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DISCONTINUOUS GALERKIN METHODS

PROS AND CONS

Adapted to the complex geometries

High-order accuracy and hp-adaptivity

Explicit semi-dicrete form

Conservation laws

Higher number of degrees of freedom,

compared to the methods with continuous approximation
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Trefftz Method

E. TREFFTZ, 1926

Basis functions are local solutions of the initial PDEs

Frequency domain:

Farhat, Tezaur, Harari, Hetmaniuk (2003 - 2006), Gabard (2007), Badics (2014),
Hiptmair, Moiola, Perugia (2011 - 2016), Barucq, Bendali, Tordeux, Fares, Mattesi (2017)

Time domain:

Tsukerman, Egger, Kretzschmar, Schnepp, Weiland (2014 - 2015), Wang, Tezaur, Farhat (2014),
Moiola, Perugia (2016 - 2018), Banjai, Georgoulis, Lijoka (2017),
Perugia, Schéberl, Stocker, Wintersteiger (2019)
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Trefftz Method

EXPECTED ADVANTAGES AND DRAWBACKS

Higher order of convergence

Flexibility in the choice of basis functions

Low dispersion

Incorporation of propagation directions in the discrete space

Adaptivity and local space-time mesh refinement
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Trefftz Method

EXPECTED ADVANTAGES AND DRAWBACKS

Higher order of convergence

Flexibility in the choice of basis functions

Low dispersion

Incorporation of propagation directions in the discrete space

Adaptivity and local space-time mesh refinement

Huge (sparse) global space-time matrix
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Mathematical Formulation



Acoustic System

DOMAIN DESCRIPTION

1 op . .
T I EREEEEEE ! ?pa—i—dlvv:f in Q x [0, T],
1 1 8‘/
' ' p 4 Vp=0 in Q x [0, T],
E| | ot
I I
I I
0 : : V(-,O) = Vo, P(,O) = Po in Q,
‘ ‘ v-n* =gp in 9Q x [0, T].

space domain Q

rd

7
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Acoustic System

SPACE-TIME DISCRETIZATION

Fn= | OK - mesh skeleton

; KETh
T4 -
“““ F! - internal
.% —  FD - boundary
—  FO - initial time
0 g --  FT - final time

space domain Q

7
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SPACE-TIME DISCRETIZATION

time
\'
1

space domain Q
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Acoustic System

Frn= U OK - mesh skeleton
KeTy

“““ F! - internal
— D - boundary
—  FO0 _jnitial time

-- FT - final time

(vh, pr) € V(Th)? x VP(Th) = V*(Th)
(w,q) € VA(Th)? x V*(Th) = V"(Th)

rd
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Acoustic System

SPACE-TIME DISCRETIZATION

—Z/ph 2, +dlvw) + Vp - (p%:-ﬁ-vq)

+Z/ 2 ——DBpq + Vp - w)"K+(th+Vhw SNk =
K ok
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Acoustic System

SPACE-TIME DISCRETIZATION

_XK:K/Ph(C;pZZ'FdiVUJ) + Vi (p%: +Va)

7
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Acoustic System

<1(’)q+l, >+ <(’)J;+v>
L aivw - )—
2p Ot Pog TV

<C%/)V q+7v -;;)n;(v<q“ +0 W‘)-nﬁiz/.fq

oK K k

TREFFTZ SPACE
aw

10
T(Th) = {(w,q) € Vh(T,) st — 99 | divw = P ot

Vqg=0, VK
c2p ot +tVa ’ 6777}

7
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Acoustic System

Ow
T(Th) = {(W q) € VI(Tp) st. = — +divw /)(K? +Vg=0, V

SPACE-TIME DISCRETIZATION IN T

Z/(C%ﬁhq-i-vh‘w)nf(-i-(qf/h-i-f/hw)'"QZZ/fq
K ok r K k
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Acoustic System

