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J. C. BERMOND and D, SOTTEAU, PARIS

CYCLE AND CIRCUIT DESIGNS ODD CASE

1. Introduction.

In what follows, n, k, X will be positive integers with n » k ang
G will always denote a graph with k vertices, Definitions not
glven here can be found in Berge's book P

Let us denote by

Aan the complete multigraph with n vertices and any two distinct
vertices joined by exactly A edges.

ZK;: the complete 8ymmetric directed multigraph with n vertices
and any swo distinct vertices x ang ¥ Joined by Aarcs (x,y) and
A arcs (y,x).

AK ¢ the complete multipartite graph with vertex setg
n1 ’na’oco’nh

L=UX,, 1€ i< h, where the X, are disjoint sets with Ixil =
and where two vertices, which belong to different sets Xi and XJ
are joined by A edges.

e ?

AR : the complete directed multipartite graph,
nll 'na’.'.’nh

Ck’ the elementary circuit of length k.,
E;: the elementary directed circuit of length k,

¥e shall say that g graph (respectively directed graph) H can be

decomposed into subgraphs isomorphic to G, where G is g glven graph
(respectively directed graph) if we cén pertition the edges (resp.

arcs) of H into subgraphs isomorphic to G.

T¢1. An (n,k,R) G-design is an edge disjoint decomposition of,lKn
into subgraphs isomorphic to G. The G-designs have bsen introduced
by Hell et Rosa /12/. In the particular case where G ist the com-
pPlete graph Ky» an (n,k,2) K ~design is nothing else than an

(n,k,2) B,I,B,D, (balanced incomplete block design: see Hall 1975

1.2, A gimilar definition holds for directea graphs, If G is g
directed graph, with k vertices, an (n,k,l),G-design is & partition
of the arcs ofJLK; into subgraphs isomorphic to G,



1.3. For results concerning the e x istence of G-designs, the
reader can see, for Oxample, the survey we have done in /6/.

Here we are interested in the particular case whers G is equal to
Cy or 5;. An (n,k,R) Cy~design is also called a B.C.D, (n,k,1)
(balanced circuit design /13/).

1+4. Proposition, Necessary conditions for the existence of an
(n,k,L) C-design are
An(n-1) = 0o (mod 2k)
A(n=1) = 0 (moq 2).

1.5. Proposition, A necessary condition for the existence of an
(n,k,A) EL—design is

An(n-1) = o (mod k),

1.6, In this baper we will restrict ourselves to the case k odd.
The case k even will be considered in /7/

For k odd, it has been proved that the necessary conditions of the
Proposition 1.4 are sufficient for

k = 3 (case of Steiner Triple System) see Hanani /107,
k = 5 by Huang and Rosa 11374
kodd, n =29k +1 or n = 2qk + k, A= 1 by Rosa /16/.

—)
The necessary condition 1.5 of the existence of a Gk ~design is
sufficient for k = 3, A= 1 except n = 6 in /2/ and also by Bruck
/8/ Mendelsohn /47,

A short proof can be found in /3 or 4/,

k=5, 2=1 in /3/ and /17/ ang also by Merriel /157 .

k = p*, p an odd prime and A= 1 in /19/ and also for k = 7 by
Merriel /15/, &

It has also been shown that ap (n,k,1) C. -design exists if n is a
power of a prime ang n(n-1) = 0 (mod k) by Rartneli ang Milgram
/11/ and if n = 0 or 1 (mod k), k odd o S,

Finally we note that the asymptotic results obtained by Wilson
/19/ prove that the conditions 1.4 apg 1.5 are sufficient, for a
given k, for n large enough,

Here we shall Prove the following



1.7. Theorem, The necessary conditions of propositions 1.4 and 1.5
&re sufficient for k = 3, 2» 7 except forn =6, k=3, =1,

2. General Lemmas,
—===2-d. Lemmas,

The 3 following lemmag are simple consequences of the definitions,

2.1. Lemma., 1f there exists
G-design, then there exists

are positive integers).

2+2. Lemma. Let H' be the directed graph obtained from H by

associating to each edge of H two Opposite arcs. If H can be decom-
posed into Cp» then H* can be decomposed into EL .

(n,k,11) G-design and an (n,k,le)
(ﬂ,k.plq + qzz) G"d,e_s_.s_i n (p and g

5 I3

Remark, The contrary is false: for example we shall wee that there
exists a (4,3,1) Ca—design, but by 1.4 there exists no (4,3,1) 03-
design,

2.3, Lemma, If there exigts an (n,k,2) ak-desi 4, then there exists
an (n,k,22) Cp~design.

Remark, The contrary is falge: there exists a ﬁ6,3,2)03-design
(see Hanani /19/), but there exists no (6,3,1) dé-design /27

2.4, Lemma, If there exists an (ni,k,l) G-design for 1€ 3 ¢« p

and if 1K p— (ggalKn ’.._,ng,‘ig G is a directeg graph) can

n
be decomgosgd intohsubgraghg isomorphic to G,then there exists a
(Zni,k,l) G-design,

2.5. Lemna, If there exists an (ni+1,k,1) G-design for 1« j » h
and Lg.lan..'.'nh (or AK* if G is a directeq graph) can

D1...-,nh —

be decomposed into subgraphs isomorphic to G then there exists a
((Zni) + 1!k!l) G-—design.

