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A mode-matching model applicable to perforated liners in the linear regime is presented.
It complements semi-empirical models not suitable for the high frequency regime, for liner
featuring thick plate and micro perforated liner. The mentioned models are compared to mea-
surements. From these comparisons, it appears that removing the short tube approximation
is not enough to capture completely the losses in the linear regime. Further investigations have
been carried out using a finite element methodmodel based on compressible Linearised Navier-
Stokes equations. This method showed to be in good agreement with experimental data. Thus,
the dissipation due to viscosity was mapped around the aperture. This approach is supposed
to provide a more precise understanding of the physical phenomenon of interest. Based on
those results, the next step is to propose an upgraded mode-matching model computationally
efficient that overtakes empirical models thanks to physical-based modeling.

I. Introduction

Perforated acoustics liners are a widespread technology used to reduce noise emissions from turbofan. Extensive
research has already been conducted to optimize liners impedance in order to reach the maximum sound attenuation

(see for instance Spillere [1] and Seo [2]). The linear physics phenomenon responsible for sound absorption are well
known. However, the associated semi-empirical models such as Guess [3] or Maa [4], are applicable to a limited
range of geometric configurations such as macro perforated liners. On the other hand, no reliable and time effective
model appears to exist for micro perforated liners, presenting a percentage open area, named porosity, below 5 % and
a perforation diameter inferior to 1 mm. Therefore, a Mode-Matching (MM) model based on Helmholtz equation
is proposed. This approach allows to remove the short tube approximation, outlined further below. The model also
includes the velocity profile through an aperture and the interaction effect between the perforations. This strategy is
more comprehensive than the named semi-empirical models and is expected to be in better agreement with experimental
data. A Finite Element Method model (FEM) based on compressible Linearised Navier-Stokes (LNS) equations is used
as a subsequent comparison. As we shall see further, the results comparison tends to point out a missing dissipation
mechanism in the current MM modeling. The corresponding phenomenon is highlighted through the post processing of
FEM data, involving the analysis of the rate of dissipation due to viscosity near the perforation. The losses scheme
highlighted on the aperture edges complete the existing visco-thermal modeling proposed by Zwikker & Kosten [5] and
Stinson [6] for cylindrical perforation. As a first step, the three models used in the study are detailed, beginning with
Guess model, the mode-matching model and the numerical model. Thereafter, a comparison with measurements is
presented. Finally, the dissipation analysis is described to provide further modeling perspectives.

Figure 1 introduce the modeled geometry composed of three cylindrical domains, namely the exterior (I), the
neck (I I) and the cavity (I I I). A 2D axi-symmetrical problem is considered.
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Figure 1 Scheme of the modeled geometry.

The radius of the exterior domain, the neck and the cavity domain are written, respectively Rext , Rneck and
Rcav . The plate porosity is noted σ. An ejωt time convention is used.

II. Semi empirical model
Guess model [3] was chosen as a comparison basis for this study. The term accounting for viscosity is a common

results derived by Zwikker & Kosten [5] averaging the velocity v across a tube and considering a linear pressure gradient
along the tube, i.e. ∂p/∂z = (pexit − pentry)/T . These assumptions are also known as the short tube approximation.
Building this model on established results, in particular Morse & Ingard [7] for radiation impedance and Ingard [8] for
non linear impedance, Guess gives explicit expressions for the resistance and the reactance:

Θ = <(zν) +
2π2

σ

(
Rneck

λ

)2

where K2 =
−jω
ν
, (1)

and,
χ = = (zν) − cot (kL) +

ωδ

σc0
, (2)

where zν is the non-dimensional impedance resulting from viscous and mass effects in the apertures:

zν = −
jωT
σc0

(
2J1(KRneck)

KRneckJ0(KRneck)
− 1

)−1

. (3)

K is the Stokes wave number, ν is the kinematic viscosity, λ is the wavelength, k = ω/c0 is the wave number, ω is
angular frequency, c0 is the sound speed, δ the end correction and J0 and J1 are the zeroth and first order Bessel functions,
respectively, of the first kind (of complex argument). The − cot(kL) term corresponds to the cavity reactance. The
present paper deals only with the linear regime, therefore, for the following comparisons to be consistent the non linear
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impedance is neglected. The end correction is defined as:

δ =
16Rneck

3π

(
1 −
√
σ
) ©«

1 + 5 · 103
(
| u0 |

c0

)2

1 + 104
(
| u0 |

c0

)2

ª®®®®¬
. (4)

The 16Rneck/(3π) term is derived from Rayleigh’s integral [9] and model the radiation effect. The factor
(
1 −
√
σ
)

account for the interaction between multiple perforations. Finally the term featuring the acoustic velocity u0 account
for sound amplitude effects. Guess approximate equation (3) for the high and low frequency regime, namely for
|KRneck > 10|:

zν ' zνH =

√
2νωT ′

σc0Rneck
+ j

(
ωT
σc0
+

√
2νωT ′

σc0Rneck

)
, (5)

and for |KRneck < 1|:

zν ' zνL =
8νT ′

σc0(Rneck)2
+ j

4ωT
3σc0

. (6)

T ′ = T + 2Rneck is a corrected length accounting for the viscous effects occurring outside the perforation. It may be
noted that equation (5) is suited for macro perforated configuration. In addition, approximations (5) and (6) are not
valid for the micro perforated configurations studied further below, for which 1 < |KRneck | < 10. Lack of information
is given to model the impedance in this range of parameters in Guess [3]. Therefore, in this set of parameters, the model
is completed by implementing the following linear law:

zν ' zνM = zνL(ωL) +
zνH(ωH ) − zνL(ωL )

ωH − ωL
ω, (7)

where ωH = 100ν/(Rneck)2 and ωH = ν/(Rneck)2.

III. Mode-matching model
The mode-matching model is based on three circular ducts, one interface between the exterior and the neck and

one interface between the neck and the cavity. The exterior duct is semi-infinite and a unit plane wave with a normal
incidence to the plate is considered. The propagation is modeled using Helmholtz equation in the absence of background
flow and the following boundary conditions:{ (

∆ + k2
)

p = 0,
∇p · n = 0 on Sext, Scav, Sext,lat, Scav,lat and Sbc,

(8)

with p the pressure field and n the ingoing unit vector. The corresponding solutions in the (r, z) plane to Eq. (8) in the
exterior, the neck and the cavity, respectively I, I I and I I I, is of the form:

p(r, z)h =
∞∑

m=0

(
Ah
mejkhzmz + Bh

me−jkhzmz
)
Φ

h
m, with h = I, I I, I I I . (9)

m is the mode index and Φm is a shape function. The number of modes in domain I and I I I is truncated to N . When
modes are added on both sides of the plate, the radiation impedance is accounted for naturally. The impact of this
parameter will be discussed further below in section V. As we are making the plane wave hypothesis in the neck, one
single mode is accounted for in domain I I. The complex wave number used to model the attenuation in the neck reads:

k I I
z = ω

√
ρ(ω)C(ω), (10)

where ρ(ω) is the equivalent complex density and C(ω) is the equivalent complex compressibility defined by Zwikker &
Kosten [5]. The velocities in domain I and I I I are determined using the Euler equation:

v =
∇p
−jρ0ω

, (11)
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where ρ0 is the air density. The velocity profile in the neck is taken into account in the MM model, the expression of
vneck projected on the axial unit vector ez , derived from Stinson [6], is:

vneck (r, z) · ez =
∂p
∂z

1
jρ0ω

(
J0 (Kr)

J0
(
KRneck

) − 1
)
. (12)

The mode-matching method is implemented by enforcing the continuity of pressure and normal velocity at both
interfaces [10]. When matching the exterior and the neck domain, the weak formulation for the pressure continuity can
be expressed as:

∀n ∈ N
∫ Sneck

0
pneckΨneck

n dSneck =

∫ Sneck

0
pextΨneck

n dSneck, (13)

with pneck the pressure field in the neck, pext the pressure field in the exterior domain and Ψneck
n the nth test function

corresponding to the neck modal basis. The normal velocity continuity condition needs to respect vext (r, z = 0) · ez =
vneck(z = 0) · ez on Sneck and vext (r, z = 0) · ez = 0 on Sext \ Sneck . The corresponding weak formulation is expressed
as follow:

∀l ∈ N
∫ Sext

0
vext · ezΨ

ext
l dSext =

∫ Sneck

0
vneck · ezΨ

ext
l dSneck, (14)

with vext the velocity field in the exterior domain, vneck the velocity field in the neck and Ψneck
l

the lth test function
corresponding to the exterior modal basis. The same equations were used when matching the cavity and the neck
domains. As mentionned above, a plane wave is implemented in the exterior domain. The ingoing plane wave with
amplitude AI

0 = 1 is implemented as:

∇p · n = 2jk AI
0e−jkLT + jkp on Sin. (15)

Using the rigid boundary condition on the back cover, a linear system is composed, giving access to the modal amplitudes
Al
m and Bl

m. Thus, the reflection coefficient is derived as RMM = BI
0/A

I
0. Finally, the impedance is determined using

the following expression:

zω =
1 + RMM

1 − RMM
. (16)

The stream line confinement driven by the periodic layout of the perforations (also known as the interaction effect) is
modeled implicitly by adjusting the exterior radius to fit the plate porosity. Figure 2 illustrates this phenomenon.

Figure 2 Scheme of the hole interaction effect.

This effect was also modeled by Melling [11] and Fok [12].
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IV. Finite element method model
A finite element method model based the linearised compressible Navier-Stokes equations is introduced. We are

modelling the impedance of the geometry illustrated in Figure 1. According to Roche [13], a 2D axi-symmetrical
FEMdomain is sufficient to capture correctly the physical phenomenon occurring in the linear regimewithout grazing flow.

In the following, Lre f is the physical distance which corresponds to a unitary distance in the mesh. We use
Lre f = 2Rcav . The physical quantities are marked by * and we define the non-dimensional as:

x =
x∗

Lre f
, u =

u∗

c0
, c =

c∗

c0
, ρ =

ρ∗

ρ0
, p =

p∗

ρ0c2
0
, Te =

T∗e cp
c2

0
, e =

e∗

c2
0
.

u is the velocity, c is the sound speed, ρ is the density, p is the pressure, Te is the temperature, cp is the specific heat
capacity at constant pressure and e the specific internal energy. The following dimensionless numbers are introduced as
well:

Rea =
ρ0c0Lre f

µ0
, Pr =

cpµ0

kTe
. (17)

Rea is the acoustic Reynolds number, Pr is the Prandtl number, µ0 is the dynamic viscosity and kTe the air thermal
conductivity. The following governing equations derived from [14] are linearised around ρ0, u0, p0, Te0 and µ0:

where cv is the specific heat capacity at constant volume. The deviatoric stress tensor τ can be expressed as:

τ =
1

Rea

{[
∇u + (∇u)T

]
+

(
µB −

2
3
µ

)
∇ · uI

}
, (18)

where µB = 2/3 is the non-dimensional bulk viscosity and I is identity matrix.

An adiabatic natural boundary condition ∇Te · n = 0 with n the unit normal vector is enforced on every boundary. The
free slip boundary conditions u · n = 0 are natural boundary conditions as well. Finally, an ingoing plane wave of
amplitude W is enforced using (15). The reflection coefficient is derived from (15) as:

RFEM =
e−jkLT

W

(
p −We−jkLT

)
, (19)

where p is the pressure averaged over the upper boundary of the domain. We will now focus on the numerical aspects of
this model. The mesh is composed of Delaunay triangular elements, generated using Gmsh [15]. Figure 3 represents
the mesh of configuration 3, of which the parameters are detailed in Table 2.

Figure 3 Mesh near the neck for configuration 3.

The mesh is refined on the domain boundaries and especially in the neck and its edges, i.e. where most of the
dissipation mechanism are expected to occur. The numerical implementation is performed using GetFEM++ [16]. A
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second order Lagrange polynomial is chosen to interpolate the velocity u. A first order polynomial is used for the
density ρ and the temperature Te.

V. Model comparison
Four configurations have been chosen to perform a comparison between the three models described previously and

experimental data. The corresponding parameters are summarized in Table 2. The measurements were carried out
using a 29 mm diameter impedance tube with a 120 dB Sound Pressure Level (SPL). The frequency range is between
1000 Hz and 5000 Hz with a white noise source. The measured resonance frequency is noted fres .

