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STRONG DIFFERENTIAL OBSERVABILITY FOR SAMPLED-TIME
SYSTEMS

SABEUR AMMAR?*, JEAN-CLAUDE VIVALDAf, AND BASMA ZITOUNI*

Abstract. In this paper we prove that, generically, a sampled data system is strongly differ-
entially observable provided that the number of outputs is greater than the number of inputs plus
one.
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1. Introduction. Roughly speaking, observability means that initial data of
a dynamical system can be uniquely determined from the pair (output trajectory,
control). In other words, observability means that the mapping

initial state — output trajectory

is one-to-one for every given control. This concept of observability is the simplest
one but, as noticed in [12], the notion of injectivity is hard to handle mathematically
because it is unstable. This is why it is more relevant to work with stronger notions
of observability: in this work, we will add to the injectivity of the input-output
application the immersivity condition, and we will work with the concept of strong
differential observability.

Before giving a precise definition of this notion, we first present the type of system
we consider and the issue we will address. In this paper, we consider a controlled
continuous time system written as

(1.1) =S
y = h(x),

whose state evolves on a compact manifold and the control takes its values on a
bounded set of R%. Many physical processes or industrial devices can be modeled
by such systems; from a mathematical viewpoint, the time and the state of this
system vary continuously but in practice, a controlled process is regulated by a digital
computer which is not able to record a continuum of data. This is why control
decisions are restricted to be taken at fixed times 0,7,2T),...; here T is called the
sampling time; it is (generally) small, and it depends on the instrumentation of the
process, on the computing power and other parameters. For a continuous time system,
the resulting situation can be modeled through the restriction that the applied inputs
are constant on the intervals [0,T), [T,2T), ...and the state is (partially) measured
only at those fixed times 0,7,2T, ..., that is to say we access to the values of the
observation function only at times 0,7, . ..

Thus, given a time T, to system (1.1), we relate the following continuous-discrete-
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time system

(1.2) {i’(t) = f(z(t),ur),t € [kT, (k+ 1)T)

yr = h(x(kT))

where the control u is maintained constant (equal to uy) on the intervals [kT, (k+1)T)
and the measurements of the state are made only at each of the times 0,7,27), ...
System (1.2) is called the sampled data system related to (1.1).

Two questions can be investigated about observability and sampled systems. The
first one is the problem of the preservation of the observability: if the continuous
time system (1.1) is observable for any inputs, is it also the case for the sampled
system (1.2)? Concerning this question, one has to be careful: if we deal with non-
linear systems, one would think that the observability of the continuous time system
involves the observability of the sampled one, at least if the sampling time is cho-
sen small enough. Surprisingly, this is not the case when working with non-linear
systems,, the reader is referred to [7] or [3, 5] for results and counter-examples.

The second question is more “philosophical” and is the subject of this paper: given
a sampling time 7', are many continuous time systems (1.1) such that the sampled
system (1.2) is observable? Due to the importance of the notion of observability,
it is indeed of interest to know “how many” continuous time systems give rise to
observable sampled data systems. The present paper intends to prove that the set
of continuous time systems which admit an observable sampled system is everywhere
dense. Notice that this result cannot be deduced from the above-mentioned papers
because, while the observability of the continuous time system is generic (see [12]) the
conditions in [7, 3, 5] are not; also, in these papers, the observability is ensured only
for sufficiently small sampling time 7.

The genericity of the observability has been the subject of some researches in the
last decades. As regards continuous-time systems, the first paper on the subject was
about the genericity of the observability for uncontrolled systems [10]; this work was
generalized to controlled systems by J.-P. Gauthier and I. Kupka: in [11] these authors
proved the genericity of differential observability for systems with more outputs than
inputs. A reference book on this subject is [12]. A related issue is the problem of the
identifiability, in [9], the authors deal with general nonlinear systems which contain
an unknown function, they prove that these (uncontrolled) systems are generically
identifiable if the number of observations is at least three. Regarding the discrete-
time systems, the first paper on the subject was from Aeyels [2], we can cite also [18]
for the uncontrolled case and [8, 4] for the controlled case. In all of these papers,
it is proved that the observability is a generic property provided that the number of
outputs is greater than the number of inputs. Concerning the subject of this paper,
we have also to cite [14], in this paper the authors prove also a result of genericity of
the observability for sampled data systems; the systems considered in this paper are
uncontrolled and the sampling time is not constant but depends on the sate of the
system.

This paper is the continuation of [6] (see also https://hal.inria.fr/hal-01630461),
in which we dealt with the problem of the observability under sampling. To be more
precise, we proved that the set of pairs (f, k) which make the sampled system (1.2)
strongly observable, is everywhere dense for the Whitney topology; in the present
paper, we intend to prove that the strong differential observability is also generic.

The tools used to prove our main result are essentially the same (but applied to
different situations) as the ones used in the above-mentioned papers, that is to say
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the major theorem of the transversality theory.

The paper is organized as follows: in the next section, we state the precise for-
mulation of the problem we deal with; then we recall some useful facts from the
transversality theory. Finally, our main theorem is proved throughout three proposi-
tions.

1.1. Notations and problem formulation . In system (1.1), the state  be-
longs to a compact manifold X with dimension n, the control v belongs to another
compact manifold U whose dimension is denoted by d, and the mapping h takes its
values in R%. As usual we denote by T, X the tangent space to X at z, by TX the
tangent bundle, and by T?(X) the double tangent bundle. A parametrized vector
field will be a C*° mapping defined from X x U into TX such that, for every u € U,
f(-,u) is a vector field defined on X. The set of parametrized vector fields defined
on X will be denoted by I'yy(X). If f belongs to I'y(X), we denote by ¢} the flow
generated by the vector field f(-,u) (the parameter u being fixed); so for every z € X
every u € U, and every t > 0, we have

dej ()
@ =c amd P pua) ).
Let ug,uq,... be a sequence of controls (i.e. a sequence of elements of U), for k > 1,
we denote by uj the finite sequence ugx = (uo, ..., ug—1)-

Let ¢ : M — N be a differentiable mapping between two manifolds M and N,
the notation di(z) will stand for the differential of ¢ at x; let £ € T, M be a tangent
vector, di(x) - € will denote the image of £ under dy(z).

Hereafter, together with the parametrized vector field, and the observation map-
ping h, given a sampling time 7' > 0, we consider the mapping @?’h defined as
ot xxUur — ®RW)TT Xy

(13) (z,uzn) > (h(xo), h(z1), ..., h(z2n), uzn)

where the sequence (zg,x1,...,T2,) is defined recursively by zp = = and zp41 =
o7t (x)). Also, we denote by y; the values taken by h at x; i.e. y; = h(z;).

DEFINITION 1.1. We will say that the sampled data system (1.2) is strongly dif-
ferentially observable if the mapping @{,clh defined above is a one-to-one embedding.

The space 'y (X) x C*®°(X,R%) is endowed with the Whitney topology (which
amounts to the C* topology, since the spaces X and U are compact). As mentioned
above, in [6], we showed that, generically, system (1.2) is strongly observable (i.e.
@{,cih is one-to-one); in this paper, we will show that, in addition, mapping G){,cih is
generically an embedding. To be more precise, we will prove that the set of pairs
(f,h) € T'y(X) x C*(X,R%) such that the mapping @?h is an injective embedding
is open and dense provided that d, > d,, + 2 (case d,, > 0) or d,, > 1 (case d,, = 0).

So what is the point of showing this additional property? (i.e. that @é’h is,
generically, an embedding.) First, we already know that the set Oy of pairs (f,h)
such as @g’h is injective is a residual set. Knowing that, moreover, the set O, of these
pairs that make @;’h immersive is also a residual set easily allows us to show that
the set O1 N Os is not only residual but also open; the openness part of this assertion
following easily from the Whitney embedding theorem.

On the other hand, this result has some practical consequence. As explained
n [12], when @%h is an embedding, system (1.2) admits a phase variable represen-
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tation and this property is interesting from the point of view of the design of an
observer.

1.2. Reminders and some facts from transversality theory. The tools
used in this paper come from the transversality theory, hereafter, we recall the no-
tion of transversality as well as the Abraham’s theorem of density [1] which will be
intensively in the proof of our main result.

DEFINITION 1.2 (Transversality). Let f be a smooth mapping between two smooth
manifolds X and Y, W a submanifold of Y and x a point in X. We will say that f
is transversal to W at x if either

o f(x)g W, or

e f(x) e W and Tf(x)Y = Tf(x)W +df(T.X).
We will say that f is transversal to W if it is transversal to W at every x € X. We
will use the symbol M to denote the transversality.

We recall also the notion of representation: let A, X and Y be C" manifolds
and p a map from A to C"(X,Y). For a € A, p, : X — Y is the map defined as
pa(z) = p(a)(x). We say that p is a C" representation if the evaluation map:

evpt AxX — Y
(a,2) = pa(x) = p(a)(z)
isa C" map from A x X to Y.

THEOREM 1.3 (Transversal density theorem). Let A, X,Y be C" manifolds, p :
A = C"(X,Y) a C" representation, W C Y a submanifold (not necessarily closed),
and ev, : A x X =Y the evaluation map. Define Ay C A by:

Aw ={a €A | poth W}

Assume that:
1. X has a finite dimension n and W has a finite codimension q in Y ;
2. A and X are second countable;
3. > max(0,n — q);
4. ev, M W.
Then Aw 1is residual in A.

In this theorem, it is important to notice that manifold A is not necessarily finite
dimensional; it may be a Banach space or an open subset of a Banach space.

