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Abstract

We construct bounded globally asymptotically stabilizing output feedbacks for a family of nonlinear sys-
tems, using a dynamic extension and a converging-input-converging-state assumption. We provide sufficient
conditions for this assumption to hold, in terms of Lyapunov functions. The novelty is that our construction
provides formulas for the control bounds while allowing uncertainties that prevent the use of classical back-
stepping, and cases where only part of the state variable is available for measurement, without requiring the
time lagged states in the feedback control that were required in the artificial delays approach. We illustrate
the relevance of our work to engineering in an application to a single-link direct-drive manipulator.

1 Introduction

Backstepping is a fundamental approach that is often used to construct globally asymptotically stabilizing
feedback controls for nonlinear systems having a suitable lower triangular structure called feedback form [5].
Important early contributions to backstepping include [3] and [28], and its numerous applications can be found
in [1], [2], [6], [11], [13], [23], [24], [25], and many other works. See also the discussions in the texts and
monographs [10] and [12], and many other research articles such as [15].

One challenge in applying traditional backstepping is that it is not always amenable under magnitude
constraints on the control laws, which can limit the applicability of classical backstepping or of the bounded
backstepping results of [15] and [18]; see [7], [8], [9], [14], [27], and [30] for the importance of control bounds.
Another limitation of the approach is due to the fact that in general, it does not apply under outputs, when only
a part of the state is measured. Moreover, backstepping generally requires a fictitious feedback that is required
to be of class C*¥ when the backstepping is applied k times. Uncertainties in the dynamics or in the output may
also be an obstacle (but see [32] for backstepping for certain linear systems that contain uncertainty).

One recent backstepping technique produces controls that contain delayed state observations, even when
the current state is available for measurement. This produces delayed state values in the control even when
there are no delays in the original systems, so the delays are called artificial. The artificial delays method was
introduced in [19], and developed in [20] and [21]. The preceding works do not require C' conditions on the
fictitious feedback control. See [16], which used artificial delays to solve a problem involving visual information,
where only imprecise measurements of the first backstepping variable are available for use in the control.

The present paper helps to overcome significant remaining challenges in backstepping-based feedback control,
by providing globally asymptotically stabilizing feedback controls for a large class of partially linearizable
systems; see [10] for discussions on partially linearizable systems. A novel and valuable feature of the present
work is its use of a dynamic extension instead of artificial delays, which produces the following advantages
as compared to existing backstepping works. First, our new backstepping controls are bounded in situations
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where bounded feedbacks can be expected (which contrasts with [22] where the controls obtained for the original
systems are not bounded controls), and our method produces closed form expressions for the control bounds.
Second, our new method of this work ensures global asymptotic stabilization in cases where the system from
which the backstepping begins contains uncertainties, rather than the weaker condition of input-to-state stability
with respect to uncertainties in the system that was provided in works such as [21]. Finally, this work applies in
cases where only a part of the state variable is measured and where some parts of the dynamics are not known
with accuracy, while still allowing cases where the fictitious feedback is not necessarily C?!.

This work is organized as follows. Our main theorem is shown in Section 2. Section 3 provides methods to
verify that our assumptions from Section 2 are satisfied. An illustration based on a direct drive manipulator
and an additional example are given in Section 4, and Section 5 summarizes the value of our paper and our
suggestions for future research. This article adds value as compared with our preliminary conference version [17]
by (i) providing explicit formulas for our control bounds in our theorem, (ii) showing how the converging-input-
converging-state assumption of our theorem can be satisfied with fictitious feedbacks that are not necessarily
C!, and (iii) analyzing the effects of multiple uncertain constants in the manipulator illustration. These three
features were not contained in [17], which required the fictitious feedbacks to be C! in its sufficient conditions,
did not provide formulas for the control bounds, and only allowed one unknown constant in its one illustration.

Our notation will be simplified whenever no confusion would arise from the context. The dimensions of our
Euclidean spaces are arbitrary unless we indicate otherwise. The Euclidean norm in R®, and the induced norm
of matrices, are both denoted by | - |, and | - | is the usual sup norm. For each constant J > 0, we let sat;
denote the symmetric saturation function that is defined by sat ;(x) = max{—J, min{.J,z}} for all € R, where
J is called the saturation level. Finally, we use the usual classes of comparison functions KL and Ko from [12].

2 Main Theorem

2.1 The studied system

We consider the nonlinear time-varying system

Tz = f(ta x, gl)

g1 = ai191+ai292

g2 = a2191+a2292 + a2393 (1)
In = anig1+an292 + -+ apngn +u+ QY 2), G)

where z is valued in RP, the state components G' = (g1, ..., gn) are valued in R", f is locally Lipschitz with
respect to (z, g1) and piecewise continuous and locally bounded with respect to ¢, w is the scalar-valued input,
Y :R x RP — R is a continuous function, each a;; € R is a constant, a; ;41 7 0 holds for ¢ = 1,2..n — 1 (with
no sign constraint on the a;;’s), and € is a locally Lipschitz function that is bounded by a known constant
Q > 0. Systems of this type result from partial linearization and are frequently encountered in practice.

In this section, we assume that the R!*" valued output is

Y(t> = (y(tvx(t))mgl(t)a"'7gn(t))T> (2)

which is realistic in practice. We next state our main assumption; see Section 3 for Lyapunov function based
sufficient conditions for this assumption to hold.

Assumption 1. There exist a locally Lipschitz scalar valued function v that is bounded by a known constant
1 >0, and a constant k > 0, such that for any continuous function d : [0,4+00) — R that converges exponentially
to the origin, all solutions (£, A1, ..., An) : [0,+00) — RPT™ of

&= f(t6 M +d(1)
A1o= k[=A1+ A

An

k[=An +1(t, V(t,€))]

converge to the origin as t — +00.