Proofs. We shall Bive the proof of lemma 2,5 ip the undirected
case. (The proof of lemma 2,4 and of the directed case 8re simj-
lar). Let the vertices of AK(z:ni)+1 be: XV Xeul...LiXhU1°°&,

with | ¥, ( = Dy, for 14 4 ¢ p,
The graph.EK(z:ni)+1 is the edge disjoint union of;



- the h complete multigraphs, constructed on the sets Xiu {oe}
which are isomorphic %o JlKn +1 8nd thus can be decomposed (by
i

hypothesis) into subgraphs isomorphic to G.

- the complete multipartite multigraph with vertex sets lei which
is isomorphic to Jlﬁn n. decomposable into subgraphs isomor-
1..!.. h

phic to G by hypothesis.,

2.6, Remark., The interest of lemmas 2.4 and 2.5 is that it gives

a method of composition which enables us to construct G-designs

by knowing the existence of smaller ones, (In the case G = Kk'
these lemmas are used with different notations by Hanani /10/ and
Wilson /19/: indeed a decomposition of AK ve..p. into K, 18 equi-
valent to the existence of group divisible1ées£éng).

We shall apply this method with tripartite graphs (h =3). The
following lemma will enable us to construct decompositions of tri-
partite multigraphs from decomposition of smaller ones.

2.7+ Lemma, If Ka,b,c and Ka,b,c' can be decomposed into subgraphs

isomorphic to G, then also an,qb,pc+(q-p)c' with p and g positive
integers, 0 s p < Qe

. uywv
Froof, Let the vertices of an,qb,pc+(q—p)c' be XUYV Z with

q q
& e ) X, 1l =a (et eq)v=y Y Il =b P12 g2 g
i=1 i=1
q
and Z = | J 39 12,1 = ¢, 1241 2 p and [Zi} =c' for p+1 £ i < q,

< bk 2
Then an,qb,pc+(q-p)c' 15 the edge disjoint union of the Q" tri-
partite graphs constructed respectively on Xi, Yi+j' ZJ with
121 ¢qg, 1¢ J %q and where the indices of Y are to be taken
modulo q. These q2 graphs are isomorphic to Ka b,c °F o K
L §

a,b,c!
which can be decomposed into subgraphs isomorphic to G, T

A similer lemma holds in the directed case,

L *
2.8, Lemma. If K b.c &B Ka,b,c' can be decomposed into subgraphs
e

a
igomorphic o G tﬁ ﬁ.als Kaa,qb,pc+(q—p)c' (p,q positive integers
0<p<q)

(=]

The two following lemmas can be sonetimes useful,



2¢9. Lemma, Let h = 1 or 3 (mod. 6); if Kni (resp., Kni+1),

1< 1 < h and Kn y 1 &1 € j «k < h, can be decomposed into
—_— i,n.,nk — h
subgraphs isomorphic Yo G then also K, (zesp. K 4q) for n = E_% L

Sketch of proof: These lemmas result from the existence of
(6t + 1,3,1) or (6t + 353,1) Steiner Triple Systems (see /17/ for
more details),

3. Existence of 03, 05, 07, 83, E;..E;-Designs.

In this baragraph, k will always denote an odd integer 2 3, We shall
prove the theorems 1.7 (k = 3y 5, 7): we give first the ideas of
the'pruf end general propositions which are valid for all (odd)

k> 5,

We apply them only to the particular values of k : 5,7 but the
methods can be applied to give other results for greater values

of k.

3.1. The proofs of theorem 1.7 for k = 5 or 7 are by induction ang
all of the same king:

Step 1. First we prove the existence of decomposition of some Kn
or KZ, for the first values of n in order to start the induction,

S:ep 2. W? prove the existence of dacomposit?on of some Ka,b,c or
Ka b,c Which will be needed in the verification,
L

Step 3. Then we use lemma 2.4 or lemma 2.5 with tripartite graphs
(h = 3) or lemma 2.9. We indicate in each case, in a table, which
lemma we use and which values of By occur in the lemma, The veri=
fication that the hypothesis of these lemmas are satisfied fol-
lows

- for the Kni or K;i from step 1 or induction hypothesis,

- for the Kn1,n2,n3 or K:1’n2’n3 from lemma 2,7 (or 2.8):

we indicate in the same table the values of the barameters a, b,
¢y ¢', p and q used., The Ka,b,c and Ka,b,c' used in these lemmas
can be decomposed by step 2,

For step 1 the following proposltion is usgeful



3+2. Proposition. Let k be an odd integer > 3, then there exists

a) a(k,k,1) Ck-desisn

b) a(k,k,1)5; -design

c) a(k+1,k,1) ak-design

d) a(2k,k,1) ) ~design for k 2 5.

