = 1. Finally the Min-Max principle indicates
r

821 that A?late satisfies
2

f d*u

U dr2

822 aplate — - ing 7962,
ueWw fF |u|

823 in accordance with (10).
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