1.2.1. Periodic trajectories. Let f € T'y(X), u € Y, z € X, we assume that
x belongs to a periodic trajectory of the vector field f(-,u). Let us denote by m the
prime period of this trajectory, i.e., mg is the smallest positive number 7 such that
pu (x) = x. As we have dpy (v) - f(z,u) = f(¢y (x),u) = f(r,u), the number 1 is
an eigenvalue of A := dyy (x). In the sequel we will have to consider expressions like
Id4+A+...+ AF and we will need that this sum of linear mappings be invertible; this
is certainly true if, apart from 1, the other eigenvalues have modulus different from
1. The theorem of Kupka-Smale [15, 16] asserts that this is generically the case for
a vector field. Let a > 0, hereafter, we denote by Gz(a) the subset of T'(X) of these
vector fields f such that
e if x is a singular point of f, then for every ¢t # 0, dp(z) : T, X — T, X has no
complex eigenvalue of modulus 1;
e if x belongs to a periodic trajectory of f with period 0 < my < a, then
denoting by 1, Ag,..., A, the eigenvalues of dy,,(x), we have |\;] # 1 for
1=2,...,n.



Recall that the manifolds X and U are assumed to be compact. We have

THEOREM 1.4 (Kupka-Smale). Let a > 0, the set Ga(a) is residual; moreover for
the C" topology (r < +00), Ga(a) is open and dense.

This theorem has been generalized for parametrized vector fields when dimU =1
(see [17]) but actually it is still true whatever the dimension of U, to be more precise
we have:

THEOREM 1.5. Let a > 0, the set G5 (a) of parametrized vector fields such that
f(,u) € Ga(a) for every u € U is a residual; moreover G5 (a) is open and dense for
the C" topology (r < +00).

2. Main result.

THEOREM 2.1. Let T > 0 be a given sampling time. The set of couples (f,h) €
Ty (X) x C°(X,RP) such that system (1.2) is strongly differentially observable is an
open and dense subset of Ty (X) x C®(X,R%) for the Whitney topology.

The proof of this theorem result from three propositions. In these propositions, we
have to deal with the periodic trajectories related to the vector field f(.,u), for u € U.

3. Proof of the main result.

3.1. Strategy of proof. Given an initial condition xg and a sequence of controls
Ugn, We consider the list

L= ((xo, uo), (T1,u1), ..., (mgn,uQn)) € (X x U)Qn-‘,—l '

In this list the elements can be all distinct or there may be some equalities between
the pairs (z;,u;) or between the points x;. Our strategy will be the following: we will
consider some submanifold W together with some representation p, and we will prove
the following results:

e By applying the Transversal density theorem [1], we will see that the set of
couples (f,h) € Ty(X) x C*®°(X,R%) which are transversal to W is dense;
e the codimension of the chosen submanifold W being greater than the dimen-
sion of the domain of py 5, this implies that the range of py,;, does not intersect
W
e the non belonging to the submanifold W implies that @?h must be an im-
mersion.
The choice of the submanifold W and of the representation p depends on the number
of equalities occurring in the above list L; hereafter, we will examine the different
possibilities that can occur.

The method followed in this paper is very similar to the one we implemented
in [6]. However, in this work we also need relation (3.2) below, because we have to
compute the second derivative (with respect to vector field f) of the mapping ¢¥.
The number of configurations considered here is less than in the above-mentioned
paper, nevertheless, the need to take into account this second derivative can, in some
configurations, pose delicate problems because we have to compute a perturbation of
the field f in order to fulfill two different objectives for the first and second derivatives

of .

LFor a proof see https://hal.inria.fr/hal-01630461
5


https://hal.inria.fr/hal-01630461

3.2. Different configurations. There may be some equalities between the el-
ements (x;,u;) of list L; in each equality class we retain the element with least index
and we denote by L’ the new list obtained by this method. This list can be written
as

L/ = 81 U827 v = ((l‘o,Uo), (J)1,’LL1), ey (.Z‘j_l,u]‘_l), (xp,up), ey )

81 S2

where the S;’s are sequences of consecutive terms, the consecutive terms between S;
and S;11 having been cancelled. Roughly speaking L’ is obtained from L by making
some “gaps”’ in L; moreover, whereas the pairs in L’ are all distinct, there can exist
some equalities between the points x; of some pairs.

Besides lists L, L', 81,...we will also consider the lists L., L!,, 81, constituted
by the first projections of the elements of L, L', 81,...respectively; namely, we write

Lz = (ZL'(),. . .,(EQn), L/m = (1'0,1'1, “e ,xj,l,:vp,. . .),

In the sequel, we will say that an equality z; = z; (i < j) between two elements of L,
is a “suitable” equality if (x;,u;) € L’ and (xj_1,uj_1) € L' (so, the element (x;, u;)
may belong to L \ L"). Hereafter, we make a discussion according to the number of
gaps in L and the number of equalities between the elements of L.

No gap. Assume first that there exist no gap in L, in other words, with our
notations, we have L = L'.

e If there exists at most one equality between the elements of L, this configu-
ration will be denoted by Cy.

e If there exists at least two equalities between the elements of L, this config-
uration will be denoted by Cs.

Exactly one gap. In this case we have L’ = 8; U Sy with 8, possibly empty.
Denoting the elements of Sy by (o, %), - - -, (xj—1,uj_1), the element (x;, u;) is not in
L’ and, from the definition of L', it yields an equality that we write (z;, u;) = (x;, u;)
with ¢ < j; notice that the equality x; = x; is a suitable equality, notice also that
if 83 # o, the first element (x4, u,) of 89 is equal to an element (z,,u,) € 8; but
T4 = @, is not a suitable equality.

o If there does not exist any suitable equality (other than z; = z;) between two
elements of L,, this configuration will be denoted by Cj.

e If there exists at least one other suitable equality between two elements of
L, this configuration will be denoted by Cs.

At least two gaps. In the case where there exists at least two gaps (so L' =
S$1USUS3U. . ) (with 83 possibly empty), we can find at least two suitable equalities
among the elements of L,. Let us write

81:{x07"'a$j71}7 SQZ{xqv"'axpfl}

then there exists ¢ < j such that z; = z; (and also u; = u;) and k < p such that
zp = x) (and also uy = wu,), from the definition of L’ it follows that the elements
(z4,u;) and (xg,ur) can be chosen in L’ (they belong to S; U Sz). Moreover, the
equalities x; = x; and z = x, are suitable equalities. This configuration will also be
denoted by Cs.
Hereafter we summarize the discussion made above.
Configuration Cy We are in the case where L = L’ and there exists at most one
equality among the points x; in L.
6



Configuration C; There exists exactly one gap in L, i.e. L' = & USy (with S
possibly empty) and there does not exist any suitable equality between two
elements of L.

Configuration C5 There exists two suitable equalities between the elements of L.
We will be more specific and describe more completely the situations where
these configurations arise.

o First, these two suitable equalities can occur between some terms of 81 ,
or between some terms of L, when L = L' (case “no gap”) , we will
write them x; = z; and x, = z, with ¢ < j < p and k < p; these
two equalities could involve only three elements : x; = z; = x, with
1 < j < p. Moreover, we will assume that p is the smallest index with
this property: that is to say, we assume that there is no other equalities
among the elements of the list (zo,...,zp).

e Then, there can exist exactly one suitable equality, written z; = z;,
among the elements of 8; ;. ; in this case, there exists at least one gap,
writing 81 = ((xo,uo), vy (zpa, up_l)), there exists (zy,uy) € 81 such
that (zg,ux) = (zp,u,), which gives rise to a second suitable equality
(notice than k could be equal to ¢ or j).

e In the third sub-configuration, we have L' = 8§;U8>U. .. with 85 # & and
there is no equality among the elements of 8; , but at least one suitable
equality among an element z, of 83, and an element of §; ;, U 83 ;; as
before, in this case we get another suitable equality by considering the
first element in the gap after §;. Here also, we assume, that p is minimal
for this property: there does not exist any other suitable equality among
the elements of (zg,...,2p).

e Finally the fourth and last sub-configuration occurs when there exist at
least two gaps in L': L' = 8; U85 U 83 (with 83 possibly empty), and
when there exist no suitable equality among the terms of 8§; , U 83 ,,
in this case the consideration of the first elements in the two first gaps
gives rise to two suitable equalities.

3.3. Perturbation lemmas. Before going further, we recall a result which will
be used in the subsequent proofs of the propositions, related to the different considered
configurations. Take two vector fields f and ¢ defined on X and denote by ¢; and ¢}
(A € R) the flows related to f and f+ A¢ respectively ( ¢ will be called a perturbation
of f). In [1, Perturbation theorem, p. 107], the following formula is proved: for every
r € X, we have

(31) Soda)

t
= / dps 0@ opy_o(x)do.
A=0 0

Obviously, this formula can be extended to the case of parametrized vector fields.
Consider f and ¢ in I'yy(X) and denote by goi")‘ the flow generated by the vector field
fGou) + Ad(-,u) (with u fixed). Starting from an initial condition zq, consider now
the sequence z(),z7, ... defined recursively as zj = xo and 2}, = @%“)‘(xf‘), then
applying formula (3.1), we deduce easily that

d
axfﬂ =Ji+6i(Jiz1) + -+ 61(Jo)
A=0
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where r
Jp = / Ay (02 (2x)) - B, (), u)do
0

the integral Ji, belongs to the tangent space of X at ¢4 (x) = xg41. Moreover the
0r’s are the mappings defined as

Or = d(py' o0 ppF)(xr) -

Another lemma that we will use is the Tangent perturbation lemma, stated in
the same work [1, Tangent perturbation lemma, p.110]; it is concerned with the per-
turbation of the tangent map dpr(z) of the flow related to a vector field f. Denote
by w the canonical involution defined on T2(X), given that w o df is a vector field
defined on T(X) whose flow is dy;, we derive the following formula [1, p. 110], which
is similar to (3.1):

d

(3.2) —~dep(2)

t
Y :/ d%ps owodpody,_o(z)do.

