N

N

Non-uniqueness of the Quasinormal Mode Expansion of
Electromagnetic Lorentz Dispersive Materials
Marc Duruflé, Alexandre Gras, Philippe Lalanne

» To cite this version:

Marc Duruflé, Alexandre Gras, Philippe Lalanne. Non-uniqueness of the Quasinormal Mode Expan-
sion of Electromagnetic Lorentz Dispersive Materials. [Research Report] RR-9348, INRIA Bordeaux
- Sud-Ouest. 2020. hal-02374346v2

HAL Id: hal-02374346
https://inria.hal.science/hal-02374346v2
Submitted on 5 Jun 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-02374346v2
https://hal.archives-ouvertes.fr

Non-uniqueness of the
Quasinormal Mode

Expansion of
Electromagnetic Lorentz
Dispersive Materials

Marc Duruflé, Alexandre Gras, Philippe Lalanne

RESEARCH
REPORT

N° 9348

June 2020

Project-Team Magique-3D

ISSN 0249-6399 ISRN INRIA/RR--9348--FR+ENG







V4

: in]armu!ics,mathematics

Non-uniqueness of the Quasinormal Mode
Expansion of Electromagnetic Lorentz
Dispersive Materials

Marc Duruﬂ, Alexandre Gras*lﬂ, Philippe Lalanne'
Project-Team Magique-3D

Research Report n° 9348 — June 2020 — [45] pages

Abstract:  Any optical structure possesses resonance modes and its response to an excitation
can be decomposed onto the quasinormal and numerical modes of discretized Maxwell’s operator.
In this report, we consider a dielectric permittivity that is a N-pole meromorphic function of the
pulsation w (Lorentz model). We propose a common formalism and obtain different formulas for
the modal expansion. The non-uniqueness of the excitation coefficient is due to a choice of the
linearization of Maxwell’s equation with respect to w and of the form of the source term. We make
the link between the numerical discrete modal expansion and analytical formulas that can be found
in the literature. We detail the formulation of dispersive Perfectly Matched Layers (PML) in order
to keep a linear eigenvalue problem. We also give an algorithm to regain an orthogonal basis for
degenerate modes. Numerical results validate the different formulas and compare their accuracy.
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Non-unicité de la décomposition en modes quasi-normaux
d’un champ électromagnétique pour des matériaux
dispersifs régis par le modéle de Lorentz

Résumé : Un dispositif optique posséde des modes de résonances et sa réponse a une excitation
peut étre décomposée sur les modes quasi-normaux et les modes numériques de l'opérateur de
Maxwell discrétisé. Dans ce papier, on considére une permittivité diélectrique qui est une fonction
méromorphe de w avec N poles (modéle de Lorentz). Nous proposons un formalisme géneral pour
obtenir différentes formules pour la décomposition selon les modes. La non-unicité du coefficient
d’excitation est dii au choix de la linéarisation des équations de Maxwell par rapport a w et de
la forme du terme source. Nous établissons le lien entre la décomposition modale discréte et des
formules analytiques qui peuvent étre trouveées dans la littérature. Nous détaillons la formulation
avec des PML (Perfectly Matched Layers) dispersives afin de conserver un probléme aux valeurs
propres linéaire. Nous donnons aussi un algorithme pour retrouver une base orthogonale pour
les modes dégénérés. Des résultats numériques valident les différentes formules et comparent leur
précision.

Mots-clés : résonance électromagnétique, mode quasi-normale, microcavité, nano-résonateur,
décomposition modale
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1 Introduction

1.1 Quasinormal Modes

Optical micro and nanoresonators, be they plasmonic, photonic or hybrid, enhance and localize
the electromagnetic energy at wavelength or subwavelength scales and are key components in
many photonic applications. Their optical response is characterized by one of a few resonant
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features resulting from the excitation of one or a few dominant modes, the natural resonance
modes of the resonators. These modes conveniently labelled by the integer m = 1,2... are
characterized by their electric and magnetic field vectors distributions, E,, (r) and H,,(r). These
vectors are solutions of the following eigenvalue boundary problem (Lalanne et al., [2018)

— i Ome(@Wm)Em —VxH, = 0,

—1 ‘:’m,u(a’m)Hm +VxE, = 07 (1)

+ Boundary conditions
where £(w) and p(w) are respectively the dielectric permittivity and magnetic permeability and
depend on the position r and pulsation w. The exp(—iwt) convention for time harmonic fields is
assumed. The fields E,, (r) have continuous tangent traces across interfaces between subdomains
and satisfy the outgoing-wave conditions at infinity. They are often called quasinormal modes
(QNMs) to emphasize that their harmonic evolution is characterized by an exponential damping
in time (they are the eigenstates of a non-Hermitian operator), so to say their pulsation @,
is complex with Im(®,,) < 0. Micro and nanoresonators play a leading role in many areas
in nanophotonics, from quantum information processing to ultrasensitive biosensing, nonlinear
optics, and various optical metasurfaces. This pushes a strong pressure on the development

of QNM theory and QNM numerical methods that explicitly consider QNMs in the analysis,
providing important clues towards the interpretation of the resonator response.

1.2 Quasinormal Mode expansion of the scattered field

The scattered field [Eg(r,w), Hg(r,w)] is solution of time-harmonic Maxwell’s equations

—iwe(w)Bs =V xHs = iw(e(w)—e) Bipe,
—iwp(w)Hs +V xEs = dw(p(w) — ) Hipe,
+ Sommerfeld condition,

where E;) ., Hj; . is the incident field, and e, y1;, the background indices. The incident fields
E

inc> Hipe satisfy homogeneous Maxwell’s equations with indices ey, p1p. Let us introduce

J =iw(e(w) — ep) Ejpe

and we consider only non-ferromagnetic media such that p(w) = pp = po in the physical domain.
As a result, the Maxwell’s equations that will considered in the sequel are given as

—itwe(w)Eg — V x Hg = J,
—twp(w)Hg +V x Eg = 0, (2)

+ Sommerfeld condition .

Efficiently computing this scattered field for a large number of pulsations consists in expanding
the solution into the QNM basis :

Es(r,w) = Z (W) Eqp, (1, w),

where the «,,’s are the complex modal excitation coefficients, which measure how much the
QNMs are excited by the driving field illuminating the resonator with a real frequency w.

Inria



Non-uniqueness of QNM expansion 5

There are still some complicated mathematical issues in relation with the actual physical
problem for which the open space is infinite and Maxwell’s operator are continuous. For instance,
the conditions under which the completeness of the QNM expansions of Eq. (1) is guaranteed are
not still fully understood (Colom et al.l 2018; [Abdelrahman and Gralakl 2018). There are also
several known and correct expressions for the a,,’s (Lalanne et al., 2018)), but we do not know
which offer the best performance, e.g. the fastest convergence rate towards the actual solution
as the number of QNMs retained in the expansion increases.

However, for practical geometries of interest in nanophotonics, the QNMs are computed
numerically and it would be unrealistic to expect computing many QNMs over a broad spectral
range, ideally in the entire lower half-plane of the complex plane (Im(&,,) < 0). Rather we
have to consider a discretized version of the initial Maxwell’s equations and the physical domain
is bounded by perfectly-matched layers (PMLs). The discretized operator is a matrix of finite
dimension, and its spectrum is composed of a finite number of QNMs (often the relevant ones
involved in the resonator dynamics in the spectral range of interest) completed by a large number
of PML modes, which have much less physical significance but warrant completeness (Vial et al.,
2014; |Yan et al., |2018} [Lalanne et al., |2018]).

Efficient QNMs solvers exist for computing and normalizing QNMs and PML modes for vari-
ous geometries, such as plasmonic crystals, metal gratings and plasmonic nanoantennas (Lalanne
et all [2019)); even freeware (Bai et al., 2013) or improved commercial software packages (Yan
et al., [2018) can be used. Thus the important remaining step is the reconstruction problem, i.e.
the computation of the modal coefficients a.;,’s and the reconstruction of the scattered field.

While the concept of the QNM expansion as described by equation is a common feature
among papers on modal expansions, the expression of the excitation coefficient «,, changes
depending on the method used to project the scattered field onto the QNM basis. The contour
integral method described in (Binkowski et al., 2019; [Zschiedrich et al., |2018) necessitates an
integration path in the complex frequency plane which encloses the eigenmodes of interests. The
scattered field at the real frequency can thus be expressed as a sum of two contributions : a
resonant contribution made up of contour integrals around the eigenfrequencies in the complex
plane, and a non-resonant contribution, a setup that’s echoed in (Colom et al.| 2018]).

There also exists the resonant state expansion method described in (Muljarov and Langbein),
2016) where the modal expansion is obtained from the decomposition of the Green’s function
in QNMs. For dispersive materials whose permittivity can be described with a Drude model,
the auxiliary field method and biorthogonal relations (Yan et al., |2018) can be used to derive
an analytical expression of «,,. An improved formula for the field inside the resonator has been
obtained in [Wu et al.| (2019). For the same material permittivity, however, another formula
for «,, was found in (Zolla et al., |2018]), without the use of auxiliary fields. Finally, we can
cite also (Zimmerling et al.; [2016]), where the eigenmodes are solved simultaneously with the
reconstruction, such that only significant eigenmodes are kept.