Proof. a) is well known (see Berge /1/).

b) is a consequence of a) and lemma 2.2,

¢) has been proved in /5/: Let Zk U {°°f be the set of vertices of
K;+1(we recall that Zkis the ﬂ?ditive group of residues modulo k).
A decomposition of K§+l into Cy is given by the following k
directed circuits, for 0 € i & k-1,

(VRS k=M=t 000y B+iyk=2mfti,ee,o) with O & o < Lk/4] <1,
and [k/4] ¢ 8 « (k=3)/2, and the circuit CoooyXye +(k+1)/2,...) with
0 = « < (ke1)/2.

d) There does not exist a (6,3,1)'33-design (see /2/). For k = 5
there exists & (2k,k,1) a;-design (/4/): let Zk_1U 4., with

ho = oo, ceey, } be the set of vertices of K3 . As the complete
graph on A_, is isomorphic to Kk+1 and thus is decomposable into
a;, it suffices to prove that the arcs of K*k' which do not join
two points of A, can be partitioned into ﬁi; that is given by the
following 3(k-1) directed circuits for 0 < 1 < k-2;

(ooo, i, °a1 ’k‘-2+i’ o LI ol +i,k—2+d+i’ LN '(k‘y2+i'wo) With

1€ 4 £ (k-5)/2
(i,...,/3+i,°?+q,..”i) and (i,...,k-1-ﬁ+i,cﬂk+(k+1)/2,...,i)
with
120 2 (k-1)/2.

For step 2 the following propositions are useful:

3+3. Proposition., Let k be an odd integer > 3, then

a) K can be decomposed into C, .
kyk,k ==L 22 docomposed into Cp

b) K~ can be decomposed into G y for k 2 5,
k,k,2k S50 28 decomposed K

?
"

c) Kk,zk,ak can be decomposed into GL, for k = 5,

Kqk,qk,qk €88 be decomposed into Cps» for k 2 5, g iuteger.
A proof of this broposition can be found in 719

."



3«4, Proposition. For all integers n,p, n > P =21, (2p+1)K

can be decomposed into 02p+1'
Proof, Let XVYUZ be the set of vertices of (2p+1) K, n,n %ith
T m—— ]

X = {x} v ¥ o= 4yl

Dyhyn

s & = {ziﬁ ; the 3n2
0= i <n~ O<icn- 021 cpai

circuits of length 2p+1 of the decomposition are given by the
- T v £'¢_
following circuits {Ci,j' Ci’J, Ci,j&’ for 0 £ i < n-1 ang
O =j & n-1:
C

= (cno’ X.

iyl iva? Tganreees 25,50 X5)

G{’j e Vi 4o zj+x,..., xi+j' yi) 0 <« ¢ p-1

"

i,j = (-oa, 2.

ida? xj+a¢""’ yi+j' Zi)

3e5. Theorem. There éxists an (n,5,2) C5-design if and only i

An(pn-1) = 0 (mod 10)
A(n-1) = 0 (mod 2)

——
There exists an (n;5,2) 05 design if and only i

e—

An(n=-1) = © (mod 5),

Proof, By lemma 2.1 it suffices to verify the theorem for the mi-
nimum values of A, that is to prove the existence

- of Cs-designs in the following cases:

a, A=1, n=1,5 (mod 10)
b. A=2, nzo0, 6 (mod 10)
Ca A=5, n =3, 7 9 (mod 10)
de A=10, n = 2y 4, 8 (mod 10),

- of a;—designs in the following cases:

Q. /?.= 1, n = 0| 1 (mOd 5)
5y mw= 23 3y 4 (mod 93

[N
3
1]

In order to minimize the verificutions we shall uss lemmas 2,2 and

2.3 and thus give a proof of the differant casgs &y by, B, e,
in a convenient order,



8. ltxistence of an (a, 5, 1) Co-design for n =z 1 or 5 (mod 10),.
Ve use the method exposed in Fels

5ee 3.2 a), For the others it can be done by direct construction
(see Rosu /16/). For example for K11= if 211 is the set of vertices
of K11 a decomposition is given by the circuits: (i,i+2,i+10,1+b,i).
O &1 =10,

Ztep 2. K5 ¢ 5, %10,10,10 10,10, 201 K15,15,15 X15,15,5
K can be decomposed into C..
15,15,25 5

- K5,5,5- qu'qo’qo! 315'15'15= 96€ proposition 3.3 a), 4).

- K10’10’20= Let Xvyuz be the set of vertices of K1O,10,20 with

X =4x ,Z:’inf' UV {o2

¥ Y =4y} y .
i ] Y0 g1 &g 0O2icg iOsisQ

0<=i <9
A decomposition into 05 is given by the 100 following circuits:

(xi+j’ Ty 2'21+'}+j' Tj+10 =1 xi"'j)o £1 24,024 <9

(x5 2141437 X3491°%4 455 Yitje1r xj)o : . .

X ={xy Y =¢y,4 Z === ¢ .
1% 2.8 wan” 1l 21 2 qu Y9 w3 =y

A decomposition into 05 is given by the 75 following circuits:

("i'yi+3.j+‘l’ X410 yi+33+3’°°.i’ xi)o £JZ24,0£12 94

= 2 V) i
K15'15'25 Let XUuYUZ pe the set of vertices of K15'15’25 with

y £ =‘(ziﬁ u{wilf .

