N
N

N

HAL

open science

Stabilization and Robustness Analysis for a Chain of
Saturating Integrators Arising in the Visual Landing of
Aircraft

Laurent Burlion, Michael Malisoff, Frédéric Mazenc

» To cite this version:

Laurent Burlion, Michael Malisoff, Frédéric Mazenc. Stabilization and Robustness Analysis for a Chain
of Saturating Integrators Arising in the Visual Landing of Aircraft. 58th IEEE Conference on Decision
and Control (CDC 2019), Dec 2019, Nice, France. 10.1109/cdc40024.2019.9029634 . hal-02342711

HAL Id: hal-02342711
https://inria.hal.science/hal-02342711

Submitted on 1 Nov 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-02342711
https://hal.archives-ouvertes.fr

Stabilization and Robustness Analysis for a Chain of Saturating
Integrators Arising in the Visual Landing of Aircraft

Laurent Burlion

Abstract— We study a chain of saturating integrators with
imprecise output measurements. Using a recent backstepping
approach that leads to pointwise delays in the control and a
dynamic extension, we provide an input-to-state stability result
using a bounded control of arbitrarily small amplitude. We
apply the result to a problem in the visual landing of aircraft.

I. INTRODUCTION

This paper continues our search for more effective feed-
back stabilization methods for cases where only imprecise
output measurements are available for use in the control.
This led to our novel backstepping approach in [14] and [15]
where pointwise delays are present in the feedback even if
current output values are available, and then our work [11],
[12] that uses the preceding backstepping approach to solve a
feedback control problem for a chain of saturated integrators
with imprecise output measurements using an unbounded
control. In the present work, we use our backstepping ap-
proach to solve a stabilization problem for a chain of saturat-
ing integrators with imprecise measurements using dynamic
output feedback controls of arbitrarily small amplitude; see
Section II for more on the potential advantages of this work
as compared with the method in [11], [12].

The present work is therefore a new development in a long
history of research on stabilization under bounded controls.
Earlier results on bounded feedback controls include the
semi-global state and output feedback stabilization results
[23], which involve linear control laws inside saturations.
Crucial regional [3] stability results for some linear and non-
linear systems (using LMI methods [2], [22]) were presented
in [21]. Other earlier bounded backstepping and forwarding
methods lead to globally asymptotically stabilizing controls
for some nonlinear systems; see [13] for bounded backstep-
ping, and see [17] and [20] for forwarding methods.

The backstepping designs proposed in [14] and [15]
are significantly different from prior backstepping methods,
because they circumvent the problem of determining Lie
derivatives of the fictitious controls by introducing artificial
delays in the control (which are called artificial because
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they are present even if current state values are available
for measurement). The artificial delays approach relaxes the
smoothness requirement on the fictitious control that was
present in previous backstepping approaches.

The advantages of [14] carry over to the present work,
which adapts ideas from [14] to a control problem for a
chain of saturating integrators for dynamics with outputs that
occurs in the vision based [6] landing of aircraft. Since only
imprecise measurements of the two first state variables are
available in this application, we cannot apply the regional or
semi-global results mentioned above, nor [14] or extensions
such as [15]. This motivates our new control, which is
inspired by the forwarding theory from [16]. Our controls
in the present work ensure input-to-state stability with a
saturated input. Moreover, for any positive constant i, we
can ensure that our control is bounded by i.

The notation will be simplified whenever no confusion
would arise given the context. Given any constant 7 > 0, Cj,
denotes the set of all continuous functions ¢ : [-T,0] — R”,
which we call the set of all initial functions. We define
E €Cip by Ei(s) =E(t+s) forall E, s <0, and t > 0 for
which the equality is defined. The Euclidean norm is denoted
by |-|, and || (resp., |-|w) denotes the corresponding
supremum over any set . (resp., essential supremum). For
each constant L > 0, we use the usual saturation function
satz,(x) = max{—L,min{L,x}}, and d will denote a bound-
ary. We also use the standard definitions of input-to-state
stability and class %% and % functions, as defined in [7,
Chapter 4], and .# denotes the set of all functions of the
form y+ ¢ where y € ., and ¢ > 0 is a constant.