A=0 0

Denote by T the trajectory passing through = and let us restrict ourselves to pertur-
bation ¢ that are zero along 7. We will then have ¢} (z) = ¢, () for every t € R, so
d<p§\~(x) is a linear mapping from T, X to T,,,.(,yX and we can compute the derivative
of dy?.(x) with respect to A at A = 0. Let A be a linear mapping from T, X to
T, ()X such that A - f(x) = 0, the tangent perturbation lemma [1, p. 110] asserts
that ¢ can be chosen such that this derivative is equal to A. If we look at the proof
of this lemma, it is noteworthy that ¢ can be chosen equal to zero outside of an
arbitrarily small neighborhood of T .

In the sequel, we will have to consider two kind of perturbations of vector field f,
one of them will serve to set the derivative of <p%s’>‘ with respect to A at A = 0 at some
predetermined value, the other one will be useful to adjust the value of the derivative
of d<p¥°")‘(x;\) at A = 0. Denote respectively by ¢; and ¢ these two perturbations, as
@9 restricted to the trajectories of the vector fields f(-, us) passing through the points
x5 is zero, it does not affect the value of the derivative of cp%s’A (ef (3.1)). Moreover,
A

2) can be written as

the derivative of dw%s’)‘(x

d
(33)  yder (@)

t
— / dchgs owodgyodpy (xs)do
A=0 0

t
+/ d*p% owodgy odpls (ws)do. +dpl o ixi‘
0 dr %l g
Notice, that in this sum, the first integral depends only on ¢ while the two last terms
depend only on ¢;.
Hereafter, the proof of Theorem 1.5 is achieved thanks to three propositions
related to each configuration Cqg, C1, C2; we begin by dealing with the case of Cqo
configuration.

3.4. The pair (x, u2n+1) is under configuration Cy..

PRrROPOSITION 3.1. Assume that the number of observations is greater than the
number of controls (i.e dy > d,). Denote by Of the set of pairs (f,h) € I'y(X) x

C>(X,R%) such that @é’h is an immersion at (xo, uzn) whenever the pair (xo, uzn)
is in configuration Co. Then O} contains a residual set Ry for the C topology.

8



Proof. First, we choose a finite atlas A of X; given a parametrized vector field
f, a point x € X and a sequence of controls ug, € U?", there exists some charts
(Uo, 0p),. . ., (Uap,B2,) in A such that zg € Uy, ..., x2, € Us,. The number of 2n + 1-
tuples of charts belonging to A is finite; for each such 2n + 1-tuple, we will prove
the existence of a residual subset of G¥(a) x C°°(X,R%) satisfying some property
(explained below); obviously the intersection of all of theses residual sets is still a
residual set. We consider the following representation defined through the evaluation
map ev, whose domain is I'y(X) x C°(X,R%) x X x U™ x P"~, codomain is
X2" x GL(n,R)?™ x L(R",R%)?" x P"~! and which is defined as

ev/) : (fv h7x7uﬂ’l) —
((@0s- s gy s @20), (dPos -+, dPan)s (dho, .. By, . dhog), 1)

where
e P"! denotes the n — 1 dimensional real projective space;
e dp, (resp. dh,) denotes the local expression of dp4? (z,.) in the charts (U, 6,
and (Uyi1,0r41) (vesp. dh(z,));
e the wavy underline indicates that the underlined terms have been canceled
(in order to take into account the possibly equality z; = z;).
Below, we will denote by AS the product fls = Ag_10As 90---0A4y (with
Ag = Id). Together with representation p, we consider the submanifold W C X2 x
GL(n,R)?" x L(R",R%)2" x P"~! defined as the set of those elements

((ao,...,aj,...,azn),(Ao,...,Agn_l),(CO,...,gi,...,Czn),f)

~

such that
e the elements ao,...,a;,...,as, are all distinct;

~

e we have the following equalities

Codg-£=0, ..., Cidi-L=0, ..., Cj14; 1-£=0,
Cip1Aj-£=0, ..., ConAsy -1 =0.

First, we will compute the codimension of W. Clearly the mapping
(OO)"'?Q/Z7"'7OQ’!L7AO7" '7A2n—17€) —
(Co-ly....,CiA; - b,...,Cj_1 Aj_y - £,Ci1Ajs1 -0, CopAay, - 0)

is a submersion, so the codimension of W is equal to 2nd,, which is greater than
2n — 14 2nd,, the dimension of the domain of ev, because dy > d,.
Now, we will show that the evaluation map ev, is transversal to W at every point

X = (f, h, 2, uony1,]) €Tp(X) x CT(X,R%) x X x U™ x P"~ L,

(X) ¢ W, there is nothing to prove, so we will assume that ev,(X) € W . Take
,9,L) a vector tangent to the codomain of ev, at ev,(X) with X, € T, X
..,2n, 5 # j), ® € GL(m,R), (s = 0,...,2n — 1), H, € L(R",R%)
(s =0,...,2n, s # j) and L € P!, We have to prove that the transversality

equation has (at least) one solution, that is to say, we have to prove that there exist
9

If ev, (X
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peTy(X),neC"(X,RY), £ € T, X, v, € T,,U (s=0,...,2n — 1) and | € P"!
as well as a vector ¢, which is tangent to W at ev, (X) such that

(34) (xv (I)aﬁaﬁ’) = devp(DC) . ((stnagaval) + C

We will prove this relation with ¢ =0, { =0, v =0 (s =0,...,2n —1) and [ = 0.
We denote by

Oéo,...,Odj,...,C{Qn,‘Ao,...,.Agn_l,eo,...,ej,...7627“,5

the components of (; the term ( being tangent to submanifold W, notice that the
components of ¢ have to satisfy the following relations

(35&) (?OE =0
s—1

(3.5b) Codol + C > T (Ag, Al =0, s=1,....2n,5s#j
o=0

where HU(AS7.A0) is equal to the product A, with the term A, replaced with A, .

Now, in ¢, the components a; (s =0,...,2n, s # j) can be chosen so that the 2n
first equations in (3.4) be satisfied. We chose next the terms A, (s =0,...,2n — 1)
in order to satisfy the following 2n equations in (3.4). The Ay being so chosen, it is
possible to find 2n homomorphisms Cs (s = 0,...,2n, s # j) in order to satisfy the
relations (3.5). The C; being so chosen, as ev,(X) € W, the z; (s =0,...,2n, s # j)
are all distinct, hence we can find n € C™(X, R%) such that the 2n equations bearing
on the £, in (3.4) are satisfied. Finally, as £ can be chosen freely, the last equation
in (3.4) can also be satisfied.

Thus, we can invoke the Abraham density Theorem 1.3: the set R of pairs (f, h)
such that pyp is transverse to W is a residual but, here, transversality means non
set membership because the codimension of W is greater than the dimension of the
domain of py ;. Thus, if we take a pair (f,h) in this residual set; if point x, the
sequence of controls us, and [ € P"~! are such that the points z, (s = 0,...,2n,
s # j) are all distinct, one must have

dh(zs) o dog' ™! (z5-1) 0 dpy® (w0) - £ # 0

for at least one index s. The point £ € P"~! being arbitrary, this proves that Q?h
is an immersion at (z,us,). Now the intersection R§° := (,»; Ry is a subset of
I'y(X) x O"(X,R%) that is a residual for the C> topology. Moreover for every pair
(f,h) € R, if (x,uz,) is under Cg configuration relatively to (f, k), then @Cfp’h is an
immersion at (x, uz,). |

3.5. The pair (x,uz2n41) is under configuration C;y.. The proof of the
following proposition needs some lemmas which has been postponed in appendix.

PROPOSITION 3.2. Assume that the number of observations is greater than the
number of controls (i.e d, > d,). Denote by OF the set of pairs (f,h) € Ty(X) X
C>=(X,R%) such that @é’h is an immersion at (xg, ugn) whenever the pair (xo, Uzn)
is in configuration Cy. Then OF contains a residual for the C” topology.

Proof of the proposition. In this configuration, there exists exactly one gap in
list L so L' = 81 U 8, (with 8y possibly empty), let (z;,u;) be the first term in this
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gap (so 81 = (zo,u0),.-.,(xj—1,uj_1)) then there exist (z;,u;) € 81 which is equal
to (xj,u;) (with i < j). Now if 83 is empty, the terms (z;,u; ), ..., (@2, u2y) are in
L~ L' and there does not exists any equality between the terms in L. If 83 is not
empty, we write in this case 82 = (Zp,up), - ., (T2n, U2,), S0 there exists r < j — 1
such that (zp—1,up—1) = (@, u,), which implies that x, = z,41; if r = j — 1, this
equality implies that x, = x;. Notice that, in both cases, this equality is not suitable.

To prove this proposition, we have to distinguish between the cases j > n and
j < n; as the proofs in theses two cases are quite similar we focus on the case j < n
and we will only give some indication for the other case.

Hereafter, we will consider n representations p',...,p" together with n sub-
manifolds Wy,...,W,,. First, take an index k such that 1 < k£ < j and con-
sider the representation p* defined through the evaluation map ev,r , whose do-
main is ¥ (a)(X) x C®(X,R%) x X x UJ x P"! (with @ > T), codomain is
X7t 5 GL(n,R)? x L(R",R%)” x P*~! x P"~1 and which is defined as

evpk(fv h,l‘7ﬁ,l) = ((Z‘O, s axj)7 (dQOa s ad¢j—1)7 (dBOa s 7dBj—1)) fk—lal)

here the notations are the same as in the proof of the previous proposition and,
moreover, fy_1 represents in P"~! the local expressions of f(2p_1,ux_1)-

Together with this representation, we consider the submanifold Wy, defined as the
set of those elements

((G,O7 R ,aj), (Ao, e 7Aj—1)a (CQ, .. 'aCj—1)7fk:—1)€)

such that
e we have the equality a; = a; and this equality is the only one between the
ar’s (r=20,...,7); }
e the family (£, A14,..., Ax_1£) is linearly independent,
e whereas the family (¢, AL, ... ,flké) is linearly dependent
e we have the equalities

(36) Col=0, C1Al=0, ..., Cj1A; 1£=0, CiAjl=0.

e and the vector Aj_1/ is not proportional to fre—1-
Here, as in the proof of Proposition 3.1, Ay 1= Ag, Ay := A1Ag, ..., Ap = Ap_1Ar_1.
First we compute the codimension of Wy, from Proposition A.1, this codimension
is equal to n +n — k + jd,, as dy > d, and k < j, this codimension is greater than
2n — 1+ j dy, the dimension of the domain of ev,s. So, saying that p’;% is transversal
to W at (x,u;) means that plfcyh(x,uj) does not belong to Wj. We will now show
that the evaluation map ev, is transversal to W}, at every point

X = (f,h,x,u5,1) € Ty (X) x O"(X,R™) x X x U7 x P"~.

