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SOME RAMSEY NUMBERS FOR DIRECTED GRAPHS

J.C. BERMOND
Centre de Mathématique Sociale, 54 Bd Raspail, 75.270 Paris Cedex 06, France

Abstract. Given k directed graphs Gy, ..., Gf, the Ramsey number R(Gy, ..., Gf) is the smallest
integer n such that for any partition (Uy, ..., Ug) of the arcs of the complete symmetric direct-
ed graph K > there exists an integer / such that the partial graph generated by U; contains G;

as a subgraph. In this article we give a necessary and sufficient condition for the existence of
Ramsey numbers, and, when they exist, an up_ger bou_n)d function. We also give exact values for
some classes of graphs. Our main result is: R(P, ﬁﬂk ,G)=ny ..np_1(p—1)+1, where
G is a hamiltonian directed graph with p vertices and Pn denotes the directed path of length n;.

1. Definitions

Let G = (X, U) denote a finite directed graph with no loops and no
multiple arcs. We associate with G an undirected simple graph, called
the underlying graph of G, which has the same vertex set X and which
contains an edge incident with two vertices x and y, provided at least
one of the arcs xp or yx belongs to V.

We will use the following notations (for definitions on tournaments
see Moon [11], for other definitions see Berge [1]):

Kp : complete undirected graph with p vertices.

K; : complete symmetric directed graph with p vertices.

Tp : a tournament with p vertices.

TTj; : the transitive tournament with p vertices.

P;' : directed 31mp1e path of length n (1_’) has n + 1 vertices).

5 : directed simple circuit of length p.

The Ramsey number R(Gy, ..., Gy) of the directed graphs G, ..., G, is
the smallest integer 7 such that for any partition (Uy, ..., U;) of the arcs
of K;';_into k sets, some of which may be empty, there exists an integer

I, 1 < i<k, such that G; is a subgraph of the partial graph of K, generat-
ed by U; (which we denote also by U;, when no confusion is possible).



The partition (U, ..., U,) is called a k-coloring of the arcs of K. 1f we
do not allow the sets U; to be empty, our results remain true, if we sup-
pose that no G; is reduced to one arc.

The Ramsey number of undirected graphs is defined analogously. We
also denote by the same symbol the set of edges £; and the partial graph
of K, generated by E;.

From the definitions it follows easily that if G; is a directed graph and
H; is the underlying graph of G;, then

(1) R(Gy, ..., G) = R(H,, ..., Hy).

The purpose of this article is to provide a criterion for the existence of
the Ramsey number of directed graphs and then to give an upper bound
for them. Note that a lower bound is given by (1). Furthermore, we give
exact values for some classes of directed graphs.

There is an extensive litterature concerned with Ramsey numbers of
undirected graphs. For directed graphs we have the existence of the
Ramsey numbers for two graphs and R(TT,,, TT,) = R(K,,, K,)) by
Harary and Hell (see [10]), and the value of R(ﬁm, Fn) by Williamson
[164 -

2. Existence and upper bounds for R(Gq, ..., G)

Let »(n) denote the smallest integer v, such that every tournament 7,
contains a transitive subtournament 77,.

Lemma 2.1 (Erdos and Moser [5], Stearns [ 15]). v(n) is finite and v(n)
< = 1 )

Only few values of v are known: »(2) = 2; »(3) = 4; v(4) = 8; v(5) = 14;
v(6) = 28. The last two values are due to Reid and Parker [13].

We denote by #(ny, ..., nj _ ) the Ramsey number R(K,, , ..., Kpp_ )
and note that r(n) = n.

Theorem 2.2. R(TT,, , ..., TTp;_ |, Kp) S r@lr(ny, ..., ng_ 1)1, ).