II. DYNAMICS

We consider the system

X1 = satg, (x)
X = sat, (X3) (D)
X3 = saty, (u ,

where x = (x1,x,x3) is valued in R>, the input u is valued
in R, and L; > 0 is a constant for i = 1,2,3, where we use
the usual saturation function saty(x) = max{—L,min{L,x}}
for each constant L > 0. The outputs are

n(t)xi(t) +81(2)
x2(t) + 62(¢) (2)

)63(1‘)7

n) =
n) =
() =

where &1, 6, and 1 are unknown but piecewise continuous
functions for which there are known constants 77 > 1, §; >0,



and 32 > 0 such that for all ¢+ > 0, we have
n(t) € [1,7] and |§(t)| < & for i=1,2 3)

(but see our conclusions section below for remarks in more
general cases with sampling or output delays). Requiring
n(¢) > 1 for all ¢ > 0 is not restrictive because in practice, 1
will have known positive upper and lower bounds, and then
we can divide the formula for the output component y; in
(2) by inf{n(¢) : £ > 0} so the rescaled 1 and &, are such
that the rescaled 7 is bounded below by 1.

Given any constant # > 0, our goal is to construct an
output feedback u that is bounded by u and that is such
that the closed loop system (1) is input-to-state stable with
respect to 6 = (0;,0,), under the assumption that d, < L.
This contrasts with the objectives in [12], which studied
the same system (1) with a sampled version of the same
outputs (2), because in [12], the control was not required to
be bounded, and in addition, [12] required the more stringent
condition & < Li(1—e~1)%/(40(1 42~ 4-¢72)) as well as
a scaling constant A > 0 in the control, which are not needed
here. Hence, the present paper provides potential advantages
over [12], which are made possible by our new dynamical
extension in this work which was not present in [12].

Since (1) is not in feedback form, classical backstepping
results (e.g., [20]) do not apply. Since 7 is unknown and not
necessarily differentiable, bounded backstepping results in
[10] and [13] do not apply. Other approaches (e.g., [S], [9],
and [16]) do not apply here either. Moreover, one cannot
apply [14], which does not allow uncertain measurements.
Thus, we believe the problem solved in this work was open
and worth solving because of its implications for the visual
landing of aircraft that we discuss in Section V below.

III. MAIN THEOREM

Our main result is as follows, in which we can always
satisfy our conditions (12) by choosing the positive constants
ap, Bl, and L4 small enough and then choosing the p;’s large
enough (because of our assumption 8y < Ly), and then for
any constant iz > 0 we can choose these constants such that
the control u is bounded by L4 + @3+ 3, < & to satisfy any
amplitude restriction on the control u:

Theorem 1: Consider the model (1) with the outputs (2),
and assume that 6, < L;. Choose the control

0 0,2T
u(t){ «Cé(h)’r,Zz% :‘;[27," ) where )
G(t,y,z) = -—saty, (xs3(t) —vi(z)—B(t)) 5)
2 (v, 20) + v, z),
vi(z) ﬁ(m(?)—Zz(f)—zefkTm(f—T) ©)
—|—e_kTZ2 (l - T) + e_Zszl (t - ZT)),
va(yr,ze) = ﬁ(—k](l‘)—km(ﬂ

+4eikT21 (l — T)

—e ¥t —T)—2e*T 7 (t—217) (1)
+0(t)—2e* ot —T)

+e T ¢(r—2T)), and

v3(Ve,2r) i (—w) e Mz T) ®)
+o(t)—e Mot —T))
where the z;’s are the states of the dynamic extension
a@) = k=z()+¢()
() = kl—n@)+u@)—e Mz -T)) 9)
a() = k-z0)+o()

with the initial condition z(¢) =0 for all ¢ € [-2T,0] and

o(r) = f%satl71 (y1(z)) and

B (10)
o(t) = —prsatp, (v2(2) — a(t)
and
afr) = 222D and B(r) = 205D )

and where the positive constants p;, T, k, L4, 01, and 31 are
chosen such that

B+ <Ly (12a)

20, +68, <L (12b)

Ly+ 05+ B, <Ls (12¢)

NTa + 81 < pi (12d)

2000°T < pi (12¢)

TB,+82<p2 (12f)

2B,T < p2 (12g)

YO (G +&+ D8 ) +6+ DT <D (120

where

g - 2B g

1= BT e (13)

— 4T 7 2B,
o3 = (_e ¥ and B, = e FT*

Then the control u in (4) is bounded by L4+ @3 —1—32, and
(1) in closed loop with the control (4) is input-to-state stable
with respect to 8§ = (1, 0).

