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Challenge: Vehicle Routing Problems In Memory of

Why we care so much about CVRP?

 and the most basic VRP variant.

Common strategy in scientific research

Study the simplest (bust still representative!) case of a phenomenon Generalize the discoveries for more complex cases Drosophila Melanogaster

Hundreds of VRP variants

Vehicle capacities, time windows, heterogeneous fleet, multiple depots, split delivery, pickup and delivery, backhauling, optional customer service, arc routing, alternative delivery options, service levels, etc, etc

Some history [START_REF] Balinski | On an integer program for a delivery problem[END_REF] set-partitioning formulation for CVRP [Laporte and Nobert, 1983] MIP formulation with edge variables, rounded capacity cuts, and branch-and-bound [Desrochers et al., 1992] first branch-and-price [Lysgaard et al., 2004] best branch-and-cut algorithm [START_REF] Fukasawa | Robust branch-and-cut-and-price for the capacitated vehicle routing problem[END_REF] robust branch-cut-and-price [START_REF] Baldacci | An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts[END_REF] enumeration technique [Jepsen et al., 2008] (non-robust) subset-row cuts [START_REF] Ii Baldacci | New route relaxation and pricing strategies for the vehicle routing problem[END_REF] ng-route relaxation [Pecin et al., 2017b] limited-memory technique, best branch-cut-and-price [START_REF] Poggi | An exact method with variable fixing for solving the generalized assignment problem[END_REF] [START_REF] Costa | Exact branch-price-and-cut algorithms for vehicle routing[END_REF] 

directed graph G = (V 0 , A), V 0 = {0} ∪ V . Capacity resource Resource consumption of arc a = (i, j) ∈ A is d j , d 0 = 0. Accumulated resource consumption interval for v ∈ V 0 is [0, Q].
A set of feasible routes is modelled by set P of paths in G from node 0 to node 0 such that for each path p ∈ P each node v ∈ V is visited at most once. accumulated resource consumption for every node v visited by p is within given intervals [0, Q].

Set-partitioning formulation

Variable x a -arc a ∈ A is used in the solution or not Variable λ p -path p ∈ P is used in the solution or not h p a = 1 if and only if path p contains arc a, otherwise 0

δ -(v ) -set of arcs in A incoming to v ∈ V Min a∈A c a x a S.t. a∈δ -(v ) x a = 1, v ∈ V , Bx ≤ b, x a = p∈P h p a λ p , a ∈ A, p∈P k λ p ≤ K , x a ∈ {0, 1}, a ∈ A, λ p ∈ {0, 1}, p ∈ P.
Set-partitioning formulation 

-(v ) -set of arcs in A incoming to v ∈ V Min a∈A c a x a S.t. a∈δ -(v ) x a = 1, v ∈ V , Bx ≤ b, x a = p∈P h p a λ p , a ∈ A, (π a ) p∈P k λ p ≤ K , (µ) 0 ≤ x a ≤ 1, a ∈ A, 0 ≤ λ p ≤ 1, p ∈ P.
Column and cut generation 

Labeling algorithm

Every label represents a partial path starting from node 0.

Label L contains v L -last visited vertex πL -current arc reduced cost d L -current accumulated resource consumption V L -set of visited vertices Dominance Label L dominates L if v L = v L , πL ≤ πL , d L ≤ d L , V L ⊆ V L .
(any feasible completion of L is feasible for L and has larger or the same reduced cost)

Basic labeling algorithm

L = v ∈V L v -set of non-extended labels E = v ∈V E v -set of extended labels E ← ∅, L → {0, 0, 0, {0}} while L = ∅ do take a label L in L, v L = 0 or V L = ∅ L ← L \ {L}, E ← E ∪ {L} foreach v ∈ V \ V L do extend L to L along arc (v L , v ) if L is feasible and not dominated by a label in L v ∪ E v then L ← L ∪ {L } remove from L v ∪ E v all labels dominated by L return labels L in L 0 with πL < μ
Label-setting if labels are taken in a total order ≤ lex such that

L extends to L ⇒ L ≤ lex L , L dominates L ⇒ L ≤ lex L
Otherwise, it is label-correcting

Robust cutting planes and branching

Constraints of form Bx ≤ b are robust [START_REF] Pessoa | Enhanced branch-cut-and-price algorithm for heterogeneous fleet vehicle routing problems[END_REF],

i.e. their addition to the master does not change the structure of the pricing problem.