This report will focus on the reconstruction problem of resonators composed of Drude-Lorentz
materials. For these cases, we wish to make explicit possible sources of the non-uniqueness of
the expressions of the excitation coefficients ., by using a common formalism. This common
formalism is based on a discrete version of Maxwell’s equations, which we will use to derive the
different formulas. It was important for us to obtain these formulas from a discrete point of view
in order to ensure that the numerical modal expansion converges indeed towards the expected
solution. It will be shown that different linearizations of the nonlinear eigenvalue problem with
the use of auxiliary fields yield different formulas of «,,. With this approach, already known
formulas are found. Furthermore, we show that an infinity of formulas can be derived easily by
choosing appropriate source terms. Numerical results will show that the tested formulas converge
towards the same reference solution. It will also be explained how degenerate eigenvalues (i.e.
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multiple eigenvalues) can be treated correctly with a simple Gram-Schmidt orthogonalization
procedure.

In section[2] the Lorentz model used for the dielectric permittivity is detailed and the common
formalism used to obtain different formulas for o, is introduced. In the sections |3| and two
different linearizations of Maxwell’s equation are detailed providing different formulas of .
The computational domain has to be truncated, e.g. with Perfectly Matched Layers. In order to
keep a real eigenvalue problem, we have chosen to implement dispersive PMLs, that are detailed
in subsection Finally, numerical results are presented in section [5|in order to compare the
accuracy of the different formulas that will have been rederived.

2 General setting

2.1 Drude-Lorentz model for the permittivity

The dielectric permittivity depends on the pulsation w and can be approximated efficiently
with Padé approximant, which usually necessitates a lower degree than a simple polynomial
approximation. Assuming that all poles of the Padé approximation are simple (see (Sehmi et al.,
2017Db))), we can approximate the permittivity as

€<W) - Z wi—o—];)k

k=1

where Q are poles in the half complex plane (Im(2x) < 0), o) are complex coefficients and L
is the number of poles. However, this first approximation is not physically relevant since it does
not respect the causality principle that requires that:

where @ denotes the conjugate of w. Therefore, a physically relevant approximation is the
following one (see for instance (Sehmi et al.l [2017Db]))

D . L . .
Mk 10} 10
= €00 + — + + ~ 3
) =t S+ <w—ak - mk) 3)

where o and € are complex coefficients and 4, n, are real coefficients. We assume that
Im(wg) < 0 and 4% > 0 such that all the poles of e(w) are located in the half complex plane
Im(z) < 0. For the last sum of , we can reduce to the same denominator to obtain

10 10} Cr, — WO

w—Q w4+ w? fwg,kJri’ykw
with the relations
wok = [, v = —2Im(Q), 7 = 2Re(o), ¢ = 2Im (04 Q) -

The constants wo , Yk, 0k and ¢ are real. For the first sum of , if we consider an even number
D, we can regroup terms two by two:

i k1 Gk — W0

W+Ye Wt ey w? — Wg j, + W

Inria
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with the relations

wWok = VYEVk+1> Ve = Vb + Vet1s Ok = Mk + Nit1, Ck = MeVh+1 + D17k

Again, the constants w i, Vi, 0% and ¢, are real. For metallic materials, good approximations are
obtained by choosing D = 2 (see |Sehmi et al| (2017b))). For other materials, we can take D = 0
(see (Sehmi et al., 2017al)). As a result, we will consider the following model of permittivity

L .
e(w) = €00 — Z Ch 1Tk (4)

2 _ 2 i ’
oW Wik + 1YW

with real coefficients ¢y, ok, wo k, vk This model can also be obtained by considering the motion
of electrons (see (Wooten, 1972)) for which we have o} = 0.

2.2 Discrete modal expansion

For a Drude-Lorentz model (as described in the previous sub-section) of e(w), auxiliary unknowns
can be introduced in order to obtain a linear eigenvalue problem. After this linearization proce-
dure and after discretization (e.g. with Finite Element Method), the time-harmonic Maxwell’s
Equations can be written

—iwMp Uy + Ky Uy = Fp, (5)

where M, is the mass matrix, K, is the stiffness matrix, and F}, is the source term (h denotes
the mesh size). Uy, is the main unknown that will contain components of E and other auxiliary
unknowns introduced to obtain a linear eigenvalue problem. The matrices M} and K, are real
and independent of w, an example of matrices will be given in section [3] The right eigenvectors
X,, and left eigenvectors x; solve the following linear eigenvalue problems which are transposed
from each other
Kyx,, = 10 MpX,, Kgxf;l = z@mszfn

From a discrete point of view, once the discrete linear system is set, the biorthogonal projec-
tion of the unknown Uy, provides an unique formula for a,:

1
Ay = m(FmX#), (6)
This biorthogonal projection is obtained by considering the relation and taking the scalar
product with the left eigenvector x;-. In this document, the convention (x,y) = > z;y; is used
(without conjugate). Because Maxwell’s equations usually provide a complex symmetric linear
system for the unknown Ej; (when other unknowns are substituted), the left eigenvector can be
computed directly from the right eigenvector. The expressions will be given for the different
linearizations introduced. The formula @ holds if the left and right eigenvectors x,,, ;. are
normalized such that
(M X, x5) = 1. (7)

As detailed in section (3 the discrete relation @ can be rewritten with integrals in order to
obtain analytic formulas for «,,. With this procedure, we have obtained the following formulas
(already known in the literature)

e The formula 5.11 in |Lalanne et al.| (2018]):

Oy, = ~7/ J(r) - E.,(r)dr (8)
Qres

(W — W)

which is obtained by a direct linearization of the system (2)) (detailed in section [3).

RR n°® 9348
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e The formula proposed in [Yan et al| (2018) (equivalent to formula 5.6 in [Lalanne et al.
(2018)):

Ay = / (Eb - Eoo)Einc "EpdQ + - S / (E(a}m) - Eb)Einc - Ep,dQ (9)
Q Qres

Wm — W

res

which is obtained by choosing a different source Fj, (detailed in section [4.1)).

e The formula proposed in [Zolla et al.| (2018)) (equivalent to formula 5.10 in Lalanne et al.
(2018)):
w

m= - J(r) Ep(r)d 10
= e, ) Bl (10)
which is obtained by starting from the second-order formulation of Maxwell’s equations

with curl-curl operator (detailed in section [4.3]).

In these formulas, 2,5 denotes the domain of the resonator for which (w) is different from e
(hence it is the support of the source term J). All these formulas hold if the modes E,, are
normalized as follows

/ 0CncCn)y g, OCntCn) gy g a0 -1, (11)
where €2 is the computational domain. This is the usual normalization |Muljarov and Langbein
(2016)); Sauvan et al.| (2013); Bai et al,| (2013). An infinite set of formulas can be found by
splitting the source on the different fields. For the linearization given in section 3} by writing the

generalized source term as F = [f1, {5, f5 ;. f4 1], we can find the following generalization of the
modal excitation coefficient:

2 o~
L <w07kf3’k + zwmf4,k)

=)
Ay = ————— f,-E, —f -H, + - —— - E,, | dQes 12
Z(Wm — w) Qroe ! 2 ; —w?n + wg,k — YEWm ( )

provided that

L 2 .
twfy g + wi  f3 8 i 1
f1 + E 5 . 0.,k 3 + -V x (f2> =J. (13)
o W T Wk + Wik w My

The derivation is detailed in section With a particular choice of fs , fs , (given in subsection
4.4]), we obtain the following formula:

= —— / (0, 0m) = 2o 50y B (1) (14)
Qres

(W — w) (e(r,w) — exo (1))

This formula can also be obtained by expanding an auxiliary field into its modal components
and computing Eg from this auxiliary field. This process is detailed in subsection [£.4] and linked
with alternative expressions of Green’s kernel given in Muljarov and Langbein| (2016|) and another
formula proposed by Wu et al.| (2019).

The modal solution is given as

N
gpodal _ S~ o E,, (15)
m=1

where N is the number of modes conserved. The formulas , , @D, and for

coefficients «,,, will provide a field Ersnodal that will converge to the scattered field Eg when N
tends to the size of matrix Mj,. Their convergence rate, however, may differ.

Inria



Non-uniqueness of QNM expansion 9

3 Eigenmode expansion for first-order formulation of Maxwell’s
equations

In this section, we note E, H the solutions of Maxwell’s system . The permittivity e(w) is
modeled by the relation and the permeability u = up is non-dispersive.

3.1 Discrete expansion

In order to linearize Maxwell’s equations with respect to w, auxiliary fields Py (known as the
polarization) and Q, (known as the current) are introduced :
Cr. — WO},

P, = E = —iwPy
k w2—w(2),k+mkw » o Qy Wl

These auxiliary fields exist only inside the resonator. With elementary algebraic manipulations,
we can reformulate Maxwell’s system as the following source problem

—iwaooE—F(zL:Qk)—VxH - J

k=1

—twup H+V X E = 0 (16)
—wPr —Qy =0

—wQy, + 7 Qy + Wg,kPk —ctE+iwo,E = 0

inside the resonator. Outside the resonator, we consider homogeneous Maxwell’s equations

—iwggtE—-VxH = 0
(17)
—twuppy H+VXE = 0
We can write this system using the linear operators K and M
KU - iwMU =F
with
0 -Vx 0 1 e 0 0 0 E J
| Vx 0 0 0 _ 0 wp 0 0 | H 10
K=o o o a0 M o o 1ol YT|p " FTl0 |
—Ck 0 W(Q),k Vi -0, 0 0 1 Q; 0
where

€oo 1N Qpeg
Ee =
€p, elsewhere.