If ev,s (X) ¢ Wi, there is nothing to prove, so we will assume that ev,:(X) € Wy.

Take (X, ®,9,8x—1,£) a vector tangent to the codomain of ev,r at ev,r(X) with
Xs €Tp. X (s =0,...,7), s € GL(n,R), (s = 0,...,5 — 1), H, € LR",R%)
(s =0,...,5—1) and Fr_1,£ € P""1. We have to prove that the transversality
equation has (at least) one solution, that is to say, we have to prove that there exist
$eTy(X),ne C"(X,R¥), £ €T, X,vs €T,,U (5=0,...,5—1) and | € P! as

well as a vector ¢, which is tangent to Wy at ev,s(X) such that

(3.7) (X, ®,9,8k-1,£) = dev, (X) - (¢,1,§,v,1) + C.
11



We will prove this relation with £ =0 and vs =0 (s =0,...,7 — 1). We denote by
QQ, - - '7aja*AUa s 7‘Aj717607’ . '7ej71797k717’c
the components of ( and we will work with £ = 0; the term ( being tangent to

submanifold Wy, notice that we have the equalities o; = o; as well as the following
relations

(3.8a) Col =0
_ s—1 B
(3.8b) CoAol+ Cy Y T, (A, Ag)l =0, s=1,...,j—1,
o=0
k=1 n _ B
(38C) ZZHU7S<‘Z7A1'€)7Ak£|k+1) =0.
o=0s=1

where 11, (AS,AU) is equal to the prgduct fls with the term A, replaced with A, and
e the expression |(, A;¢, .. .,Akﬁ‘kﬂ denotes a (k+ 1) x (k + 1) determinant

extracted from the n x (k 4 1) matrix whose columns are /, ..., A, and
I, s (|4, Al ..., Akg‘k+1) denotes this determinant where the term A, in col-
umn s has been substituted for A, (the result being zero if A, does not appear
in this column);

e relation (3.8¢) is intended for all the (k + 1) x (k + 1) determinants that we
can extract from the matrix (¢, A1/, ..., Agl).

Before addressing the problem of the existence of a solution to the transversality
equation (3.7), we will discuss the constraints induced by the relations (3.8). Firstly,
the tangent vectors Ay, ..., Ar_o having been chosen, it is possible to find Cy,...,C;_;
in order to satisfy the equations (3.8a) and (3.8b). Then, we will rewrite relation (3.8¢)
in a more convenient form. First there exist scalars Ag,...,Ax_1 such that Al =
ZE;& AsAgl, replacing Agf by this sum in the left-hand member of (3.8¢), we get

k—2 k—1k—2
|£7 s 7Ak—1€a Ak—llek—le + Ak:—l Z HO’(Ak—17AO') - Z Z )\SHO'(AsaAO')’k+1 =0.
o=0 s=1o0=1

The tangent vectors Ao, ..., Ar_2 being fixed, in order to satisfy this equality for any
(k+1) x (k+ 1) determinant, it suffices to take

k—2 k—1k—2
(39) Ak,1€ = _Akfl Z HU(Akfh Ao’) + Z Z )\SHU (Asa Ao’) .
o=0 s=1o0=1

We turn now to equation (3.7); the j+1 first equalities in this system of equations
write

+as =X, s=0,...,7

the first term in the left-hand member of this equality depends on the chosen pertur-
bation ¢ of vector field f. Consider first the equations corresponding to the indices
s = 14,7, as the tangent vector o; = «; can be freely chosen, this system of two
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equations is equivalent to following equation

d A

d
S

= — X, - %

A=0

A=0

From Lemma 3.5 (see in the appendices), one can find a perturbation ¢; of vector
field f such that this equality is satisfied, concerning the equalities corresponding to
the indices s # 1i,j, they can be satisfied thanks to a judicious choice of the ay’s,
this is possible because these tangent vectors can be chosen independently from each
other.

This perturbation ¢; being chosen we chose Ao, ... Ax_o in order to satisfy the
j — 1 following equations in (3.7) (equations numbered from j + 2 to 2j). Concerning
the equation number 25 + 1, it writes

d

(3.11) —dgp | F A =B,
dX\ =0
where @2_1 denotes the local expression of dgp;’“’l’)‘(xk,l), the derivative of the flow

related to the perturbed vector field f+A¢ in the charts (Ug_2,0x_2) and (Ug—_1,0x—1).
The derivative is the left-hand member of (3.11) is equal to the sum of two contribution
P;, and Py, (cf. relation (3.3)): Py, is due to perturbation ¢, and its value is fixed
by the choice of ¢; made to satisfy equation (3.10), and Py, is due to perturbation
¢2 . From the tangent perturbation lemma [1, p. 110], we know that P,, may be
chosen to be equal to any linear map P such that Bfr_; = 0; on the other hand,
the value taken by Ag_1 at dgg_2 o -+ o dpel is set by relation (3.9) (the roles of
the A, being played by the dg,’) but as the vectors dgg_2 o -+ o dggl and fk_l are
not proportional, it is possible to choose 3 and Ay_; in such a way that B + Ag_1
is equal to any linear mapping. To summarize, the left-hand member of (3.11) writes
Py, +P+ Ai—1 where B+ Ar_1 can be made equal to an arbitrary endomorphism of
R, which means that equation (3.11) may be satisfied thanks to a judicious choice
of ¢2 and -Ak—l-

Concerning the dh part of the transversality equation (equations numbered 2j + 2
to 3j + 1 in (3.7)), the C4 having been chosen, we can choose a mapping 7 such that
j—Z(ms)—l—GS:f)S, s=0,...,57—1

this is possible because the points xg,...,x;_1 are all distinct.

Finally, the two last equations in (3.7) can be trivially satisfied thanks to a good
choice of F,_1 and L.

In the following part of the proof, we have to consider the case where dgy_o o
---o0d@ol and f,_; are proportional. In this case, the representation p* is the same
as in the previous case but the submanifold Wy, is different; namely we consider the
submanifold W}, defined as the set of those elements

((ao, e 7Cl,j)7 (Ao, .. .,Ajfl), (Co, .. .,ijl),fkfl,g)

such that
e we have the equality a; = a; and this equality is the only one between the
a’s (r=0,...,7);
e the vectors /Ik_lﬁ and fix_; are proportional ;
13



e and
(312) Col=0, ClAL=0, ..., Cj A, 1£=0, CiAjl=0.

Notice first that the codimension of W}, is equal to 2n — 1+ j d,, , which is greater
than the dimension of the domain of ev,.

The transversality equation in this case is almost the same than in the previous
case. Here, we do not have to take care of equation (3.11) because, the component
Ag—1 of the vector tangent to W, can be chosen arbitrarily. But, due to second
condition in the definition of W}, we have now some constraint about the component
Fr—1 of this tangent vector. That is why we consider a perturbation ¢¢ of vector field
f such that ¢g(zk_1,ur—1) solves the penultimate equation in (3.7) that is to say, the

equation
(3.13) Fr—1 = do(xp—1,uk—1) + d1(Tp—1,uk—1) + Fr—1.

Recall that perturbation ¢q, is zero outside an arbitrary small neighborhood of the
trajectory of f(-,u;_1) passing through z;_; and can be made equal to zero at any
point of Py (see the proof of Lemma 3.5 and the final remark). Therefore, in equa-
tion (3.13), we can assume that ¢q(zgp_1,ur—1) = 0 and we can then choose the value
of ¢g at (zp—_1,ur—1) in order to satisfy this equality. Perturbation ¢ being so chosen,
we can then choose ¢; in order to satisfy equation (3.10). If j > n, we are finished
because a family of more than n vectors in R™ is linearly dependent.

If j > n, we consider the following representation p* and submanifold Wj; re-
garding the indices k < j, they are defined as above. When k > j, representation p*
defined through ev,x as

evr (f, hy m,uy,1) =
((LL'(), e 7:1,']'), (d@m .. .7ﬁpj,1,d§5p, R 7dg5k,1)7 (dilo, e 7dijfl,din7 e ,d}ilk),fikfl,l)

Here this definition of ev,r is given for the case where 82 # &, in this case the terms
dgs and dhg corresponding to indices s = j,...,p — 1 are omitted. In the case where
8o = o, all of these terms are omitted after the index j.

The definition of the submanifold W}, is almost the same: the first three points of
the definition are identical, the two last points have to be slightly modified as follows.
Let d = j — i — 1; first, the equalities bearing on the CyA,¢ have to be satisfied for
s =0,...,k where the equalities corresponding to the indices s between j and p (case
8o # &) or 2n (case 83 = &) are to be understood as follows: if j < s < p then in the
expression CsA,¢, the term Cy has to be replaced by Ci4, where r is the remainder
in the euclidean division of s — ¢ by d + 1 and, in the same way, each occurence of Ag
has to be replaced by A;,~where r’ is the remainder in the euclidean division of s — 1
by s+ 1.

