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THE CIRCUIT — HYPERGRAPH OF A TOURNAMENT

J-C. BERMOND?®*

Let 7(7,) be the minimal number of arcs which must be deleted
(or reversed) in a tournament T, in order to obtain a graph without cir-

cuits. In this article we give results on the function f(n)= max T(Tn)
7

n
(maximum taken over all the tournaments with » vertices), answering a

conjecture of Kotzig [7]. Other known results and references can be
found in [2].

. DEFINITIONS AND PRELIMINARY RESULTS

Throughout this paper G = (X, U) will denote a finite oriented graph,
where X is the set of vertices and U the set of arcs. 7, will denote a
tournament (graph (X, U) in which each pair of vertices x,y is joined
by one and only one of the arcs ;; and ;Z) with | X|=n, and so

nin — 1 _ gt 2 s .
| U} = —~-(——2-——l. A circuit of G is a sequence of different vertices
Xy Xgee s XX e X such that xx; |, (i=1,2,...,p - ) and X, X

are arcs of (.
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Definition 1. To a graph G = (X, U) we associate the hypergraph
C(G) = (U, O), called the circuit-hypergraph of G, whose set of vertices
is U (set of arcs of () and whose edges are the circuits of . This
hypergraph has been studied by Chaty [4].

Definition 2 (see Berge [1]). A transversal set of a hypergraph H
is a set of vertices of H that meet every edge of the hypeigraph and the
transversal number 7(H) is the minimum number of elements of a trans-
versal set.

Let 7(G) denote the transversal number of the circuit-hypergraph
C(G) associated to G, thatis, the minimum number of arcs that we must
delete from G in order to obtain a graph without circuits. It has been
proved by Grindberg and Dambit, Remage and Thompson
(see [2], p. 9) that 7(G) is also the minimum number of arcs whose ori-
entation must be reversed in order to obtain a graph without circuits.

Example. For the tournament 7 of Fig. 1 14, 15, 25 is a trans-
versal set, so (Ts) = 3. We shall see later that T(TS) =3

Fig. 1

Instead of 7(G), we can consider the number w(G), the stability
number of the circuit-hypergraph of G, which is the maximum cardinal-
ity of a set of arcs such that the partial graph generated by these arcs is
without circuits (such a set of arcs is called a set of consistent arcs by
Erdés and Moon [5]). We have the relation 7(G) + w(G) = |Ul. 7(G)
has been introduced by Slater [9]) and w(G) by Erdds and Moon
[5]. The number 7(G) has importance in “paired comparisons’ (see [2]



for further details and references). In this case G is a tournament and

one of the problems is to determine the function f(n) = max 7(T,), where
T
n
the maximum is taken over all the tournaments with » vertices; as has

remarked Kotzig [7], fin) is also the maximum of 7(G) taken over
all the antisymmetric graphs G with »n vertices.

Various results have been obtained about the function f(n) (see

[2]), essentially upper bounds and that 1(’—:1) > é if n>o by Erdégs
(5)
and Moon [15]. Here we are interested in lower bounds of f(n).

Definition 3. H being a hypergraph, the matching number of H:
V(H) is the maximum number of disjoint edges of H.

Let v(G) denote the matching number of the circuit-hypergraph
C(G), that is the maximum number of arc-disjoint circuits of .

By a theorem on hypergraph ([1], p. 405) we ‘have:
Proposition 1. For every graph G: 17(G) = v(G).

Example. In the tournament T5 of Fig. 1 we have 3 arc-disjoint
circuits: 124, 135, 2345. Thus v(T'5) = 3 and by Proposition | (Ts) =
= W)= 3.

Definition 4. The maximum number of edge-disjoint cycles of the
non-oriented complete graph K n Will be denoted by mw(n). It has been

proved by Chartrand, Geller and Hedetniemi [3] that w(n) =

= [%[’—I—;J” (where [x] is the greatest integer not exceeding x).

e

Proposition 2. fin) > n(n) = {g[n__g__l]] : (For a proof see [2]).

By using the upper bound of Jung [6] (see also [2]) we have:
Proposition 3. For n<9: fin) = n(n).