In terms of the matrices

a1.1 a2 0 PN 0
@21 as 2 @23 e 0
A= AT e R™" (4)
An—1,n
Gn,1  Qan2 N . An . n
forn>1and A=ay; forn=1and B = (0,0,..., 1)T € R", our second assumption is:

Assumption 2. There is a locally Lipschitz function w : R™ — R that is bounded by a known constant o > 0
such that the origin of the system )
I'(t) = AT'(t) + Bw(I'(t)) (5)

is a globally asymptotically and locally exponentially stable equilibrium.

See [26] for general conditions under which Assumption 2 is satisfied, in terms of the eigenvalues of A.

2.2 Statement of and discussion on theorem

To state our theorem, we first recursively define the following real constants, in terms of the constant k& from
Assumption 1 and the a; ;’s from the system dynamics (1) and (4). We set

Ccl = — Z anvil@l — kln,l, and Cj = — Z an,ili,j - kln,j + kln,j—l if 2 S] < n, where (6&)
—t =
hp=-1 la= aZ’ik? L= a1 255 <m; (6b)
J1**22jijl, l] 110 I 3<i<n; lj,=01if j<w<mn; (6¢)
7j—1
and ljﬁw:fz;”:’i’sls’wf k ZJ 1w+ 3 l] tw-1 f3<ji<n and 2<w<j—1. (6d)
s=w 7

Formulas (6b)-(6d) define a lower triangular matrix L = [I; ;] € R"*". We are ready to state and prove the
following result, where sat was defined in the previous section:

Theorem 1. Let the system (1) satisfy Assumptions 1-2, let € be any positive constant, choose the constants
li,j and ¢; from (6a)-(6d), and choose the n x n matriz L = [l; j]. Then all solutions (z,G) : [0, +00) — RPT"
of (1), in closed loop with the dynamic output feedback

uw(G,Z,x) = —saty (il cjzj + kln n0(t, Y(t, a:))) +w(G+LZ)—Q(tx),G)
21 = k[—zl + Zg] (7)
Zpo1 = ]{3[—an1 + Zn]

Zn = k=2 + 9V 2))]
with Z = (21, ..., zn) and the saturation level

n

=¢(1+¢) Z lej| + Ellnanl ]

j=1
are such that limy_, o (z(t), G(t)) = 0. Also, the feedback w in (7) is bounded by the constant Z + @ + Q. O

Before turning to the proof of Theorem 1, we make several remarks on its motivation and value.
1) Our assumptions do not ensure forward completeness of the closed loop (z,G) dynamics from our theorem,
but the theorem is true without such forward completeness because it only applies to solutions that are defined



on [0, +00). In particular, it allows finite time escape phenomena. On the other hand, we can ensure forward
completeness of this closed loop system under additional linear growth conditions on f, ¥, and ) in the state.
2) The formula (7) for the control law does not incorporate the first derivative of ¢ (¢, (¢, 2(¢))), which plays
the role of the fictitious control of the classical backstepping approach. Hence, it applies even when v is not of
class Ct. While the works [21, 22] also did not require the fictitious feedback 1) to be C!, these previous works
use a very different artificial delay approach that did not allow outputs and they required full knowledge of the
nonlinear subsystem to ensure uniform global asymptotic stability of the zero equilibrium.

3) One can use changes of variables and a feedback to transform (1) into a system of the form (3) with
d = 0 whose exponential stability property is ensured by Assumption 1. However, such a result would not be
satisfactory, because the feedback obtained that way may possess inappropriate properties. For instance, in
general it would be unbounded. This motivates our alternative approach, based on dynamic extensions.

4) None of our assumptions imply that f has to be known with accuracy. Also, we only require measurements
of ¥(t, Y(t,x)) and Q(Y(t,x),G) in the control, instead of Y itself. This is a weaker requirement than requiring
measurements of Y(¢,z) or G, because the 1) allows uncertainties in the measurements, and because both 1)
and Q) allow cases where only some (instead of all) components of ) are available for measurements, which can
occur in autonomous vehicle/robotic guidance, navigation and control applications with unknown states.

2.3 Proof of Theorem 1

An important feature of the proof consists of making g;(¢) — z1(t) converge to zero, instead of the classical
backstepping approach of making gi(¢) — ¥(t,V(t,z(t))) converge to zero. To achieve our goal, we use the
constants ; ; from (6b)-(6d) to make the change of coordinates R = G+ LZ. We first assume that n > 1. Later
we explain what occurs when n = 1.

Induction assumption: We prove the following by induction on i: For all i € {2,...,n}, we have

1 = ai1r1+ai2re
To = ag1T1+az2re +az3rs ®
Ticl = Gi—1171 12T+ a1
for all t > 0.
First step: i = 2. Since r; = g1 — 21, we have
. _ k _ ai1+k k 9
1 = a1101 +a1292 —k[—z1+22) = a1am +ai2 |92+ Ta1ia Pl T @ma 2| (9)

Since our formulas (6b) give

To =go + 12121 +l2220 = g2 + Gatk, kg, (10)

ai,2 ai,2

we obtain 7y = a1,171 + a1,272. Thus the induction assumption is satisfied at the first step.
Step i: Assume that the induction assumption is satisfied at a step i € {2,...,n — 1}. Then since

J
ri=gi+ Y limzm (11)
m=1
holds for j =1,2,...,i, we have
i
Ti = ;g1 +ai2g2 + o+ Giiv1Giv1 + D0 limk[—2m + Zmya]
m=1
= ai1r1F aipre o+ @i+ Gt giv1 + a2 — aia(leizn +lapze) — (12)
i i
*ai,i Z li,mzm + Z lz,mk[*zm + Zm+1]-
m=1 m=1