The most important robust cutting planes are Rounded Capacity Cuts (RCC) [Laporte and Nobert, 1983]: 

a∈δ -(C) x a ≥ i∈C d i Q , ∀C ⊆ V .

Contents

Generic

Otherwise, it takes too much time to reimplement for every other problem variant.

Labeling algorithm enhancements

A subset of works tested on vehicle routing instances Keep track of vertices which cannot be visited instead of visited vertices in a label [START_REF] Feillet | An exact algorithm for the elementary shortest path problem with resource constraints: Application to some vehicle routing problems[END_REF] Resource discretization [START_REF] Fukasawa | Robust branch-and-cut-and-price for the capacitated vehicle routing problem[END_REF] Bi-directional search [START_REF] Righini | Symmetry helps: Bounded bi-directional dynamic programming for the elementary shortest path problem with resource constraints[END_REF] [ [START_REF] Tilk | Asymmetry matters: Dynamic half-way points in bidirectional labeling for solving shortest path problems with resource constraints faster[END_REF] "Pulse" algorithm: depth-first search and completion bounds [Lozano et al., 2016] "Bucketization" to limit the number of dominance checks [S. et al., 2017] Weakens the column generation lower bound, but keeps the BCP correct q-routes [START_REF] Christofides | Exact algorithms for the vehicle routing problem, based on spanning tree and shortest path relaxations[END_REF] k -cycle elimination [Irnich and Villeneuve, 2006] (too expensive for k ≥ 5)

ng-routes [START_REF] Ii Baldacci | New route relaxation and pricing strategies for the vehicle routing problem[END_REF] Non-elementary relaxations of the pricing problem

Weakens the column generation lower bound, but keeps the BCP correct q-routes [START_REF] Christofides | Exact algorithms for the vehicle routing problem, based on spanning tree and shortest path relaxations[END_REF] k -cycle elimination [Irnich and Villeneuve, 2006] (too expensive for k ≥ 5)

ng-routes [START_REF] Ii Baldacci | New route relaxation and pricing strategies for the vehicle routing problem[END_REF] For each vertex v ∈ V , define a memory M v of vertices which "remember" v .

If v L ∈ M v , v is removed from V L . Sets V L are smaller ⇒ stronger domination v L v Mv
Small memories (of size ≈8-10) produce a tight relaxation of elementarity constraints for most instances.

Dynamic ng-route relaxation [START_REF] Roberti | Dynamic ng-path relaxation for the delivery man problem[END_REF] Even tighter relaxation can be obtained by dynamically increasing ng-memories. Z RM -optimum value of (MP) which gives the lower bound Z inc -value of the incumbent integer solution Z pricing (a) -optimum solution value of the pricing problem solution, arc a being fixed to 1 Arc a can be removed from the graph (it cannot take part of any improving solution) if

Z RM + Z pricing (a) ≥ Z inc
Z RM -optimum value of (MP) which gives the lower bound Z inc -value of the incumbent integer solution Z pricing (a) -optimum solution value of the pricing problem solution, arc a being fixed to 1 Arc a can be removed from the graph (it cannot take part of any improving solution) if

Z RM + Z pricing (a) ≥ Z inc
A good heuristic is very important!

How we can find values Z pricing (a)?

We perform forward and backward labeling algorithms. Then for each a = (i, j), Let L i be set of forward labels at node i (v L = i) Let L j be set of backward labels at node j (v L = j)

We find a pair of compatible labels L ∈ L i and L ∈ L j :

d L + d L ≤ Q, V L ∩ V L = ∅, minimizing π L + π L Then Z pricing (a) = π L + π L + πa -µ
Subset-row cuts [Jepsen et al., 2008] Replacing variables x in set-partitioning constraints and relaxing to inequality:

a∈δ -(v ) p∈P h p a λ p ≤ 1, v ∈ V . (2) Aggregating (2) for a set C ⊂ V , |C| = 3, with multiplier 1 2 : p∈P 1 2 v ∈C a∈δ -(v ) h p a λ p ≤ 3 2 , ( 3 
)
Performing Chvátal-Gomory rounding of (3):

p∈P     1 2 v ∈C a∈δ -(v ) h p a     λ p ≤ 1, 24 / 43
Subset-row cuts: example of violation 

    1 2 v ∈Cη a∈δ -(v ) h p a     .
Path p passes 0 or 1 times by a vertex in C η → coefficient is 0. Path p passes 2 or 3 times by a vertex in C η → coefficient is 1, etc...