Proof. Let (U, ..., Uy,) be a k-coloring of the arcs of K: ; then



(Uy V...V U;_q, Uy)is a 2-coloring. Let (E¢, E,) be the following 2-
coloring of the edges of K, : the graph £, is the underlying graph of

Uj V..V U,_; and E, is the complement of £, . Note that E, is not
the underlying graph of U ; and edge {x, y } belongs to E, if and only

if xy and yx belongs to Uy . Then, by definition, if n > r(v, p), either

Ey contains a K, or E, contains a K,. Thus, by the construction, we
have that either U; U ... U Uy_ contains a T, or Uy contains a K,.
Suppose that U; U ... U U _; containsa T,. If v > v [r(ny, ..., nj_ 1)1,
then T, contains a transitive subtournament 77, , ) Let

(Eq, ..., E_ ) be the following k—1 coloring of the edges of

Kyny,... ,np_ )¢ @ given edge belongs to E; if the unique corresponding
arcin I'Ty,, ;) belongs to U;. Then, by definition of r(ny,...,n_y),
there exists an integer i, 1 <7< k—1, such that E; contains a K, Thus
there exists an integer 7, 1 <i < k—1, such that TT,,,  ,. ) and con-
sequently T, contains a I'T),. included in U;. Summarizing: if
n2r@lr(ny,...,n,_;)1, p), then for any k-coloring (Uy, ..., U ) of K,
either there exists an integer 7, 1 <i < k—1, such that U; contains a
TT,;, or Uy contains a K,.

Theorem 2.3. Let G, ..., Gy, be directed graphs, R(G, ..., G}) exists if
and only if at most one of the G; contains a circuit.

Proof. Suppose that no G;, 1 <i < k—1, contains a circuit. Let n; be the
number of vertices of G;. Then, for 1 <i< k-1, G; is contained in a
IT,, and R(Gy, ..., Gy_1, Gx) < RAE L 5000 ITy, . Kf,k). Thus the
sufficiency results from Theorem 2.2 and the classic Ramsey’s theorem.
Conversely, suppose that two graphs G; , and G, contain circuits. For
each n, choose the following k-coloring of K : E;, is the transitive tour-
nament I7,, E; is the transitive tournament complement of £, , and
E; is empty fori # i, i,. For this k-coloring, K, does not contain any
G; as a subgraph of E;, and the necessity follows.

The following propositions will show that in some cases the upper
bound in Theorem 2.2 is attained.

Proposition 2.4. R(TT,, K3) = v(n).

Proof. By Theorem 2.2, we have R(TT,, K5) < r((n), 2) = v(n). By



definition of v(n), there exists a tournament Tyn)—1 that does not con-
tain any 77,,. Let us consider the 2-coloring (U;, U,) of K:(rz)——l , Where
U, is the tournament 7,y ; defined above and U, is the complement
of U;. Then Uy does not contain any 77, and U, does not contain a
K. Thus R(TT,, K3) > v(n).

Proposition 2.5. R(TT5, K3) = 9.

Proof. By Theorem 2.2, R(TT;, K3) <r(®(3),3) = r(4,3) = 9. Consider
the following 2-coloring (U;, U,) of K3, whose vertices are labelled
from 1 to 8: ij is an arc of U, if and only if j—i = 2 or 3 (mod 8). It can
be shown that U; does not contain any 77T5. Let U, be the comple-
ment of U; and let (£, E,) be the 2-coloring of Kg, where E; is the
underlying graph of U, . By a result of Graver and Yackel [8, p. 148],
E, does not contain a K5 and so U, does not contain a K75.

It may be that the upper bound of Theorem 2.2 is the exact value of
R(TT,, K,,), but in general it is not the exact value as shown in the fol-
lowing propositions concerning the case where Gp = K3.

Proposition 2.6. Let f(ny, ..., ny_1) =R(IT,,, ... TT,, . K5)—1. Then
(1) f(ny,....,n5_9,2)=f(ny,...,n5_,), and
(ii)f(l’ll,., I’lk_l)S 1+22§€=_11 f(i’ll,.,l’ll_l, nl‘—l,nl+1,,nk_l).

Proof. (i) isevident. To prove (ii), let (Uy, ..., Uy) be a k-coloring of K.
If U, does not contain a K5, then U, is included in a tournament and
U, VU, VU..0U;_; contains a tournament 7),. Let x, be a vertex of 7}, ;
if n 2 2m+ 2, then either the outdegree or the indegree of x is greater
than or equal to m + 1. Suppose that it is the outdegree. Thus we have
m+ 1 arcs starting from x. If

k-1
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then there exists an integer i, 1 <i < k—1, such that U, contains at least
Jny,...on;_, n;—1,n;4,.., 0 )+ 1 arcs issuing from x . Consider
the subgraph of K, generated by the terminal vertices x of the arcs x;x
belonging to U;. This subgraph has at least f(n{,..., n;_{, n;—1, ..., ng_;)+1



vertices and as it does not contain a K7 included in Uy, by definition of
J, either it contains a 77T, for j # i, or it contains a 77, . But in the
latter case this T7,,.  and the arcs xox belonging to U; induce a 7Ty,
included in U;.