IV. PROOF OF THEOREM

Simple calculations show that the functions v; from (6).—(8)
satisty vi (1) = &(t), va(y,21) = @(r), and va(y1,2) = B(1)
for all + > 0. This allows us to rewrite the control u from (4)
as

u(t) = —satz, (x3(1) — e(r) = B(1)) + () + P 1)

for all + > 2T. Hence, the bound for u follows from the fact
that o and B in (11) satisfy

(14)

()] <@, fa)] <o, |a@) <as,
[B()| < By, and |B(1)| < By

for all + > 2T. Our proof of the formulas (15) (in Ap-
pendix 1 below) use the fact that we can apply variation
of parameters (to the system ¢ = k(—¢g+b) with the choice
(q(1),b(t)) = (z3(1), o(t)), then with the choice (¢(z),b(t)) =

15)



— ez (t —T)), and finally with the choice
= (z1(r),¢(r))) to prove that

t m
alf) = —K / M0 6(0)dedm and
(1—e=*T) Ji=1 Jm—1
BO) = = [ a0t
t—T
for all + > 2T. We also use the formulas (16) in the rest of
the proof as well.

The remainder of the proof is organized as follows. In
the first step, we use a change of variables that produces
a useful cascaded system with a globally asymptotically
stable subsystem. In the second step, we perform a Lyapunov
function analysis using states of this new system. In the third
step, we use results from the first two steps to find useful
bounds on the states of the original system. In the final step,
we use linear growth properties of the closed loop system to
transform the preceding estimates into the required input-to-
state stability estimate.

First step. We use the new variables

&(t) = x()—a)

(16)

&) = x)-aln)-Bl). 4
Direct calculations give
)?1(1‘) = satz, (a(t)+ & (1))
;z(l‘) = sath(ﬁ(t)—i—é(t)fl—a(t)) —oft) (18)
&) = satzy(u) —a(r) = B(0).

Notice that the system (18) in closed-loop with (4) is forward
complete, by the forward completeness of our dynamic
extension (9) (which follows from the boundedness of the
nonlinear terms in (9)). Also, (15) and (12c) imply that
u(t)| = | —satz, (83(t)) + &u(t) + B(t)| < La + 03 + B, < L3
holds for all + > 2T. As an immediate consequence, the
system (18) in closed loop with the feedback defined in (4)
admits the representation

xi(t) = saty (a(t)+&(1))
&) = sa,(B(t)+&(@)+a)—alt) 19
&(t) = —sat,(&(1))

for all £ > 2T. Thus &3(r) converges asymptotically to 0. We
deduce from (12a) and the bounds (15) that there is a class
A function Tj, : [0, +o0) — [2T,+o0) (depending on B; and
0p) such that for all r > T,(]§(0)|), we have |B(¢) 4+ &3(r) +
a(r)] < B, +0n+& ()| < Ly. Hence,

{ Xi(t) = saty (a(r)+&(1))
&) =

B(t)+&s(1)
for all > T,(|£(0)]).

Using the formulas y;(r) = n(¢)x;(¢) + 6;(¢) and y,(t) —
a(t) = xa(1) + 8(1) — alt) = &) + &(1) for our output
components from (2) (which follow from (17)), and also
using our formulas for ¢ and @ from (10) and (16), we
can then rewrite (20) as

X](l) =

— t m
saty, (—H‘) L[ e sat (n(om o
+81(£))dldm + & (1))

(20)

21

and

' _ Bk [T ke
&) =~ [ st (&0

(22)
+&(0))dl+ (1)
for all r > T,(|£(0)]).
We also rewrite the &;-subsystem as
T (23)
s [ M saty, (Ga(0)de+ £a(0)
where
_ Bk [T ke
Fa0) = bl [ H s @)
—saty, (&(0) + &(0)) ] dl+ &3 (r) -
We rewrite the x| subsystem as
W)= 0+
saty, —J%/FT/’”?TJ(Z t>ﬂ(€)d€dm>, (25)
where P (€) = saty, (n(¢)x1(¢)) and
J(t) =
2 t m
sat (‘ulcgf')zpl /t,T /mq sty ({6 6 (26)

+81(0))dbdm + & (1))

1 m
Ko k
S ( (1=e=)2py /r—T /mee

By (12b), we have O < Ly, and [ , [ . K=Ddedm =

(=N p (e)cwdm> .

