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DECOMPOSITION OF COMPLETE GRAPHS INTO ISOMORPHIC
SUBGRAPHS WITH FIVE VERTICES

J.-C. Bermond, C. Huang, A. Rosa and D. Sotteau

Abstract

A graph H is said to be G~decomposable if the edges
of H can be partitioned into subgraphs isomerphic to G;
this is denoted by H + G. When H is the complete graph
on n vertices, Kn, the decomposition is called a G-
design. This paper deals with necessary and sufficient
conditions for K_ - G, where G 1s a graph on five
vertices, none ofnwhich is isolated.

I. Introduction.

A graph H is said to be G-decomposable if the edges of H can be
partitioned into subgraphs isomorphic to G. This situation is denocted
by H~> G; H is also said to admit a G-decomposition. A G-design is a
G-decomposition of Kn, the complete graph on n vertices. The exis-
tence of a G-design for various graphs G has been studied in literature
(for reference see [1]); in particular, the case where G is a graph
with at most four vertices has been solved completely [2]. In this
paper, we consider the case where G 1is a graph with five vertices, none
of which is isolated.

It is easy to see the following:

PROPOSITION 1.1: Let G be a graph with k vertices and e edges. If
XK -G then
n

() n=z2k
(i1) n(n-1) = 0 (mod 2e)
(ii1) n-1 = 0 (mod f)

il

where f 1is the greatest common divisor of the degrees of the vertices
of G.

In {1%], it was proved that these necessary conditions are asymp-
totically sufficient, that is, there exists an integer n(G)} such that
Kn > ¢ for n 2 n(G), and n satisfying the necessary conditions of
Proposition 1.1. Our objective is to prove that these necessary condi-
tions are always sufficient except possibly in some cases to be specified

below (usually for certain small vaules of n).
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Table 1 exhibits all graphs on five vertices {none of them isolated).
Necessary conditions for Kn + G are listed as %ell, and the last column
describes the results obtained in each case. In Section II, some general
methods for proving Kn + G are given while in Section III, each graph
G is considered individually.

In the remainder of the paper, n is assumed to be greater than or

equal to five.

II. General Construction Methods.
The necessary and sufficient conditions for K‘1 - G have already
been obtained for some graphs G with five vertices. The graphs and

the respective references are:

G3, a path of length four and G4 [81,
GS’ a star of four edges [12,16],
GlO’ a cycle of length five [3,11] and

023, the complete graph on five vertices [5].

We will not duplicate the constructions here but we will point out that
the methods used in this paper are as a rule simpler.,

Generally, two methods are used in construction: the method of
differences and the composition method. The first method is well-known
(see for example [4] or [1]), hence we will discuss just the second method.

Given a graph G, the necessary conditions for Kn + G follow
immediately from Proposition 1.1. Notice that the maximum degree of a
vertex im a graph with five vertices is four and that there are no 3~
regular graphs on five vertices, hence condition (ii1) in the Proposition
1.1 applies only to those graphs whose vertex-degrees are multiples of
2, namely'GlO,Gls,Gl7 and G23. We then proceed to investigate whether
a necessary condition is also sufficient.

To prove Kn + G, we will instead show that Kni + G and
+ G for some values of i, on account of the following

sV, DA .}
two 1leémmas (for whose proofs see [1]):

LEMMA A. If Kh +G for 1 <1 <h aud X + G,

MosWgsesestl
< 177227y

then X -+ G where n= 35 n..
7 7
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LEMMA B. If K > G for 1<1<h and K (G, then
’ MyeTtgaerealty

h
K G where n= I n.+l
” AT 2
=4
The graph K is the complete multipartite graph on
N, sByssessl
R n
vertices X = u X, where }xii =g with edges joining each pair of
i=1

vertices from different sets Xi’ Xj’ i# 3.