The unknowns Py, and Q; have degrees of freedom only inside the resonator. After discretization,
the Maxwell’s system is then given as

—iwM U, + K, U, = Fy, (18)

where Uy, = (Ep,, Hy,, Py, Q,,) , and Ej,, Hy,, Py, Q,, contain the components of E, H, Py, Q, on
basis functions. The source term F, is given as

(Fa); = /{ I(r) - g, (x) dr

res

RR n°® 9348
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where ¢, are basis functions for unknown Ej;. Matrices M}, and K;, and basis functions ¢, are
given in appendix [A1] The right eigenvectors x,, solve the eigenproblem

Kix, = A Mpx,, (19)
where the eigenvalue \,, is linked with @, by
Am = W
x:- is the left eigenvector of generalized eigenproblem and solve the following eigenproblem
Kixt =\, Mixt (20)

Remark 1. The eigenvectors x- and x,, can be chosen such that they satisfy the following

biorthogonality relation
<Mhmm7 CBﬂ;> = 5m,n

where 0y, n, is the Kronecker symbol.
Proof. Assuming that M;lKh is diagonalizable, we have
M, 'K, = VDV™!

where D is a diagonal matrix with eigenvalues A,, on the diagonal and V the matrix whose
columns are formed with right eigenvectors x,,. The left eigenvectors of M,:lKh denoted w,,
are the rows of matrix V!, Since VV ™! =1, vectors x,, and w,, are biorthogonal

(X W) = O
The left eigenvectors w,, can also be found by searching right eigenvectors of the transpose of
M, 'K}, :
KgM;TWm = AW,
By introducing x;, = M;Twm, we obtain
K} xit = A\ Myxp,
which corresponds to the eigenvalue problem . The biorthogonality relation is obtained

directly by stating:
<Xmawn> = <Xm7 M;;X#J = <thm7xﬂﬁ> = 5m,n

O

The solution Uy, is expanded with right eigenvectors x,, (they form a basis if the matrix
M, 'K}, is diagonalizable):
Uh = Z AmXm
m

By injecting this expansion in and using ), we obtain

> am(—iw + i Gp)Mpxy, = Fy
The modal coefficient «,,, is directly obtained by taking the scalar product (,) with the left

eigenvector X,

O (—iw +idy,) = (Fr,x;)
As a result we obtain the relation

1
(O — w)

which is the announced result in the sub-section

<Fh7X#L> (21)

Ay, =

Inria



Non-uniqueness of QNM expansion 11

3.2 Link with continuous expansion

The left eigenvector x;- of the system can be obtained directly from the right eigenvector
X, with the following theorem:

Theorem 1. The left eigenvector x- = (Ei, H: P Qf;l) of the eigenproblem is given

as L
Em = Em
N
H-=_H,
2
W,
1 0,k
Pm,k = Pm,k
Cr — )\mak
Qup= - Quuy
’ Ck — AmOk

where Ty, = (B, Hy,, Pry, Q,,) is the right eigenvector of .

Proof. The proof is written at a continuous level without replacing the curl operator by the
associated finite element matrix. The transposition of this proof at a discrete level is actually

immediate since the last three equations (|18]) are expressed directly on quadrature points as

detailed in appendix The left eigenvector x;. = (Ei, H#L, Pi, Qﬁl) solves the eigenproblem

(20):
L L
)\mEEE#z — Am (Z U’CQT#LJC) =V X HJ7;L - (Z CkQ#L,k)
k=1 k=1

AmipHz = =V x E: (22)
)\mPerk = Wg,in,k
)‘mQrJﬁ,k = E7Jr_z - P#L,/e + ’YkQ'rJr_z,k

We express P,Lmk and mek with only E#L:

2
W
0,k

A
P _ 1 m EJ_
m,k >‘72n + W(Q),k — YeAm m» Q

m,k — 2 m
)‘7211 + woyk - ’7k>\m

The unknown H;: is also substituted to obtain a system in E,, only:

— 1
A et Sk QA’””’“ 1x E;+VX<VXE;>=0
An +wo g — VieAm My

where 1 is the indicator function of €2,.s. This is the same eigenvalue problem solved by
E,,. Therefore, with an appropriate normalization, we can set Ef;l = E,,,. By using the second
equation of , we obtain Hf;l = —H,,. Since, we have

Ci — )\ka

Pm,k = N2 P) Iy Em7 Qm,k; = _)\um,k

m + WO,]@ — VkAm
we obtain )

w, 1

1 0,k 1

PL, =0k p Qb =- Q
m,k cp — Amo—k m,k> m,k cp — )\mak m,k

RR n°® 9348
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The following theorem makes the link between the discrete formula and the continuous
formula :
Theorem 2. The formula is the discrete equivalent of .

Proof. We use the fact that the source is non-null only for the equation in E:
Frxt) = 3 By [ 30 oite)ar
i res
where Ef;” is the i-th component of Ef;l By swapping the sum and the integral, we obtain

XJ_ = r- J_]I' T
(Fy x5) /Q I(r) - Bk (r)d

res

Finally, we use that Efn = E,, (theorem (1)) to obtain

x>ty = r)-E,,(r)dr.
(Fi i) /Q I(x) - B (r)d

res

We have a similar theorem for the normalizations:

Theorem 3. The normalization with the left eigenvector given in theorem is the discrete
equivalent of .

Proof. Similarly to the previous proof, we have the following equality

<M}Lxma X#z> = / By, - E#L + ,U,me . H?J?’_L ds2
Q

L
+/ (Z Pm,k ' Piwk + (Qm,k - o—kEm,k) : Q#z) dQyes
Qres

k=1

The left eigenvector is substituted by using theorem [I] and the relation \,, = i@, to obtain

<thmaxm> = / ceEm - Ep — Mme -H,,, dQ
Q

L

g

k=1

2

W, 1
0,k

Pm,k . Pm,k -

C — id}mak C — ’i&)mdk

(QmJg - Uk'Em,k) : Qm> dQyes
P,, and Q,, are replaced to obtain

(MpXm, X ) = / eeEm - By — pH,,, - Hyp, dQ)
Q

/ ( = (wg),,C +@2))er + iokdjm(wig}k + iYKW
e
Q’V‘ES

(-2, + w(2),k — iVOm)?

Em : Em) dQ'res
k=1

A simple computation of the derivative of we(w) with respect to w provide the same expressions.
As a result, we have proven that

<th7ﬂaxm>:/ M

0 Oim

This relation proves that the normalization (7)) is the discrete equivalent of (L1)). O

E, - E,, — upH,, cdotH,, d.

Inria



Non-uniqueness of QNM expansion 13

Remark 2. The normalization can be written with only unknown E,,:

8 Nm Nm ~
(M@, T, :/ O@me@m)) g g 4 o) B - EyndS.
Q O,
1
The result is obtained directly by using the relation H,, = - V x E,, and the variational
Wy

formulation satisfied by E,, (with only Dirichlet or Neumann boundary conditions):

1
_d}zn/E(Qm)Em'EmdQ“v‘/7VXEm'VXEmdQ:O.
Q Q Hb

4 Derivation of other formulas and issues

4.1 Derivation with an alternative source

To obtain the formula , first, we have written Maxwell’s equations directly for the scattered
field Eg(r,w), Hs(r,w) and then introduced the auxiliary fields P and Q. In the aforementioned
paper |Yan et al.| (2018]), Maxwell’s equations are first written for the total field, and the auxiliary
unknowns P and Q are introduced at this step. Hence the unknowns E,H,P,Q solve the
system with J = 0. As a second step, we subtract the equations solved by the incident field
(homogeneous Maxwell’s equation with indices €, and ), and use the relations
[E(r,w),H(r,w)] = [Es(r,w) + E;

mc

(rvw)7 HS(rvw) + Hinc(rvw)]

to obtain the system solved by (Es, Hs, Pk, Qr ;) inside the resonator:

L
—lWeEx Eg + (Z QT,}c) —V x Hg = w(Eoo — Eb)EinC
k=1
—twppy Hg +V X Eg = 0 (23)
7'LWPT7]¢ — QT,k = O
~iwQry + M Qry + WPk — (e —iwop)Bs = (¢ — iwog) By

The auxiliary fields Py, Q) here represent the total polarization and current whereas in the
previous section we had introduced the scattered polarization Pj and current Q. Unlike the
equations considered in section [3] we can see that the source term on the right hand side of
the equations is no longer confined to the first equation. The coefficient a,, becomes (by using
formula (6) and biorthogonal vectors given in theorem ([)):

1 . (Ck — iwak)i&)m
m = <~ co EmE = = EmE dQTES
“ Z(wm - W) [w/flres ZW(E gb) e - (_w%% + w%,k - Z’Ywm) me
that can be written as
Om, .
Ay, = / (€b - 500)Einc : EmdQ + = / (5(wm) - 5b)Einc ’ EmdQ7
Qres Wm — W JQ,..

which is the announced formula @D It is important to notice that the systems and
provide exactly the same numerical solution Eg (and also the same Hg). Only the auxiliary

RR n°® 9348



14 Duruflé € Gras € Lalanne

fields P and Q differ, that’s why the source F}, is different between the two approaches and
two different formulas are obtained for «,,. Other formulas for «,, can be found by choosing
a different distribution of the source over the four equations. This is the object of the next
sub-section.