& (1—e )2 holds for all # > 0 and sat,, is bounded by p,
so (25) gives
x1(1) = A1) o7
2 n
L /t / “sat,, (1(0)x1(¢))dedm

for all ¢ > T,(]€(0)|). Finally, since saturations have the
global Lipschitz constant 1, we can check that

| /2(0)] <180+ 215, and
| A1) <1620+ %8, for all 1> T(1§(0)]),

by the formula [ . eH=")d¢ = 7(1 —e~*T). We next analyze
the stability propertles of the system (23).
Using (23), it follows that, for all ¢t > T,(|£(0)]) + T,

&)= —%satp2 (&a(t)) + %1 (1) + #a(t), where (29a)
A1) = P [ KO bty (G0)

(28)

(29b)

—saty, (&) = J{ &a()ds ) | at.
From (22), we deduce that |& (1) < |&(t)] + B,. As a
consequence, for all # > T,(|£(0)|) + T, we have
| %1 (¢ )|
< —kT ft Te K= t>(t_ )dg(|€3‘z Tz]+ﬁ ) (30)

mm

(
T(|§3|t Tt]'i‘[s )



This inequality and the first inequality in (28) yield

(0] +1#2(0)] <
BT (IEslira +B1) + 8] + 150

for all # > T, (|€(0)]) + T. Since the &3 subsystem is globally
asymptotically stable to 0, we deduce from (12f) that there
is a class . function T, : [0,+c0) — [0,4oc) and a constant
& > 0 such that

3D

sups7, (o)) (121 ()] +1.7 (0)])

<Bi[7p, +62] +& < B,
Hence, by (29a), there is a class .# function Ty : [0,+00) —
[0, +o0) such that Ty(s) > T,(s) + T for all s >0 and such that
|E2(2)| < po for all t > T;(|£(0)]), because & > 0 (resp., < 0)

when & (1) < —p» (resp., > p2). Then for all # > T;(|£(0)]),
we have sat), (&3(r)) = &3(r) and therefore also

&) =-Bre0)+ a0+ n0).

Second step. This step will use the candidate Lyapunov
function Y (&) = %622 By (29b), we get

(32)

(33)

|21 (1))

IN

p21 g—kT ft T‘f k(l=1) fg|§2( )|dsd¢
< Efth‘éz(S”dS

for all + > T;(|€(0)|). By using (23) to upper bound |&,(s)|
in (34), we deduce from the second inequality in (34) that

(34)

for all ¢ > Td(|§(0) ), we have
|'%l(t)‘ S ] e,kT j; Tf Te des
X sup [&am)+BL [ p | ()l ds
me[t—2Tt] (35)
BiT
< Fosup [&(m)
2 meft—2T,]

T ﬁplz (%32 + ‘53|[t—T,t]> ;

where the last inequality is a consequence of the first
inequality in (28). By using the first inequality in (28) and
(35) to bound #; and _#, from (33), we easily deduce that
for any constant @y > 0, we have

Yoy < B(-80+B0 sup &m)

me(t—2Tt]

BiT 1) %32+H(|§(0)|’I)D (36)

< f,(—m;z()) + B gy T(E(m)
2m6[172T7t]
+32<’)>
along all solutions of (33) for all r > T;(|&(0]) + T, where
_ B B 52
Bty = (1+an) (B2 +1) b3, -
+[(1+ &) r2(EO)L0)]

and where the last inequality in (36) used the triangle
inequality ab < fa® + 3b* with a = |&(t)| and b being the
quantity in squared brackets in (36) (followed by a use
of the relation (r+s)> < (1+wp)r? + (14 (1/ap))s* for
suitable r and s), and where U is a class Z.Z function.
Since u € #.%, we can then find a class .# function
T} : [0,400) — [0,40) such that T;(s) > Ty(s ) for all s >0
and such that p(|€(0),t) < @ for all > T;(|£(0)]), and
therefore such that the quantity in squared brackets in (37) is
bounded above by @+ g for all # > T;(|&(0)]). Therefore,
for any € > 0, we can choose mp > 0 small enough such that

VBB /(paler —e2) < &ul1+e)

for all t > T;(|£(0)]), where & was defined in (13),

ﬁl/pg, and ¢; = 2[31 T/p2 Since (12g) ensures that
1 > 2B1T/py, it follows from Lemma A.l in Appendix
2 (applied to v(r) = Y(&(t + T;(1£(0)[) + T)), and with
the preceding choices of ¢; and c¢; and the choice A; =

3(Bi/p2)sup{B.(t) :1 > T;(1(0)[}) that
&) < &u(1+€)+uo(1x(0)] +[8]w,1)

holds for all # > T}}(|£ (0)|); this is done by using the formulas
(16)-(17) to find a function y € e such that |£(0)| <
7(|x(0)| +|8]w) for all initial states, in order to find L.