TREFFTZ-DG FORMULATION

Z/(C%pbhq-l-vh'w)nf(-i-(th-ﬁ-Vhw)'”)RZZ/fq
K k

K gk

NUMERICAL FLUXES THROUGH THE ELEMENT FACES

{vn} + Blpplx T
(et on 7

- - - T

( (
G™) = Bravnmam) @ —
#) =
( (

N

T o
S =

~— —
Il Il

Vh) on FT -~

el
S > = =
N R
Il

o <¢
N
Il

VO) on FO =

7
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Acoustic System

TREFFTZ-DG FORMULATION

Seek (vp, pn) € Vh('Th) s.t. Y(w, q) € T(7p) it holds true:

Atpc ((Vh, pr); (w, q)) ={l1pG (w, q)

7
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Acoustic System

WELL POSEDNESS
Trefftz-DG formulations for the first order Acoustic System,

Elastodynamic System, and Elasto-Acoustic System are well-posed™.

* H. Barucq, H. Calandra, J. Diaz & Elvira Shishenina.
Space-Time Trefftz-Discontinuous Galerkin Approximation for Elasto-Acoustics. (2017)
https://hal.inria.fr/hal-01614126 /document
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Implementation
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Implementation of the Algorithm

MESH AND ELEMENT NUMBERING

Ax

T —
0
Q
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Implementation of the Algorithm

MESH AND ELEMENT NUMBERING

N

Ny +1

7
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Implementation of the Algorithm

MESH AND ELEMENT NUMBERING

i t=T
) Vo 2ae
= Ne+1] «-- .
tg = At
t = At
1 2 Ny
L tp =0
L ]
Ny

7
12 -ICIAM 2019- 07/19/2019 hw



Implementation of the Algorithm

MESH AND ELEMENT NUMBERING

Nx

7
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Implementation of the Algorithm

BILINEAR FORM

o [+f+[+]

]:T JFO _7:/

Q I
ATDG 'ATDG
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Implementation of the Algorithm

BILINEAR FORM

o [+f 4[]

]:T JFO _7:/
Af}DG AITDG

GLOBAL SPACE-TIME MATRIX

M = AXMQ + AtM/

7
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Implementation of the Algorithm

BILINEAR FORM

[

ATpe
GLOBAL SPACE-TIME MATRIX

M= A, Mq + A M,

Mgq - block-diagonal

7
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Implementation of the Algorithm

BILINEAR FORM

[

Alpg
GLOBAL SPACE-TIME MATRIX

M = AXMQ + AtM/

M - sparse

rd

7
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Implementation of the Algorithm

GLOBAL MATRIX INVERSION

M= [AXMQ + At/v/,] -
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Implementation of the Algorithm

GLOBAL MATRIX INVERSION
_ _ —1
ML= [AXMQ 4 AtM,}

[/ e (MQ—lM,)} - [AXMQ} -

7
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Implementation of the Algorithm

GLOBAL MATRIX INVERSION

_ _ —1
ML= [AXMQ n At/v/,]

[/ Yk (MQ—IM,)] - [AXMQ} -

TAYLOR EXPANSION (SMALL ENOUGHk = 4t o At)

ML= [i(—l)”/@” (MQ—lM,)”} [AXMQ} -
n=0
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Implementation of the Algorithm

GLOBAL MATRIX INVERSION

TAYLOR EXPANSION (SMALL ENOUGH r = 2t o At)
- _ -1
{AXMQ}

block-diagonal

rd

lrezia—~
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Implementation of the Algorithm

GLOBAL MATRIX INVERSION

)

RIR

TAYLOR EXPANSION (SMALL ENOUGH & = 4t «
(Mo~ M;)"

block-diagonal x sparse
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Implementation of the Algorithm

APPROXIMATE INVERSION (x = 1072)

n Ax=10"2 Ax=2.1002 Ax=5.1002 Ax=10""1

3 1.4166E-05 4.3741E-05 2.8780E-04 2.5772E-03
4 3.1623E-07 1.2656E-06 5.3868E-05 1.2674E-03
5 2.8903E-07 9.1744E-07 4.1029E-05 1.3010E-03