Proposition 2.7. R(TT5, TT;, K5) = 14.

Proof. By Proposition 2.6, f(3,3) < 1 +4f£(3,2) =1 +4f(3) and by
Proposition 2.4, f(3) =v(3)—1 = 3. Thus f(3,3) < 13 and R(TT;, 175,
K3) < 14. Consider the following 3-coloring (Up, Uy, Uz)of K33 : U s
the set of arcs ij with j—i= 1,3 or 9 (mod 13), U, is the set of arcs jj with
j—i=2,5 or 6 (mod 13). The graph generated by U, U U, is a tourna-
ment. Its complement Uj is also a tournament and does not contain a
K> . It can be easily checked that neither U; nor U, contain a TT}.

The upper bound of Theorem 2.2 for R(TT5, TT5,K5) is
rwv(r(3, 3)), 2) = v(r(3, 3)) = v(6) = 28, which is far from the upper
bound of Proposition 2.6 if £ > 3 and n; > 3.

3. Some path Ramsey numbers

The determination of Ramsey numbers for directed graphs is more
difficult than in the undirected case. It is evident for example that
R(K,, Ky)=n,but R(TT,, K3) = v(n) is known only if n < 6. We shall
see, however, that it is possible to give the exact values in some cases
for which the same problem for the underlying graphs is not solved. We
shall deal now with the case where Glf,ﬂl <i< k—1,is apath.

Our first aim was to determine R(ﬁm, G), where G was a circuit. The
case where G is a path has been solved by Williamson [16] where it is
proved thatR(Fl, ﬁn) =n+1 and R(]zm,?n) =m+n—1, for 2<m<n.
But the determination of R(ﬁnl, SRy S (), where G contains a cir-
cuit, uses the same ideas as for one path. Thus we give results directly
for the general case.

We shall use the following theorem due to Chvéatal [4], which is a
generalisation of a theorem found independently by Gallai [6] and Roy
[14].



Lemma 3.1 (Chvatal [4]). Let G = (X, U) be a directed graph and sup-
pose that (Uy, ..., Uy_,) is a partition of Uinto k—1 sets. If the length
of the maximal directed (simple) path contained in Uy is less than or
equal to n;—1, then x(G) < nyny...np_q .

Proof. We give here only a sketch of a proof (very similar to Chvatal’s
elegant proof). The argument will explain the origin of Lemma 3.4.

Let ¥ be a minimal set of arcs of G such that the graph G—V, ob-
tained from G by deleting the arcs of V, is without circuits (for properties
of sets ¥V and related problems see [2, 3]). Consider the sets of vertices

Cipyovip s 054, < my—1, of G defined as follows: x belongs to
G, By if and only if ; is the maximal length of a directed simple

path, with initial vertex x, belonging to (U-V) N U;, forj = 1,2,....k—1.
As in Gallai’s proof [6] in the case k = 2, it can be shown that the
Cy,....ir_, are independent sets of vertices in G—V and also in G. Since
the number of these sets is n; 7, ... 1 _, the lemma is proved.

Lemma3.2. R, ,....B, K <nj ..m_(p—1+1.
Proof. Let (U, ..., Uy_, U;) be a k-coloring of K, where n =

Ry ... np_y(p—1)+ 1. Let us suppose that U, does not contain a K,.
Then the stability number (maximum number of independent vertices)
of the graph U; U U, U ... U U;_; is less than or equal to p — 1. Thus
x(G)> nyn, ... ny_, and, by Lemma 3.1, there exists an integer i,

1 £i< k—1 such that U; contains a?ni.