Thus, since our recursive formulas from (6b)-(6d) (with the choice j =i+ 1) also give

i

%
Ti+1 = Gi+1 + dil zZ1 — 9i,2 (12712’1 + 12)222) — . — dii Z li,mzm —+ L Z livmk[fzm -+ Zm+1] (13)
m=1 m=1

Aj,+1 QA i+1 QA i4+1 Ajq,i4+1



we can multiply both sides of (13) by a; ;41 and then combine (12)-(13) to obtain
’I"l' = 0,1'717‘1 =+ ai727’2 + ...+ ai,i+1ri+1, (14)

so the induction assumption is satisfied at the step ¢ + 1.
Computing the time derivative of r,, = gn 4+ ln,121 + ... 4 Iy n2n, it follows from our formulas for the ¢;’s in
(6a) that the system (1) can be written as

T = f(t7l'721+7’1)
1 = a1+ a7
To = Q2,171 + Q2,272 + A2,373 (15)
n
Tn = GnaTi+apora+ -+ apntn+u+ Y ¢z + ki (8, V(t, 2)) + QV(t, x), G).
=1

If instead n = 1, then we again obtain (15) with only the dynamics for = and r,, present. Then the closed-loop
system from the statement of our theorem is

T = f(taxazl +7"1)
B = AR+ B|w(R) - saty <§n; ¢jzj + kzn,nw(t7y(t7m))> 3 ez 4 (8, V(7))
Jj=1 j=1
2.:1 = k[—Zl + 22] (16)

Consider any solution (z, R, z) : [0, +00) — RP2" of (16).
Since Assumption 1 ensures that ¢ is bounded by %, it follows from (16) that there is a finite value ¢, > 0
such that for all ¢ > ¢,, the inequality

3 ¢33 () + Kt (£ V(1 2(1)| < 7 (1)

is satisfied. Hence, when t > t,, the closed-loop system is

@ = f(taxazl +7‘1)
R = AR+ Bw(R)
21 = k[-z1 + 2] (18)

o= kot (L V(D).

Assumption 2 ensures that the R-subsystem of the system (18) is globally asymptotically and locally exponen-
tially stable. Then Assumption 1 allows us to conclude.

3 Lemma for Checking Assumptions

Assumption 2 is a simple classical assumption that can often be checked easily [26]; see our illustrations below.
However, checking Assumption 1 can be nontrivial. Our work [17] provided sufficient conditions for Assumption
1 to hold, under the assumption that the fictitious feedback v is C'. In this section, we provide an alternative
method that allows the fictitious feedback v to be Lipschitz but not necessarily C?.

We consider the system

i o= f(tah +d())
).\i = k[—)\i + )\i+1]7 fl1<i<n-1 (19)
}\n = k[_)\n + ?/’(tvl")]



where the constant k& > 0 will be further restricted below, and the continuous function d : [0,+00) — R
exponentially converges to 0. Then (19) is a special case of (3). Our lemma will assume the following three
assumptions, where the second assumption is a variant of the standard input-to-state stability Lyapunov function
decay condition, and where the third one becomes a linear growth condition on f in the significant special case
where W is a quadratic (but see Remark 3.1 for a way to relax the uniform global Lipschitzness requirement
from Assumption 3 so that we instead only assume a uniform local Lipschitzness condition on v):

Assumption 3. There is a constant g1 > 0 such that [(t,a) — (¢, )| < q1]a — b| holds for all a and b in RP
and all t > 0, and the function f is such that (19) is forward complete. Also, (t,0) =0 for all t > 0.

Assumption 4. There exist a C' function V, a uniformly continuous positive definite function W, a constant
L >0, and class Koo functions v1 and v2 such that y1(|z]) < V (¢, z) < v2(|z|) hold for all (t,z) € [0, +00) x RP
and such that the time derivative of V' along all solutions of ©(t) = f(t,x(t),¥(t,x(t)) + 6(¢)) for all choices of
the continuous function § satisfies V (t) < —W (z(t)) + L|6(t)[* for all t > 0.

Assumption 5. There are constants g2 > 0 and g3 > 0 such that f from (19) satisfies
[f(t,z,¢(t2) + AP < g2 W (2) + g3A7 (20)
forallt >0, x € RP, and A € R, where W is from Assumption 4.

We emphasize that the requirement (20) will be checkable in practice, because W will be known from the
decay estimate from Assumption 4; see the examples below. We now prove:

Lemma 1. Let Assumptions 3-5 hold, and choose any constants B € (0,1) and k > 0 such that
2¢?(n—1)B<e—1 and k> max {I;:a,l%b}, where

ko = Q1€\/ 2nas S — 1) and ky = \/ ngigee® (87" — 1)L (21)
a [e—1—2e2(n—1)B](1-7p) (6—1)(\/5—1)@3*1_1)'

Then all solutions (x, ) : [0, 4+00) — RPT™ of (19) converge to 0 as t — +oo.

Proof. To make the proof easy to follow, we first summarize the main ideas of the proof, before providing all
needed technical details. In the first part of the proof, we prove an input-to-state stability type decay condition
on a suitable nonnegative valued function  of the differences A;(¢) — ;11 (¢) of the states of the A subsystem of
(19), with an overshoot depending on the function d? and W (z(t)). Then, we use Assumption 4 to ensure that
x(t) and so also A(t) converge to zero as t — +00, using the decay condition from the first part of the proof.
We now provide the needed technical details. Fix any solution (z,)) : [0,4+00) — RPF™ of (19). For
the rest of the proof, we write 1(¢) to mean (¢, z(t)). Set p;(t) = Ni(t) — Xiga(t) for i = 1,2,...,n — 1,
pn(t) = An(t) —(t), and h = ;. Then we can apply variation of parameters to the A, subsystem of (19) to get

pu(t) = e Nt —h)+ k[, e Ry (m)dm — 1 (t)
= el pa(t—h) +e [t —h) — )] + k [, "D [p(m) — ¢(t)]dm,

by writing ¢ (m) as [(m) — ()] + ¢ () in the first integral in (22). Here and in the sequel, all equalities and
inequalities should be understood to hold for all ¢ > h along our arbitrary chosen solution of (19).