FULL INVERSION (x = 1072)

n Ax=10"2 Ax=2.1002 Ax=5.10"2 Ax=10"1

2.2540E-07 8.9583E-07 5.5811E-05 1.3004E-03

7
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APPROXIMATE INVERSION (x = 1072)

n Ax=10"2 Ax=2.1002 Ax=5.10"72

5 2.8903E-07 9.1744E-07 4.1029E-05

FULL INVERSION (x = 1072)

n Ax=10"%2 Ax=2.1002 Ax=5.10"2

2.2540E-07 8.9583E-07 5.5811E-05
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Implementation of the Algorithm

Ax =101

1.3010E-03

Ax =101

1.3004E-03

lrezia—~
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Numerical Results
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Numerical Results

2D ELASTO-ACOUSTIC SYSTEM

2D Elasto-acoustic system.

L2 norm of numerical velocity v

0

0.2

0.4

0.6

0.8
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Numerical Results

2D ELASTO-ACOUSTIC SYSTEM

2D Elasto-acoustic system.

L2 norm of numerical velocity v

0.006
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Numerical Results

2D ACOUSTIC AND ELASTODYNAMIC SYSTEMS

2D Acoustic system. 2D Elastodynamic system.
Convergence of velocity v in function of cell size Convergence of velocity v in function of cell size
1 1
0 S ee® 0 N e
-1 1
g—Z / degree=0 E—Z “order=0
\5_, . — slope=0.46 oA / o slope=0.37
2 o degree=1 25 o order=1
—slope=1.4 — slope=1.82
4 S degree=2 4 / S order=2
—slope=2.91 —slope=2.61
N © degree=3 3 © order=3
. —slope=4.13 . | slope=4.11
1.7 -5 -13 -L1 0.9 17 -15 13 -L1 09
log(h) log(h)

7
18 -ICIAM 2019- 07/19/2019 &LW



19 -ICIAM 2019- 07/19/2019

Tent-Pitching Meshes



Tent pitching meshes

BIBLIOGRAPHY

A. Ungor & A. Sheffer.
A meshing algorithm for space time discontinuous Galerkin method. (2000)

J. Erickson, D. Guoy, J.M. Sullivan & A. Ungor.
Building Space-Time Meshes over Arbitrary Spatial Domains. (2005)

J. Gopalakrishnan, P. Monk, and P. Septlveda.
A tent pitching scheme motivated by Friedrichs theory.(2015)

J. Gopalakrishnan, J. Schéberl, and C. Wintersteiger.
Mapped tent pitching schemes for hyperbolic systems. (2017)

I. Perugia, J. Schéberl, P. Stocker and C. Wintersteiger.
Tent pitching and Trefftz-DG method for the acoustic wave equation.. (Preprint, 2019)
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1D WAVE EQUATION

10 P
c2 ot? ox2
p(,0) = po,

dp

Z2(-,0) = p1.
8t( ) = p1
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Tent pitching meshes
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Tent pitching meshes

1D WAVE EQUATION

10%p 0% B
2 ot2

2o o
o?
p(,0) = po,
16)
87‘;('70) = p1. ] }
0 Po, P1 0

7
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Tent pitching meshes

1D WAVE EQUATION

10%p 0% -~
2oz ox2
e P
\
p(+0) = po, .
9 \\slope: —Ci
S0 =p. , a
0 Po, P1 0
x+cpt
1 1
px.t) = 5 (olx — cet) + polx + ce0) 45— [ pa(s)as
F
X—cfgt

rd

7
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Tent pitching meshes

1D WAVE EQUATION

10%p 0% -~
2oz ox2
WP+ 0
p(70) = po, /// \\\
lope= L 7/ N slope= — L
%(70) = p1. siope F } \Tope F }
0 Po. pP1 0
x+cpt

pi(s)ds

X—cfgt

1
p(x,t) = S (po(x — crt) + po(x + crt)) + 5 —
2 2CF

Creia—
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1D WAVE EQUATION

Tent pitching meshes

10%p 8% \ |
—_—_—— — = soe—— SOS—*
2o a2 P T
p(+,0) = po, \ /
8P
( 0) = p1.
Po., P1
1 1 X+cpt
p(x,t) = S (po(x — crt) + po(x + crt)) + 5 — p1(s)ds
2 2CF
xX—cft
y d
lreeie
clea—
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Tent pitching meshes