Moreover, writing the euclidean division of k—1—i by d+1 as k—i = g(d+1)+ry,
the last condition “the vector flk_lf is not proportional to f;—1” has to be modified
as follows : the vector fx—1 does not belong to the subspace generated by the vectors
Aigr by A1l

We can conclude this part by applying the Transversal density theorem (see The-
orem 1.3): there exists a residual subset R} C GY(a) x C"(X,R%) of O pairs
(f,h) € Ty(X) x C"(X,R%) such that if (f,h) € R} and the element (z,uz,) is
in Cy configuration (relatively to (f,h)), then the related mapping @g’h is an immer-
sion at (z,uz,). Every set G (a) is open and dense for the C" topology, so set R} is
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dense in I'yy(X) x C"(X,R%) and is even a residual set. Now, applying this result for
every positive integer r, we obtain a set R C I'y(X) x C"(X,R%) that is residual
for the C'*° topology.

3.6. The pair (x, u2n+1) is under configuration C,..

PROPOSITION 3.3. Assume that the number of observations is greater than the
number of controls (i.e dy > d,) and d,, < 2n. Denote by Of the set of pairs (f, h) €
I'y(X) x C=(X,R%) such that G)gih is an immersion at (zo, Uon) whenever the pair
(20, u2n) is in configuration Cq. Then OF contains a residual for the C” topology.

Before entering in the proof of this proposition, we present hereafter some useful
lemmas.

3.6.1. Technical lemmas. Given x € X and a sequence of controls u; € U7,
we consider here the following list issued from xg := =z o

Lj = (xo,UO), (1‘1,U1), ey (a:j,uj) .

We will state three lemmas related to the perturbation of vector field f but before
that, we will introduce the following assumption. The trajectory of the vector field
f(-,uj—1) passing through z;_; may be periodic, in this case we denote by mq its
prime period and we write T' = gmg + 7 with ¢ € N and 0 < 7 < 7.

Assumption 3.4. In the case where the trajectory of the vector field f(-,u;_1)
passing through x;_, is periodic, we assume that
e if 7 =0, there does not exist an index j, < j — 1 such that u;, = u;—; and
xj, is on the trajectory of f(-,u;_1) passing through z;_1;
e if 7 # 0 and if 7 is commensurable with m, then one cannot find more than
4 equalities between the terms of the list (xo,...,x;) N L.

The notations in the lemma below are defined in subsection 3.3.

LEMMA 3.5. Take a vector field f € SY(a) (a > T) and let X; € T, X be
an arbitrary tangent vector to X at x;. Assume that list L; satisfies the following
assumptions: for every index j; < j—1, we have (x;,,u;,) # (xj_1,u;—1) . Moreover,
if the trajectory of the vector field f(-,uj_1) passing through x;_y is periodic, we
assume that there does not exists any index j, < j — 1 such that u;, = uj_1 and x;,
on this trajectory.

Then one can find a perturbation ¢ € Ty (X) of vector field f such that

da? dz?
d—)'j =X;, and dx)f =0, forr=0,...,5—1.
A=0 A=0

Proof. This lemma is very similar to Lemma 18 in [6]. In this publication the
situation is slightly different because, the considered points are distributed among two
lists, however the ingredients of the proof are exactly the same and we think that the
reading of the proof of the mentioned lemma is sufficient to convince the reader of

the correctness of the present Lemma. ]

Recall that if L is under Cg configuration, we can find two suitable equalities in
list (zo,...,2p), which we write x; = z; and x, = z, (or z; = x; = xp). We then
have.

LEMMA 3.6. Take f € GY(a) (a > T) and assume that list L is in Co config-
uration (cf subsection 3.2) and that Assumption 3.4 is satisfied, and let X; and X,
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be two arbitrary vectors tangent to X at x; and x, respectively then one can find a
perturbation ¢ € Ty (X) of vector field f such that

da? dz da? dz?
—c - &5 =X;, and —Z ~ =X,.
PN Y N B Y

In the second equality above, the index k has to be replaced by j in the case where the
two equalities resulting from configuration Cq involve only 3 elements.

Proof. The second lemma is an easy consequence of the first one. From the
considerations following the definition of configuration Cs it follows that the lists
(xo,...,x;) and (xo,...,xp,) satisfy the assumptions of Lemma 3.5, so there exists a
perturbation ¢, of f such that,

da _ 0 dx;- _x,
- b — J .
A, |

This perturbation has also an effect on the derivatives of xg and :c;,‘, so we also have

dap da)

—kl = —r =

dr |, F® dX P
A=0

with (possibly) Xj # 0 or X}, # 0. Now, applying Lemma 3.5 for a second time, we
obtain the existence of a perturbation ¢, of f such that

dazf‘ = Lx? = % = @ =X
dX |, x| dX |, x| "

the tangent vector %g being arbitrary. Under the action of the perturbation ¢ =
1 + @2, we then have

dz? dz? dz? dz

_J _ i — . P _ k _ oyl A

a\ Py N a N N R A
A=0 A=0

Here X}, and X}, depend on ¢; but, X}, which depends on ¢, , can be chosen in such
a way that X + X, — X}, = X, 0

In the case where the above assumptions are not satisfied, the conclusion of
Lemma 3.5 is not ensured but we can obtain a slightly weaker result.

LEMMA 3.7. Assume that f € GY(a), point  and sequence u; are such that

o the trajectory Tj_1 of the vector field f(-,uj_1) passing through x;_1 is peri-
odic;

o there exists an inder i < j such that u;—1 = uj_1 and x;—1 lies on this
trajectory;

o we then have the equalities x;_1 = x; and xj_1 = x;, and we assume moreover
that if (z,,u,) is such that u, = u;—1 and x, € Tj_1, theni—1 <1 < j and
Ty =T .

Then one can find a perturbation ¢g of vector field f such that

A
dxj

dz
: X, -
dA

dA

dap
=0 dA

B dx?‘_l
dA

A=0 A=0
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where 7y is an invertible linear mapping from T, X to Ty, X and .';Ej 18 any vector in
the range of the linear mapping Id —dps? " (x-1) .

Proof. We consider a perturbation ¢ of vector field f such that ¢(-,u;—1) = ¢o €
I'(X) and ¢(-,u,) = 0 if u, # wj—1 (r = 0,...,5 —1). Taking into account the
assumptions of the lemma, some computations lead to the following expressions of
the derivative of z; and x; with respect to this perturbation (see [6, Lemma 18]).

da} da) o
om0 =00 [ deecsropa(ni)do
A=0 A=0 0
da:;‘_l dx;‘ T
i =l v =01 Tj,z'+Q1'/ dps 0 ¢oop_g(xj_1)do
A=0 A=0 0

Here mg denotes the prime period of trajectory T;_1, Qo = Id+dp + ... 5871 where
do = d¢n,(z;) and ¢ is such that T = gmp; moreover §; = dyg,(z;) and Q1 =
Id+6; +--- + 6‘11_1. The term I';; depends only on the integral between 0 and g
appearing in the expression of dz?'/d), to be more precise, this term is equal to

o
L =dey *(zj_2) 0 odpy™ (wig1) - / dpg 0 ¢gop_g(xi—1)do,
0

when all the terms (., u,) between (z;,u;) and (z;_1,u;_1) are such that u, # uj_q
or u, = uj_q but x, ¢ T;_1; otherwise, I';; is a sum of such terms. Let x;_, =
@) (xj-1) (where 0 < ty < mp); the integral occurring in the expression of dz/dA

can be rewritten as follows
o
/ dgg 0 o 0 o (zi1)do = dpy? " (2j-1) + (67 " Ing + Ad=67") - Iyt -
0

The reader is refereed to the proof of [6, Lemma 18] for the details of computation
and we recall that I; denotes the following integral

t
I = / dps 0 ¢g o <,0—o($j—1) do.
0

As shown in the above-mentioned proof, the integrals I, and I,_;, can be chosen
independently from each other. So, to obtain dz/d\ — dz ;/d\ equal to X;, it
suffices to choose I, —¢, equal to d@:g’_lto (xj_1) 0 Qal X+ (Id—01) - Iry—t,- With
this choice of I,_¢,, we obtain

a0

= Qrodp? 7, (25-1)0Qqy X+ (61 —1d) T i+(1d =61)0Q1 - I, ¢,
A=0

A
dxj

dzj 3 dx?‘_l
dA

dA

A=0

in this equality I'; ; depends only on X; and I,,_+, can be freely chosen, so we have
proved the result.

In the Cy configuration, there exist two equalities between the elements of L/,
these two equalities can involve 3 or 4 points of the list; except in the sub-configuration
considered in Lemma 3.7, the proofs in these two subcases are very similar but, here-
after, we present only the case where these two equalities occur between 3 elements,
because, this case is a little bit more complicated. Furthermore, we assume that, at
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least the first equality x; = x; occurs in 8;; at the end of the proof, we will explain
briefly how to handle the other cases. Finally, we will deal with the sub-configuration
corresponding to the assumptions of Lemma 3.7.

3.7. Proof of Proposition 3.3. As in the case of configuration C;, we choose a
finite atlas A of X; given a parametrized vector field f, a point € X and a sequence
of controls u, € UP (with p < 2n), there exists some charts (Ug, 0p),. .., (Up=1,0p—1)
in A such that zg € Up,...,x, € Up. The number of p-tuples of charts belonging to
A is finite, for each such p-tuple, we will prove the existence of a residual subset of
I'y(X) x C*®(X,R%); obviously the intersection of all of theses residual sets is still
a residual set.

The proof is subdivided into five subcases, we will deal with the more general
sub-case first.