In this paper, the valuve of h is 2, 3, 4, or 5. Unless other-
wise stated, the vertices of K , that is, the elements of Xi will
%y
be the elements of a group T, which is isomorphic to Zn , the group
i

of residues modulo ., or Z_ x Z where X.y = ni; the elements of

* % h
Kn,+l will be T v {=}. If n = 'E n, (or n = ,Z ni+1), the
i i=1 i=1
h
elements of K will be u X, (or u.X, u {»} respectively).
" i=1 i=1 *

We now have two different types of constructions to consider:
TYPE 1I1: Kn > G.
i
TYPE II: K > G.
DysByseeesy
Furthermore, since Lemmas A and B can be applied inductively, only some

small values of ni's need be considered.

In Type I construction, we use usually the method of differences
and we will give only the base graphs of the decomposition since the
rest of the graphs can be obtained by applying an automorphism of the
group I on the vertices of the base graph, as illustrated in the fol-

lowing example.
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: X v oz uoov .
EXAMPLE 1. Let G be the graph Gl OG0 0—0° which is

denoted by [(x,y,2z) (u,v)]. The proof of Ké -+ 31 is simply:
V(Ké) = 25 u {=}, [(0,1,3) (~,2)] mod 5. The statement indicates the
vertices of K6 and a base graph of the decomposition. Hence the

graphs of the decomposition are the graphs [(i,1+1,3+i)(=,24+i)] for 1 ¢ ZS-

Similarly for the cases n =7, 9 and 10:
For K7 > Gl’ we have V(K7) = 27, and the base graph is
[€0,1,4) (3,5)] mod 7, which means that the graphs of the decomposition

aré [(i,144i,441) (3+1,5+i)] Ffor 1 ¢ 27e

For Kg = Gl, V(Kg) = ZBXZ3 and the base graphs are
[€(0,0),(0,1),(1,0)) ((1,1),(2,2))] mod (3,3) and [((0,0),(1,0),(2,0))
((0,1),(2,1))] mod (-,3). Hence the graphs of the decomposition are
the graphs [({i,3),(i,143),(1+i,3)) ((1441,149),(241,2+9))]1 for all
i,j e 23 and the graphs [((0,1),(3,1).(2,1)) ((0,1i+1),(2,i+1))1 for

ie 23.

Finally, for KlO > Gl’ V(KlO) = 22x25 and the base graphs are
[(€0,1),(0,0),(1,1)) ((1,2),(1,3))] v [((1,0),(0,1),(0,3)) ((1,2),(1,4))]
u [((0,0),(1,0),(0,2)) ((0,1),(1,3))] mod (~,5). Hence the graphs of
the decomposition are the graphs [{{0,1+1),(0,1),{1,1+1)) ((1,2+1),
(1,3+1))], [((1,1),(0,1+1),(0,3+1)) ((1,2+1),(1,4+1))] and [((0,1),

(1,1),(0,2+4)) ((0,1+1),(1,3+1))] for i e Zge

Type II construction is similar and as a rule we indicate only the

base graphs of a decomposition; only occasionally do we exhibit all the

graphs of a deccmposition. Take the case of K + G with
Dysfysee oy
n, =r for all 1i; the conmstruction is again illustrated by an example.
u X
EXAMPLE 2. Let G be G, = Z:::Xi:>ov and denoted by [x,y,z,u,v].
B |

The proof of K4’4’4 > Gl3 is simply {01,23é22,33,02} u {0,,0.,3 22,12}

1*73* 71
mod 4. It is understood that V(K Y = u X, where X, =
4,4, 4 i i i

i=

{Oi,li,zi,3i} and that the graphs of the decomposition are {il,(2+i)3,
(2+i)2,(3+i)3,12} and [i ,13,(i+3}1,(2+i)2,(1+i}2} for 1i¢2,.
In the case where n, =71 for 1 <4i<h=-1 and n = ' >,
(r'-r-1)

1

the vertices of Xh are g for g ¢ Zr and o, o' " _
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EXAMPLE 3. The base graphs of K
[2 0,1 u I3