The next part of the proof is devoted to the x{-subsystem
(27). First, we deduce from (27) that [, (r)| <ot +| _#1(1)| <
o+ &)+ %31, using the second inequality in (28), so
(39) gives

(38)

(39)

bt ()] < @+ Ee(1+8) + 281 + o ([x(0)| +8]w,t)  (40)

for all 1 > Tu(|§( 0)|). From (27), it follows that for all + >
(|§( ) ) we have
qi(0) = 720 + A1(1)
—% / / HDsat, (n(0)x (1)) dedm,
A= 0°p1 Ji1 St

where % (t) =
> t m 3
i [ e ((Om(0) @)

m—T

—saty, (n(0)x(¢))] dedm.

As an immediate consequence, for all 7 > Tj (IE(0)]), we
have

[%(1)] <

0 ,’fff? pln/ /
)

< «n X ds,
- on t—2T| 1)

(41a)

D xy (1) — x1 (£)| dédm

(42)

since the Fundamental Theorem of Calculus gives |x|(¢) —
x1(0)] < [, [%1(s)|ds for all £ € [r—2T,1].
From (40), it follows that for all # > T}}(|£(0)|) + 2T, we

T“‘"(a1+§*(1+8) 13 (1x(0) | +18]e, 1)

(43)



where p)(s,) = po(s,t — 2T). Combining (43) and the
second inequality in (28) with (39), we obtain a class .#
function T} : [0, +o0) — [0, +o0) such that

SUP, i g o) (22 ()] + A O)]) < S

where the last 1nequality is a consequence of (12h) and by
choosing € € (0,1) to be small enough. Next observe that
when x| (¢) > p; /7, then, bearing in mind that 7 is lower
bounded by 1, we deduce from (41a) that

(44)

.
(1) < — ety fr e 0 Brdldm
+28(t)+ /1(t)
= L+ + A1) <0

for all r > Tjﬁ(|§(0) ), where the second inequality is a
consequence of (44). Similarly, one can prove that when
x1(t) < —p1/7M then x1(r) > 0. Hence, there is class .#
function 7, : [0, 4e0) — [0,4e0) such that |n(€)x;(t)| < pi
for all r > T,(|€(0)|) and £ > 0. It follows from (41a) that

k20t]
(1 e*kT )?p1 m—

—|—%2 —|—/1

for all r > T,(|£(0)|). We can assume that 7,(s) > Tj (s)+2T
for all s > 0.

Let us consider the candidate Lyapunov function v(x;) =
le Since 7 is lower bounded by 1, we deduce from the
second inequality in (28) and (42) that

V(1) — b (1) +x1 (1) [%2(0) + 21 (1)]
& () + I (155 g b (s)lds
)

(45)

x(t) = x1 (t)dedm

(40)

INIA

P (47)

] (180]+ £3)

holds along all solutions of (46) for all > T,(|&(0)]). From
(27), we deduce that

k20t]

O] < iy S S 0T () dldm
+1.71(0)] (48)
< BT sup fu(m)|+ (&) + T80
me(t—2Tt]

for all # > T,(]&(0)]), by our bound 7} on 7, and where the
second inequality is by (28), so (47) and the choice

H(s) =40 sup

e 1 (m) | +[&2(s)] (49)
give
V() < =S () | ()| B [ A (s)ds
()] (ZETDE, + &)+ 251
< 50+ T
(O] [ BT [ o7 16a()lds + 2517,

+ &)+ 551

for all > T,(|€(0)]) +2T. Setting &} = £,(1+€), it follows
from (39) that, for all > T,(]&(0)|) + 2T,

. @ 2T
v(t) < —%X%(inz%" sup |xi(m)[?
L me[t—4T 1

e ()1} { 2B (8 + o ((0)| ]3], 1))

+ 28I b g ((0)] +8]ert) + 2 |
< %V( (1)) 51)
LT G v (m))
7i me(t—4T 1]
il | LB (EE + po([x(0)] + 8w, 1))
2T g ((0) +161) + 551

where the last inequality applied Young’s inequality ab <

06[17?0 a+ 4 b2 to the terms in curly braces.