9 Y =‘{yi‘f
Dzicy Oz£icg

X =-lxi'j0£

icqy4 0<ic1y

A decomposition into 05 is given by the following circuitg:

(xi,yi+1 !Xi+1 iyi+3izi’xi)o 244 14’(xi’zi'l-;_)’xi‘i"]’zi‘i'q-’yi'i'a’xic)) 1<

(xi "Yi+sc+9 'Zi+2n(_+9’yi+«’_+3 .0""_,,,1'1)

£%. 2, X,
Of1em,02wgs 1771350 041

21*7'yi+8_'x1)0 i ey



(x42 414107 %1431 %2460 Tt 41 ? 1)0_1‘14 0“F2’( 12214149%3412°9s

31.'.7’31)

0£ietl
Step 3.
n Lemma n,=n, n3 asb=c c' g qQ=p
30841 21 2.5 10% 10% 5 - 2t
30t+11 £ 21 2.5 10(t=1)+10 10(t=1)+20 10 20 ¢
308415 €20 2.4 10t+5 10t+5 5 -  2t#

308+21 €t 22 2.5 10(t=2)2010(t=2)+40 10 20 ¢

90t+25 ¢t 21 2.4 30(t=1145 30(t=-1)+25 15 5 2a%#
90t+55 ¢t 20 2.4 30t+15 30t+25 15 25 2t+1
90t+85 ¢ 21 2.4 30(6=11% 30(t-1)+25 15 5 2%+3

Va0 O 0

The remsining case n

= +5 is solved for % 2 1 by lemma 2.9 with
h = 6841, n; = 5 Toxr 1

30%
£ i <h

e, Existence of an (n,5,1) 05 -design for n = 0,1 (mod 5).

By lemma 2,2 and case a we know the existence of (n.5.156; =designs
for n =1,5 (mod 10). It remains to prove it for n = 0,6 (mod 10).

*

* % . =>»
tep 1 K 4 KG’ K10, Kq1, K26 can be decomposed into 05.

- ;, K11: case a + lemma 2.2.

o Kg} K;b- see proposition 3.2.c.

e K26‘ K26 is the edge disaoint union of shree complete grapha_*
isomorphic to KG’ K11, K11 which can be decomposed into 05
and of a complete tripartite graph isomorphic %o K5 10,10
which can be decomposed into C5 by proposition 3. 3.c.

* #* -
Step 2. K5.5,5’ 1{5'5’,]0 can be decomposed into 05 (proposition
3.3.a, lemma 2,2 and proposition 3.3.b).



Step 3.

n lemma n,=n, Dy asb=c c¢' ¢ q-p
30t t21 2.4 10t 10t 5 - 2t 0
30646 £ =21 2.5 10(5=1)+10 10(t=1)+15 5 10 2% 1
30t+10 § 21 2.4  10(t=1)+10 10(6=-1)420 5 10 2% 2
306416 t 2 0 2.5 10645 106+5 5 -  2t# 0
306420 t 2 0 2.4 10645 10t+10 5 10 2t+1 1
0t+26 t 21 2.5 10(6=1)+15 10(t=1)+25 5 10 2t+1 2

b. Existence of an (n,5,2) 05—design for n 20,6 (mod 10):
It results from case e by use of lemma 2.3,

¢. Bxistence of (n,5,5) 05-design for n = 3,7,9 (mod 10).

Step 1. 535, 5K7, 5K9, 5K, 4 can be decomposed into C5:

- 5K5, oKqq% case a + lemma 2.1.

- 5K7= Let 27 be the set of vertices of 5K?; a decomposition into
05 is given by the following 21 circuits:

(1,141,142,1+3,1+4,1),(1,1+1,444,1+46,1+1,1),(i,141,1+6,1+2,1+5,1),

O0«£1i<6e6.

- 5K9= Lat 29 be the set of vertices of 5K9. A decomposition into
05 is given by the following 36 circuits:

(4,441,342,143,0+4,1),(1,142,1+4,146,1+8,1),(1,1+3,1+6,141,1+4,1),

(i,i+7|i+2’i+8,i+5‘i)’ 0 é‘_ i é 80

Step 2, 5K2'2’2, 5K2,2,4 can be decomposed into 05

- 5K ¢ see proposition 3.4.
2,852
- 5K2’2'4: Let XvYuZ be the set of vertices of K2’2’4 with

X ={x} ,'y=4yﬁOL_ v Z =334y

0<i &1 £i £ Oci=3

then a decomposition of 5K2 o 4 into 05 is given by the following
yi=13
20 circuits:

(33,31!33+1’Zi+1axj|yj)3 (Ziaxj,zi+1,xj+1,y3321)of;i £3, 03¢

(30120:31:Z1930:30)(31izgxyorzqaxqsYq)(ZBJXOszaqusyorza)

(23)%11241%5199223)



Step 3,

n " Lemme n,=n, g azb=c ¢! q q=p
6t+5 t 22 2.5 2(t=2)+4 2(t-2)+8 2 4 ¢ 2
6t+7 t 21 2.5 2(t=1)+4 2(t-1)+4 2 - %1 0
6649 t 21 2.5 2(t-1)+4 2(t-1)+6 2 4  t+1 1

. P
f. Bxistence of an (n,5,5) Cs-design for n =2, 3, 4 (mod 5).