Configuration Porosity σ (%) Radius Rneck (mm) Thickness T (mm) Cavity height L (mm) fres (Hz)

1 6 0.8 1.5 19 1712
2 14 0.8 2.1 19 2464
3 1.4 0.15 0.6 19 1392
4 4.2 0.15 0.6 19 2512

Table 1 Perforated plate configurations.

The Helmholtz number He is introduced as:

He =
Lre f

c0
f ∗, (20)

where f ∗ is the physical frequency. The upper graphs correspond to the resistance and the lower graphs to the plate
reactance. In the following comparisons, "Guess" refers to Guess model using equation (3) and "Guess approximation"
refers to Guess model using equations (6), (5) and (7) depending on the value of |KRneck |. Results for macro perforated
configurations are plotted on Figure 4 and 5. In this case, |KRneck | is between 16 and 37. Thus, we’re using Guess high
frequency approximation, applicable to macro perforated liners. When no approximation are made on equation (3) and
no corrected length is added to account for viscous effects at the entrances of the neck, the Guess and MM predictions
are alike. When the Guess approximation is used, a good agreement is obtained between model and measurements,
showing the impact of the corrected length T ′. The resistance is underestimated by the FEM model and by the MM
model. The plate reactance is overestimated on the upper part of the Helmholtz number range by Guess approximation,
Guess and the FEM. The MM slightly underestimates the plate reactance. The convergence of the MM method is shown
by the correspondence of the impedance using 10 modes and 50 modes.
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Figure 4 Impedance results for configuration 1, a
macro perforated liner with a low porosity.
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Figure 5 Impedance results for configuration 2, a
macro perforated liner with a high porosity.

Results for micro perforated configurations are displayed on Figure 6 and 7. |KRneck | is now between 3 and 7. Once
again, the mode-matching provides similar results to Guess without approximations and underestimates the resistance
for both configurations. Guess approximation undervalues the resistance for configuration 3 while it is very accurate
for configuration 4, highlighting the validity limit of the corrected length T ′. The finite element method is correctly
predicting the resistance for both configuration 3 and 4. In the same way as the macro perforated configurations, the
reactance is overestimated in the high half of the Helmholtz number range by the three models.
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Figure 6 Impedance results for configuration 3, a mi-
cro perforated liner with a low porosity.
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Figure 7 Impedance results for configuration 4, a mi-
cro perforated liner with a high porosity.

A dissipation mechanism seems to be absent from the MM model. Therefore, we investigate the velocity profile in
the middle of the perforation and at its edges for configuration 3. We compare the axial velocity obtained with the
mode-matching and the norm of the velocity obtained with the FEM. This comparison is carried out for two locations,
namely at z = 0 and z = −T/2. This is conducted for a 10 modes computation on Figure 8 and a 50 modes computation
on Figure 9. The profiles are consistent with Stinson [6] narrow tube classification, i.e. when the viscous boundary layer
is large compared to the tube radius. The profiles are plotted at 1270 Hz near the measured resonance frequency, i.e.
1392 Hz.
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Figure 8 Velocity profile obtained through mode
matching (10 modes) and FEM at the interface ex-
terior/neck (z = 0) and in the middle of the neck
(z = −T/2).
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Figure 9 Velocity profile obtained through mode
matching (50 modes) and FEM at the interface ex-
terior/neck (z = 0) and in the middle of the neck
(z = −T/2).

The agreement between mode matching and FEM is globally good except near the discontinuity due to the corner of
the perforation at r = 0.15 mm. This zone requires a certain number of modes to be described correctly by the MM
model. Even though oscillations are still visible in the 50 modes case, their impact on impedance results appeared to be
negligible when observing Figure 4. A velocity gradient is noticeable between z = 0 and z = −T/2 in the FEM. Indeed,
at r = 0, we have | vnext/neckFEM |= 0.36 m/s and | vneck−mid

FEM |= 0.32 m/s. Such a velocity gradient is not observed in the
mode-matching. Furthermore, it may be noted that Guess neglects this effect when using the short tube approximation.