{0 [2] p. 21 and 22 we have determined the values of f(10) and
S,



Proposition 4. f(10) = 15 (m(10) = 13); f(11) =20 (n(11) = 18).

Kotzig [7] has also found independently Propositions 1, 2, 3 and
the value of f(10). He has also conjectured that:

Conjecture 1 (Kotzig [7]). For n= 10 f(n) > n(n).

In his article Kotzig has proved that if f(n) > w(n) then f(3n)>
> w(3n). Here we shall prove similar results for f(3n+ 1) and f(3n + 2)
and so to prove the conjecture it would be sufficient to prove it for a small
number of values of n. For this purpose we need results on the transversal
number ot the circuit-hypergraph associated to the lexicographic product
(and generalized product) of two graphs.

2. LEXICOGRAPHIC PRODUCT OF GRAPHS

Definition. Let G = (X, U) and H=(Y, V) be two (oriented)
graphs the lexicographic product of G by H, noted G ® H, is the graph
which has the Cartesian product X X Y as set of vertices and in which
(xl,yl) is joined to _(j"z’yz) if and only if either {T,_, is an arc of G
or x; =x, and Y1, isan arc of H. G® H is called composition
of G with H in Moon [8] p. 78. (We can consider this graph as ob-
tained by replacing each vertex of G by a copy of H).

Example: ¢=C,, H=K,.

: H: I G®H@H®G@

Fig. 2



Proposition 5. Let G = (X,U) and H = (Y, V) be two graphs with
| XI=p and |Y|=gq, then (G o H)< pT(H) + qu(G).

Proof. First we prove that if G and H are two graphs without
circuits then G ® H is without circuits. Suppose, on the contrary, that
G ® H contains a circuit (xl,yl)(xz,yz) oo (g, ). If all the first
indices x; of the vertices of the circuit were equal, then V1Vy ooV
would be a circuit of H contrary to the hypothesis. Thus, two of the
x’.’s are different; let us consider the different xi’s in the order in which
they appear in the circuit: xi1 , xl.z, . ,xip, then by definition of the

lexicographic product xilxiz. ..X; contains a circuit of G, contrary to
{2

the hypothesis.

According to the definition of 7(G) and 7(H) we can obtain a graph
G' without circuits, by deleting 7(G) arcs from G and a graph H'
without circuits by deleting 7(H) arcs from H. By the first part of the
proof G'® H' is a graph without circuits and is obtained from G ® H
by deleting the ¢%7(G) arcs of the form (xl,y)(xz,}"), :CTX'; being an
arc of G — G' and the pr(H) arcs of the form (x,yl)(x,yz) where

_

Yy, isanarc of H— H' (the x is the same).
Conjecture 2. 7(G o H) = pr(H) + qur(G).

We are able to prove the conjecture, when 7(G) = v(G), by considering
vWG o H).

Proposition 6. Let S g be the graph with q vertices and no arcs,
then V(G o Sq) = qz\)(G).

Proof. Let the vertices of Sp be labelled: 1,2,...,4q. To the cir-

cuit x x, .. . X;...x, of G, we associate the g2 arc-disjoint circuits
(X DX, J+ @) (x, 7+ (= Da) ... (xp 0 + (k= 2a)(x, , @),
where j=1,2,...,q, a=1,2,..., q and where the second indices of

the vertices are to be taken modulo q. Then to the v(G) arc-disjoint
circuits of G, we associate ¢2v(G) arc-disjoint circuits in G Sq.

Conjecture 3. WG Sq) = q>u(G).
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Fig. 3

Lemma. T(S ® H) = pr(H) and \)(S ® H) = pu(H).
Proof. This results from the decomposition of S ® /1 into the
union of p disjoint copies of H.

Proposition 7. wW(G © H) > pu(H) + q*v(G).

Proof. This results from the decomposition of ¢ © H into the union
of the two arc-disjoint graphs S ® H and Geo S

Proposition 8. 7(G & ) = pr(H) + q- \)((, ).