1D WAVE EQUATION

1 8%p 62p_
2oz ox2
WP+ 7
\
p(70) = po, /// \\
0 lope= L/ N slope= — L
? Po, P1 0
x+cpt

pi(s)ds

X—cfgt

1
p(x,t) = S (po(x — crt) + po(x + crt)) + 5 —
2 2CF

Creia—
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Tent pitching meshes

MESH GENERATION

1 82p 82[) | 1 7 | 1 7
—_—— = — = slope= — slope= —
2oz ox2 P P
p(-,0) = po, ? P 0
op
a(vo) = p1- P y
? Po. P1 0
X+cpt
1 1
p(x.) = 3 (molx = cpt) + polx+ crt)) + 5= [ pals)as
2 2CF
xX—cfgt
rd

7
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Tent pitching meshes

MESH GENERATION

10%p 0%
éﬁ T o =0, slope:—é\\ /// slope:é
p(ao) = po, ? p ?
dp
E(':O) = P1- } }
? Po, P1 ?
X+cpt
1 1
() = 3 (olx = crt) + polx+ cre)) + 5= [ puls)as
Fx—th
y d

7
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Tent pitching meshes

MESH GENERATION

10%p 0% B

2 2 2
cp Ot Ox

P(', 0) = po, 7 p ?
o
~2(,0) = pr. , ,
? Po, P1 ?
X+cpt
1 1
p(x, £) = = (po(x — crt) + po(x + crt)) + / pr(s)ds
2 2CF
x—cfgt

rd

7
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MESH GENERATION

1%t step

initial condition
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Tent pitching meshes
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MESH GENERATION

2" step

initial condition
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Tent pitching meshes
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Tent pitching meshes

MESH GENERATION

2" step

initial condition B
boundary condition

7
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MESH GENERATION

2" step
initial condition

boundary condition
heterogeneity?
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Tent pitching meshes

(o]

]

2

lrn

czea—



Tent pitching meshes

MESH GENERATION

2" step

initial condition
boundary condition
heterogeneity?

7
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MESH GENERATION

2" step
initial condition

boundary condition
heterogeneity
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Tent pitching meshes

<1

<

]

]
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MESH GENERATION

2" step
initial condition

boundary condition
heterogeneity

22 -ICIAM 2019- 07/19/2019

Tent pitching meshes

<1

<

]

]
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MESH GENERATION

and so on..
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Tent pitching meshes

]

]

2

lrn

czea—



MESH GENERATION

and so on..
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Tent pitching meshes
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MESH GENERATION

and so on..
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Tent pitching meshes
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MESH GENERATION

and so on..
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Tent pitching meshes
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MESH GENERATION

and so on..

crlmil/Ink | <1
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Tent pitching meshes

<1

<

]
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Tent pitching meshes

MESH GENERATION

mesh is divided in
space-time patches
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Tent pitching meshes

MESH GENERATION

mesh is divided in /

space-time patches “ ’ '
2 W

0 a c1 @ (= ] X

7
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MESH GENERATION

mesh is divided in
space-time patches
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Tent pitching meshes
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MESH GENERATION

mesh is divided in
space-time patches
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Tent pitching meshes

<1

<

]

]

2

lrn

czea—



MESH GENERATION

mesh is divided in
space-time patches
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Tent pitching meshes
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MESH GENERATION

mesh is divided in
space-time patches
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Tent pitching meshes
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Tent pitching meshes

MESH GENERATION

mesh is divided in
space-time patches

0 a c1 @ =) &) X

can be computed independently!
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Tent pitching meshes

1D TENT PITCHING MESHES

Uniform tent mesh Non-uniform tent mesh Non-uniform tent mesh
(homogeneous medium) (homogeneous medium) (heterogeneous medium)
P4