3.7.1. General case. The charts (Up,6p),...(Up—1,0,—1) in A being given, we
consider the following representation defined through the evaluation map ev, whose
domain is G5 (a) x C®°(X,R%) x X x UP x P""1, codomain is X?*! x GL(n,R)? x
L(R",R%)P~1 x P*~1 and which is defined as

eVp ! (f’ h,]},@,l) = ((mOaxh;-'vxp)’(Ei@O)"'Ld@p—l)7
(dho, ..., dhy, .., dhy_1),1)

where

e P! denotes the n — 1 dimensional real projective space;

e d@, (resp. dh,) denotes the local expression of dpy” (z,.) in the charts (U, 6,)
and (Uy41,60r41) (resp. dh(z,)); moreover, the wavy underline indicates that
the underlined term has been canceled.

Below, we will denote by A, the product Ay := Ag_q 0 Ag_90---0 Ag (with
Ay = Id). Together with representation p, we consider the submanifold W C XP*1 x
GL(n,R)? x L(R",R%)P~! x P"~! defined as the set of those elements

((CL(), ey ap), (A07 ey Apfl), (C(), ey gi’ ey Cpfl),é)

such that
® a; = a; = a, and these two equalities are the only ones in the sequence

(o, ---,ap);
e the vectors A;-¢ and A; -/ are linearly independent and we have the equalities

Codg-£=0, ..., CiA;j-£=0, ..., Cj1Aj 1-£=0, CiA;-£=0
Cijy1Aj - L=0, ..., cery CpqAy - £=0.
Obviously, due to the assumption on A; - £ and fij - £, the mapping
(Co,...,g’z,...,Cp,Ao,...,Ap_l,é)n—>
(Co-ly...,Ci Ay -ty ,Cjy Ay - £,Ci Ay £,Cj 1 Aj1q -4, ,CpqApy - 0)

is a submersion, so the codimension of W' is equal to pd, + 2n, which is greater than
2n — 1+ pd,, the dimension of the domain of ev,.
We will show now that the evaluation map ev, is transversal to W at every point

X = (f hyx,up,1) € G5 (a)(X) x C"(X,R%) x X x UP x P"" 1.
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If ev, (X) ¢ W, there is nothing to prove, so we will assume that ev,(X) € W . Take
(X,®,9,L) a vector tangent to the codomain of ev, at ev,(X) with X, € T, X
(s=0,...,p), &, € GL(n,R), (s =0,...,p—1), H, € LR",R%) (s =0,...,p— 1,
s # j) and £ € P"~1. We have to prove that the transversality equation has (at
least) one solution, that is to say, we have to prove that there exist ¢ € I'y(X),
neC (X,Rl), ¢ €T, X, v, €T, U (s=0,...,p—1) and | € P"! as well as a
vector ¢, which is tangent to W at ev, (X) such that

(3.14) (X, 2,9,L) = dev, (X) - (¢, 1, &,0,0) + .
We will prove this relation with ¢ =0 and vy =0 (s =0,...,p — 1). We denote by

Y

ao,...,ap,.Ao,...,Ap_l,(io,...,@j,...,(?p_l,L

the components of ( and we will work with £ = 0; the term ( being tangent to
submanifold W, notice that we have the equalities o; = a; = ), as well as the
following relations

(3.15&) eof =0
s—1

(3.15D) Codyl+ C > T (Ay, Al =0, s=1,....,p—1,5#j
o=0

where Hg(fls,flg) is equal to the product A, with the term A, replaced with A, .
The p + 1 first equations in (3.7) write

+ as =X, s=0,...,p

the first term in the left-hand member of this equality depends on the chosen pertur-
bation ¢ of vector field f. Consider first the equations corresponding to the indices
s = 1,4,p, as the tangent vector a; = o; = o, can be freely chosen, this system of
three equations is equivalent to the two following one

d A d A =X, — X d A
= Xy i

ﬁx‘] — axl o al'p

d
_ 4o

(3.16) i
o dA

:%p—.ﬂ-.

A=0 A=0

From Lemma 3.6, one can find a perturbation ¢ of vector field f such that these
two equalities are satisfied, concerning the equalities corresponding to the indices
s # i,7,p, they can be satisfied thanks to a judicious choice of the «y’s, this is
possible because these tangent vectors can be chosen independently of each other.

Notice that if we set the Ag’s to some predetermined values, one can choose the
Cs in order to satisfy equations (3.15). Thus, once the a,’s and perturbation ¢ have
been chosen, we can choose the Ag’s in order to satisfy the equations numbered from
p+2to2p+1in (3.14).

At this step, the ay’s, the Ay’s, the C4’s and the perturbation ¢ have been set.
Now, as the points in the set {zs | s =0,...,p— 1,8 # j } are all distinct, we can
choose 71 as well as [ in order to satisfy the last p equations in (3.14).

At this step, we can conclude as at the end of the proof of Proposition 3.2: the
set Ry, of pairs (f,h) such that pyj is transverse to W is a residual but, here,
transversality means non set membership because the codimension of W is greater
than the dimension of the domain of pyj, . Thus, if we take a pair (f, ) in this residual
set, if z, the sequence of controls us, and [ € P"~! are such that
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® T, =Tj = Tp;
o doy M (mi—1)o---odpy(w0) -l and dpy? ' (zj_1)0- - -odpi® (z) - are linearly
independent ;
then one must have d(hopy’ " o- - -0pi®)(x)-£ # 0 for at least one index s = 0,...,p—1.
However, that does not allow us to conclude that @%h is an immersion at (z, uay),
because of the second assumption above, so we have to take into account the case
where 4; - ¢ and flj - £ are proportional, this case, which subdivides into four sub-
cases, is handled below.

3.7.2. First particular case. In this case we assume that rk(4;¢, A;¢) = 1 and
rk(;li(, flpﬂ) = 2. The method of the proof is similar to the previous one: we will
consider the same representation p as above but we will work with a slightly different
submanifold W, here W is defined as the set of those elements

((ao, ey ap), (Ao, ce 7Ap_1), (CQ, ceey gl', <y Op_l),é)
in XP*1 x GL(n,R)? x L(R",R%)P~1 x P"~! such that
® a; = a; = a, and these two equalities are the only ones in the sequence
(@, ap);
e the vectors A; - £ and flp - £ are linearly independent;
e and we have the equalities

Codog-£=0, ..., Cj1A;_1-£=0, Cjdj-£=0
CiioAjya - £=0, ..., Cp 1Ay 1-£=0, CiA, - =0.

Here, whereas the submanifold W is slightly different from one chosen in the precedent
part of the proof, its codimension is the same and the reasoning proving that the
transversality equation can be satisfied is very similar to that used in the precedent
case, so we will not go into further details.

Finally, we have to deal with the case where the rank of the family (/L L, /ij .
L Ap - £) is equal to one. This sub-case subdivides in turn into three parts: we have
to distinguish wether ¢ represents the same direction as f(zg, ug) or not.

3.7.3. Second particular case. In this case, we assume that rk([lif, fljﬁ, flpﬁ) =
1 and tk(A;_16,§;_1) = rk(A,_1£,f,_1) = 2. We consider here the representation p
defined through the evaluation map ev, whose domain is G5 (a) x C°°(X,R%) x X x
UP x P!, codomain is XP*! x GL(n, R)? x L(R", R%)P~1 x P*~1 x (P"1)? and
which is defined as

CVp : (fa h,x,%,l) — ((anxlw-'7xp)a(dSZOa'"’dsap—l)v(d}_l(b"'ai]}ia"'adﬁp—l)a
l7 .](Tj—h fp—l)

where f;j_1 (resp. fp—1) represents in P"~! the local expressions of f(z;j_1,uj_1)
(resp. f(zp—1,up—1)). The submanifold W is defined as the set of those elements
((a07 ey ap)7 (AOa v 7Ap—1)3 (OOa ) C ) Op—l)aga fj—la fp—l)

VR

such that
® a; = a; = a, and these two equalities are the only ones in the sequence
(o, @p);
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e the rank of the family (A; - ¢, A; - ¢, A, - ¢) is equal to 1;
o we have rk(A;_1¢,§;_1) = rk(Ap,_1¢,fp—1) =2
e and we have the equalities

Codo-£=0, ..., Cj1A;_1.£=0, Cj1dj1-£=0
Cjyadjia - L=0, ..., Cp14p_1-€=0.

First, we will compute the codimension of W. The mapping ¥ from GL(n, R)3 x
P! to £L(R?, R") which maps (M;, My, Ms, ¢) to the three-columns matrix (M c, Mac, M3c)
is a submersion. Denote by R; the set of rank 1 homomorphisms of L(R3, R"™); as
¥ is a submersion, we have codim ¥~*(R) = codim R; but this last codimension is
equal to 2(n — 1) (¢f [13, Prop. 5.3]). Now, the mapping from GL(n,R)P x P*~!
to GL(n,R)? x P"~! which maps (Ao,..., A, 1,£) to the triplet (A;¢, A;¢, A,0) is
also a submersion, it follows that the codimension of the elements of the codomain
of ev, such that the rank of the family (/Nll -l /Nlj L, Ap - 0) is equal to 1 is equal to
2(n — 1). These considerations together with the computation made in the first part
of this proof leads to the equality codim W = (p—1)d,+4n—2. Due to the inequality
dy > d,, clearly we have that the codimension of W is greater than the dimension of
the domain of ev, provided that d,, < 2n.

The transversality equations are the same as in (3.14) plus two equations related
to the last two components of ev, (f, h,x,up, ) . Here, we will consider a perturbation
¢ of vector field f that we decompose into two parts: ¢ = @1 + ¢ ; the first part, ¢;
will be chosen in order to satisfy the first p transversality equations, and the second
one, ¢o, will be chosen in order to deal with the equations numbered from p + 2 to
2p+ 1, that is to say the equations related to d¢y, ...,d@,—1 and d@,—1 . Recall that
@2 is chosen to be zero along the trajectories of f passing through the points x;_1,
x;—1 and x,_1 and does not affect the values of the derivatives of p7.(x5) with respect
to A. Thus the first (p + 1) equations can be satisfied thanks to a judicious choice of
¢1 and the ay’s, this assertion has been proved in the first part of this proof.