Proof. This results from the decomposition of ¢ o H into Sp ® H



and G ¢ Sq, the lemma applied to T(Sp ® H) and the fact that:
(G ® Sq) Z (G @ Sq)> ¢*(G) (Propositions 1 and 6).

- Corollary. When 7(G)=v(G), then Conjectures 2 and 3 are true.

Theorem 1. f(pq) = pflq) + q*n(p).

Proof. The theorem can be deduced from Proposition 8, by choosing
as graph G a tournament Tp, with \)(Tp)z w(p), and as graph H a
tournament Tq, with T(Tq) = f(q).

Examples. p =3, ¢ = 10: f(30) > 145, (n(30) = 140); p = 3,
=11 A33) = 181, (n(33)= 176); p=17, q = 10, f70) = 805
(w(70)=793), p=17, q=11: (77 =987, (n(77) = 975).

In the case p =3 Theorem 1 leads to f(3n) > n° + 3f(n).  This
result has been proved by Kotzig (|7]); from this result Kotzig has de-
duced the following theorem:

Theorem 2 (Kotzig [7)). If fin)>n(n), then f(3n)> w(3n)+ 1.

Proof. From the value of w(n) = [%[2—5—11

of the following table, which proves that #% + 3mw(n) > n(3n) — 1.

, we obtain the values

7 w(n) n? + 3m(n) m(3n)
6k 6k? — 2k 54k — 6k 54k — 6k
6k + 1 6k + k 54k2 + 15k + 1 | 54k% + 15k + 1
6k + 2 6k% + 2k 54k + 30k + 4 | 54k + 30k + 4

6k + 3 6k? + 5k + 1 S4k% + S1k+ 12| 54k2 + 51k + 12
6k + 4 6k? + 6k + 1 54k2 + 66k + 19 | 54k% + 66k + 20
6k + 5 6k + 9k + 3 54k2 + 87k + 34 | 54k* + 87k + 35

If f(n)> m(n), then fln)> n(n)+ 1 and so by Theorem I:

f(3n) = n? + 3f(n) = n? + 3nn) + 3> 7(3n) + 2> w(3n) + 1.



3. GENERALIZATION AND APPLICATIONS TO f(n)

Definition. Let p, g, be three integers; let G = (X, U) be a graph
with |X|=p; let H=(Y U Z, V) be a graph with vertex set the union
of the disjoint sets Y and Z, where |Y|=gq and |Z|= /1 (the vertices
of Y are labelled from 1 to ¢ and those of Z from g+ 1 to g+ h);
and let H' be the subgraph of H generated by Z, and H" the sub-
graph of H generated by Y. We define a new graph G*(H,H') as fol-
lows: its vertex set is (X X Y)U Z and the vertices are labelled (i,7) with
i=1,2,...,p and j=1,2,...,q (f they belong to XX Y and (k)
with k=qg+ 1,...,q+ h (if they belong to Z); in G*(H,H') the
subgraph generated by X X Y is isomorphic to G @ H", the subgraphs
Hi0 (p in number) generated by the vertices (iO,j) with j=1,...,¢
and (k) with k=g + 1,...,q+ h are isomorphic to H for all i,.
Thus two vertices of G¥(H, H') are joined if and only if they are of the
form (i,,7,) and (i,,f,) if either ZE; is an arc of G or i, =i, and

17y is an arc of H; (i,j) and (k)—j_lg being an arc of H; (k) and
(k") — Kk belong an arc of H.

In the case Z = ¢, we obtain the lexicographic product G © H.

Example.

Fig. 4

We want to find 7(G*(H, H')) or at teast a lower bound; this can be



done by decomposing G*(H, H') into the union of arc-disjoint graphs.

We shall give here a lower bound which is good when g— is small.

Proposition 9. Let m(H') denote the number of arcs of H', then:
H(G*(H, H")) > g™ (G) + pr(H) — (p — 1)(m(H') — 7(H'")) .
Proof. G*(H, H') can be considered as the arc-disjoint union of
G ® Sq, H', and the p copies of H — H': H"o — H' (formed by the

partial graphs of Hfo obtained by deleting the arcs of H'). Let S be a
transversal set of G*(H, I'):

(D 1SN (G e SHI>7(G o S,) > q*v(G) by Propositions 1 and 6.