=
By lemma 2.2 and case ¢, we know the existence of (n,5,5) Cs—designs
for n= 3,7,9 (mod 10), It remains to prove it for n = 2, 4, 8 (mod
10).

L3 ] " * * e
EPep 1 5K6, 5K8, 5K10, 5K12, 5K14, 5K16 can be decomposed into
C-:
5
* * %
- 5K6, 5K10, Squz case & + lemma 2.1,
*

& 5Kg: Let ZZ:J#”bbe the set of vertices of 5Kg. A decomposition

into 65 is given by the following 56 directed circuits:
(L9i#1,843,146,142,1) (1,4+7,1+3,146,1+45,1) (i,1+1,1+4,142,1+3,1)
(Lyi+4,i41,i45,0%1) (L,141,i+3,1+6,,1) (1,i42,146,1+4,%7,1)
(1,i+5,1+3,1+2°,i) (i,i+6,i+5,i+4{’312/ 0<1ic¢<e6,
- 5K3,1 et Z,,v 1obe the set of vertices of SK4ne A decomposition

ls given by the following 11 x 12 directed circuits:

0< 1 £10
(1,047,342, 143,444 ,1) (4,142, 5+4,146,i+8,1) (1,1+3,146,1+49,141,1)
(i,i+4,i+8,i+1,i+5,i)(i,i+5,i+10,i+4,i+9,i)(i,i+6,i+1,i+7,i+2,i)
(i!i+7’i+3li+1oli+6li)(isi+gli+5’i+2lw!i)(ivi+9’i+7’i+5l°ﬂ|i)
(i,i+8,i+5,1+3;“31)(i,i+10,i+9,i+8f’%i)(i,i+10,i+3,i+4;’§i)o

- BK:Q: Let 213 V 1o¢fbe the set of vertices of SKﬁé. A decomposi-

tions is given by the following 14 x 13 directed circuits:
0<1ic<¢ 12

(i,i+1,i+2,i+3,i+4,i)(i,i+2,i+4,i+6,i+8,i)(i,i+3,i+6,i+9,i+12,i)
(i,i+4,i+8,1+12,i+3,i)(i,i+5,i+10,i+2,i+7,i)(i,i+6,i+12,i+5,i+11,i)
(1,1+7,i+1,i+8,i+2,i)(i,i+8,i+3,i+11,i+6,i)(i,i+9,i+5,i+3,i+1,i)
(1,1410,147,1+422,1) (1,1+11,149,1+7,041) (1,1+12,1411 ,1+10,951)



(1,1+12,1+9,147,%,1)(1,1+8,1i+12,1+2,%9,1),

% - —
Step 2. 5K2’2’2, 5K2'2'4 can be decomposed into 05 (see step 2 of
case ¢ + Lemma 2.2).

SteE 1-
D Lemma n,=n, 0, a=b=¢ ¢! q qQ=p
6t+6 t 2 2 2.4 2(t=2)+6 2(t=2)+6 2 - £+

6648 t = 2 2.4 2(t-2)+6 2(t-2)+8 2 4  t4+1
6t+10 t > 2 2.4 2(t=2)+6 2(t-2)+10 2 4 41

v =2 O

d. Existence of an (n,5,10)05-design forn =2, 4, 8 (mod 10),
It results from case f by use of lemma 2,3.

3.6, Theorem. There exists an (n.7,2307-design if and only if

An(n=1) = 0 (mod 14)
Al(n=1) 0 (mod 2).

There exists an (n,?,l)ﬁa-desigg if and only if

—
=
=
—
—
—

iAn(n=1) = 0 (med 7).

By lemma 2.1, it suffices to prove the theorem in the following
cases:

- for 07-designs=

8s Az1; nz11,7 (mod 14)
by 222y B=D, 8 (mod 14)
Ce A= 7y n =35 9, 1, 13 (mod 14)
d. A=14, n =2, 4, 6, 10, 12 (mod 14).
- for 6;-designs:

6. A=1, nE= 0,1 (mod 7)
Vf- A B 74 n = 21 3' 4y 5, 6 (mOd ?)0

We shall use lemmas 2.2 and 2.3 and give & proof of all these cases
in & convenient order.