Moreover, for ¢ = 1 to n — 1, we can use the preceding argument with p, and 4 replaced by p; and A; 1
respectively and the fact that A\;1(t) = —kp;+1(t) to obtain

(22)

pit) = e tpi(t—h)+e it —h) = Nipa ()] + & [, O\ (m) = Ay (B)]dm
= e lpi(t—h)+ke! j;t_h pit1(r)dr + k? j;t_h ekm=1) f; pi+1(r)drdm,

g

(23)

where the last equality used the Fundamental Theorem of Calculus to express A;+1(t—h)—X;+1(¢) and Aj41(m)—
Ait1(t) as integrals of —kp; 1 over [t — h,t] and [m, t] respectively. Let w;(t) = |p;(t)|. Then, fori=1ton—1,
we can use (23) to obtain

w;i(t) < e lwi(t—h)+ [k:e’l + k? fEh ekmdm} fttfh w1 (r)dr = e lo(t —h) + kf:,h w1 (r)dr, (24)



by computing the absolute values of both sides of (23), then applying the triangle inequality to the resulting
right side, and finally using the bound | [* p;1(r)dr| < [ @it1(r)dr for all m € [t — h,t]. It follows from
Young’s and Jensen’s inequalities that, for any constant p > 0, the inequality

wi(t) < (1+p)e?w?(t—h)+ (1 + %) k2h ftt_h wfﬂ(r)dr (25)

is satisfied if 1 <4 < n—1, by using the relation (a+b)% < (1+p)a®+ (1+ 1/p)b? where a and b are the second
to last and last terms in (24), respectively. Similarly, it follows from applying the upper bound

SUPy_ <zt [(m) = ¥(0)] < @1 [, [#(r)|dr (26)

twice to the last terms in (22) (where (26) used the Lipschitz constant ¢; from Assumption 3), and then using
Jensen’s inequality in the result, that for any constant p > 0,

@2t < (4pe@E(t-h)+ (1+1)@n [, li()Par (27)

Let us use the simplifying common notation y;(t) = w?(t) for i = 1 to n and set p = e — 1. Then

i) < e lpi(t—h)+ (1 + %) K2h [, pipi(r)dr, 1<i<n—1 and (28)
pn(t) < e tpn(t—h)+ (1 + %) @h [}, |a(r)|2dr.
Set .
s(t) = B Iui(t) and k(s) = fttfh e 1 t=")¢(r)dr , where by = 3 (29)
j=1

Then it follows from using (28) to upper bound the terms being summed in (29), and then using the inequalities
pi1(t) < pITI=ng(t) for j =0 to n — 1, that

IA

Z /i [ it —h) + (14—%) ]{;thtt_h,uj+1(7")dr} +€71,un(t_h)+ (1+%) hft h|x |2d’r
e le(t —h) + ]; = [(14+ B) R S, B s yar| 4+ (14 1) gdh ), e ()P
F (et + £ ) +0)

where the last inequality followed because Y ;" pi(t) = A1 () — ¥ (¢).
By applying Assumption 5 to the function A(r) = 3", pe(r) + d(r), it follows that

s(?)

IN

2
dr,

< e le(t—h)+(n— U:ﬁ hp ftt—h s(r)dr + 2= lqlhftt—h

s(t) <e l¢(t—h)+ (n—1)hfek” hﬂek ft L s(r)dr + '“hle o W((r))dr + & qquhe f:ﬁh (é:l pu(r) +d(7”)) dr, (30)

where g4 = ¢7¢2. Then for any constant ey € (0,1), we can use the inequality (a+b)? < (1+€)a®+(1+(1/€))b?
for suitable nonnegative values a and b to find a constant d > 0 (depending on €g, k, and n) such that

s(t) < e lo(t —h)+ ECNpg [0 o(rydr + Ll [ W (a(r))dr + T g2g0h [ h(z pi(r )>2dr+d*(t)
< e lo(t—h) + EO g [ (r)dr 4+ sah [, Wa(r)dr + 9 gen |1 th r)dr + d.(t)
< e lg(t—h)+ [(n— Dk2B + g5 92 (3 — } )| e L s(r)dr 4+ <k 1T W (a(r))dr + du(t),

where g5 = ng2qz and d.(t) = d f d?(r)dr, the second inequality used the consequence (p1(r)+...+p,(r))? <

n(pi(r)+...4+p5(r) = n(ul( ) i ,un( )) of Chebyshev’s inequality, and the last inequality used the bound

wi(r) < ﬁ‘f"g(r) for all [ and h and all r > 0 and then the geometric sum formula. Let g = -%7q4. Then
(t) < ele(t—h)+ 4 [(nfl)ﬂ + gl (gon 2| 4 [ o(r)dr + goh [, W (@(r)dr + du(2) 1)
< elo(t—h) + 0= 0) [F c(r)dr + goh [, W(a(r))dr + du(t)



since k = 1/h, by choosing €y > 0 small enough and using our assumption that k > k, to check that our choices
g5 = ngigs and h = 1/k give

=[-8+ 5 - 2] < £ (32)