VI. Dissipation rate
The dissipation mechanism about the neck appear to be modeled incompletely by the mode matching. With the

intention of identifying the remaining losses, the rate of dissipation per unit mass due to viscosity is estimated through
the previous FEM. With our choice of µB, it’s dimensionless expression is derived from Batchelor [17] as:

D (u) =
2

Rea

{
1
4

[
∇u + (∇u)T

]
:
[
∇u + (∇u)T

]
−

1
3
Tr (∇u)2

}
, (21)

where Tr is the trace. Figures 10 and 11 are a representation of D(u) through a colormap focusing on the upper corner
and the neck at 1270 Hz near the measured resonance frequency, i.e. 1392 Hz.

Figure 10 Dimensionless dissipation rate near the
corner for configuration 1.

Figure 11 Dimensionless dissipation rate near the
neck for configuration 1.
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The dissipation resulting from the acoustic boundary layer in the neck is clearly observable, and is modelled by
MM through the Zwicker & Kosten losses. The dissipation mechanism in the corner zone seems to be significant
though it is not explicitly accounted for in any model. On the other hand, the length correction proposed by Guess
to account for viscous effects outside the perforation appears to be accurate, and to implicitly account for the named
corner effect. A similar phenomenon is reported by Roche [18]. This cannot be taken into account in the MM plane
wavemodeling in the neck. That may explain the mismatch in terms of resistance betweenMMwith both FEM and Guess.

We now integrate the dissipation rate in four different domain for all four configurations near their respective
resonances frequencies. Figure 12 map the mentioned zones, situated around the aperture.

Figure 12 Scheme of the dissipation zones.

Ω1 corresponds to a domain surrounding the aperture. Ω2 stands for the edges of the neck, where the dissipation
mechanism displayed on Figure 10 is taking place. Finally, Ω3 coincide with the neck region and Ω4 corresponds to
a region close to the wall, where a significant part of the losses occurs. For a better interpretation of the dissipation
mechanism in the perforation, we introduce the acoustic viscous boundary layer thickness δV (see Bruneau [19] for
reference), which can be written as follows:

δV =

√
2ν
ω
, (22)

Table 2 presents the relative contributions from each domain as a percentage of the total viscous losses in the FEM
domain. For each configuration, the remaining losses apart from the four domains, are inferior or equal to 0.5 %.

Configuration Ω1 Ω2 Ω3 Ω4 Frequency 2Rneck/T δV/Rneck

1 14.5 % 46.7 % 3.7 % 34.7 % 1870 Hz 0.94 0.03
2 7.7 % 38.6 % 1.0 % 52.5 % 2379 Hz 0.76 0.03
3 25.3 % 8.7 % 30.2 % 35.2 % 1270 Hz 0.5 0.41
4 25.3 % 10.5 % 25.6 % 38.2 % 2275 Hz 0.5 0.31

Table 2 Dissipation rate contributions from the four domains.
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The corners contributions is quite low when considering the micro perforated configurations 3&4, for which the
2Rneck/T ratio is low. As the boundary layer thickness is large compared to the aperture radius, the dissipation is
significant both in domain Ω3 and Ω4. When 2Rneck/T is closer to 1, i.e. for macro perforated configurations 1&2, the
corners contributions is much more significant. In that case, the boundary layer thickness is small compared to the
aperture radius, consistent with the fact that the dissipation is substantial in domain Ω4 and minor in domain Ω3. Finally,
the dissipation in Ω1 constitutes a quarter of the losses of the micro perforated configurations. This value drop to 14.5 %
and 7.7 % for macro perforated configurations, showing the impact of the porosity on the dissipation surrounding the
aperture.

VII. Perspectives
The edges effects appear to be more pronounced for macro perforated configurations than for micro perforated

configurations. Therefore, the Zwikker & Kosten theory seem to be more adapted for the micro perforated case. In order
to properly account for the dissipation on the corners, the modeling effort might need to focus on high order viscous
modes in the neck of circular cross section. Alternatively, the losses can be completed using the empirical length
corrections currently available in the literature, which is a reliable way to model the impedance of liners in a given range
of parameters. However, this type of corrections are not adapted yet to unconventional liners, such as micro perforated
liners or conical apertures liners. In recent years, theoretical studies have been conducted by Bendali et al. [20] and
Laurens et al. [21] providing the Rayleigh’s conductivity for the named non standard configurations in the linear regime.
Regarding conical perforations, Honzík et al. [22] has proposed a transfer matrix accounting for the visco-thermal
losses in the neck. In a forthcoming work, it is intended to compare these theoretical results with measurements.
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