4,4,7 7 G13 are 105,1,,05,0,,=1 v
) = v

",ﬁl} mod 4. Hence V(K

B

2° 3’ 15 2° }"3’31’ hob,7

with Xi = {Oi’li’zi’3i} for i =1 or 2 and X, {O 13§43,33,
w,w' "} the graphs of the decomposition are {il,(1+i}2,i3,i2,®},
[(241) 5, (3+) 5, (3+1),,=", 4, ] and  [(3+1),, (1+) 4, (3+1)

ie Z

lﬁw",il} for
4

Sometimes a different method is used in proving Kr _— r G:
$hgipeey

we let Xi = {i-1,i~-1+h,...,i-1+(r-1)h} for i =1,2,...,h. Hence
V(K ) =2 and base graphs of the decomposition will be taken

L3T5600s rh )
modulo rh, as seen in:

EXAMPLE 4. The proof of K4,é,4,4 > G V(K4}434’4) = 216 and

the base graph is [0,10,9,14,7] mod 16, which means that the graphs of

is

the decomposition are [1,10+1,94i,14+1,7+i)} for i e Z

i6°
To prove that K + G, Lemmas C,D,E, and ¥ below
nl,nz,.. N 5nh
are also useful.
. ; 7 G ;
LEMMA C. If K » s, > G and Kﬁz’pé > G, then Karj,br +cr2 + G for

integers a > 1 and b or c = 1.

g

LEMML D. If X > ¢ and K , > G, then X
PP Yy J,rz,r arl,arg,(a-b}r3+ bré
> G for integers a,b with 0 <b < a.

LEMMA E. If Kr,r,r - G and Kf,r,r,r + G then Kpr,pr,pr,qr + G for

p#2,6, 0<qc<p.

LEMMA F. If K > G and K > G then KX >
r,r,r,r r,r,r,r,r pl”,pl”,pl”,pl”,qf’

for p # 2,3,6,10,14 and 0 < q < p.

Let us remark that in Lemma E, the condition Kr rr.r + G 1is un-
3 ? 3

- necessary if gq = 0 and the lemma is true for gll p 2 1; the condition

Kr er " G is unmnecessary if g = p. Similar interpretation can be

3~ 9

used in other lemmas, and in the case of Lemma F when q = 0, the condi~

tion K > G is unnecessary and the lemma is true for all p # 2,6.
b % % G 4

The proofs of Lemmas C and D can be found in [1]. Before we prove

Lemmas E and F we need two auxiliary results.
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PROPOSITION 2.1. T 2,6 and 0 < g < p them K +~ {K K 1.
fop# a £ pspspsq T3

Proof. The existence of a decomposition of K into K, is
PsPsPsP 4
equivalent to that of a pair of orthogonal Latin squares of order p;

the latter is known to exist for p # 2 or 6 [14]. If we delete the

vertices of K that are nmot in K from the Ké’s which
PsP:DsP PsPsPsq
contain them, we get KB'S, Hence it is possible to partition the
edges of K with p # 2,6 into subgraphs isomorphic to K, or
PsPsPs9q 4
K3.

PROPOSITION 2.2. For p # 2,3,6,10,14 and 0 < q < p,

K >
‘ PsPsPsPsq
{KS,K4}.

The proof is similar to the proof of Proposition 2.1:
KS is equivalent to the existence of three pairwise ortho-

K -+
PsPsP>Psq
gonal Latin squares of order p; these are known to exist for p # 2,3,

6,10,14 [13].

Now let G be a graph with vertex set {1,2,...,k} and let
(ZC)Sn be the lexicographic product of G by an independent set of n
elements, that is, a graph with vertex set the disjoint union of k in-
dependent sets Xi’ where iXi§ = n such that two vertices are joined
by an edge if and only if they belong to two different sets Xi’ X, and

i}
{1,3} 4is an edge in G.

It is easy to see that K =K ® s, which, by
Pr,pPr,pYr,qr PsPsPsq r
Proposition 2.1, is decomposable into subgraphs isomorphic to KA(E Sr
s i = =
or KSO s, for p # 2,6. Since K4® 8. Kr,r,r,r and K3®Sr

S both of which by the hypothesis are decomposable into subgraphs
%+ 2 b

isomorphic to G, Lemma E is proved.
The proof of Lemma F is quite similar (except that one uses Propo~

sitiom 2.2).