Since Y1, pi(t) = A1(t)—(¢), and since p7 = p for all [, it follows from Assumption 4 (and from reapplying
Chebyshev’s inequality, as before) that along all solutions of (19), we have

2

v < —W(x(t))+cl§pl<t)+d(t) < —W(x(t))+cq7l§m<t)+(1+é) L2(t),  (33)

where g7 = (14 €g)n. Using the lower bounds ¢(¢) > ™77 p;(¢), it follows from the geometric sum formula that

V() < —W(t) +Lgr B me(t) + LE2(t) = —W(x(t)) + LarS=rmto(t) + LA2(1) . (34)
=1

where £f = (1+ (1/€)) L. Let by = \/e — 1. Then our choice of k() in (29) gives &(t) = —bir(s) — bas(t) +
(14 b2)s(t) — e~"hg(t — h). Using (31) and our choice by = 5, we deduce that
k() < —bik(se) — bas(t) + (1 + ba) [e_lg(t —h)+ (1 <) ft L s(r)dr + gsh ftt_h W(x(r))dr}
e Uthg(t — h) + \fed.(t)
— fttfh e~ =g (r)dr — bos(t) + %’L(l*ﬁo) f;h ¢(r)dr

(1 + ba)gsh [, W(x(r))dr + Ved.(t) (35)

3 i e-ﬁ“-ﬂ ()dr = bas(t) + 5 [y eI (r)dr
Jr%\fhfth 7))dr + \/ed.(t)
= s fine z’l(tr ()dT—bz§( +qov/eh [, W(a(r))dr + /ed.(t),

where we also used the fact that (14 by)e™ — =" = 0 and our definitions of x and b; in (29).
Let

IN

U, ) = V(a(t) + SEREE=D k(q) + WEoeCr=tp [1 L [1 W (a(r))drdm (36)

where gs = Lggg7+/e. Then for a suitable constant ¢ > 0, we can combine (34) with (35) to obtain

Uty < —Wa(t) — Lo =) + LUl oD p2 (4(1)) + adun(t) (37)

where d,, = L£d? + d,. Consequently, since our choice of k; from our assumption on k = % implies that

by(B~1-1)

when €y > 0 is small enough, we can find a constant ¢, > 0 such that

Ut) < —cW(a(t) — LLE=D0(t) + ed,a(t) . (39)
Also, since d(t) exponentially decays to zero, we have [° [7 , d*(r)drds < +oo and [, d*(r)dr < +oo. Since
W is uniformly continuous, the lemma follows from Barbalat’s Lemma, by integrating (39) over [0, 400) (which
implies that x(¢) is bounded, so (z(t), A(t)) is bounded, by the boundedness of ¥ (¢, z(t))), then concluding that
limy s 400 2(¢) = limg— 400 (¢) = 0, then using the definition of ¢ to also conclude that lim;_, . p;(t) = 0 and
therefore also lim;_, o A;(t) = 0 for each i (because Assumption 3 now implies that lim;_, . o (¢, z(t)) = 0). O

Remark 3.1. The first condition in Assumption 3 is the requirement of a uniform global Lipschitz constant ¢;
for ¢. We can prove a variant of the preceding lemma if we replace this uniform global Lipschitz requirement
by the assumptions that (i) ¢ is uniformly locally Lipschitz in the state uniformly in time (meaning, for each
constant R > 0, there is a constant gr > 0 such that |1(¢,a) — ¥ (¢,b)] < gr|a — b| holds for all a and b that
satisfy max{|al, |b|} < R and all ¢ > 0), (ii) ¢ is bounded, and (iii) W in Assumption 4 is proper. Condition



(ii) is not at all restrictive, because v is assumed to be bounded in our Assumption 1 in the statement of our
Theorem 1. With the preceding replacements in Assumptions 3-5, we can now prove a semiglobal (instead of a
global) version of Lemma 1 on a sequence of sets whose nested union is our entire state space R"?, using the
following algorithm: Step 1: Given any constant r > 0, use the input-to-state stability Lyapunov function decay
condition on V from Assumption 4 (and standard input-to-state stability arguments from [12, Chapter 4]) to
find a constant R > 0 such that sup,., |z(t)| < R holds for each solution x(t) of &(t) = f(¢t,z(t), ¥ (t,x(t))+(t))
whose its initial state satisfies |z(to)| < 7 and each continuous function é that is bounded by 2+ |d|s+1, namely,
R = By(r,0) +70(29+ |d|oo +1) where the class KL function Sy and the class K, function 7 are the comparison
functions in the input-to-state stability estimate. Step 2: Choose constants k > 0 and 8 € (0, 1) such that (21)
is satisfied with ¢; replaced by gr (so k and 8 will now depend on R). Then the same argument we used to prove
Lemma 1 shows that with the choice of k from Step 2, all solutions of (z, ) : [0, +0cc) — RPT™ of (19) having
initial states that satisfy |2(0)| < r converge to 0 as t — +00, except that instead of considering all times ¢ > h
in the proof of Lemma 1, we constrain the time argument ¢ in the proof to satisfy ¢ > max{h, T(JA(0)|)} where
the function 7T is such that |A;(t)| < v + 1 for all t > T(]A(0)|), and then we apply the input-to-state stability
condition from Step 1 to the function §(t) = —1 (¢, z(t)) + A1 (t) + d(t) (which satisfies |§(¢)] < 29 + |d|oo + 1
for all ¢ > T'(JA(0)])). Then we can use the semiglobal version of the lemma to find sufficient conditions for a
semiglobal version of our theorem, by allowing the &k in Assumption 1, in (6a)-(6d), and in the control (7) to
depend on an upper bound on the norm of the initial state. We leave the remaining details to the reader.