&, Existence of an (n,?,1)c7-design forn =1, 7 (mod 14).
We still use tne method exposed in 3.1:



Step 1. Ky» Eq50 Epg, K;, can be decomposed into Coe

= K7= see proposition 3.2.8,

= K15=Iet 215 be the set of vertices of K15. A decomposition into
07 is given by the 15 following circuits:

(1yi41,143,148,i+14,i+47,144,1), 0 < 1 = 14,

o K29: Let 229 be the set of vertices of K29. A decomposition into
C? is given by the 58 following circuits:

(i,i+14,i+27,i+10,i+21,i+2,i+3,i),(i,i+2,i+6,i+11,i+5,i+12,i+20,i).
0«1 < 28,

- K71: Let 271 be the set of vertices of K?1. A decomposition into
07 is given by the following 5 x 71 circuits:

(Ly14+4,349,i415,1447,i47,1450,1), (1,1+7,1+15,1i+24,1+51,1+6,1+52,1)

(1,1+1o,1+21,1+33,1+57,1+9,1+58.1),(1,i+14,i+29,i+45,i+62,1+9,1+51,1),
(i,i+1,i+3,146,i+39,i+5,i+41,1i), 0 &« i < %0.

it:g 2e K?,7'7, Kq4'14’14, K14,14,28' K?,?,21 can be decomposed
nto 07.

- K14,14,28= Let ZVYVZ be the set of vertices of K14,14,28 with

X:{xi‘l Y:{y Z

=lOa H
0¢ic13 15051413' 150 £ 213

then a decomposition into C? is given by the following 10 x 14
circuits:

(X4 0T 3401028971401 9%4129 T L aa1 ) “Ra209 %3 )s 061 €13, 0€ e ?
(94117641 9°0 514197100 1470 F149) 0£1 €135 &5 = 1 12 72513
(K41 072410°39 %11 %5, %041 17349 0%g41 )00 €1 €135 £ = 1 42 744243,

- K?’7’21: Let XvYvZ be the set of vertices of K7'?’21 with

6’ 2 ={001G0 °

X ={xi(f
<1 €20

Y =
3 {yiﬁo.éi"-

-

0<cis 6

Then a decomposition into C? is given by the following 7 x 7
circuits '



(%3973 40 %00 %1 49 1 Cqt P e 4141 2°% 149X )0 4 £6, 02 2 <£6°

Step 3.
n

42%+1 ¢t
426415 ¢
42t+21 t
42t+29 ¢
42t+35 ¢

WV Wy WY

The remaining case n
6t+1, n; =

h =

-t
e, Existence of an (n,7,1)0?-design for n

By lemma 2.2 and case a,

O DO A

Lemma
2.5
2.5
2.4
245
2.4

n1=n2
14(t-1)+14
14(6=1)+14
14547
14(5=-2)+28
14t+7

3
14 (6=1)+14
14(t=1)+28
14t5+7
14(t5=2)+56
14t+21

a=b=c

7
1

7
14

7

c! q qQ-p
= Bt 0
28 t 1
- 2t+1 0
28 ¢t 2
21 ¢ 1

= 42t+7 is solved for t = 1 by lemma 2.9 with
7f0r1=1 xh

14). It remains to prove it for n = 0, 8 (mod 14):

® F X k .
Step 1, K7, KB, K14, K15, K36 can be decomposed into 07.

% x
- K7,K15:

L 3

case a + lemma 2,2,

- Ké} Kf#‘ proposition 3.2.c.

= 041 (mod 7).

we know the existence for n = 1,

—

7 (mod

- K36 is the edge d15301nt unlon of three complete directed graphs
isomorphic to KB’ K15, K45 and of a tripartite directed

- graph isomorphic to K

by proposition 3.3.c.

7,4, 14 which can be decomposed into C7

tep 2 K7 7,7 K7 2,14 can be decomposed into C?. see proposition
3 3.8 + lemma be 2 and proposition 3,3.b.

Step 3.

n
42¢ t
42¢+8 ¢
42t+14 %
42t+22 ¢

t

t

WO W

W

42t428
42t+136

I\

b. Existonce of an (n,7,2) 07-design for n =

S o R TR

Lemma
2ot
Zub
2.4
245
2.4
245

n1=n2
14 (t=1)+14
14 (t=1)+14
T4 (t=1)+14
14547
14t+7
14 (5-1)+21

n
14 (t=1)+14
14(t=1)+21
14(t=1)+28
14t+7

145+14

14 (t=1)+35

It's a consequence of case e by use of lemma 243

a=b=c c!
7 -
7 14
7 14
2 -
7 14
7 14
0, 8 (mod 14).

2t
2t
2t
2t+1
2t+1
2t+1

q=p

N 2 O 20



c. Bxistence of an (n,?,?)c?-design for n = 3,5,9,11,13 (mod 14).

SteE 1' 737’ 7K9! 7K111 %139 ?K15| 7K173 7K2o]| 7K2?, 7K29’ 7K39
can be decomposed into C7=

- 7K7, 7Kq51 7Enqs 7K29= case a + lemma 2,7,

- 7K19 is the edge disjoint union of three complete graphs isomor-

phic to ?K7 and of a tripartite greph isomorphic to 7K7 R which
U |

can be decomposed into 07 by proposition 3.4.

- 7K27 is the edge disjoint union of three complete graphs isomor-
phic to 7K9 and of a tripartite complete graph isomorphic to
7K9'9'9 which can be decomposed into C7 by proposition 3.4.