ITI. Constructions for particular graphs.

In this section, we prove the results given in Table 1 namely, we
find necessary and sufficient conditions for Kn + G, where G 1is any
graph on five vertices, none of which is isolated. Most of the constr—
uctions will be based on the composition method and the lay-out for each

graph G will be:
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(a) the graph G, dits labels and notation
{(b) necessary conditions for Kﬁ + G

(¢) constructions showing Kn + G or K'l n + G for
1 B A
some small values of o in order to start the compositiong

(d) compositions, with lemmas and parameters used indicated:;

(e) conclusions.

Explanations will be given in the first few cases but after that,

only the information is given.

x vy oz u v
1) (a) Gl: O—0—0 0——90, denoted by [(x,y,2){u,v)]
(b) WNecessary conditions for Kn > Glz n=0 or 1 (mod 3)
(c) =~ K2 37 Gl: the subgraphs of the decomposition are
$
p .
{(0291—1’22) (Olslz)] and i{oziolszz) (1191«2)}
- Kn + G, for n = 6,7,9 or 10: see Example 1 in Section IT.
(@)
Kn + Gl(w1th h=3) Knl$n2 + G by Lemma C
n by Lemma ™1 %y with rl=2,r2=3,t§=0,a=3
' c¢=0 and b:
3t,t24 A 6 3t-6 -2
3t+l,
24 B 6 3t-6 -2

0 or 1 {mod 3),

1

(e} Theorem: Kn + G, 1if and only if =n

1

n =z 5.

Explanation: KBt > G1 is proved by using Lemma A, which states that if

K6 > Gl’ K3t~6 - Gl and K then K, = G,. The case

6,3t-6 = °1’ 36 G
. 5 £ >
K6 »»Gl was proved im part {(c); K3t~6 > Gl is true for t 2 4 by
induction, and finally K6 36-6 G, 1is proved by using Lemma C, which
s ot i
in this case states that if K2$3 + G then K6,3(t-2) > 6y (since

¢ = Q). The case Kz 37 G is proved in {(c).
$

The second line in the array can be interpreted similarly.

u v

X
:;ﬁ}::‘. L X,V ,v) ]l
(2 {(a) Gz , denmoted by [{x,v,2z) (u,v)}]
v z

(b} Necessary conditions for Kn > GZ: n =0 of 1 {(mod 8)

217



(c)

Kz5

2,2

+ G,: the base graph is

2

2

SR 1
K2’2;252 g (Jz' i(olagzsl‘g)(llsoé)} U

K, > &2:

8

[€0,,053)(0,,1,)7 u

{(03904’01) (123}—4)] mod (29“") °

V(Kg) = 27 u {=}, [(0,1,3)(=,2)] mod 7.
V(Kg) = Zgs 1(0,1,3)(2,6)] mod 9.
V{Klé) = z15 U {=},

[(0,1,7)(=,2)] v [(3,5,8)(2,6)] mod 15.

V&yy) = 2Zq4s

[(0,1,7)(2,6)7 u [(3,5,8)(2,10)] mod 17.

VK, ) =Z,. u {=}, [(0,18,19)(1,=)1 u

39
[€(0,15,17)(1,7)] v [(0,13,16)(1,9)] v

[€0,10,143(1,12)7 v [(0,7,12)(1,10)] mod 39.

V(K&l) = Zél’ the first base graph is
[(0,18,19)(1,21)] the other 4 are just
the last four base graphs for the case
K

40 > GZ’ except that the elements are

taken modulo 41.
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(@)

K -G, (with h=4) K -
n 2 . T, o0, a0, 2
by Lemma 177273 "4
Y by Lemma E with
n n,=n,=n, n, r=2,p=4t and g
24t, tz1 A 8t 0 Y
24t+1, t=1 B 8t 0 0
2448, t=1 A 8t 8 4
24t49, t21 B 8t 8 4
24e+16, t22 A 8t 16 8
24417, t22 B 8t i6 8

(e) Conclusion: Kn + ¢, if and only if n = 0 or 1 (mod 8).