Concerning the p following equations, we concentrate first on the equations related
to the indices j — 1 and p — 1; as in the first part of this proof, we take £ = 0 and
v = 0, these two equations then write
(3.17) id@*,l +Aj1 =D, idaptl + A, =P, .

ax I L, dA TP

Denote by B5_; (resp. P;_;), the term coming from the perturbation ¢5 (s = 1,2)
in the left-hand members of the first equation (resp. the second) in (3.17); these

equations can then be more specifically written as
]1‘—1 —|—‘J3?_1 +Aj-1 =@,
Si1p10Bja + B )+ R TR A1 =Py

where ;1,1 = dap;"‘l 0---0 dgp;ﬁ . The points x;_; and z,_; are different, and
notice also that one cannot have u;_1 = up_1 (because the equalities Tj =Tk = Tp
are suitable), so, the perturbation ¢; being fixed, we can choose the perturbation ¢o
such that P2 | and P2_, are arbitrary linear mapping satisfying B5_, - f;_1 = 0 and
27312,_1 - fp—1 = 0. Thus, if we can choose A;_; and A,_; such that A;_; - f;_; and
Ap—1- fp_l are arbitrary, we are done with these two equations.

At this point, regarding the these choices of values for A;_; - fj,l and Ap_1 -fp,l,
we have to be careful because, due to the additional relations between the vectors A;-,
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flj -¢ and flp -£ in the definition of W, some constraints exist on the part Ag, ..., A,—1
of the tangent vector at W, namely the vectors V; and V,, defined below must be zero

7j—1 i—1

Vj: HS(AJ',.AS>'£+AJ'-L—I€J‘( HS(A“.AS)K-‘FAZL)
s=0 s=0
p—1 ~ _ i—1 ~ ~

Vo = D Ta(AyAs) €+ Aj - £ =y (DT (A Ay) - €4 Ay - )5
s=0 s=0

here the scalars x; and x, are such that Ayl =rA; 0 (s = 4,p). In the expression
of V; above, the term A;_; appears only once, so a judicious choice for the value
of Aj,lflj,l - £ yields V; = 0. Then, as the vectors flj,l - ¢ and fj,l are linearly
independent, one can choose a given value for A;_; - fj,l independently from the one
chosen for f.Aj,lflj,l -£; the same is true for vector V, and A,_; . Notice also that
the vectors Ag (s = 0,...,p — 2, s # j — 1) can be arbitrarily chosen. Thus, the
transversality equations corresponding to the terms de7®,. .. d(p;p’l can be solved,
following the same argument as in the preceding case, the next p — 1 equations have
also a solution. Finally the last three equations can be solved thanks to a judicious
choice of the last three components of the tangent vector (.

We have to deal now with the case 21]-,18 collinear to fj,l or Ap,lf collinear to

fpfl .
3.7.4. Third particular case. In this case, we assume that rk(fliﬁ, fljﬂ, flpf) =

rk(flj,lé, fi—1) = 1. Compared to the preceding case, we have here to modify slightly
the representation p and the submanifold W. In this case we consider the representa-
tion p defined through the evaluation map ev, whose domain is G5 (a) x C*°(X, R%) x
X x U x P71, codomain is X/*! x GL(n,R)/"! x L(R", R%)I x P"~1 x P"~! and
which is defined as

eVp - (f’hax7ﬂal) = ((an'?h"'7xj)7(d@07"'7d¢j—2)7(diL07"'7dﬁj—1)a
lv fjfl)

The submanifold W is defined as the the set of those elements

((O’Oa .. '7a’j)7 (AOa .. 'aAj—2)7 (007 .. '7Oj—1)7£7fj—1a)

such that
e a; = a; and these two equalities are the only ones in the sequence (zo, ..., z;);

e we have rk(A;_14,§,_1) =1
e and we have the equalities

COA0~€:O, ey Cj_lfij_1~620.

In the particular case j = 1, the value of ev, applied to (f,h,xz,u1,1) is equal to
((xo,x1),dh(x0), fo,1), the definition of submanifold W remaining the same (recall
that Ay = Id). In both cases, the codimension of W is equal to 2n — 1+ jd, and
so is greater than the dimension of the domain of ev,. Regarding the transversality
equation, there is an additional difficulty in comparison with the preceding case which
is due to the second equality satisfied by the elements of W. Let us denote by

(O‘()a"'aaj)v (‘A'Oa"'aAj—Z)a (607"'36]'—1)7 La 9:j—l
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the components of ¢, the vector tangent to W at ev,(X). Denote by ¢ = ¢9 + ¢1 a
perturbation of the vector field f such that ¢;(z;—1,u;—1) = 0, then, the components
of ¢ being given, the last transversality equation can be solved by means of a judicious
choice of ¢o(x;—1,u;—1). The vector field ¢y being chosen, the first j+ 1 transversality
equations are solved, as in the first case, by application of Lemma 3.5 and by means
of an appropriate choice of the a,; notice that, as the equality x; = z; is suitable,
Ui—1 7 uj—1, and so the perturbation ¢; which comes from this lemma can be chosen
such as to satisfy the equality ¢1(z;—1,u;—1) = 0. The remaining equations are solved
by means of an appropriate choice of the Az and L.

3.7.5. Fourth particular case. In this case, we assume that rk(fli& fljf, flpﬁ) =
1, tk(A; 14,f;_1) = 2 and rk(A, 1¢,f,_1) = 1. This case being very similar to the
preceding one, so we do not describe it anymore.

We conclude this part of the proof by noticing that one could have (x;,u;) =
(x,u;); in this case, we have to have to modify slightly the definition of representation
p by removing the term dg; in the definition of p and by adapting the definitions of
the various manifold . This inequality can occur only in the presence of gaps in L’
and when there is no equality among the points of 8§; ;. In this case, in the definition
of p and W, we have to take this gap into account but the proofs are similar than in
the case handled above, the arguments and difficulties are the same.

We conclude the proof, dealing with the last particular case.

3.7.6. Case corresponding to the assumptions of Lemma 3.7. Recall that,
in this case, we are under Cy configuration, and that one can find two equalities
Tim1 = Tj, Tj—1 = T; with u;—1 = u;_1 but x;_; # z;_1 and if there exists an indice
r such that u, = u;_1 with z, on the trajectory of f(-,u;_1) passing through x;_q
then xz, = x; and r > i — 1. As above, we fix an atlas of manifold X with charts
denoted by (Uy, 6p), (U1,61), ... To deal with this case, we consider the representation
p defined through the evaluation map ev, whose domain is G5 (a) x C°°(X,R%) x
X x U7t x P"1 x Ry, codomain is X/*! x GL(n,R)’ x L(R", R%)I~1 x Pn—1
and which is defined as

CVp : (.fa h7x7uj—1al7t) = ((33071‘1’"'_axj—la(pgjil(xj—l))v(d@()""a"'7d¢j—1)7
(dho, ..., dh;_1),1)

here the notations are the same as above.
Together with this representation, we consider the submanifold W c X7+t x
GL(n,R)’ x L(R™,R%)7~1 x P"~! defined as the set of those elements

((a07 R aj)? (A07 s 7Aj—1)’ (007 cee 7’\6/’\1;7 ) Cj—1)7£)
such that
® a;_1 = a; and a;_1 = a; and these two equalities are the only ones in the
sequence (aog, - ..,a;);
e we have the equalities
Codo-£=0, ..., Ci1Ai 1£=0, CiA;-=0, ..., Cj14; (=

From Lemma A.2, it follows that the codimension of W is equal to jd, + 2n which

is greater than 2n — 1+ (j — 1)d, + 1, the dimension of the codomain of ev,. Notice

that if ev, (f, h,x,u;,£,t) € W, then the trajectory of f(-,u;—1) passing through x;_,

is periodic and ¢ is a multiple of the prime period m (but ¢ is not necessarily equal
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to T). As regard the transversality equation, it is very similar to the ones we dealt
with (¢f. the first part of this proof). This equation differs only by the following two
relations (c¢f (3.16)):

d d
3.18 — - —x; =X; — Xi_1,
( ) d)\xl )\_0 d)\x’b—l )\:O 1
d d
(3.19) —a) - —z, +rf(xj_1,ui-1) =% — X1
d)\ J =0 d)\ J =0 J ) J J

where X, € T, . X (s =i —1,i,j — 1, j) are arbitrary tangent vectors. Here the term
7f(xj-1,u;_1) comes from the derivative of p;? ' (z;_1) with respect to t. Now from
Lemma 3.7, we know that, thanks to a good choice of the perturbation ¢, the left-
hand member in (3.18) can be made equal to X; — X;_1 while the left-hand member
of the second equality (3.19) can be made equal to v - (X; — X;-1) + ij where f%j
is an arbitrary vector in the range of Id —dpy/ ' (x;-1). As f € G¥(a), the range of
Id —dyy? ' (zj-1) and Rf(zj_1,u;_1) are complementary subspaces, so one can find
a real 7, such that the left-hand member of equation (3.19) is equal to X; — X;_1.

The other relations in the transversality equation are treated exactly in the same
way that in the first part of this proof.

Conclusion. Arguing as in the end of the preceding part, we can conclude that
there exists a set RP C I'y(X) x C®(X,R%) that is residual for the C* topology
and such that if (f, h) € RS and (z, ug,) is under C, configuration relatively to (f, h)

h o . .
then @4’ is an immersion at (x, ugy,).