- ?K39 is the edge disjoint union of three complete graphs isomor-
phic to ?K13 and of a tripartite complete graph isomorphic to
7K13 11,13 which can be decomposed into 07 by proposition 3.4.

9 ]

- 7K9: Let 29 be the set of vertices of 7K9. A decomposition is
given by the following 4 x 9 circuits of length 7:
(1,147,1i42,i+3,i+4,i45,i+6,1), (i,1+2,i+4,1i46,i+8,i+1,i+5,1)

(L,i+3,i+6,i+1,i+4,i47,1+2,1), (1,i+4,i48,1+5,i+1,i+7,i+2,1),
O«1ig 8,
- 7Kq1: Let 211 be the set of vertices of ?K11. A decomposition is

given by the following 5 x 11 circuits of length 7, {C 1% for
14 (€5 0£1 210 fs

CP’i = (-o-,d-—p'l'i, s00y i)Oé ch, 6°

- 7K 4% Let 213 be the set of vertices of 7K13. A decomposition
is given by the following 6 x 13 circuits {C iﬁ for 1 5'3 < 6,
0<i &2, fr

cP,i = (.o.,iF"'i, 00y i)o.é 156.

- 7K17: Let 217 be the set of vertices of 7K17. A decomposition is
given by the following 8 x 17 circuits of length 7, {Cy , § for
1€ £ 6end 0<1 16, e

C{s,i = (...,d-P+i, o winy i)0£ o 6



Step 2, ?K4,4'4, ?K4'4’2 can be decomposed into C7o

- 7K4,4'4: See proposition 3.4,
- ?K4’4’2: Let XVYVZ be the set of vertices of 7K4’4’2 with

X ={x,} y Y = Z=q2 g
¢ Yoecies JLyi‘joaw' 1 ik05151

A decomposition of ?K4’4’2 into 07 is given by the following cir-
cuits:

(23024925 499%1 49075 430%;43073024)
(24035925409 5409%1 43073 400%4024)
(240X 075400 %5 4094409 % 14209102
(zi,xi+1,zi+1,xi+2,yi+1,xi.yi+3,zi) taken twice 0 £i ¢ 3,

(250 35.4012140971400%3 1,307 4305 4902,

Step 3.

n Lemma n,=n, n, a=b=c c' ¢ q=p
12641 € 22 2.5 4(t-2)+8 4(£-2)+8 4 - k 0

12643 t 24 2.5 4(t=4)+10 4(t=4)+10 4 2  k# 5

12645 ¢ 23 2.5 4(6=3)+16 4(t-3)+8 4 2  k+ 4

12647 t 22 2.5 4(t-2)+12 4(t-2)+6 4 2 k# 3

12649t 22 2.5 4(t-2)+12 4(t-2)+8 4 2 k+1 2

128411 ¢ 21 2.5 4(t-1)+8  4(t-1)+6 4 2  k# 1

-
f. Existence of an (n,?,?,)07-design forn= 2, 3, 4, 5, 6 (mod 7).

By lemma 2.2 and case ¢, we know the existence for n= 3, 5, 9, 11,
13 (mod 14). It remains to prove it for n g 2, 4, 6, 10, 12 (mod
14) .,

® ¥ ® # * *
Step 1. 7K8' 7K10| 7K12' 7K1q.9 7316’ 7K18’ ?K;O, ?K52: ?KEG' 7K58'
73;0, ?K§8 can be decomposed:

* * +* *
- 7K8' 7K14, ?Kee, 7K28: case a + lemma 2,1,
- ?K;b is the edge disjoint union of three complete directed graph
isomorphic to 7K:0 and of a tripartite complete directed graph

isomorphic to 7K:0 10,10 which can be decomposed by proposition
9
3-4.



L&
- Kot Let 29 Vde?Ibe the set of vertices of 7K:O' Then & decom=
position is given by the following 9 x 10 directed circuits:

(...,-LP+:‘.,...,°°,:L)D$¢$5, 0¢i &8, P: 8. 5y 7

(uuc,LP‘l‘i,.no, i)Of‘."éG’ 06...1-‘-8' P: 1, 8' 4,
(1,i+3,1+6,1+8,1+2,145,0%,1), (i1,i+6,i+3,i+4,1i+2,1i+8,0%1i)
(1,i+7,i+5,i+2,1+8,i+3,00,1), (1,i+8,i+2,i+7,i+3,i+5,9%i), 0£1i £8.
- ?K:2: Let Zﬂuiﬁ"’ibe the set of vertices of ?K,T:?. A decomposi-

tion of 7K;, into 'c’? is given by the following 12 x 11 directed
circuits:

(...,a.pafi,...,i)o_,-&,__e for 0<1£10, p= 1,24 3,4,10
(c.o'4'5+i,000'o"i)05.‘-&5f0r Oﬁi 210' P: 5,6|7'8’99
(1,10+41,8+1,5+1,1+1,7+1,0%1),(1,2+i,5+1,10+1,6+i,3+i,e, i), 021 210,
- 7K,T6= Let 215\-’{09‘[ be the set of vertices of 7K,T6. A decomposi-

tion is given by the following 16 x 15 directed circuits: for
D£i <14

CoooptPiiyennsidyg weg for =1, 2, 4, 7, 8, 1, 13, W,
(1,i+3,1+8,1+14,i+9,i+6,091) taken 5 times,
(1,141,143,1+7,1+14,1+13,1+6,1+9,1),(1,1+5,1+10,i+4,i+14,i+8,%°,1),
(1,1+10,1+4,1+2,1411,1+6,%,1).