2

Explanation: The fourth row of ‘the array means that K24 +9+ G,
£
+~G,., K, +G and

can be proved to be true by Lemma B if ﬂ8t+l 2 9 2

Xse,8t,8t,8 ~ C2°

K8t+1 - G2 can be proved by induction, K9 -+ G2 is in part (c) and
K8§,8t,8t,8 > GZ is proved by Lemma E, which states that KSt,St,St,E -+
G2 if K2 2.2 - G2 and KZ 2.2.2 > Gz,' which have been proved in

F A 3éy s
part (c).

The other rows can be interpreted similarly.

3y ¢ o-——0—0—0—0 ,

3:

0“-4}-4k<:0 :
64, 0 and GS'

As we mentioned in section II, the necessary and sufficient condition
for Kn + G, G = G3,
n=Z0 or 1 (mod 8).

G4 or G5 has already been found to be
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u X

and G9: ? i Y and are all denoted by [x,y,2z,u,v].

z Yy

These four cases are considered together because the Necessary
conditions for Kn + G for each G are the same: n = 0 or 1
(mod 5); also, they belong to a class of graphs called dragons [11].
It was shown in the same paper [11] that the condition n = 0 or 1
(mod 10) 1is also sufficient for Kn + G. In a different paper [7]
the case n =1 or 5 (mod 10) was considered; it was shown that
Kn + G exists for n =25 when G =G, and for n > 5 when

6
G = 97338 or G,. The construction used in [7] is based on the

method of differznces and an additional condition was also satisfied,
namely, that each vertex of Kn occurs in the same number of graphs
- such decomposition is usually called a balanced graph design.

We will consider the only unsolved case, n = 6 (mod 10); we

will deal with G6,G7 and GS jointly, and with G, separately.

9
We will use the composition method (which, of course, could be

used to deal with the case n =0 or 1 or 5 (mod 10) as well).

(A) G = G6,G7 or GB 5
(e) - KS,S,S > G: {jil[ﬁj,0j+l,lj+2,2j+1, all mod 5
where a = 3j+253j+10r Oj%-f

G = Gé,G7 or G8 respectively,

I~

- s 1 .
KS,S,S,S = Ga {j:l 10j31j+259j+192j+lsaj}} U
il4,32,01,33,b} u [33,11,025243c} mod 5
where a; = 11,03 or 24
a, = 12,04 or 2l
ag = 43,21 or 02
a, = 34,32 or 03
b = 23,41 or 42
c = 34,42 or Ol
for G = Gé,G? or G8 respectively.
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i1355832’4]9[476935132}§12335554913

T Ry >

6 6
- K6 -+ G? {1$539,233}:{490;3939533{2339594333
- Ké e GSS {195395253}siés123?052}9{5s2;43336}
" Kpg > 6 V(Kyg) =2y X< Zia

{(050) b (0;1) 3 (lwo) -4 (O,’i}) ,8} u E(QQG) 5 (092) 5(133)’ (QQS) :b:;

v [(0,0),(0,3),(1,5),(1,4),c] v [(1,0),(1,1),(0,3),(1,3),4d]

U [(1;0),(1,2},(0,6),(1,4),&] mod (“313)‘

i}

where (0,7),(0,6) or
(1,8),(1,6)
(1,11),(1,8)
(1,6),(1,5)
(1,8),(1,6)

G6,G7 or G

(0,10)
(1,11)
0,9
(1,8
(1,10)

respectively

#

or

]

a
b
c or
d

i

or

e or

for G = 8

G: V(K36) =7_ X z? g {=},

5
3
{v
j=1
where q; = 3, 4, = 6 and q = 1
(1,3+23),(1,3+3) (0,4)

G6’ G7

and a

G

or

= or Gg;

the remaining three base graphs are obtained from

0 and

with <«  replacing the element

i=1,2,...,5.