Third step By (12e), we can assume that @y € (0,1) is
small enough so that

(-ep)a; 270’
P1 p% ’

From Lemma A.1 below and the second inequality in (51),
there is a 11, € J#.% and a class .# function T} : [0,400) —
[0, 400) such that for all # > T/(|€(0)|), we have

P (1+ay) 2T e e
v(xi (1) < {Sa%wo(pl(ll—wo)—ZTalnz) [ i

mal]z}+m<|x<o>|+|6|m,t>v

52
2T0? 7751 (52)

L +§*

by the argument that led to (39). Consequently, with the
choice wy =+/2u;, we get

et ()] < Y+ 2 (1x(0)] + (8], 1), (53)

where 7, = /2B, and B, is the quantity in curly braces in
(52), by the subadditivity of the square root. We next find
analogous bounds for x, and x3.

From (39) and the fact that & = x, — &, and also using
(16), we deduce that

1 m
e o N A UGN

T D1 (54)
+81(0))dedm| < &+ po(1x(0)] + [8w,1)
and so also
#
28] < &+ Ho((1X(0)] + [81rt) 55

T B [ g O T (0) + 3] dldm

for all + > Tj(\é( 0)|). From this inequality and (53), we
deduce that for all # > T/ (|€(0)|) + 2T, we have

bea(0)] < &+ B (O] +18]t) + 2 [0+ 8] (56)



where “0 = o+ (0 /p1)fl € L. Moreover, since
x3(t) = ou(t) + B (1) + E3(¢), we have

@l < g e_krzft 7 I 1 (£)|dedm
+Wﬁ 019 (0)]de

K =T k((—t) 7
Tz Ji- o7 €D (0)]de
+ = [ I 0(0)|de+ (& ()],

by (16). Next observe that our choices of y; and y, from (2)

give
[9(0)] < L |n(r)xi (1) + 81 (1)
and |w< )| < Bl () + &)

ér
—kT
(1—e / /mT

for all + > 2T. It follows from (53) and (56) that we can find
a function uz € J#.Z such that

9] < 9u+ 3 ([x(0)] + [0, 7),

(58)
dfdm’

where ¢, = % (ﬁyg _|_31) (59)
and ()| < Bt [&14 51 [+ 51|
+5& ( / / K dedmg, + 8, (60)

+3(6(0)] +[8e.1)) < @+ BLpiz (x(0)] + 18w 1),

by enlarging Tejj as needed without relabeling, where s =
k?/(1—e*T)? and where

W, = gl |:‘§*+(n7a+6l)+¢*+52

(61)
Since (16) also gives |&(t)| < m for all t > 2T, we
deduce from the formula x3() = &(¢) 4+ B(r) + &;(r) and our
bounds on ¢ and ® from (59) and (60) that we can find
a class . function Ty : [0,+00) — [0,+0c0) and a function
Uy € # L such that

[x3(t)] <= kr¢*+w*+l14(‘x( ) +18]w,1) (62)

for all t > Tf(\é( )|), using the formula for f from (16).
Fourth step. By combining the upper bounds (53), (56),
and (62) for the |x;(7)|’s and recalling the formulas for the
components of &, we can construct functions fy € % and
1 € He and a class .# function Ty : [0,+c0) — [0, +o0) such

that
()] < Bo(1x(0)],1) + ¥(|8]e) (63)

for all > T,(|x(0)|), where the construction of 7, used the
fact that our formulas (17) imply that there is a class .#
function @ : [0, 4o0) — [0,+o0) such that | (0)| < O(]x(0)])
holds for all initial states &(0) and x(0), so we can choose
Ty(s) = T;(0(s)). Also, the linear growth of the x dynamics
provides a constant L > 0 such that

[x(0)] < LeMTs(HOD x(0)| + L1512

for all € [0, T4 (|x(0)])]. ©4)

In fact, (9)-(11) provide a constant ¢ > 0 such that |z()| <
¢(|zly—r + |x(#)| +6]w) and therefore also

|zl < € Jo (|2lp—7,0 + |x(0)]) dl+ 1] 8., (65)

for all + > 0 (since we assumed that the initial functions for
the z dynamics are 0). Therefore, we can apply Gronwall’s
inequality (e.g., from [7, Lemma A.1, p.651]) to the function
F(t) = |z|jy—1, to find a constant & > 0 such that