(2) ISNH 1< mH'"Y - 7(H'). Indeed let us consider the graph H'
obtained by reversing the orientation of all the arcs of /' (in number
m(H')), r(H) = 7(H') and so if we reverse in H' strictly more than
m(H") — 7(H') arcs, the obtained graph can be deduced from H by re-
versing the orientation of strictly less than 7(/') and so it contains a cir-
cuit; thus the cardinality of a transversal set is less than or equal to m(H'") —
—1(H"); SN H' being a transversal set of H' we have (2).

3) 1Sn H’.0 | = 7(H) for all iy because SN Hl.0 is a transversal set
of HiO which is isomorphic to H. Using the decomposition of G*(H, H')

2
we have: |[SNGYH,HY =SNG o S)+ > SN (H, — H)|+
q : )

lO‘;II
+ SN H'|. From S$n (I-Ii0 - H)Y=8n Hio ~SNH and from (1), (2),

(3) we deduce: SN G*(H, H') = ¢>WG) + pr(G) — (p — D)on(H') — 7(H"))
and since § was an arbitrary transversal set, the same lower bound hold
for T(G*(H, H')) = min | S|.

Proposition 9 implies the following theorem for f(n):

Theorem 3.
fgp + )= q*nip) + ;}]Z}i( {pr(l) — (p ~ DY(n(H") — T(H'))},

Where the maximum is taken over all graphs H with q + h vertices, H'



being any subgraph of H with h vertices.

Remark. In the case # = 0, Proposition 9 and Theorem 3 reduce to

Proposition 8 and Theorem | respectively. We shall give now lower bounds
of fipg+ h) for h=1,2,3 (Theorems 4, 6, 8).

Theorem 4. f(qp + 1) > ¢?7(p) + pflg + 1).

Proof. We choose a graph H with 7(H)= fl¢q + 1); H' being a sub-
graph with one vertex m(H')=0 and 7(H')= 0.

Examples,
p=3,9=9 f(28)> 126 w(28)= 121
p=3,g=10 _ f3DH=160 a(31)= 155
p=Tg=9 f64) > 672 w(64) =661
p="7,q=10 f71)=>840 «(71)= 828
Theorem 5. I/ fin+ D>an+ 1), then fBn+ 1)>a3n+ 1)+ 1.

Proof. The following table showsthat n? + 3m(n + 1) > 7(3n + 1) — 1.

n mn+ 1) nt 4+ 3wn+ 1) w(3n+ 1)
6k 6k? + k 54k% + 3k 54k + 3k
6k + 1 6k? + 2k 54k% + 18k + 1 | 54k% + 18k + 1

6k + 2 6k? + 5k + 1 54k% + 39k + 7 | 54k* + 39k + 7

6k + 3 6k* + 6k + 1 54k% + 54k + 12| 54k% + 54k + 13
6k + 4 6k% + 9k + 3 54k% + 75k + 25 | 54k° + 75k + 26
6k + 5 6k? + 10k + 4 | 54k% + 90k 4+ 37 | 54k* + 90k + 37

Thus, if fin+ )=x(n+ 1)+ 1, we have by Theorem 4:
fBn+ H=n?+3fin+ 1> n2 +3xn+ H+ 32780+ 1)+ 2.
Theorem 6. flgp + 2) = q*7n(p) + pfig + 2) — (p — 1).

Proof. We choose a graph H with 7(H) = f(¢ + 2); H having two
vertices m(H')=1 and #(H")= 0.



Examples.