For instance, in the case G =

o

Cq

[(0,0),(O,j),{Z,qj>,(1aj},al} mod (5,7)

for

.
K6 G
replacing

(1,0) i,

s the three graphs are

[(1,0),(5,0),~,(2,0),(4,00] v [(4,0),%,(3,0),(1,0),(2,0)]
u [(2;0)3(350)3(530)5(4’0)3(150)] mod (’37)=

(d)
Kn > 6 T, 5T, s, 410 *6 by
ilgs 2 ¥
by Lemma 177277374
Lemma E with r=5,
n n1=n2=n3 n4 p and g
30t+6, t=2, t24 10t 5 2t
30t+16, ©=0 B 10t+5 e 2¢+1
30t+26, t=1 10t+5 10 2t+1 2
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(B ¢ = G9

{e) - K6~% ng Assume that Kéﬂw G93 that means we have 3
graphs in the decomposition, and hence a total of three
vertices of degree 3, nine vertices of degree 2 and
three vertices of degree 1. However, since a vertex of
Ké has degree 5, three vertices in Ké must each
occur as a vertex of degree 3 in one graph and a vertex
of degree 2 in another, while the remaining three must
each occur as a vertex of degree 2 din two graphs and
vertex of degree 1 1in the other. One could, with a bit
of effort, show that such a decomposition is impossible.

- K. o7 G

5,5 9: {01,02,21,12,22} mod 5
- Kl6 - G9: V(Klé) = ZS x 23 u {=},
3
{ U I(iso)s(isl)s(i+191)9(i+390)9 m}} U
i=0

[(0,0),(4,0),(2,0),(4,1),(1,2)] v [(0,0),(2,1),(1,0),
(2,2),(3,2)] v [(4,0),(3,1),(2,0),(3,2),»] v
E(l$o)3(012)9(451)9(4:2)9(331)] med (“93)-

(d)
) 3 .
Kn -+ G9 Knl’nz - Gg by Lemma C with
by Lemma
y ﬂl n, rl=r2=5, a=2t-1, b=2,c
10t+6, 22 3 B i (2t-1)5 t 10 3 0

(e) Kn > Gﬁ if and only if n 20 or 1 (mod 5)
Kn > G7 or GS if and only if n =2 0 or 1 (mod 5), n36
Kn - Gg if and only if n =0 or 1 (med 5), n>6.

(5) ¢

s
c.
L.

This case was dealt with already in Section II.

Conclusion: Kf1 > GlO if and only if n =1 or 5 {(mod 10).
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u

(6) (a) Gyq: yﬂfzf?j; s Ixyy.z,u,v]

Z v

() n = 0,1,4 or 9 (mod 12).

() =Ry 447 Gy 1205055045050, 13,,15,0,,1,, 1,1,
[2,,25,2,,3 51,15 135535,31,2,50,1,
{21902303)1393 :i {31 2 3 3?2 }s
[01 9 3 3,3 1 and {11,12,33 23 22}
— b \ =
K4,4,4,4 > Gll' V(Ké,&sé,Q' 16’ 10,7,5,6,2) mod 16
- . 1
K2,2,2 p > CGppt 1015155050340, 15 10,0,,11,050151,
[03 Qg 4,1 ] and 104’12 01 13 03]
_ e s
K4,4,7 > Gll- {119139(1'*'1)29123 }:

[il,(2+i)2,(3+i)3,w“,(l+i}l} and

. ok . , . .
{11,(3+l:2, ,(l+-)3,(2+1)1] for 1€ 24 with

wk = o when i =0 or 1

¥

when 1 =2 or 3.

- K9 - Gll: V(Kg) = 23 X 23,

(2,0),(0,2)1 v 1(1,0),(2,0),(2,1),(1,1),(0,0)] mod (-,3).

[€0,0),(0,1),(1,0),

]

7. u {=}, [1,0,5,3,o] mod 11.

- K., > G, V(Klz) 11

12 11

- Kl3 4’Gll: V(Kl3) = 213, [1,0,5,3,11] mod 13.