Remark 3. The formula @D has been obtained through discretized Mazwell’s equations and
with biorthogonal projection. It has also been derived in a different way by using the divergence
theorem and the continuous operator, not the discretized one, in (Yan et al., |2018).

4.2 Generalized Sources

Let us split the source term J into a set of artificial sources denoted fi,fs, 5, fs ; inside the

resonator. .
—wme+<z]%>—VxH = f
k=1

—iwuH+V xXE = £ (24)
—iwPp — Qg = f3x
—iwQg + 7. Qp + Wg,kPk — (e —iwop)E = 44

By abuse of notation, we kept the same names for auxiliary fields H, Py, Q,, but these auxiliary
fields are different from the fields introduced in section [ only the field E will be the same. We
can now obtain an infinity of formulas for a;,:

Theorem 4. There exists an infinity of formulas for a.,, e.g.

(wg,kf?),k + i‘:’mf4,k) B
tm

~2 2 . ~
—wz, + Wl — VYkWm

1

i(w —@m) Qres

Ay, = dQT'es

L
fi B —fo- Hp + Z

k=1

as soon as

L . 2 )
Wwfy +wi kS k {
i+ : = ~p, + —Ff -VX(pidQTesz/ I ;dQpes 25
‘/Qres ( ' Z w’ub ? Qres ( )

w2 — 4 2
= v WYk —l—wo’k

for all test-functions @;. If the function f, is chosen continuous in 2, we obtain the condition

([13).

Proof. The fourth equation of is multiplied by —iw and P is substituted to obtain:
—iwfy, —wipfar (e, — iwoy,)

Q. =—5 —iw

—w? — iwyy +w . —w? — dwyk +wd

The second equation of provides

£, 1
—iwH="2__"VxE
223 Hb

We inject these expressions of H and Q,, in the variational formulation of the first equation of
to obtain the variational formulation satisfied by E:

(iwf4,k. erakfs,k) i
+ —f Vx| d2

1
2 )
—w e(w)E-p,+—(VXE)-(Vxep,; dQ_——w/ f1 + -
/Q (B Mb( ) 2 ’ ol —wz—lw%‘f'wg,k Wity

Inria



Non-uniqueness of QNM expansion 15

condition implies the continuous condition if f5 is continuous in 2. The formula for «,, is

By equalling the right-hand side with —iJ - ;dQ), we obtain the condition (25). This
(13)

given by
1 L
m=——=— | fi-E, +6 H, fop Pl +Ffip-Qh, | d
« Z(w — (Dm) /Q 1 m + 2 m + <; 3,k m,k + 4.k Qm,k
By using theorem , we obtain the claimed expression for a,,. 0

By choosing different splittings of the source (i.e. different functions f1, f5, f3, f; that satisfy
the relationship above), we will obtain different formulas for a.,. The modal solution obtained
with these different formulas (see equation ) will converge towards the same electric field Eg
when the number of modes is increased.

4.3 Derivation with second-order formulation of Maxwell’s equations

In this section we propose a different linearization of the problem by starting from the sec-
ond order formulation. With this alternative linearization, we obtain the formula for the
coefficients «,,. Let us start from the second-order formulation of Maxwell’s equations

1
—Ja@E+vX<vXE)=—mJ

b
In order to linearize this equation, let us introduce the field E' = —iwE and the auxiliary field
P’ = (¢(w) — es) E and Q' = —iwP’. We obtain the following system of linear equations:
—iwE — E = 0
1
—iwec B + (25:1 Q;) +V x <V X E) = —iw] 26)
Kb , 26
—iwP), — Q] = 0
—iwQ), + 1 Q) + Wi P — (e — iwoy ) E =0

inside the resonator which gives the following stiffness and mass operators K and M for the
vector U = [E,E/,P’, Q']

0 -1 0 0
1
—V xVx 0 0
K= Hb ’
0 0 0 -1
0 —Ck Wg,k Yk
1 0 0 0
0 e 0 0
M = 0 0 1 0
0 —O0k 0 1

As a result, Maxwell’s equations are rewritten as :
(—twM+K)U=F,
where

F = [0, —iwJ,0,0]

RR n°® 9348



16 Duruflé € Gras € Lalanne

is the source term. After discretization, we have the following discrete system
(7Z‘th + Kh)Uh =Fy.

The matrices M, K} are given in appendix For sake of simplicity, the following develop-
ments will be made with the continuous operators K and M, but the extension to the discrete
operators M, and K, is straightforward. We obtain the following system of equations for the
biorthogonal eigenvectors (x+ = [E,E'|,P’,Q,]):

—iomE | +V x (1V><E'L) =0
Ho

—iOmescE| —E| — (Z£:1(Ck - id}mak)Q/J_,k) =0

—iomP’  + wg,kQIJ_,k =0

—iomQ) QL +E —P = 0

By eliminating the other variables, we can show that E’| verifies

1
—@2 &(@m)E +V x (MOV X Ei) =0,

and subsequentially :

E/L = E,,
E, = —i@mE(LDm)Em
2
/ o Wo,k E
1.,k - 2 =~ ~9 m
Wo g — EWm — Wy,
10
/ m
QJ_JC = ~. E’ITL7

2 - 2
W g — LYkWm — Wy,

where E,, is the E-component of the the left eigenvector x,,. We can now obtain the excitation
coefficient :

) (. xh) —iw /QT J(r) - E.,(r)dr

Oy = = = 7

1 (O — w) (MpXp, X:-) H(@Wm — w) Ny,

where the coefficient N, appears since we choose the normalization (11)) of the first order for-
mulation. N,, is given as

L
Ny = (MpXpn, x5) = /QEm.EJ_—l—EOOE:n-E’J_dQ—f—/Q <Z P P+ (Qni—orE)- Q/Lk) AdQpes.
k=1

res

By substituting E,,, P}, Q}, E1,E'|,P’,Q’| by their expression, we obtain

N, = fiwm[ / £(@m)Em - Em + £.Epy - EndQ
Q

C (W(Q),k +@2)) + 10k m (1Vk@m — 2w§7k)
+ 5 = ~2\2 Em : Em eres:| .
o (wg = im@m — @)

res

Inria



Non-uniqueness of QNM expansion 17

We recognize the normalization used by the first order formulation multiplied by —i@,,. As a
result, if E,, is normalized by , we obtain that

Ny = =i,

which gives us this expression for the excitation coeflicient:

%/ J-E,,dQ.
10 (Om — w) Jo

res

We recognize the formula .

4.4 Obtention of other formulas by using auxiliary fields

With the introduced linearization of section [3| the polarization field P = >, P can be recon-
structed inside the resonator with the modal expansion:

N N
Podal = Z P = Z W (6(Bm) — €00) B,
m=1 m=1

and the scattered field Eg computed from P, 441
P €(Wm) — €c0)
Eg ~ modal g E&m) ~ o) gy (27)
(5( - Eoo Z ( - 6o<>)

At least this modal expansion will converge inside the resonator towards the scattered field Eg
when the number of modes N increases. We can reinterpret the equation as a new formula

for ag,:
_ 1 (e(r@m) = o™ 50 B (ovde
G — @) /Q (e(r, ) — e (1)) J(r)  Ep(r)d

which is the formula announced in section We can also choose the auxiliary field
Q =), Q,. and obtain the following formula

1 WO ((r, @) — €00 (1))

i(Om — w) /Q w(e(r,w) — eoo(r))

It turns out that the two formulas and are also valid outside the resonator. For the
formula , it can be proven by choosing appropriately the sources f3 1, £y j:

J(r) - Ep(r)dr (28)

Q=

Theorem 5. The formula provides a modal expansion valid outside the resonator.
Proof. We choose

Ck J J

fi=6=0, f3,=—— v fik=-—op——~——
T Wi ew) —eso ’ e(w) — €00
in the system . We have
XL: iwf4,k + wakfg’k . XL: Cl — iwok J -3
— —w? — iwy + wak P —w? — Wy, + Wg,k e(w) — €00

RR n°® 9348



18 Duruflé € Gras € Lalanne

As a result the condition is satisfied and we can apply the theorem [4] to obtain a valid
formula for a, in all the computational domain:

Ay =

1 L (wg,kf&k? + ’L'(I)mf4,k)
/ -E eres
Q’)"ES

T <~ N ~ 2 B ~
(w— Om) — -2, + Wi x — V@

which gives

= =

L "
Z Ck — Wm0 J-E,
~92 2 . ~ dQTeS
Yoo \ P2t —Wim Wk — 1T6Dm e(w) — 0o

The formula is obtained. O

(e(r,0m) — eco(T))
(e(r,w) — €so(T))

to handle correctly the case of several resonators with different coefficients oo, Cis Vi, Ok, Wo k -

Remark 4. The ratio

in formula 1s located inside the integral in order

4.4.1 Case of an alternative source

In [Wu et al.| (2019)), this process is applied with the alternative source of subsection As a
result, the following formula is obtained for the scattered field Eg:

N ~

where oV is given by the equation @:

aanV - / (Eb - Eoo)Einc “EpdQ + — o / (E(a)m) - Eb)Einc - E,,dQ
QTe Qrss

Wy, — W

and &,¢s(w) is the permittivity inside the resonator. The formula is valid only inside the
resonator and cannot be reinterpreted as a new formula for a,, because of the presence of —E;)..

For a metallic material (e.g. D > 0,7y = 0), the vector (0,0, P,0) is a static eigenvector of
and is excited with the right hand side chosen in . As a result, the formula will
not be used for metallic materials. We have observed numerically that it did not converge to the
correct solution in this case.