(%[0, + Te (1x(0)])1]-»)

for all r € [0,T,(|x(0)])], which we can use to find pos-
itive constants ¢ > 0 and ¢, such that the right side of
(1) is bounded by &(e7z(x(0) \x\ |+ |6]2) for all ¢ €
[0,7,(|]x(0)])] (by applying the trlangle inequality to upper
bound the term in (66) containing the |d|-. and using the
class .# structure of T,), and then we can apply Gronwall’s
inequality to the x system (as we did for the z system) to get
the required constant L > 0. The final input-to-state stability
estimate now follows by adding the bounds for (63)-(64) for
|x(¢)| to find a bound that holds for all > 0.

|2(t)] < &FecTe(K(O)] (66)

V. APPLICATION TO VISUAL LANDING OF AIRCRAFT

To illustrate our results, we consider the lateral dynamics
of an Airbus airliner in a glide phase which must align with
a runway using a body fixed monocular camera [1]. This
problem is a challenge of strong relevance in cases where
the runway is unequipped or in the case of GPS loss. More
precisely, the position, size and heading of the runway are
unknown, so that the relative position (Ax,Ay) and heading
Ay of the aircraft with respect to it are unmeasured. See
Figure 1, and see [8] for valuable research on vision based
aircraft control, which does not provide the input-to-state
stability to uncertainty that we provide in this work.

Fig. 1.

Notation used in the alignment part of the glide phase

As noted in [11], this research was motivated by this
simplified lateral guidance model provided by Airbus:

Ay = Vsaty,(Ay)
Ay = %satL(p (p) (67)
¢ = saty, (),



where ujy is the input, V = 72m.s~! is constant all along
the final approach, g = 9.81m.s™2, and ¢ (resp., ujy) is
the aircraft roll angle (resp., the guidance/outer loop control
action). Then (67) can be transformed into the system (1)
by applying the change of coordinates x| = Ay, xp = VAy,
x3 = g while changing the saturation limits accordingly. In
[11], the time varying parameter 7)(¢) is chosen to satisfy
n(¢) € [0.3,1], and in our simulations to follow, we scale it
so that the new 1 is bounded below by 1 (as explained in
Section II above). Note that 1) is minimum when the aircraft
is close to the runway and starts its flare.
The saturation limits are

Ly =25m.s" ', Ly =7Tm.s™%, and L3 = 6m.s > (68)

For comparison purposes, the controller studied in this paper
is called ‘controller 1’ in our simulations, and we compare
its performance with the control from [11] which we refer to
as ‘controller 2°. We use the folloing parameters the satisfy
the assumptions of Theorem 1 when 51 < 0.9 and 52 <0.3:

k=01,T=2Li=1,a=2,

p1 =10, B =02, and p, =2.5. (69)

It is assumed that the runway suddenly appears in the
image at instant + = S5s and will remain in the camera
field of view throughout the descent. As such, the x;’s are
reinitialized at time # = 5s. Doing so, our controller can be
fairly compared to any another one (possibly reacting from
t =0). Indeed, according to (4), controller 1 is 0 for 7 € (0,4)
seconds. Figure 2 shows that controller 1 succeeds to lower a
lateral deviation of 30m for several initial heading deviations
Ay € {—5,0,5}deg. Figure 3 shows the responses when the
outputs are noisy.

On the other hand, our figures also show the performance
of the ‘controller 2’ from [11]. We made these choices of
the parameters in ’controller 2’ in our simulations:

ki =03, ky =0.59, k3 = 0.8, T = 2.5,

Ly=1, and v = 1.4, and ¢ (x) = 0.15tanh(0.4x). (70)

Using these parameters, the assumptions of [11] are satis-
fied when 8; = 8 = 0. Moreover, looking at Figures 2 and 3
below, we observe the settling times are almost similar when
one uses controllers 1 and 2. However, the assumptions of
[11] seem to be far more conservative when the outputs are
noisy. Indeed, the assumptions of [11] would not be satisfied
with 6, = 0.9 and & = 0.3, and in order to satisfy them it
would be necessary to multiply these bounds by 4.1073.