- K16 > Glle V(Klé) =,23-x 25 U {e},
[(O’O)3(091)’(130)’(270))(131)} U
[(0,0),(1,3),(0,2),=,(1,4)] v

[(1,0),(2,0),(2,1),(1,2),=] U
[(2,0),(2,2),(0,4),(1,3),(2,1)] mod (-,5).
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- Ky 7 Gy V(KZL) =2y % Z.,
[(6,1),(0,0),(1,3),(1,1),(1,8)] v
[(1,6),(0,2),(0,0),(1,0),(0,3)] v
[(2,2),(2,0),(1,3),(0,2),(2,1)] v
[(2,1),(2,0) (0,6),(0,4),(2,5)] v

{(132)9(136)9<2’3);(232)3(2:6)3 mod (“17)~

ERESVIRGETE 24 = 2y

[0,10,2,1,57 wmod 23.

V(K 3 U =3, [0,11,4,5,%]

- Koy > G g V(Ksz) =7, xX1Z u fw},

52 7 C11 3 17
[€(0,0),(0,7),(1,7),(1,9),=] v
[(3,1),(0,0),(1,13),(0,5),(0,100] v
[(0,2;,(0,2),(1,6),(0,8),(0,1)] v
[(1,1),(0,0,(1,8),(0,3),(2,001 v
1(1,5),(1,0),(2,13),(0,6),(2,3)] v
[(1,4),(1,0),(2,6),(0,7),(2,14)1 v
[(2,0),(1,0),(1,1),(2,5),(1,731 v
[(2,3),(1,0),(1,2),(2,7),(1,10)] v
[(1,3),(1,0),(2,15),(2,14) ,=] u
[(2,1),(2,07,(0,16),(0,14),(2,4)] u
[(2,2),(2,0),(0,10),(0,9),(2,16)] v
1(2,0),(2,3),(0,4),(0,5),= ] u

[(2’0) 3(216) 3 (056} s (1913) }(2,3)} mod ("517) o

(d) We have two arrays:

Kn M Gll Knl,nz,nq,na > Gll
n by Lemma n,=n,=n n Lemma E ;itﬁ T P

. 1 273 4
33 B 8 8 2 4
36t+13, t=1 B 12 12 4 3
36t+33, t=1 B i 20 '3 4 5
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Note: It is not true that K + G,., however, (see remark
2,2,2 11

after Lemma F), the condition K -~ G is not
T,E,T

necessary for Lemma E when p = q.

Kn > Gll Knlsﬂz,naﬁGll by Lemma D
by Lemma : - =y = T
with T T, T, 4, ) 7,
n n1=n2 n3 a b

36&, t=21 A 12¢ 12t 3t 4]
36t+1, t21 B 12t 12¢ 3t 0
36t+4, t=21 B 12¢ 12¢+3 3t 1
36t4+9, t=21 A 12t 1249 3t 3
36t+12, t21 A 12t+4 12t+4 3t+1 0
36t+13, t=22 B 12t 12¢+12 3t 4
36t+16, t=22 B 12¢ 12t+15 3t 5
36t+21, t=1 A 12t+4 12¢+13 3t+1 3
36t+24, t21 A 12¢+4 12¢+16 3+l 4
36t+25, €20 B 12¢+8 12e+8 342 0
36t+28, t20 B 12¢+8 12¢+11) 3t+2 1
36t+33, t=2 A 2t+4 12t+25 3t+1 7

(e) Kn > Gll if and only if n = 0,1,4 or 9 (mod 12).

The next case G12 is similar to the case of Gll’ hence some
proofs are omitted. u
(7y (a) Glzz y0<§>%;—~0v s [%,7,2,u,v].
zZ
by n=0,1,4 or 9 (mod 12).
(@) =Ky 44 7 Cppf TE Ky 5y 7 CGpgs then K, > Gy

by Lemma D with «r r, =r, =2, a=2 and b = 0

1 2 3
K2,2,2 ” Glz is easy to prove, for example,
[03,01,02,12911} and {13,11912,02,01} are two

graphs partitioning the edges of KZ 5. 9"

=9
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(D

=Xy u,a,4 7 G

" %22,2,20 7 b1z

see the case G

G, V(K ) = Zigs [0,7,5,6,3] mod 16,

bob, 4,4

. I 3 1
G, 161,l3s02,14303], 192’1é903’*1304j’

{11503a04a129133 and £}-2904301313914}~

G..: £O3,01,O Tu

K4,6,7 7 C12
[01,32,m'sm",23} mod 4.