4.4.2 Link with formulas with poles of permittivity

In |Muljarov and Langbein| (2016) (formula A9 of appendix A), the following alternative formula
is proposed

= ! (W= ) r)- r)dr
— /Q ( () En(r)d (30)

(W — W) O — Q)

where € is a pole of the refractive permittivity e(w). This formula is proved at a continuous
level, but we have also observed that it remains valid at a discrete level for any pole of &(w):

Theorem 6. The formula provides a modal expansion valid outside the resonator.

Inria



Non-uniqueness of QNM expansion 19

Proof. The proof is similar to the proof of theorem [5] It starts from the following linearization
(we consider the model (3)) with D = 0) of Maxwell’s equations

—iwenE — (X, Pr) - Vx H=0
—wuppH+V X E =0
—iwf’k + ’LQkf’k +iworE =13

—iwQy — i2,Qy, + iworE = 0
This system has the same solution E as the system by choosing
fg’k = (—iw + ZQk)J

The left eigenvector associated with the system is given as

1~)¢ B E,.
ki om + i

As a result, we obtain the following formula for a,,

Q= %/ f3 k f)J'n; deres = 7= ! / (_.,w + Qk) J- Emeres
W(Om —w) Jo,.. ' (om —w) Ja. (—0m + Q%)

res

which is the formula . As a result this formula provides a valid modal expansion in all the
computational domain. O

The formula can be seen as a combination of formulas since all the poles of (w)
will be involved.

4.5 Treatment of degenerate eigenvalues

A set of degenerate modes {Xy}m,<k<m,, are solutions of the eigenvalue problem at the same
eigenfrequency w,,,. Degenerate eigenvectors do not necessarily form an orthogonal sub-basis
with respects to My,. However, using Gram-Schmidt orthogonalization process, an orthogonal
sub-basis with respects to M, can be constructed from the set of degenerate modes by algorithm
By applying this procedure, the formula @ holds for degenerate eigenvalues with normaliza-

Algorithm 1 Algorithm to apply Gram-Schmidt orthogonalization to vectors x,,

for m=my to mq do

Initialize y = x,,

for j = my; tom —1do
Compute o = (M, X, xj->
Substitute y by y — ax;

end for

Compute left eigenvector y* from right eigenvector y by using theorem

Substitute x,,, by y/(My,y*)

Store x5~ = y*/(Myy, y ™)

end for

RR n°® 9348
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tion . This process can also be done with continuous eigenmodes by replacing (Mp,X,,, x7)

J
by
O(@m e(@ 0 (Omp(@
/ MEm B - MHm - H,dS.
(9] awnL 8w7n
Here 1 depends on w inside the PML layers, which are detailed in the next sub-section. For
elements inside the PML, the right eigenvector will be computed with formula instead of
theorem [} In practice, we have observed degenerate eigenvalues due to PML layers or accumu-
lation points. Accumulation points occur for poles and zeros of the permittivity (w). In the 2-D
transverse electric case (i.e. E = ue,), we did not observe accumulation points for zeros of e(w).

4.6 PML

In this section, we describe how dispersive PMLs are handled. The damping coefficients o, oy,
and o, inside a PML where z > xg, y > yo or z > zg are parabolic:

31og(1000

01 =04 = %(l‘ — x0)2vmw g
31log(1000

Oy =0y = %(y —90)*Vmaz O
3 log (1000

03 =0, = w(z — zo)gumaz 0.

2a3
The coefficient o serves to adjust the reflection coefficient of the PML. v,,4, is the speed of
the wave inside the PML and a is the thickness of PML layer. In this section, we describe
the formulation used for dispersive PMLs. The matrices My, K; are no longer symmetric. We
provide relations between the left eigenvector x;- and right eigenvector x,,. As a result we do
not need to compute the eigenvectors of the adjoint problem, since we can compute x; directly
from the right eigenvector x,,.

4.6.1 2-D case
In Transverse Electric case, we have
E=ue,, H=v,e, +vye,.

We use a split formulation of the PMLs where u = u; + uy inside the PML. The unknowns u,
ug, and v = (vg,v,) are solutions of:

. Ovy
—IWEp U] + Ep Ogp UL — =0
ox
e L. vy
—lWEpU Oylly — —> =
b U2 b OyU2 ay
. o, O
ZW/LbV+ub< 0 v—V(u +u) =0
Y
u =0 at the border of the PML.

We consider the unknowns:
U = U1 + Uz

u = Uy — usg.
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Non-uniqueness of QNM expansion 21

u, u*, v, are solutions of the following system,

—iwsbu—l—ebLj 5 Uyu—l—abaw 5 Oyu* —divv =0

. . o toy Oy — Oy Ov,  Ouy (32)
— +ep———u +egp———u—|——-———] =0

iwepu* + ey 5 u* +ep 3 u ( o 3y

—twpp v+ pupov—Vau = 0.

The unknown u* exists only in the PML domain. In the physical domain, only unknowns w and
v are present, and we solve

—iwe(w)u —divv = —iwj
—twpp v+ pupov—Vu =0,

where j is the source term. Of course, additional unknowns p and ¢ are added in .., to linearize
the system in w. After discretization, we will obtain :

—wM, Uy + K, Uy, = Fy,.

€L

The matrix M}, is symmetric, while K}, is not. The left eigenvector x;,

X,, are written as:

and the right eigenvector

1
N u,, u,,
_ *, L _ *
X, = uni , Xm u,,
Vi Vim

We have obtained the following relations (A, = iw,, is the eigenvalue associated with x,, and

x:-):

O+ O

*, 1 Oz — Oy

u, " = u,,
( 2)\m )
and
1 out N ourt
vl — | m(=Am+o02) \ Oz Oz
m 1 (8u; B 3u;ﬁ>

The proof is given in appendix

4.6.2 3-D case
In the PMLs we have:

—iWEbE + €T2’3’1E —~-VxH" =0
—iwubH + ILLT27371H + V x E'=0
—in* + T3’1,2E* + iwE — T1’2’3E =0

RR n° 9348 —iwH" + T3 1 oH" +iwH — Ty 23H =0

E xn=0 atthe border of the PML,
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ag; 0 0
with T; ;s = | 0 o; 0 |. The unknowns E* and H" exist only in the PML domain. In
0 0 Ok

the physical domain, there are only unknowns E and H (supplemented by unknowns P and Q
in Q,es) that solve . After discretization we will obtain:

—1wM Uy, + KUy = Fy,.

The matrices M, and K, are not symmetric (see appendix (C)). If we note x,,, = (E,,,, Hy, E;r  H )

the right eigenvector, the left eigenvector x;- is given as:
E;kn
,H:n

To31—Ts1,2

1 _ 14 —=———== | g E,,
Xm = < + —Am +T312 b ' (33)
To31—Ts1,2
—(1+ 29, ) H'm
( —Am +T31,2 Ho

The proof is given in appendix [C] Straightforward computations give that

(thm,xL>:/ MEm-Em—M

H,,  -H,,d?

(—iw+T231) (—iw+T3_1 2) (—iw+T231) (—iw+T312)
ew)=¢ - == w) = - s 34
() b —iw (—iw + T1,2,3) plw) = o —iw (—iw + T1,2.3) (34)

inside the PML. We find the announced normalization in the introduction.

4.7 Static modes

In the 2-D transverse electric case (E = ue,), the static modes satisfy
Vi, =0.

Moreover we impose a null Dirichlet condition on PML boundaries. As a result, the static modes
satisfy wu,, = 0 on all the domain. This is also true at a discrete level because u is discretized
with continuous finite elements. As a result, static modes have non-null components mainly for
unknown v. The formulas , @D, , and can be used to reconstruct the unknown
u if static modes are dropped.

For the 3-D case, the static modes satisfy

V xE,, =0.

They are usually constituted of gradients of functions. The associated eigenspace is usually
large. In the numerical experiments, we have observed that 50% of the eigenmodes are static
eigenmodes. Clearly, in large 3-D cases, it is not possible to compute and store all these static
modes, that’s why we have made the choice to compare formulas without these modes. Besides,
we have observed that the matrix M,:lKh is often not diagonalizable because of these static
modes. Because of this lack of diagonalization, some eigenvectors are not correctly computed or
the Gram-Schmidt process fails.
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Non-uniqueness of QNM expansion 23

5 Numerical results

The numerical results have been obtained with the software Montjoie |Duruflé (2018)) for the
computation of finite element matrices M, and K, given in section[3] The fields will be displayed
inside the physical domain.

In this section, all the eigenvalues of the matrix M;lKh are computed with Lapack. We
represent adimensionalized pulsations w,, defined as

Wm
Wi, =
Wadim
where .
_ T ¢
wadlm = f’ L(] =10"".
0

¢p is the speed of light and Ly the characteristical length (here 100nm). All of the eigenvalues
such that |w,| < 1075 are dropped in order to remove static modes. Since the eigenvalues
are complex conjugate, only eigenvalues (and associated eigenvectors) such that Re(@,,) > 0
are stored. The eigenvalues such that \,, = o; (0; is the damping function in PMLs) are also
excluded, since the auxiliary fields H, E*, H* cannot be eliminated (division by zero) for these
eigenvalues. In practice, we have observed that the associated eigenvectors have null components
(at machine precision) for the unknown E,, and do not contribute to the field Eg. Finally, if
two pulsations w;, w; are close enough (i.e. |w; — w;| < 1079) they are considered degenerate.
In this section, we will compare the following formulas

e Formula denoted as Usual, since it can be obtained from a direct linearization of
Maxwell’s equations.

e Formula @[) denoted as Alternative Source, since it can be obtained by choosing a
different right hand side of Maxwell’s equations.

e Formula denoted as Order2, since it can be obtained from second-order formulation
of Maxwell’s equations.

e Formula denoted as P-unknown, since it can be obtained by reconstructing the field
E from the modal expansion of the unknown P.

e Formula denoted as Q-unknown, since it can be obtained with the unknown Q.

e Formula denoted as Alternative + P, since it can be obtained with the unknown
P by choosing the alternative source. We observed that this formula does not work with
metallic materials (an explanation is given in sub-section . As a result, this formula
will be used for non-metallic materials only.