4 Tllustrations

Theorem 1 applies to a broad class of nonlinear systems, without requiring time lagged values of the state in
the feedback. In this section, we illustrate these points in two examples. In our first example, we apply Lemma
1 to check our assumptions from Theorem 1. In our second example, we use an alternative method to check
the assumptions, to cope with the presence of multiple unknown parameters in the system.

4.1 First Illustration

We apply Lemma 1 to the weakly nonminimum phase dynamics

o(t) = wA(z(t)) +a1(t)

n(t) = ga(t) (42)

g2(t) = wu(t)
with the state space R?® where w > 0 is a constant and A is a globally Lipschitz function having global Lipschitz
constant 1, which is not amenable to classical backstepping, because the right side of &(¢) will not in general
be differentiable. In [21], we used an artificial delay approach to construct a globally asymptotically stabilizing
bounded backstepping controller for (42) in the special case where w = 1 and A(z) = |z|/(1 + |z|), which
required the current and one time lagged value of the state in the feedback. On the other hand, we can satisfy
the requirements from Lemma 1 for (42) with n =2, a11 =a21 =ag2 =0, a1 2 =1, and Q = 0, using
flt, 2, 91) = wA(x) + g1, ¥(z) = —wA(x) — wsaty (z), V(z) = 2 fox satq(0)d¢, and W (z) = %saﬁc%(a@)7 (43)

T w

since along all solutions of @(t) = f(x(t),¥(x) +4(t)) for all t > 0, these choices and the triangle inequality give

V(t) = —sat?(z) + Lsaty (2)(t) < —3sat?(z) + 5156%(1), (44)

2w2

and we can choose £ = 33, q1 = 2w, ¢z = 6w? and g3 = 3/2 (by the inequality (—wsati(z) + A)? <
3w?sat?(z) + (3/2)A?%). We can also choose 8 = £7%, and then k, and k;, from Lemma 1 with the preceding

choices are
k, = 2we 6582 — 1) and kp = 2w Ge3/2(572 — 1)
fo =2 we—l—zezmu—m 4 =2 \/<e—1><¢é—1><ﬁ—1—1> (45)

so Assumption 1 holds for any k& > max{k,, ky} = 61.2729w. Also, Assumption 2 holds by well known nested
saturation controls for chains of integrators. Hence, the desired feedback control is provided by Theorem 1.




0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
time time

Figure 1: Feedback Control in First Illustration

In Fig. 1, we plot MATLAB simulations for the preceding system in closed loop with the control provided by
our theorem, with € = 0.05, w = 0.4, and A(z) = |z|/(1 + |x|). The figure shows the good performance of our
control, and therefore helps illustrate the value of our theorem in a special case of the dynamics (42).

4.2 Second Illustration

We consider the dynamics

T = @
T2 = po(g1 —p1sin(z1) — par2) (46)
g1 = u—pzarctan(zz) + a1,191

with the output Y = (z,¢1) and the R%-valued state components x = (z1,3), where a; ; < 0 and p; > 0 for
i = 0 to 3 are constants. This includes the dynamics of a single-link direct-drive manipulator actuated by a
permanent magnet DC brush motor from [4], which are (46) in the special case where py = 1 (after a change of
coordinates which removes a constant). Assumption 2 is satisfied with @ = 0 and n = 1 (because in this case,
(5) with w = 0 is a linear system that is exponentially stable to 0), and we choose Q(x, g1) = —p3 arctan(zz).
To illustrate how Theorem 1 covers cases where the nonlinear part of the dynamics may not be known, let us
assume that aj 1, p1, and p3 are known, but that py and py are not known (so we may use ay 1, p1, and ps3
in the control, but we cannot use pg or p2 in the control). The uncertainty of py (resp., p2) can represent an
uncertain mass (resp., viscous friction coefficient) in the manipulator dynamics. However, we assume that

3(14p1)p1

2 1+ e _ o
1‘*{21 <Pz < f)l and [po — 1| <min{py, po}, where p; = 2p3+8p1(1+p1)+16(1+p1)? and pp = 4p§+1;2p2+8 (47)
and we choose any constant k£ > 0 such that
B> 8 (3 (& +2) + 20 —11) and k> 22 (py +1)% (48)
We will show that (47)-(48) ensure that Assumption 1 is satisfied with n = 1 for any k that satisfies (48).
Consider )
Y(€) = p1sin(&) — (§1), where (&) = \/@ (49)

and any continuous function d : [0, +00) — R that exponentially converges to 0 and

&= &, & = po(—pisin(&) —pobo + A +d(1), M = k[~ +pisin(&) — (&)]. (50)

Let us choose
V(f) = 1/ 1 + 5% — 1 + %fg + ﬁ<£1>£g and S1 = )\1 — D1 SiIl(gl) + <£1> (51)
In the new variables (€, s1), the system (50) becomes

=6, &=-pb—(&)+s1+dt)+(po— DM(t), $ =—ksi+ {—pl cos(&1) + W £, (52)

where M(t) = —pa&a — (&1) + 1 + d(t) and where we omit the time argument of the state variables to simplify
the notation. Also, the second inequality in (47) and the triangle inequality combine to give

&€ p1 1 &
—P2 1t \/1_:52 S rp) (2 e T p2§2) = WH—&Q + & (53)
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Therefore, for any constant ey € (0,1), and with the choice M¥(t) = (po — 1)2 V(£) (t)M(t), we obtain