P=8lq =g irgle
P 3429 9
PRGN
p=T,9=9 AE5

107 7(26) =104
139 w29 = 35
>547 - m(58)=.541]
701  w(65) = 693

Theorem 7. If fin+ 2)>w(n+ 2) and n £2 (mod 6) then
JfBn+ D> aBn+2) and if fn+2)>mn+2)+1 and n=2 (mod 6)
then f(3n+ 2)> 7n(3n + 2) + 2,

Proof. The following table shows that if n =2 (mod 6), we have:
73+ 2)=n? + 3n(n+ 2)+ 1, and if n# 2 (@mod 6): n? + 3n(n+ 2) >

= 7(3n + 2).

n min + 2) n? + 3m(n + 2) m(3n + 2)
6k 6k% + 2k 54k? + 6k 54k2 + 6k
6k + 1 6k% + 5k + | 54k + 27k + 4 | 54k + 27k + 3
6k + 2 6k% + 6k + 1 54k% + 42k + 7 | S4k2 4+ 42k + 8
6k + 3 6k% + 9k + 3 54k* + 63k + 18 | 54k2 + 63k + 18
6k + 4 6k + 10k + 4 | 54k% + 78k + 28 | 54k2 + 78k + 28
6k + 5 6k* + 13k + 7 | 54k% + 99 + 46 | 54k2 + 99k + 45

Thus if n# 2 (mod 6), by the hypothesis and by Theorem 6 fBn+2)>
2+ 3fn+D-22m +3nn+ D 12 aBGn+ D)+ 1. If n=2
(mod 6) by the hypothesis fin + 2)= n(n + 2) + 2, and by Theorem 6
fBn+2)2n®+3fn+2)-2>n? +3n(n+ D+ 4> nG@n+ 2) + 3.

Proposition 10. [f, in an interval |a, 3a — 1], fin)> mw(n) and for
n=4 (mod 6) An)>mn)+ 1, then in the interval [3a, 9a — 1],

fln)>n(n) and for n=4 (mod 6) fin)>nn) + 1.

Proof. Let n belong to the interval [3a, 9a — 1].

Case 1. n=3p, then p belongs to [a, 3a — 1]; thus, by the hy-
pothesis f(p) > m(p) and by Theorem 2 f(3p) > m(3p) + 1.



Case 2. n= 3p + 1 (in particular this case contains n=4 (mod 6)).
Then p + 1 belongsto [a, 3a]; thus by the hypothesis and for p = 3a by
Case | fip+ 1)>m(p+ 1) and by Theorem 5 f(3p + 1)>7n(3Bp+ 1) + 1.

Case 3. n=3p+ 2, then p+ 2 belongs to [a,3a+ 1]; more if
p+2=4 (mod 6), p=2 (mod6); thus by the hypothesis and for
p=3a and p=3a+1 by Case | and 2, flp+ 2)>m(p+ 2) and for
p=2 (mod6), fip+2)>mp+2)+ 1 and so, by Theorem 7,
f3p +2) =n(3p+ 2).

Corollary. To prove Conjecture 1 of Kotzig: f(n)>1r(n) for
> 10 it suffices to prove that for n belonging to [10],[29]: f(n) > m(n)
and for n=4 (mod 6) in this interval f(n)> m(n) + 1.

In Proposition 4 we have proved that f(10)> a(10) + 1 and that
f(11)> w(11). In the example of Theorem 4 we have 1(28) > m(28) + 1
and in the examples of Theorem 6 f(26) > n(26) and f(29) > w(29). We
shall decide new values in the following propositions.

Theorem 8. f(gp + 3) = q*m(p) + pfig+ 3)—2(p — 1.

Proof. Let us choose as graph H in Theorem 3 a tournament with
7(H) = flg + 3) and, as subgraph H', a 3-circuit (this is possible other-
wise H would be a tournament without circuit), then m(H') =3 and
T(H) = 1.

Corollary. f(24)> w(24) and f(27) > n(27).

Proof. We apply Theorem 8 with p=3 and ¢ =7,8; we deduce
f(24) > 90 w(24) = 88; A27)= 120 =(27)=117.

Proposition 11. f(12) > 21 (Conjecture 1 is true for 12).