These formulas are rewritten in the table [I
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Table 1: Formulas used to computed the scattered field Eg

With the coefficients v, and f,, defined as

w
B = m/ (e(w) — ep)Eine - EpndQ
m = Qres
om = / (Eb - Eoo)Einc ' EmdQ + = -~ / (8((:;m) - Eb)Einc : ETTLdQ
Qres Wm — W JQ,.,
Formula Expression
Formula (Usual) Egs = Z BmEm
Formula @D (Alternative Source) Eg = ZamEm
Formula (Order2) Es = Z NiﬂmEm
m
Formula (P-unknown) Egs = Z MﬁmEm
(e(w) —ex)
Formula (Q-unknown) Es = Z ?Wﬂm]ﬂm
Formula (Alternative + P) | Eg = —E;. + Z (‘E(?’n;) - 6@(;) amEn,
e(w) — €co
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5.1 2-D golden disk

In the 2-D case, we consider a scalar electric field (corresponding to the z-component of Eg) and
a vectorial magnetic field (corresponding to x and y-components of Hg). We first look at the
case of the field diffracted by a metallic disk with a radius of 100 nm, where the metal is gold,
which can be can modeled accurately with Drude-Lorentz model with D =2, L = 2. We
have chosen the values computed in (Sehmi et all) 2017b]) (table II column with L = 2), they
are repeated in table[2] These constants are given in electron-volts, they must be multiplicated

€00 m M M2 Yo
2.6585 1056.9 0 -1056.9 0.07247

Al ) fop) Qy
0.57604 + 0.184431 2.5509-0.274271 4.1891+4.24261 2.8685-1.21951

Table 2: Constants €0, Nk, Yk, Ok, 2k for gold.

2
by % where e = 1.602176634 - 10~ is the elementary charge and h = 6.62607015 - 10734 is
the Planck constant. The physical computation domain is 400 nm long and 200 nm wide (see
figure [1). PML layers are added to the mesh of figure The thickness of PML is equal to
100nm with two cells in direction of PMLs. The damping of PMLs o is taken equal to 3. The
disk is made of gold while the surrounding medium is the vacuum. We represent in figure

Figure 1: Mesh used for the scattering of a disk

the numerical adimensionalized pulsations w,, obtained with the mesh displayed in figure [1| and
fourth-order finite elements. We can compare these pulsations with analytical QNMs for the
disk (computed with Bessel functions). The comparison is displayed in figure We see that
QNMs are correctly computed, and we also observe the presence of other modes that we call
PML modes. The matrices M}, and K;, have 6440 rows. Among the 2364 eigenvectors stored,
488 are associated with a degenerate eigenvalue. Degenerate eigenvalues are represented with
red squares in figure [2 These degenerate eigenvalues are due to accumulation points (here due
to poles of the dielectric permittivity) or due to PML layers.

The field driving the system is a plane wave propagating along the x-axis, at the real frequency
w :

w
where £ = — is the wave number. The scalar field u = FE, is discretized with continuous finite

Co
elements (here Q4 with the mesh of figure [I). The solution is plotted for two wavelengthes
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Figure 2: All numerical adimensionaliazed eigenvalues for the golden disk, degenerate eigenvalues
are located within red squares.
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Figure 3: Numerical eigenvalues located in the box [0,2] x [—1,0] for the golden disk. In red,
analytical eigenvalues of Quasi Normal Modes.

A = 250nm and A = 500nm in figure [@ In this figure, we represent the solution only inside the
physical domain (without PMLs). For the wavelength A = 250nm, we have computed a relative
L? error of 0.094% between the numerical solution and the analytical solution (computed with
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Figure 4: Real part of the total field for A = 250nm and A = 500nm and the golden disk.

Hankel functions).
We compute the field diffracted by the disk for 201 angular frequencies w evenly spaced in

the interval [wq,ws] where
2 Co 21 Co
wy = wy = .
1 Al ) 2 AQ
The two wavelengthes A1, A2 are equal to 1 pm and 250 nm. In figure [5] we display the relative
error between the modal solution

Egnodal _ Z amEm

and the direct FEM solution

ELEM — (—iwM,, + K7L,
as a function of the spectrum width. For a given spectral width, the relative error is computed
for the 201 angular frequencies and the maximum value of this error is retained and plotted. For
a given spectral width L, only the modes whose eigenfrequencies @,,, verify

Re(&m) € [-Lw Lw and Im(@,,) € [~wyqim L/2, 0]

adim> adim]

are included in the expansion. The relative error is computed on the whole physical domain €2,
(PMLs are not included) by the formula

Jo,

dal 2
geda ng“EM’ ds,

Relative Error = 5
fo, [EE™M a2,

For this case, all the formulas converge nicely to the expected solution. The formula is the
most accurate while the formula is the least accurate.

5.2 2-D silicon square

We consider the scattering by a silicon square [—400nm, 400nm)? surrounded by vacuum. The
computational domain is a rectangle [—500nm, 500nm] x [0,500nm]. A Neumann condition is
imposed on the axis of symmetry y = 0. The silicon is modeled by a Lorentz model with five
poles as proposed in [Sehmi et al| (2017a)), the values for Qj and oy, are repeated in table[3] The
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Figure 5: Relative error between the scattered field computed with the modal expansion and
with a direct FEM solver as a function of the spectral width. Case of the golden disk.
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QQ 03

0.81568

1.6934 + 2.084i

3.3736 - 0.11402i

5.2573 + 8.0106i

3.6519 - 0.523781 -1.7164 + 5.99391

Q3

04

Q4

o Qs

4.287 - 0.21116i

-0.00528 + 0.32911i

5.3188 - 0.18434i

-3.

8438 4 6.92981 5.5064 - 1.7892i

Table 3: Constants €., 0y, Q) for silicon.
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Figure 6: All numerical adimensionaliazed eigenvalues for the silicon square, degenerate eigenval-
ues are located within red squares. On the right, eigenvalues contained in the box [0, 5] x [—1, 0].
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thickness of PML is equal to 100nm with one cell in direction of PMLs. The damping of PMLs
o is taken equal to 3. Eighth-order finite elements are used for this simulation. In figure [6] the
eigenpulsations w,, are plotted in the complex plane. We see the accumulation points (with their
multiple eigenvalues) that are located on poles of £(w). The matrices My, K}, contain 39640

4 a1 V5
3
2 21
i 11
0 :
-4 —3 0 2 4
5

4
v,
3 '. )
i '.0' ‘ . ‘ :4
" '—;..‘6—. 3 4

Figure 7: Real part of the total field for wavelengthes A = 200nm, 400nm, 500nm, 600nm for the
silicon square (left to right and top to bottom).

rows. Among the 16933 eigenvectors stored, 4974 are associated with a degenerate eigenvalue.
The field driving the system is a plane wave propagating along the x-axis, at the real frequency
w :

Eine = e,
The total field is displayed in [7] for different wavelengthes. We see the change of behavior of
silicon. This material has almost no damping for A > 500nm and behaves almost like a metal
for short wavelengthes.

In figure [8] we chose to represent the error inside the silicon resonator in order to compare
the formula with other formulas. The relative error is computed for 201 angular frequencies
and the maximum value of this error is retained. Pulsations are evenly spaced in the interval
[w1, wa] where

- 2 Co - 21 Co
w1 = Al ) Wz = AQ .
The two wavelengthes A1, A2 are equal to 800 mm and 200 nm. We observed that the formula
does not work outside the resonator, but provides accurate results inside the resonator. For
this case, the formula is the least accurate. The large number of modes N is here due to
the presence of accumulation points in the region of interest (five poles). Finally, in figure EL
the relative L? error inside the square is plotted versus the angular frequency w when N = 8908
modes are used in the modal expansion.
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Figure 8: Relative L? error for the interior of the silicon square versus the number of modes N.
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Figure 9: Relative L? error versus the pulsation w for the interior of the silicon square

5.3 3-D silicon sphere

We consider the case of a field diffracted by a silicon sphere with a radius of 100 nm. The silicon
can be modeled accurately for A € [500 nm, 1.5 pm] by a Drude-Lorentz model with a single pole
(D =0,L =1). The coefficients Q) and o are found by a least-squares fitting over the interval
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w (in eV)
Figure 10: Real part and imaginary part of £(w) for a Lorentz model of the silicon with one pole

(L =1) or five poles (L = 5).