082
V) = 6g§<f>52 + Po 2 (= pata — (&) + 51 + d(t))
= &+ 4(1p+lpl) j%) + M)
2

& P1
4(1+p1) 1+£2 + 4(1+p1) (1+&3)\/1+€3 (52 T I+ <£1>> (51 +4d(®)
R e ng + Ea(s1 + d() + g (€0) (51 + d(t)) + ME(D)
3 €
< B %1%2 + L ( + 1%1)81 + 3 (1+ ) ( + 1fi;l)cﬂ(t)+/\/tﬁ(1t)

1

IN

along all solutions of (52) for all ¢ > 0, where the first inequality in (54) used the first inequality in (47) and
(53), and the second inequality in (54) used the relations

2

Ea(s1 + (1)) < 3padd + (s +d(6)? and (€1)(s1 +d() < Ey¥he +2(s1 +d(9))2,

followed by the inequality (s1 + d(t))? < (14 €9)s? + (1 + (1/e0))d?(t). Also, since
\/l—t—p—lzﬁforallpz(), (55)

it follows from (53) with ps replaced by 1 that the choice of V in (51) is proper and positive definite.
Next let U(€, s1) = V(&) + 453. Then (54) gives

0) < -5 - i + 252 (E+ )+ (143) (B + 25) @O kst
it
{ proos(C) + <1+s%>\/@} e F M (56)
2
< —mgo gt S (o Dbl + [ (4 2 ) — K] 8
+1 (1 + io) (p% + 1) d2(t) + M(t)

along all solutions of (50) for all £ > 0. Since (p1+1)|s1&| < 2Es?+ 2-(p1 +1)2€3, it follows from our conditions
on |pp — 1] and k from (47)-(48) that if we choose ¢y € (0, 1) close enough to 0, then we can find a constant
co > 0 such that

IA

U(t) _%253 o 32(312’1171) 1+§2 T35 (p1 +1)%6 + [Hzeo (p% + 1291) - gk] s1
+1 (1 + i) (— + 1) d?(t) + ME(t) (57)

< —eo{@+ st (B (1) (R +1)+2w0-11) )

along all solutions of (50) for all ¢ > 0, because the second inequality in (48) implies that = (py + 1) < B2,
and because our bounds p; and ps on [pg — 1| from (47) imply that there are constants ca (0,p2/8) an
cp € (0,3p1/(32(1 + p1)) such that
M) = (o= 1) (& + 7530600 (= pote — (€) + 51 + d(1))
< po— 1 (263 + §2+ Lo +{lf§+s%+d2 )}
(et + {3+ defg o 0 .

2 2
1 1 1
+ {2 (4(1p+1p1)) 1+52 + 2p2£2} + 4(1+p1) 1+§2 + {2 (4(1111;01)) 1+52 + 57 +d2< )})
< 2 5% 2 -1 2 d2
< st T+e? + 2[po |(s1 +d*(t))
for all ¢ > 0, by repeated applications of the triangle inequality; the first set of terms in curly braces in (58)

were obtained from using the triangle inequality to upper bound [€5(£1)], the second set of terms in curly braces
in (58) were used to upper bound |€2(s1 + d(t))|, and similarly for the other terms in curly braces in (58). It
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follows from integrating (57) over [0,4o00) and applying Barbalat’s Lemma to the function in curly braces in
(57) that Assumption 1 is satisfied (because d?(t) exponentially converges to 0 as t — +oc). Hence, Theorem
1 applies to (46) and provides the dynamic feedback

w(Z,x) = —saty ((a11 + k)z1 — kv(x1)) + pzarctan(xs), z1 = k[—21 + p1sin(z1) — (z1)] (59)

with Z = (1+¢€)(|a1,1 + k| +k)(p1 + 1) and the choice (49) of 1, since our formulas (6a)-(6b) give ¢; = a1 1 + k.

In Fig. 2, we plot MATLAB simulations for the system (46) in closed loop with the control provided by our
theorem, with € = 0.05, po = p1 = p3 = 1, po = 1.5, and a;,; = —1. The figure shows the good performance
of our control, and therefore helps illustrate the value of our theorem in a specific case of the dynamics (46).
Moreover, with the choice p; = 1, our conditions (47) imply that our control is also valid for any constants
p2 € (1,2) and po € (0.95,1.05), which means that the viscous friction coefficient (resp., mass) measurement
can tolerate a 50% (resp., 5%) error. This illustrates the robustness of our control design to uncertainties.

1.5

1€,
‘.
.

0.5

0

-0.5

time time
Figure 2: Feedback Control in Second Illustration

5 Conclusions

We provided a new backstepping approach using a finite dimensional dynamic extension, which is motivated by
the ubiquity of engineering applications that lead to the required cascade forms. Advantages of our approach
include the facts that we do not require the fictitious feedback to be C!, and the fact that we can satisfy
input bounds without using artificial delays. We hope to develop local versions for systems that are only
locally asymptotically stabilizable, and to allow measurement delays [29, 31]. We will also investigate families
of systems that can be stabilized by applying Theorem 1 repeatedly, and possible extensions to PDEs.

References

[1] B. Bialy, J. Klotz, J. Curtis, and W. Dixon. An adaptive backstepping controller for a hypersonic air-
breathing missile. In Proceedings of the AIAA Guidance Navigation and Control Conference. Minneapolis,
MN, Paper ATAA2012-4468, 2012.

[2] J. Chen, W. Dixon, J. Wagner, and D. Dawson. Exponential tracking control of a hydraulic proportional
directional valve and cylinder via integrator backstepping. In Proceedings of 2002 ASME International
Mechanical Engineering Congress and Ezxposition. New Orleans, LA, Paper IMECE2002-32076, 2002.

[3] J-M. Coron and L. Praly. Adding an integrator for the stabilization problem. Systems and Control Letters,
17:89-104, 1991.