Pro_?f. Let us consider the tournament T, defined in 2] p. 21,
where i/ is an arc of T,,, what we note by i>j, if and only if j —i
is congruent to a square modulo 11. Let 7,, be the tournament ob-
tained by adding to T,, a vertex denoted by 12, and the arcs Ti_z)
for i=1,2,4,5,6,10 and ]12 for j=3,7,8,9,11. T,, can be

written



1>2,4,5,6, 10, 2% 3.5.6,7.11, 3>1,4,6,7,8, 12,

4>12,5,7,8,9, 5>3,6,8,9,10, o >4,7:910:11;
121,5,8,10,11,12, " 8> 1,2;6,9,11, 12, o 1 &8 7510,12,
10>2,3,4,8,11, 11>1,3,4,5,9,12, 12>1,2,4,5,6, 10.

To prove Conjecture 1, as w(12) = 20, we have to prove that (T,,) = 21
Let § be a transversal set with T(le) elements.

Case 1. Let us suppose that S contains no arc with end-vertex 12,
and let T, be the subtournament generated by the vertices 1,2,4,5,6, 10
and T/ by the vertices 3,7,8,9, 11; the subtournament generated by
2,4,5,6,10 and T] being isomorphic to the tournament of the example
of Fig. 1 we have ™(T;)=3 and T(T )=3. SN T, must be a transversal
set of T thus | SN TI 3 and 31mllarly 1SN TI 3; further S must
contamall the 15 arcs z] with i=1,2,4,5,6, lO j=3,7,8,9, 11

otherwise T ~S would contain the circuit 12ii. Thus |S| > 21.

Case 2. Let us suppose that S contains at least an arc with end-
vertex 12; Sn Tll must be a transversal set of T11 and T(T“): 20
(see [2]), thus |S|> 21. In both cases |S|> 21 and so T,,) = 2l

Proposition 12. f(18) > m(18) and f(19) > n(19).

Proof. We have w(18) =48 and #(19)= 57. Let us consider the
tournament T19 in which 17 is an arc if and only if j — i is congruent
to a square modulo 19 (quadratic residue). This tournament is vertex tran-
sitive and so T(Tw) =9+ T(TIS) where T18 is a tournament obtained
by deleting any vertex, for example 19. In T, all the vertices of score
(out-degree) 9 are equivalent and all the vertices of score 8 are equivalent:
it suffices to consider the automorphisms associated to the powers of the
permutation 1->5->6->11->17-9->7->16-+4->1 and 2- 10~
> 12->3->15->18->14-> 13> 8~ 2. Thus (T,g) =8+ 7(T,) where
T, is obtained by deleting any one vertex, for example 18. We shall
prove that 1r(T17) > 4], so T(T”) = 4] and thus T(Tlg) =49 > n(18)
and T(Tlg) = 58> 7w(19). T17 can be written:



=98 6 781012 17 9> 3.6,7.8 9, 11,13;

= 14.7,89;,10.12 14; 4510 389 10: 1113, 15
559.3.6,9 10 1112 14, 16; 653 4 7.40.11,12. 13,15, 17;
T4, 5,8,4112.13. 14 16, 8>5,6,9/12, 13, 14,15, 1;
0> 1,6,7,10, 13,1815 16;  10>3,7 811514, 15 16. 17
1151,3,8:9,12:15, 16, 17; 253 .479.10,13,16.:17;

13> 1, 3,5, 10, 11,14, 17; 4519406, 11,12, 15
1551;72,8,5,7,12,13,16; 161,23 4,6:8,13, 14, 17;
1752, 8.4: 59914 15

T.. contains the following 41 circuits:

17

123; 1516; 1611; 1713; 1815; 11014; 1124; 1179; 26 17,
J7dias 08 19:211:15:2 13 10;.34.18;.875,.38.17; 39 15; 310 11
31216;3146; 4814;496; 41017, 41116; 4157; 5615; 59 13;
5108 51117: 678:°61016; 7119;71617; 89:16; 813113
101512; 1217 14; 1317 15; 141516; 712910; 111213 14.

By the aid of a computer program Y . Kodratoff (C.N.R.S. Paris)
has found that for this tournament 7(7 ;) = 47, and for the subtourna-
ment T16, obtained by deleting the vertex 4, T(T16) = 40; thus we
have:

Proposition 13. f(19) > 64; f(18)> 55; fil7)=47>45=7n(17)
and f(16)= 40> 38 = w(16) + 1.