VI. CONCLUSIONS

We used a recent backstepping approach to construct
a useful new class of bounded controls for a chain of
saturated integrators that arises in the visual landing of
aircraft. This overcame the challenge of having imprecise
output measurements by proving an input-to-state stability
estimate. In future work, we plan to generalize this work to
allow sampling (as described in [18], [19]) or delays in the
outputs, which would be useful for modeling the effects of
image processing.
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Ay = = =reference
4 using controller 1
........... using controller 2
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time(s)
Fig. 2. Evolution of x{(r) when & = 0,8, =

50

P
F \ = = =reference

using controller 1
---------- using controller 2

40t kY

x, (m)

0 10 20 30 40 50 60 70 80
time(s)
Fig. 3. Evolution of x;(r) when 6; =0.9,6, =0.3.

APPENDIX 1: PROOF OF BOUNDS (15)

We use the formulas (16) to prove the bounds on the
derivatives of o and B in (15); the bounds on o and S
in (15) follow from the definition of the saturation and (16).
We use the common notation 5 = k*/(1 —e )2 and the
equalities and inequalities to follow should be understood to
hold for all # > 2T. We have

a(t) = —kou(t)

5[ M0 a0 [ K gar], A
and therefore also
|0 < k050 [ (1—eFT) 4L (e = 2%T)] A2
= ko +s0 1 (1—e ) (147 ) = @,
by our choice of @, in (13). Also, since
(1) = —ka(t) + (=) [ [y Do (0)ae
=IO (A3)

+5[¢(r) =2 9(t—T)+e T o(r —2T)),



our formula for @3 from (13) gives

|0 < f_’ff‘,}T +[s(1—e ) +s (e T —e 2T &y A
+5 (1426 +e ) qy < 4715 = 3.
Finally, since
B(1) = —kB(1) + =tr (0(t) — (= T)e™ ), (A5)
we have
Blee < kBy+ =t (1+¢ ) By = Bay  (A6)

by our choice of Ez in (13). which completes our proof of
the bounds (15).

APPENDIX 2: TECHNICAL RESULT

In this appendix, we provide the variant of the version of
Halanay’s inequality from [4, Section 4.1.2] that we used in
the proof of our theorem. This variant agrees with [4, Lemma
4.2] in the special case where A; = 0.

Lemma A.1: Consider a continuous function
v i [=h,4+e) — [0,4+c). Assume that there are constants
Ay >0, ¢;, and ¢y satisfying ¢; > ¢ > 0 such that the
inequality

v(t) < —cpv(t)+c2 sup v(m)+A;

me(t—h,t

(A7)

is satisfied for all # > 0. Let ¢; > 0 be the unique positive
value such that ¢, =¢; — cesh and let [, > 0 be a constant
such that l,e=%" > v(r) — A /(¢; —c2) for all # € [—h,0]. Then

v(t) < e ' 4 A (A.8)

1—¢2

holds for all ¢+ > 0.

Proof: First, observe that clAj 5 is well-defined because
¢ > . Let #(2) = v(t) — clAjcz. Then
V() < —cii(t)+ ¢ sup F(m) (A9)
me(t—h,t

for all + > 0. Since ¢; > ¢p, the required constant ¢, exists.
Also, the function p(r) = e~ %" satisfies

plt) = sup  p(m)

me(t—h,t

—p(t) +e (A.10)
for all 7 > 0. It now suffices to prove that /,p(¢) > ¥(¢) for all
t > —h. To this end, suppose that there is a constant 7, > 0
such that [,p(¢) > ¥(z) for all ¢ € [—h,t.) and [, p(t.) = ¥(z.),
for the sake of obtaining a contradiction. Let w(z) = #(¢t) —
I,p(t). Then, using I, p(t.) = ¥(¢.), we deduce from (A.9) and
(A.10) that

Sm)— sup Lp(m)| <0,
melte—h.tc]

w(t,) <cp| sup
me(te—htc]

(A.11)

where the last inequality in (A.11) follows because if we
choose a t. € [tc — h,tc| such that sup,,cj, . 7(m) =V(t.),
then the quantity in squared brackets in (A.l1) is ¥(#,) —
I,p(t. — h), which is negative if t. =1, —h (by our choice
of #.) and is also negative if 1, € (t. — h,t.| because in that
case it is bounded above by I, (p(t.) — p(t. — h)) < 0. From

w(t,) <0 and w(r) < 0 when 7 € [—h,t.), we deduce that
w(t.) <0, which is a contradiction. Hence, w(t) < 0 for all
t > —h. Thus ¥(t) < I,p(t) for all t > —h, which gives the
conclusion. ]
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