*
- 7Kgt Let Z,V {0 be the set of vertices of 7Kyg. A decomposi-
tion is given by the following 18 x 17 directed circuits: for
0<£1i <16

(...’¢P+i’...’i)0£i.‘.6 fOI‘ 0£F$11;(..t,‘P*’i,...,“,i)o‘*ﬁ5 fOI‘
12¢ > =16
(1,147,1i+7,1+14,1+49,i45,091),(1,1+16,1+14,1+11,1+7,1+2,09,1),

- 7K;0’ Let Z,Igu{"’} be the set of vertices of 7K;o. A decompsoition
is given by the following 20 x 19 directed circuits: for 0 ¢ 1 <« 18,

(...’dp.‘.i’...’i)o.{i.‘.s fOI‘ 1£P 5. 13'(""“‘P+i!""“l1)0£¢£5 for
14 & (> < 18,
(1,1+5,i+11 'i+3,i+15,1+14,0",i)’(j_'i+4,i+10,i+?,1+5.1+4.‘°’i)-



*
-'7K26: Let Z25\J{=”Sbe the set of vertices of ?K;g. A decomposi-
tion is given by the following 26 x 25 directed circuits: for
0<ci<g 2y

(.-.,‘P"j-'...,i)o 5“—&6’ fOI‘ 1 é— P s 24’ P# 5' 10, ‘IS, 20’ 21
(i,i+5,i+15,i+14,i+4,i+24,0$i): taken 7 times.

* *

- 7338‘ Let 237\Ji°'5be the set of vertices of 7K. , A decomposi-

tion of 7K;8 is given by the following 38 x 37 directed circuits:

for 0O i & 36

(-“""ﬂ*i""'i)o«;ias for 1£(5531,(...,¢!&+i,...,m,1)05¢£5 for
Reps= 36,

(i,i+36,i+34,i+31,i+2?,i+22,°ﬂi)

(i,i+6,i+18,i+36,i+23,i+16f’; i) s

* * . =y
Step 2, 7K4'4'4, 7K4,4’2 can be decomposed into G?. see step 2 of

case ¢ + lemma 2,2,

Step 3.
n Lemma n,=n, D4 as=b=c ¢! ¢ g=p
12t te 2 2.4 4(5-2)+8 4(t-2)+8 4 - k 0

12642 t 2 4 2el 4(t=4)+20 4(t=4)+10 4y 2 k# 5

126+t 2 3 2.4 4(t=3)+16 4(t-3)+8 4 2 k+1 Y

12646  t 2 3 2.4 4(=3)+16 4(t-3)+10 N 2 k+1 3

126+8 t 2 2 2.4 4(t=2)+12 4(t-2)+8 4 2 k1 2

126+10 t 2 2 el 4(5-2)+12 4(t-2)+10 4 2 k1 1

Casse k = 3,

It is well known that an (n,j,A)CB—design (or (n,3,A)B.I.B.D.)
exists if and only if An(n-1) = 0 (mod 6) aud A(n-1) = 0 (mod 2)
(see /10/),

It has been proved in /2y 3, 8, 14/ that:

-
J«7. Theorem. An (n,3,1)03—design oxists if and only if n £ 6, and
n=z

0 or 1 (mod 3),

For A 2 2 we have the thoeorem:



3.8. Theorem. For A 2 2, an (n,3,2.)5'3-design exists if and only if
An(n-1) = O (mod 3).

Proof, By theorem 3.7 and lemma 2,1 it suffices to verify the theo-
rem forA= 3, n & 2 (mod 3) and for A =2, 3 and n = 6. Lomma 53
of /10/ implies that for n 2 3 the edges of Kn can be partitioned
into KB’ Kq, K5, K6 and K8° Thus it suffices Eo prove the existence
of a decomposition for 3Ky n =5, 6, 8 and 2Kze For n = 5, it fol-
lows from the existence of an (5,3,1)C -design,

For n = 6 let the vertices be Z.VWU1{es}: a decomposition of 2]% is
given by: (0% 1i,i+1); (o,i+1,i); (i,1+2,i+4); (i+4,i+2,1) with

O £i4 4 and for 3K by (es,i,i+1)twice and once (i,i+2,i+4),
(1+4,i+2,1), (i+2,i+1,i) with 0 2 i € 4. For n = 8 let the vertices
bei Z.7 V{eetthen a decomposition is given by: 3 times the circuits
(1,i+1,1+3) twice (i,i+3,i+1) and once (021i,i+3); (02,i+3,i+1);
(e2,i+1,1i) where 0 £ i ¢ 6, :
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