[500 nm, 1.5 um] by using the function least squares of Python package scipy.optimize. The
obtained coefficients are given in table[d] The constants oy and Q4 are given in electron-volts. In

Eoco 01 Ql
1.12648273  2.1759525332+20.7758488921  3.95095351-0.19089288i

Table 4: Constants e, 0, i for silicon.

figure the permittivity has been represented for this reduced model (L = 1) and the original
model given by table 3| (L = 5). We check that there is a good agreement until w ~ 2.5¢V
which corresponds to wavelengthes greater than 500 nm. The physical computation domain is
the parallelepiped box [0, 150nm] x [0, 150nm] x [—150nm, 150nm] with a quarter of the dielectric
ball (see figure . PML layers are added to the mesh of figure The thickness of PML is
equal to 100nm with only one cell in direction of PMLs. The damping of PMLs ¢ is taken equal
to 1. The source is an incident plane wave oriented in z-direction and polarized in x-direction

_ _ikz
Ejpc = €"e,

We impose a Perfectly conducting condition on plane z = 0 (i.e. E x n = 0) and a Neumann
condition on plane y = 0 (i.e. H x n = 0) in order to have the same solution as for the whole
sphere. Fourth order edge elements are used for the unknown E and the mesh of figure ﬂ;ﬂ We
compute the field diffracted by the sphere for 201 angular frequencies w evenly spaced in the
interval [wy,ws] where
- 27TCO - 271'00
w1 = )\1 y Wy = /\2 .
The two wavelengthes A1, Ay are equal to 1.5 um and 500 nm. The numerical solution obtained
for 500nm is plotted in figure The error between this solution and the analytical solution
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Figure 11: Mesh used for the scattering of a sphere

Figure 12: Real part of diffracted field (component E, of electric field) for three planes Oxy, Oxz
and Oyz. Case of a silicon sphere (A = 500 nm).

computed with Mie’s series is equal to 1.3% for 500nm and 3% for 1.5 pm. For this case, the
matrices My, Kj, have 31 246 rows. Among the 8084 stored eigenvectors, 817 are associated with
degenerate eigenvalues.

Numerical pulsations are plotted in figure [I3] with the same adimensionalization coefficient
Wadim @S in 2-D. When we zoom in on the box Re(w) € [0, 5w, qip), Im(w) € [-0.5w,qiy» 0.0,
we obtain pulsations w,, of the figure In this figure, we have also represented the analytical
pulsation of QNMs. Similarly to the 2-D case, we compute the relative error between the modal
solution and the direct FEM solution. However, the relative error is computed with the curl of
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Figure 13: Numerical adimensionalized pulsations for the silicon sphere. Degenerate eigenvalues

are located within red squares.
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Figure 14: Numerical adimensionalized pulsations for the silicon sphere. Numerical eigenvalues

are in blue, analytical QNMs in red.

E in order to remove the contribution of static modes:

Relative Error =

RR n°® 9348
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This error is plotted in figure [I5] for different formulas. Similarly to what has been observed
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Figure 15: Relative error on curl of E versus the spectral width. Case of the silicon sphere.

in 2-D, the formulas provide a modal solution that converges towards the direct FEM solution.
For this case, the formula is the most accurate while the formula @D is the least accurate.
Similarly to the 2-D case, only modes such that
Re(@m) € [~Lwygim» L wadipm) and Im(&,,) € [—w,qim L/2, 0]

are kept, where L is the spectral width. When a reduced spectrum is selected, the formula
is the most accurate. In figure the relative error is computed on curl(E) but only inside the
resonator. We can see that the formula is quite accurate for small values of L, this formula
does not converge because the incident field is projected on degrees of freedom by interpolation
(instead of solving a linear system with the mass matrix). As a result, it stagnates at 1 % which
is the level of accuracy of the interpolation for this case.

If the electric field is desired, a nice approach consists in discretizing H with edge elements
(instead of E), reconstructing H with the modal expansion:

Hmodal _ Z ozmI:Im.

and of computing Eg by using Maxwell’s equations

1
Eg——— (J FV X HmOdal) (35)
—iwe(w)
In figure the relative error on the electric field has been computed by using this method. The

formulas , @, or can be used to obtain Hmodal with the coefficients «;,, (because
they are obtained with fs = 0, see for instance theorem . The coefficients «,,, given by the

formula can be used only to reconstruct E™dal (with equation (17])). The reason is that
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Figure 16: Relative error on curl of Eg versus the spectral width. Case of the silicon sphere,

only interior of the sphere is taken into account.
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Figure 17: Relative error on electric field Eg (as computed in ) versus the spectral width.

Case of the silicon sphere.

this formula has been established by introducing the unknowns E, E', P’ Q' (see section (4.3))).
Thus, only these four unknowns can be reconstructed with this formula and not H. In figure
we observe that the reconstructed field E with this method converges correctly to the numerical

RR n°® 9348



36 Duruflé € Gras € Lalanne

eletrical field. For this case, the formula is the most accurate.

5.4 Silver rod

We consider the case of a silver rod. The resonator is a cylinder of radius 240 nm and of height
400 nm. Only a quarter of the cylinder is meshed with Dirichlet/Neumann conditions to obtain
the same solution as for the full cylinder. PML layers are added for x,y,z > 400nm and a
Silver-Miiller condition is set for z = —400nm. The silver material is modeled by a Drude-
Lorentz model with D = 2, L = 2. In table [f] coefficients of this model are given, they have
obtained with the function least square as in the previous function. The measured values of
have been taken from http://sspectra.com/sopra.html. In figure[I8 we have represented the

€00 m 26! 72 Yo
1.2135 883.46 0 -883.46 0.0866887

01 O 02 Qo
3.5366 + 4.5884i 4.249 - 2.11531 0.74248e - 0.19950i 4.0097 - 0.30102i

Table 5: Constants e, Mk, Yk, Ok, 2 for silver.

measured ¢(w) and the computed model. Fourth-order edge elements are used, the numerical

20 1~
1
]
\
\
\
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---- Im(g), measured
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Figure 18: Real and imaginary part of € versus w. Comparison between the measured permittivity
and the Drude-Lorentz model.

eigenpulsations obtained for this case are displayed in figure [[9] The matrices My, K), have
36 089 rows. Among the 9836 stored eigenvectors, we have 486 eigenvectors associated with a
degenerate eigenvalue. For this case, we observe in figure [L9 that degenerate eigenvalues appear
only for poles and zeros of the permittivity e(w). Degenerate eigenvalues associated with PMLs
appear most of the time because of the symmetry of the PML layout. For example, if we replace
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Figure 19: Numerical eigenpulsations w,, in the complex plane for the silver rod.

the Silver-Miiller condition by a PML for z < —400nm with the same parameters as for the
PML z > 400nm (i.e. same damping o and same thickness), degenerate eigenvalues are observed
outside of poles and zeros of e(w).
The source is an incident plane wave oriented in z-direction and polarized in x-direction
_ ik

Ej . =¢"Fe;
We compute the field diffracted by the sphere for 201 angular frequencies w evenly spaced in the
interval [wy,ws] where

271'60 2’/TCO

wy) = Wy = .
1 )\1 ) 2 )\2

The two wavelengthes A1, Ao are equal to 900 nm and 400 nm. With this choice of wavelengthes,

1
the real part of the permittivity does not belong to the critical interval [3, —3 The mesh

is very coarse, such that the numerical solution (see figure is not accurate. The numerical
error is estimated to be around 20 %. In figure the different formulas are compared in the
physical domain. We observe that the formula is the most accurate for this case.

6 Conclusion

In this report, we have considered the solution of Maxwell’s equations for dispersive materials
modeled by a Drude-Lorentz model. A classical approach to compute the solution on a frequency
range consists of computing the eigenmodes of the system (QNMs) and projecting the solution
on these modes. We have shown how different linearizations of Maxwell’s equations with respect
to the pulsation w can lead to several formulas for the projection coefficients a,,,. With this
approach, we show how formulas classically found in the literature (e.g. (8), (9), (10)) can be
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Figure 20: Real part of the total field (component E, of electric field) for three planes Oxy, Oxz
and Oyz. Case of a silver rod (A = 400 nm).
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Figure 21: Relative error on curl of Eg versus the number of modes IN. Case of the silver rod.

proven at a discrete level. An infinity of formulas exist for the excitation coefficients a,, a general
formula ([12]) is obtained by splitting the source into the different equations. The formulas ,
and (28])) are obtained with a particular choice of splitting. We have established the link
between the biorthogonal projection (that is usually the method of choice in numerics to project
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the solution on eigenvectors) and analytic formulas that have been obtained in the continuous
space. Because of the symmetry of Maxwell’s equations, the left eigenvector can be computed
from the right eigenvector without solving the transpose eigenvalue problem. The expressions
of the left eigenvectors are provided by the theorem for Drude-Lorentz material and by the
equation for dispersive PMLs. We provided in the algorithm [1| a simple way to handle
correctly degenerate eigenvalues. These eigenvalues usually appear because of accumulation
points (located at poles or zeros of the permittivity function) or because of a symmetry in the
PML layout.