7
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Tent pitching meshes

1D TENT PITCHING MESHES

Uniform tent mesh Non-uniform tent mesh Non-uniform tent mesh
(homogeneous medium) (homogeneous medium) (heterogeneous medium)
V4

7
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Tent pitching meshes

1D TENT PITCHING MESHES

y d
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Tent pitching meshes

2D TENT PITCHING MESHES

15t

step 4 step @ step

7
24 -ICIAM 2019- 07/19/2019 &I/ua/-



Tent pitching meshes

STABILITY CONDITIONS

celnk|/Ink| <1 - TDG acoustic formulation

Vplnk|/|nk] <1 - TDG elastodynamic formulation

7
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Tent pitching meshes

3D+TIME

Tent Pitcher &
Space-time DG

1

explicit scheme
local time-stepping

4D integrals

7
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3D+TIME

Tent Pitcher &
Space-time DG

!

explicit scheme
local time-stepping

4D integrals
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Tent pitching meshes

Space-time
Trefftz-DG

!

global
sparse matrix

3D integrals



Tent pitching meshes

3D+TIME

Tent Pitcher & N Space-time
Space-time DG A Trefftz-DG

\ 3

explicit scheme global
local time-stepping sparse matrix
4D integrals 3D integrals

7
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3D+TIME
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Tent pitching meshes

Tent Pitcher &
Space-time Trefftz-DG

!

explicit scheme
local time-stepping

3D integrals
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czea—



Tent pitching meshes

PROPAGATION OF NUMERICAL VELOCITY

2D Acoustic domain. 2D Elastodynamic domain. 2D Elasto-acoustic domain.
P4

v d
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Tent pitching meshes

PROPAGATION OF NUMERICAL VELOCITY

2D Acoustic domain. 2D Elastodynamic domain. 2D Elasto-acoustic domain.

P-wave

v d
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Tent pitching meshes

PROPAGATION OF NUMERICAL VELOCITY

2D Acoustic domain. 2D Elastodynamic domain. 2D Elasto-acoustic domain.

P, S-waves

v d
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Tent pitching meshes

PROPAGATION OF NUMERICAL VELOCITY

2D Acoustic domain. 2D Elastodynamic domain. 2D Elasto-acoustic domain.

v

incident, reflected
P, S-waves,
P, S head waves

rd

v d
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Tent pitching meshes

PROPAGATION OF NUMERICAL VELOCITY

2D Acoustic domain. 2D Elastodynamic domain. 2D Elasto-acoustic domain.

@ - source

[ ] - receiver

rd

7
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Tent pitching meshes

CONVERGENCE CURVES

Convergence of velocity vg (left) and vs (right) in space and time as a function
of cell size Ax = Ay = min{Vp, cp}/2At (point-source case).

a; =pB1 =05 ay; =1 =05
1072 . ) = o 1072 . - :
1077 | B . 1 10°° - .
5 g 1 5 1
2 . 2 " ]
0 ) oo . - |
= [ 1 3 El
10°° F - = p=0 (slope=0.9) |4 107°F . = p=0 (slope=0.9) |4
r = p=1 (slope=1.8) || = p=1 (slope=1.8) |
106 1 = p=2 (slope=2.9) | | 10- L = p=2 (slope=2.8) | |
[« = p=3 (slope=4.0) || . = p=3 (slope=3.7) |
L L |
1072 10712 1072 10710
Az Az
V4

7
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Tent pitching meshes

SPEEDUP FOR DIFFERENT MODEL SIZES

. Exact inversion
. Approximate inversion
. Tent-Pitcher

CPU time

400 900 1600 3100

Model size (2D+time elements)
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Conclusion

ON-GOING WORK AND PERSPECTIVES

Analytical study of convergence

4D Mesh generation !

Absorbing boundary conditions
Implicit-explicit coupling

A posteriori error estimates, hp-adaptivity

Space-time parallelization

L K. Voronin.
A parallel mesh generator in 3D/4D. (2018)

7
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