Remark 3.3. For k = 2, Lemma 3.2 is also a consequence of the Gallai—
Milgram theorem [7] : the arcs of a directed graph G can be partitioned
into a(G) vertex-disjoint paths («(G) denotes the stability number of G).
If the number of vertices of G is greater than or equal to n; (p—1)+1,
then either «(G) > p or there exists a path of length 7. Lemma 3.2 fol-
lows by applying this result to U, . '

Lemma3.4.R(®, ,...B, _.C,)>n  ..m_ (p-1).

Proof. Let C;,  ; ,,0=i; < n;—1, be disjoint sets of p—1 elements.
Let X be the union of all the C;  ;  ,son=|X|=ny..n_;(p—1).

Ifyeeey ik

Let (Uy, ..., Uy) be the following k-coloring of K, (with vertex set X):



for 1 <j< k-1, U] contains the arcs xy, where x belongs to

Chryeoipnn i, andy to Gy AT with i, =ij for 1 <h <j—1
and i; > z]' (There is no condition on the i), and i), for z > j.) Now U,

is the complement of U; U U, U ... U U;_ and U; does not contain a
P, because 0 < i; < m;—1. Avertex x of C; ;| isjoined by an arc

of Uy to apoint of G i, if and only if the (k—1)-tuple (iy,...,i;_;)
is less than or equal to (i, ..., ij_ ;) in the lexicographic ordering. Thus
the circuits of U are contained in the subgraphs generated by C; ;|
and their lengths are at most p—1.

Theorem 3.5. Let G be a directed hamiltonian graph with p vertices.
Then R( nl""’Fnk_l’ G)=n..ne_1(p-1+1

Proof. Since G has p vertices and contains a hamiltonian circuit c ¥

R(®

PERS

APy CHSRE,,, . ..Py O

U Rg—1’

<R@,...P,_..K}

and the theorem follows from Lemmas 3.2 and 3.4.

Theorem 3.5 applies, in particular, to the cases in which G is taken
to be 5p, K;, any strong tournament 7', , and for p even, the complete
symmetric directed bipartite graph K/, /5.

Theorem 3.5 gives also an upper bound forR(P, , ..., P)nk_ - TTp)
and R(Pnl, coes Prg_y» Kyp), where Pn,- denotes the undirected path of
length #;. In the case k = 2, this upper bound is the exact value, but this

is not true for k > 2 as shown by the following results.
Theorem 3.6 (Parsons [12]). R(P,, Kp) =n(p-1)+1.
Proof. By Theorem 3.5, R(P,, K,) < R(P,, K3) = n(p—1) +1.
R, Kp) > n(p—1) is obtained by considering the following 2-color-

ing (£, Ey) of K,,(,_1y: E is aset of p—1 disjoint K, and £ is the
complement.

Corollary 3.7. R(P,,, TT,) = n(p—1)+1.

Proposition 3.8. R(P,, Py, K3) =R(P,, By, TT;) = 5.



The proof is left to the reader, the lower bound 5 follows from Pro-
position 3.9.

Proposition 3.9. R(P,,, B,, TT,) > (m+n—2) (p—1) for 2< m < n, and
Ry, Py, K))> m+[3(m+ D] -1 (-1 for 2< m<n.

Proof. Let 2 < m < n (the case m = 1 is trivial, indeed we have
R(Fm, ﬁn, TTp) = R(ﬁn, TTp) =n(p—1)+1). To prove the proposition
consider the following 3-coloring (Uy, U,, U;) of K,,, with n =
(m+n—2) (p—1). U; U U, is formed by p—1 disjoint copies of K, ,_ .
such that there is no ?m in U; and no P, in U,, which is possible by
the result of Williamson [16]: R(P,,, P)n) =m+n—1; Us is the com-
plement of U; U U,. One can show analogously, using the result of
Gyarféas and Gerencser [9]: R(P,,, P,) =n + [ (m+1)], that
R(Py. Py, K,) > (n+ 3 (m+ D] = D(p—1).

We conjecture that R(P,,, B,,, TT,) = (m+n—2)(p—1)+ 1 and
R®Pp, Py, Kp)=(n+[3(m+ D] -D@-D+1for2<m=<n.

Added in proof. Some of the results of Section 2 (2.2, 2.3, 2.5) are also
in an article of F. Harary and P. Hell (Generalised Ramsey theory for
graphs V, The Ramsey number of a digraph, to appear).
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