Numerical experiments confirm that the formulas , @, , 7 and can be
used to reconstruct the electric field. If all the eigenmodes are included in the modal expansion,
all these formulas provide the same solution, i.e. the finite element solution. In the tested cases,
the formula is the most accurate. In the case of non-metallic resonators (wor 7# 0), the
formula is of interest to obtain the field inside the resonator. In 3-D computations, since
static modes are dropped, the electric field cannot be computed directly (only its curl is correctly
computed). We have proposed to use formulas , @, or to compute the magnetic
field and recover the electric field by using Maxwell’s equations (equation )
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A Finite element matrices

A.1 First-order formulation

The computational domain 2 is made of hexahedra (in 3-D) :

0 =|JK;

where K is a single hexahedron. Edge elements based on Nédélec’s first family are used for the
unknowns E and discontinuous finite elements for unknowns H, P and Q :

E € V), = {u € H(curl, Q) such that VK; € Q, DFuoF, € Qy_1,, X Q1 X Qrpro1}

H,P,Q € W, = {ue (L*(Q))® such that VK; € Q, ueQ?,  }

T,

where F; is the transformation from the unit cube [0, 1]? to the hexahedron K;, DF; its jacobian
matrix and Q. r, r, is the following polynomial space

r1 T2 73
4
Qryrars = (P(X) = E E E , a0 mn T1T5' T3 Agmn € C

£=0 m=0 m=0

Inria



Non-uniqueness of QNM expansion 41

For the basis functions ¢, generating the space Vj,, we use the basis functions detailed in |Cohen
and Duruflg| (2007). For the basis functions ; generating the space Wy, we use Lagrange
interpolation polynomial

By e (%) = S (@) G (22) Gl (5)

where
[[z-¢
GL J#i
i (1) = T
1Is -4
J#i

with ; the Gauss-Lobatto points on the interval [0,1]. The basis functions on the hexahedron
K; are then given as X

¢i17i27i3 oF; = ¢i17i2713
The stiffness and mass matrices K; and M}, associated with the system are given by:

DF 0 0 0
B 0 wDT 0 0
Mp = 0 0 D, 0
—O’kc,}z; 0 0 Dh
Sn Ry 0 Ch
| R 0 0 0
Kn = 0 0 0 -D,,
—cka 0 w(Q)’th ’yth

where h denotes the mesh size and

(DF), ; = /Q e @i(X) - 0 (X)dx
(1)) = /g 1) - o3 (x)idx

(D), ; = /Q hs(x) - b, (x)dx

s/f @i(x) X 1) (p,(x) x n)dx

where n is the outgoing normale on the boundary I's where a Silver-Miiller condition can be set.
Here, we consider
_ €oo in Qres
¢ { €y, elsewhere.
Degrees of freedom for P and Q are restricted to the domain €2,..;. All the integrals are evaluated
with Gauss-Lobatto points such that matrices Dy, and DhH are diagonal.

For the 2-D case, the unknown E is scalar (we consider the Transverse Electric case) and
discretized with nodal continuous elements, unknowns P and Q are also scalar and discretized
with basis functions of E. The unknown H is vectorial and discretized with discontinuous
elements. Basis functions are also based on Gauss-Lobatto to achieve mass lumping.
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A.2 Second-order formulation

We use the same variational spaces and same basis functions as the previous section. The stiffness
and mass matrices K; and My, associated with the system (26)) are given by:

D;, 0 0 0
1o DY 0 0
M=y 0 D, 0
0 —o0xCL 0 D,
0o -DI 0 0
K, — K/ S, 0 Cy
h 0 0 0 -Dy,

0 —ckCZ wath ’}/th
with the additional matrices

<m»;lgww%mw

<K%M=LﬁgvX%@»«vX%@»w

B Computation of biorthogonal vector for 2-D PML

The proof of the relations given in subsection is done with continuous operators M and K.
Its extension to discrete operators (i.e. matrices My, and Kj,) is straightforward thanks to mass
lumping. We have the eigenvalue problem:

Kx,, = \,,Mx,,

where
Uy
Xm = | uh,
Vim
and
b<gz_;_o-y) b <UI20—?J> —div
Ep 0 0
M=|0 & 0 |.K=]|, (ox—ay) (a;ﬂrau) _div,
O 0 _,U/b 2 2
v 0 —Up O
9
ov, O .
where div v = Dz Ty and V, = Oz We want to know x#l, the eigenvector of the
ox Oy 9
y

adjoint problem:

where x;. is split into three components :
L
TR ]
— *,
Xm = Uy,
vk

<
S
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We write the matrix K of the adjoint problem.

€p <JIJ2rJy> €p <0z ; Uy) —div
T _ _
K = €p (0w20y> €b <U$;—0y) 0

\Y A\ —p o

The second equation of the adjoint problem yields a relation between u;, and u*:

ol (02— Ty)Uin

M 2\, — (0n + oy)

We infer that

u

€1

: 1 *, 1
- as a function of u,, and w};

The third equation gives us v
Vi = [ (<A +0)] 7 (Vg + Viuib).

The first equation of the adjoint eigenvalue problem is given as

Oy + 0y N Oy — Oy . N L
b (2> Uy, + € 2 uy— —divvy, = Apepuy,

Using the two previous equations, we now get
Oy + 0o Oy — O 2 uk
e y o L @ Yy m
5b( 5 )\m) Um+€b< 5 ) o, T 0y
Ay — ——

N T A o I

and we denote y as

y = —div <u;1(Am +o)7 (V“fn VL @ff__(ji)ﬁy))))

The part of the variational formulation associated with y will provide

-1 n -1 B
/wdQ = / et k)
Q Q —Am+o0og O 0r =Ny 40,00 \ 2\, — (02 +0y) or
Hy'  Oupdp ' 0 o=y 1\
—Am oy Oy Oy =Xy + 0y 0y \ 2\, — (0, +0y)

+

Since the damping o, does not depend on x, we have

2 (2)\7,,, —(0p +0y) + (04 — 0y) uk- Oy,

0
L) = 2 m — Oy) 5~ — | = (- m .
Oz 20 — (05 + 0y) um> (A UJ)@:E <2/\m — 0, + O'y> (ZAm +oy) ox’
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with
U,
tm = oy +0
A z Y
“(=57)
Similarly, we proove
0 (2\y, — (0z+0y) — (05 —0y) | O,
v = (=,
Oy < 2\ — (0z +0y) tm ( -+ 02) Oy

As a result, we obtain

1 [ —Am F 0oy Oupy Op 1 =Am F+ 0o\ Oupy, Op
dQ — 1 m 7 m V¥ 1 m x m V¥ A0
/Qy(p /Qub ()\erO'm) Ox 6x+'ub —Am +oy/) Oy Oy
For the mass terms, we have

o, + o0 2 Oy — O 2
(s =52 (552) un = e

2 2

Therefore, the unknown wu,,, satisfies the following variational formulation

—A+oy 0
-1 _)\+Um
e (A +0g) (A +0y) um p + At Vg - VedQd =0
Q 0 _ Oz
A+ oy

which is the same variational formulation satisfied by ,, (first component of the eigenvector
of Kx;;, = \nMX,,). up, is proportional to @, if A, is a simple eigenvalue. In order to have
ut = i, in the physical domain, we will divide by —\,,,. We therefore have the following relation

m =

We infer that

™ TN,

it is computed from u; and u’;*

—1 1 *, 1
ou ou’
Hy ( m+ m)

€

m?

For the last component v

vl = —Am +0z \ Ox ox
m 1yt My, Oup™
—Am +oy \ Oy dy

C Computation of biorthogonal vector for 3-D PML

We have the eigenvalue problem

KU =), MU
where A\, = i@, is the eigenvalue with
Ep 0 0 0 €bT2,371 0 0 -V x E
o 0 Hb 0 0 _ 0 /Lng’g’l V x 0 _ H
M = -1 0 1 0 |’ K= —Ti253 0 Ts12 0 , U= E*
0 -1 0 1 0 —Ti23 0 Ts12 H*

3
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In order to find the left eigenvector of this system, we consider the adjoint eigenvalue problem

to this system.
KTut = \MTU*,

with Ut = (EJ‘, Ht E“*, H“‘), which grants us the following system of equations:

(= Am + Ta31)EL — (—Ap 4+ T123)E" =0
po(=Am + To1)HE — (=X, + Ty 03 HY =0
(A +T312)E"T +V xH =0

(A +T312)H" —VxE- =0

(36)

We are now going to try to identify the different components of U*. First off we can show
E+ = E*. The third equation and second equation of give:

E*,J_

-V x HJ— -1 ( _AT)'L + T1,2,3 H*,J.)
I )

= = v X
“Am+Tz12  —An+Ts312 (=Am + T34

The first equation and fourth equation of (36]), provide

E*’J‘ _ €b<_)\m + T2,3’1)EL7 H*’J‘ _ V X El
A+ T3 ~Am + T30

By substituting these expressions in the previous equation, we obtain an equation in E*' only:

ep(—Am +T2,3,1)EL -1 ( —Am+Ti23 v EL>

= Vx| -
—Am +Ti23 —Am +T312 o (=Am +T231)(—Am + T31,2)

Since E* verifies the same eigenvalue problem, we can choose the constant such that

Et =E*
V x E* A+ T
Next, we will show that H- = —H*. Using H** = ﬁ and H*- = 1 - :T 281) gt
—Am 3,1,2 —Am 1,2,3
we can show that
A+ T )
H = + 212 VxE =-H

po(=Am + T231)(=Am + Ts31,2)

and from there, it can easily be shown that

—Am +Ta31
Evt = 0 20 g E
—Am +T3.12 ’
—Am +Tas1
H*,l - _ 19y H
—Am +T312 He

Which we can rewrite:

T231—Ts1,2 1 T231—Ts1,2
E*,J_: 1 s ) E H*, — 1 ) ) H
( * = +_)\m+T3,1,2 o

Therefore we have obtained the left eigenvector given in formula ([33).
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