3.8. Proof of Theorem 2.1. From the Propositions 3.1 and 3.3, if the pair
(f, h) belongs to the residual set R NRF MRS, then @Qh is an immersion; moreover
from the result proven in [6], there exists another residual set Ry such that if (f,h) €
Ry, then @%h is one-t-one. Thus we can conclude that, given a sampling time 7" > 0,
the set of pairs (f,h) such that the mapping @Z}’h is an embedding is a residual set
and so is everywhere dense, it remains to prove that this set is also open. To this end,
consider the mapping

d: X xUntl _ Coo(X % U'2n-‘,—17 (Rdy)2n+1)
(f uzny1) +— @%h

which is obviously continuous for the Whitney topology. Clearly ®(f, usn,41) is an

embedding iff the mapping @%h(~,u%+1) is an embedding for every finite sequence

Ugni1 € U2 Now, since X and U are compact manifolds, the set of embeddings

from X x U?"*! to (Rdy)QnJrl x U?"*+1 is open for the Whitney topology, so, due to
the continuity of ®, the set set of mappings @{F’h(-, U2n+1) Which are embeddings for
every usy41 is open.

Appendix A. Some codimension computations. We will prove below two
lemmas that give the co-dimensions of some sets of matrices. Let r and k be two
integers such that 1 < k < r; in GL(nR)"*! x E(R",Rdy)r+1 x P""1 we con-
sider the subset Zrl’k defined as follows. Subset Z},k is the set of of (2r + 3)-tuples
((Ao, ..., A;),(Co, ..., Cr), L) such that

e the rank of the family (Aoﬁ,ﬁlé, o Ap_10) is equal to k ;
o the family (Aol, A14, ..., Axl) is linearly dependent;
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e we have the equalities

Col =0, C1 A0 =0, CyAgl =0, - C,AL=0.
Here the terms fls are defined as
Ay = 1d, Ay = Ay, o A=A, A, o Ap.

Consider now r, s and k three positive integers and fix a sequence of integers
i0y..-ik—2 € {0,...,r—1} and a sequence jo, ..., jk—1 € {0,...,s—1}. In GL(nR)" x
L(R™,R%)* x P*~!, we consider the subsets Z? 1, defined as follows. Subset 27 ,
is the set of of (r + s+ 1)-tuples ((Ao, ..., Ar—1),(Co,...,Cs—1),€) such that

e the rank of the family (Agl, A0, ..., Aj_10) is equal to k ;
o the family (Agl, A0, ..., Apl) is linearly dependent;
e we have the equalities

Cj, Ay = 0, Cj, A =0, CirAp1 =
Here the terms A; are defined as

A() = Id, Al = Aim ey Ak,1 =A Ak,Q .

lk—2

The number of relations bearing on the Cs in the definition of Zrl’k may be greater

than k whereas this number is equal to the rank of the family (¢, A/, ..., A.¢) in the
definition of Zf, ks Put, in this last case, some terms (among the As or the C;) could
be repeated. We then have

PROPOSITION A.1 (Codimension of Zi’k and Zf,s,k)' Subset Zrly,C s a submani-
fold of GL(nR)"™*! x L(R",R%)" "
(r+1)d,.

Subset Z7 . is a submanifold of GL(n,R)" x L(R™,R%)* x P* ! whose codi-
mension s equal to n — k + kd,,.

x P"~1 whose codimension is equal to n — k +

This proposition is a consequence from the three following lemmas.
LEMMA A.2. Consider the subset L, of E(R",Rdy)r+1 X (P’“l)T—i_1 of 2r + 2-
tuples (Co,...,Cr, Lo, ..., L) such that
Colp =0, C16, =0, e Cl.=0.

Then L, is a submanifold whose codimension is equal to (r + 1)d,, .

Proof. Consider the following mapping

o LR™RW) (P (R

(CQ,...,CT,K(),...,&A) — (COEO,C’lKl,...,CTET)

Computing the partial derivatives of this mapping with respect to the components of
Co,...,Cy, we find the following (r + 1)d, x rnd, Jacobian matrix

Idg, ®€; 0 0 0
0 Idg, ®(7 0 0
0 Iddy ®£;§£



where Idg, denotes the d, X d, identity matrix and ® denotes the Kronecker product.
As the £, are in P"~!, the rank of this matrix is equal to (r + 1) dy, which prove that

®, is a submersion. Thus, L, being the preimage of (0,...,0) € (Rdy)TJr1 by @, it

follows that L, is a submanifold of the same codimension as (0,...,0), that is to say
(r+1)d,. O

LEMMA A.3. Let (vo,...vk—1) be a family of k linearly independent vectors of R™.
Let jo,...,jk—1 be a finite sequence of integers chosen in {0,...,r} (with r possibly

less than k). Consider the subset Ly, of E(R”,R‘iy)rJr1 of elements (Cy,...,Cy)
such that

CjO'UO = O, levl = 0, ey Cjk_lvk_l =0.

Then Ly, is a submanifold whose codimension is equal to kd,, .

Proof. Consider the mapping

O, LR™RY)T (R
(Co,...70r) — (CjO’Uo,le’Ul,...,Cjk_lkal)

It is linear and, as the family (vo,...,vx—1) is linearly independent, it is onto, so its
kernel has a codimension equal to the dimension of its codomain, that is to say kd, .0

LEMMA A.4. Consider the set G i, of the r-tuples (Ao, ..., Ar—1,£) C GL(n,R)"x
P" ! such that
e the family ([10& . ,flk,lf) 18 linearly independent;
o the family (Ao, ..., Apl) is linearly dependent.
The set Gy is a submanifold of GL(n,R)" x P"~1 whose codimension is equal to
n—=k.

Proof. The result in the case k = n being obvious, we will assume in what follows
that k < n.

Consider the set Vj of n-tuples (vg,...,v,—1) of vectors in R™ such that
e the family vg,...,vx—1 is linearly independent;
e the family vg,...,v; is linearly dependent.

The set Vj, is a submanifold of R™*" whose codimension is equal to n — k, this is an
easy consequence of [13, Prop. 5.3].

Denote by U;, i = 1,...,n the standard domains of charts in P*~!. For every
domain U;, we will introduce a mapping ¢; from GL(n, R)™ x U; to R"*" and we will
show that all of these mappings ¢; are transversal to Vi. Hereafter, we will prove the
result only for i = 1; consider the mapping

¢1: GL(n,R)" xU; — R™" .
(Ao,...,Arfl,é) — (Z_,Ala...,An,lE)

where £ is the element of R™ that represents ¢ and whose first component is equal to
1. We will see that ¢; is transversal to Vj ; to this end, we begin by describing the
tangent vectors to V.

Let vg,...,v,_1 be an element of Vi, consider the matrix M whose columns are
the vectors v; (i =0,...,n — 1), from this matrix, we can extract an invertible k x k
submatrix. Without loss of generality, we can assume that this submatrix is obtained
by retaining the & first lines and columns of M. Hereafter, we introduce the nx (k+1)
matrix M’ obtained by retaining the k + 1 first columns of M we write this submatrix
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as follows
A b
"
w=(e 4
where A is a k x k invertible matrix, C' is a (n— k) x k matrix and the column (bTd™)T

is equal to the vector vy. The sequence vy, ..., v,_1 belongs to V;, iff d — CA='b =0
[13, p. 60], so a vector tg,...,t,—1 will be tangent to Vi at vg,...,v,—_1 if

(A1) g —HA'B+CA'HA'B-CA 'g=0

where H is a k x k squared matrix , H' is a (n — k) x k matrix, g a column matrix
with k lines and ¢’ a column matrix with n — k lines. These matrices are such that
the columns of the matrix
H g
<H ’ 9’)

are the vectors tg, ..., t; notice that equality (A.1) can be rewritten as

(A.2) (—CA™ I,4) {(j) (g) AlB} ~0.

Take now e = (Ao, ..., A,_1,1) an element of GL(n, R)" x P"~! such that ¢ (e) €
Vi. We will consider the derivative of ; with respect to A;, |, evaluated at e.

dgpl(e).((), [N 707 M,O, RN 70) = (0, Hikfl(‘il; M)[, ce 7Hik,1(14k—1a M)i,
MAk_1Z+ Aikflnikfl(ﬁk'—la M)Z), o )

Recall that II;, ,(A,, M) is the expression obtained by substituting each occurrence
of A;,_, in A, by M; so if A, does not contain A;, , II;, (A, M) is zero, if not
it is equal to a sum of expressions involving terms as M Al with s < r. Denoting
by wo, ..., wg—1 the vectors [,Aol,..., Ap_1l, for every r < k — 1, the expression
II;, (A, M) is zero or the sum of terms B;Mw;, the vectors wy,...,wg—1 being
linearly independent, the matrix M can be chosen such that Mw; = 0 for j =
0,...,k — 2, while the term MA,_1l can be arbitrarily chosen. In matrix notation,
we then have

0 h * ...
dgpl(e).((),...,0,M707«~~,0):(0( fZ)kxk h % )

the column vectors h and b/ being arbitrary in R¥ and R"~* respectively. Substituting
this expression for dpi(e).(0,...,0,M,0,...,0) in (A.2), we obtain

(—CA™ I,_y) (;;,) — —CAT

This last expression reduces to h’ if h is chosen equal to zero. Let us choose the

vectors (hT, (h’)T)T to be equal to the vectors eg41,...,e, of the canonical basis of
R™, the above equality shows that none linear combination of these vectors belongs
to the tangent space to Vi. We have shown that there exists a n — k dimensional
subspace that is transversal to the tangent space to Vi, this proves the transversality
of v1. O
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Remark A.5. The same result remains true if one considers the set G of the
r-tuples (Ao, ..., A._1,¢) C GL(n,R)™ x P"~! such that
e the family (flj& . ,flk,lf) is linearly independent;
e the family (Ajé, ..., Ap0) is linearly dependent.
Namely the codimension of this set of invertible matrices is equal ton — k + 5.
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