For each active cut η ∈ N we should keep binary state S L η in each label L.

Weaker dominance

Given dual values

ν η > 0, η ∈ N , L dominates L only if πL ≤ πL - η∈N : S L η >S L η ν η instead of πL ≤ πL .
Limited memory technique [Pecin et al., 2017b] For each active subset-row cut η ∈ N , define a memory M η of vertices which "remember" state S η .

If v L ∈ M η , S L η ← 0. States S L contain more zeros ⇒ stronger dominance ∈ Cη Mη v L
Limited-memory cuts are weaker than full-memory ones However, the pricing problem difficulty is much smaller Arbitrary cuts of Chvátal-Gomory rank 1 Chvátal-Gomory rounding using a vector p of multipliers:

p∈P     v ∈C a∈δ -(v ) p v h p a     λ p ≤ v ∈C p v
All best possible multiplier vectors p for Chvátal-Gomory rounding of up to 5 constraints were found by [START_REF] Pecin | Limited memory rank-1 cuts for vehicle routing problems[END_REF].

Arbitrary cuts of Chvátal-Gomory rank 1

Chvátal-Gomory rounding using a vector p of multipliers:

p∈P     v ∈C a∈δ -(v ) p v h p a     λ p ≤ v ∈C p v
All best possible multiplier vectors p for Chvátal-Gomory rounding of up to 5 constraints were found by [START_REF] Pecin | Limited memory rank-1 cuts for vehicle routing problems[END_REF].

Enumeration of elementary routes [START_REF] Baldacci | An exact algorithm for the vehicle routing problem based on the set partitioning formulation with additional cuts[END_REF] Z RM -optimum value of (MP) Z inc -value of the best known integer solution Reduced cost of λ p > Z inc -Z RM ⇒ it cannot participate in an improving solution.

We enumerate all elementary routes with reduced cost < Z inc -Z RM using a special labeling algorithm.

If enumeration is successful, add all such variables λ p to (RMP) and solve it using a MIP solver.

If number of enumerated routes is large, we create a pool of routes, and solve the pricing problem by inspection [START_REF] Contardo | A new exact algorithm for the multi-depot vehicle routing problem under capacity and route length constraints[END_REF].

Strong branching [START_REF] Røpke | Branching decisions in branch-and-cut-and-price algorithms for vehicle routing problems[END_REF]] [Pecin et al., 2017b] In branch-cut-and-price, strong branching should be multi-phase Phase 0 -choose branching candidates (both from history and "fresh" ones) Implementing such an algorithm takes months for an expert team, even if it is just an adaptation for another variant.

One would like to have a generic algorithm that could be easily customised to many variants.

Some attempts in the literature: [START_REF] Desaulniers | A Unified Framework for Deterministic Time Constrained Vehicle Routing and Crew Scheduling Problems[END_REF] [ Baldacci andMingozzi, 2009] [S. et al., 2017] Generic model used by VRPSolver 

  Basic Branch-Cut-and-Price Improvement Techniques Generic BCP solver Some Results and Perspectives Modern Branch-Cut-and-Price for Vehicle Routing Non-robust Column and cut generation are interconnected Complex: not only Branch-Cut-and-Price, butStrongBranch-and-Price-and-Fix-and-Stabilize-and- Restrict-and-Cut-and-Enumerate-and-Heuristic-and-... 

  Variable x a -arc a ∈ A is used in the solution or not Variable λ p -path p ∈ P is used in the solution or not h p a = 1 if and only if path p contains arc a, otherwise 0 δ

  Subset-row cuts: impact on the pricing problem Coefficient of variable λ p in cut η associated with subset C η is

		4%	
			24%
	# of paths serving		30%
	at least two of these	28%	
	three clients ≤ 1		16%
			40%
			48%
		16%	
		2%	
		4%	48%	8%
			38%	48%	18%

Table :

 : Generic solver vs. best specific algorithms on 13 problems.

Other important components

Generic BCP solver

Generic Branch-Cut-and-Price (BCP) state-of-the-art solver for Vehicle Routing Problems (VRPs) [START_REF] Pessoa | A generic exact solver for vehicle routing and related problems[END_REF].