[4] D. Dawson, J. Carroll, and M. Schneider. Integrator backstepping control of a brush DC motor turning a
robotic load. IEEE Transactions on Control Systems Technology, 2:233-244, 1994.

[5] W. Dixon, Z-P. Jiang, and D. Dawson. Global exponential setpoint control of wheeled mobile robots: a
Lyapunov approach. Automatica, 36:1741-1746, 2000.

[6] J. Farrell, M. Polycarpou, M. Sharma, and W. Dong. Command filtered backstepping. IEEE Transactions
on Automatic Control, 54(6):1391-1395, 2009.

[7] T. Hu. A nonlinear-system approach to analysis and design of power-electronic converters with saturation
and bilinear terms. IEEE Transactions on Power Electronics, 26(2):399-410, 2011.

[8] T. Hu and Z. Lin. Control Systems with Actuator Saturation. Birkhauser, Boston, 2001.

[9] A Iovine, S. Siad, G. Damm, E. De Santis, and M. Di Benedetto. Nonlinear control of a DC microgrid
for the integration of photovoltaic panels. IEFEE Transactions on Automation Science and Engineering,
14(2):524-535, 2017.

12



[10]
[11]

[12]
[13]

[14]
[15]

[16]

[17]

[18]
[19]

[20]

[22]

23]

[24]

A. Tsidori. Nonlinear Control Systems. Springer-Verlag, New York, 1995.

Z-P. Jiang and H. Nijmeijer. A recursive technique for tracking control of nonholonomic systems in chained
form. IEEE Transactions on Automatic Control, 44:265-279, 1999.

H. Khalil. Nonlinear Systems. Prentice Hall, Upper Saddle River, NJ, 2002.

D. Lee, C. Nataraj, T. Burg, and D. Dawson. Adaptive tracking control of an underactuated aerial vehicle.
In Proceedings of the American Control Conference, pages 2326-2331. San Francisco, CA, 2011.

Y. Li and Z. Lin. Stability and Performance of Control Systems with Actuator Saturation. Birkhauser,
Boston, 2018.

F. Mazenc and S. Bowong. Backstepping with bounded feedbacks for time-varying systems. SIAM Journal
on Control and Optimization, 43:856-871, 2004.

F. Mazenc, L. Burlion, and V. Gibert. Stabilization of a system that arises in the context of vision based
landing of a civil aircraft. In Proceedings of the American Control Conference, pages 2978-2983. Milwaukee,
WI, 2018.

F. Mazenc, L. Burlion, and M. Malisoff. Backstepping design for output feedback stabilization for a class
of uncertain systems using dynamic extension. In Proceedings of the 2nd IFAC Conference on Modelling,
Identification, and Control of Nonlinear Systems, pages 260-265. Guadalajara, Mexico, 2018.

F. Mazenc and A. Iggidr. Backstepping with bounded feedbacks. Systems and Control Letters, 51:235-245,
2004.

F. Mazenc and M. Malisoff. New control design for bounded backstepping under input delay. Automatica,
6:48-55, 2016.

F. Mazenc, M. Malisoff, L. Burlion, and V. Gibert. Bounded backstepping through a dynamic exten-
sion with delay. In Proceedings of the 56th IEEE Conference on Decision and Control, pages 607-611.
Melbourne, Australia, 2017.

F. Mazenc, M. Malisoff, L. Burlion, and J. Weston. Bounded backstepping control and robustness analysis
for time-varying systems under converging-input-converging-state conditions. European Journal of Control,
42:15-24, 2018.

F. Mazenc, M. Malisoff, and J. Weston. New bounded backstepping control designs for time-varying
systems under converging input converging state conditions. In Proceedings of the 55th IEEE Conference
on Decision and Control, pages 3167-3171. Las Vegas, NV, 2016.

K. Pettersen and H. Nijmeijer. Underactuated ship tracking control; theory and experiments. IEEE
Transactions on Automatic Control, 40:1759-1762, 2002.

A. Sezkin and M. Krstic. Boundary backstepping control of flow-induced vibrations of a membrane at high
Mach numbers. ASME Journal of Dynamic Systems, Measurement, and Control, 137(8), Paper DS-14-
1203, 2015.

M. Smaoui, X. Brun, and D. Thomasset. A study on tracking position control of an electropneumatic
system using backstepping design. Control Engineering Practice, 14:923-933, 2006.

H. Sussmann, E. Sontag, and Y. Yang. A general result on the stabilization of linear systems using bounded
controls. IEEE Transactions on Automatic Control, 39(12):2411-2425, 1994.

S. Tarbouriech and J.M. Gomes da Silva. Synthesis of controllers for continuous-time delay systems with
saturating controls via LMIs. IEEE Transactions on Automatic Control, 45(1):105-111, 2000.

J. Tsinias. Input to state stability properties of nonlinear systems and applications to bounded feedback
stabilization using saturation. ESAIM: Control, Optimisation and Calculus of Variations, 2:57-85, 1997.
Y. Wei and Z. Lin. Stability criteria of linear systems with multiple input delays under truncated predictor
feedback. Systems and Control Letters, 111:9-17, 2018.

Y. Yin, Z. Lin, Y. Liu, and K. Teo. Event-triggered constrained control of positive systems with input
saturation. International Journal of Robust and Nonlinear Control, 28(11):3532-3542, 2018.

S. Yoon, L. Di, P. Anantachaisilp, and Z. Lin. Truncated predictor feedback control for active magnetic
bearing systems with input delay. IEEE Transactions on Control Systems Technology, 24(6):2182-2189,
2016.

Y. Zhu, M. Krstic, H. Su, and C. Xu. Linear backstepping output feedback control for uncertain linear
systems. International Journal of Adaptive Control and Signal Processing, 30(8-10):1080-1098, 2016.

13