The program applied to other tournaments has given:

Proposition 14, f(13) > 27> 26 = w(13).

The program was applied to the following tournament 7', ;:
l.>2,4,5,6, 10, 12; 2>3,5,6,7,11,13; 3>1,4,6,7,8,12;
4% 2, 8,78, 9,13; 5>3,6,8,9,10,13; 6>4,7,9,10, 11, 13;
75 1,58, 10,11 12; - 8% '1,2,8,9, 41, 12; 9% 1,2,3,7,10,12;

10>2,3,4,8,11,13; 11>1,3,4,5,9,12, 129 2,4,5,6,10, 135
13>1,3,7,8,9,11.



The tournament T4 being regular, we have Proposition 11 as corollary.
Proposition 15. f(15)> 36> n(15) and f(14) = 29> w(14).

Let us consider the tournament 7, isomorphic to the subtourna-
ment of the tournament 7,; of the quadratic residues module 31, gen-

i
erated by the vertices i such that 31 is an arc of T,,. T,c can be
written:

122 4,6, 1;8, 12,135 2 B R T 10 M R
3>l 4 6, 7 9 11518 422,8,7,89, 12 14;
52d4.3,6,,;9,10,14; 6> 247,68, 10,11, 13;

1728.9,.10,11, 12,14, 13; - 8> 3,8,9, 11;12;.13:185;
9. 2.6, 10081, 12,13 <103 18,4815 18,.14;
I 2h. 8 8. 1218 ¥4 158 125 2,3,5,0,10; 15, 405
13>4,5,6, 7, 9,714, 15; 14> 1,2,3,6,8,9,12;
15>1,2,3,4,5,10,14.

T s is vertex-transitive; therefore the program was applied to a subtourna-
ment T, and gave (T ,)= 29 and therefore 7(7T ) = 36.

Remarks.

1. It is enough to prove Conjecture 1 for the odd values of n, be-
cause if f(2p + 1) > w(2p + 1) then f(2p) > m(2p): suppose that f(2p) <
< n(2p), from w(2p + ) =7(2p)+p and f(2p+ 1)< f(2p)+p (see
[2] p. 11) we deduce f(2p + 1)< w(2p + 1) contrary to the hypothesis.

2. The result of Erddés and Moon [5] shows that if n - e,

) o T 1)
fn) 7 D but w(n) -

thus Conjecture 1 is true if n is

sufficiently large.

In summary to prove Conjecture 1 of Kotzig it remains to prove that
fin) > w(n) for n=21,23,25 and that f(22)> n(22) + 1. (We hope to
verify the conjecture for these values by computer search).



(1]
(2]

[5]

(6]

(7]

REFERENCES
C. Berge, Graphes et Hypergraphes, Paris, Dunod, 1970.

J-C. Bermond, Ordres a distance minimum d’un tournoi et
graphes partiels sans circuits maximaux, Math. Sci. Hum., 37 (1972),
5-25.

G. Chartrand — D. Geller — S. Hedetniemi, Graphs

with forbidden subgraphs, J. Comb. Theory, Vol. 10. No. 1, Ser. B,
(1971, 12-41.

G. Chaty, Cheminements remarquables dans les graphes: Existence,
obtention, conservation, Thése, Université Paris VI, Juin 1971.

P. Erdés — J.W. Moon, On sets of consistent arcs in tourna-
ments, Canadian Math. Bull., 8 (1965), 269-271.

H.A. Jung, On subgraphs without cycles in tournament, Combi-
natorial theory and its applications 11, Balatonfiired, (eds. P. Erdds,
A. Rényi and V.T. Sé6s) North-Holland, 1970, 675-677.

A. Kotzig, On maximal order of cyclicity of antisymmetric di-
rected graphs, preprint of Centre de Recherches Mathematiques,
Montreal.

J.W. Moon, Topics on tournaments, Holt, New York, 1968.

P. Slater, Inconsistencies in a schedule of paired comparisons,
Biometrika, 48 (1961), 303-312.