21552,1 v [0152,,35,=,0,

Kg > Gyt 3 % Zg

[(0,1),(0,0),(1,0),(2,0),(1,2)] u

V(Kg) = Z

1(2,0),(1,0),(2,1),(1,1),(0,2)] mod (-,3).

]

K., > G . V(Klz)

12 7 "12 Z .. u {=}, [1,0,5,3,%] mod 11.

11

Kl3 + lez V(Kl3) = 213, [1,0,5,3,7] mod 13.

Klﬁ -+ G12: V(Kléj = 23 x z5 u {=},
[(0,1),(0,0),(1,0),(2,0),(1,D] v
[(1,3),(0,0),(0,2),%, (1,4)] u
[(2,0),(1,0),(2,1),(1,2),=] u

[(2,0),(2,2),(0,4),(1,3),(0,3)] mod (-,5).

KZl > Glz: The base graphs are the same as in K21 > Gll

with the last elements of each graph replaced by

(0,4),(1,2),{(2,5),(0,2) and (2,0), in the order

given.

Koy 7 Gpp YKy =2

[0,10,2,1,3] mod 23.

23 U {=}, [0,11,4,5,=] u

Keg > G The base graphs are the same as those of

52 7 “12°

K52 - G11 with the last elements in each graph replaced

by w’ (1’4) 3 (1’7) 3 (2310) 3 (1911) 3 (13}‘2) 3(237) 3(2?11>Sm9
(0,13),(0,13),» and (0,3), in the order given.

11
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(e) The conclusion is the same as the case Gll as well:

Kn~* GlZ if and only if n = 0,1,4 or 9 (mod 12).

The case Kn > G13 can be solved similarly to the last two cases,
i.e. wvhen G = 611 or GlZ’ hence a part of the proof is omitted;
A
however, due to the fact that we do not know whether K24 -+ GlB some

variations have to be made.

U X
® (@) 6y mv, [x,y,2,u,v1.

z y

() n =0,1,4 or 9 (med 12).

(e} =~ Ké,é,& ¢~G13: see Example 2 of Section II.

- K494’456 + Gy4i see Example 4 of Section II.

. 7 by
Ky.2,2,2 7 G13° V&, 5 5 o)

[0,6,1,7,51, [2,4,1,3,7] and [6,4,5,7,3].

= Zga {05495:39119

- K&,é,? +G13‘ see Example 3 of Section II.

- K9 > G13: V(Kg) = 23 X 23’

[(1,0),(1,1),(0,0),(0,1),(2,2)1 v

[(2,0),(2,1),(0,0),(1,0),(0,1)] mod (-,3).

- Kyp 7 Gy VK, =

[6,4,3,11,9], [4,8,11,0,5], [10,11,5,6,4],

Z,,» [3,7,8,2,101,

[0,1,8,6,5], [0,2,9,8,7], [0,3,8,10,9],
E19395$796]’ {15‘93721}‘31019 {234!?76’1}

and [2,5,9,11,10].

- K., > G,,: VK

13 13 = 213, [5,0,3,1,6] mod 13.

13)

- K

16 > G13: V<K16) = 23 X ZS U {=},
[=,(1,2),(0,3),(2,0),(0,0)] v
[(0,1),(1,2),(1,0),(0,0),(0,4) ] v

1(2,2),(2,0),(1,0),(1,1),(0,1)] v
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[(2)1)9{152}5(2:é)9<991);(230)1 mod (f;s}v

- Kyp 7 630 V) =24

[0(0,0),(0,1),(1,1),(1,4),(0,3)] v

x Z.
7?

[€(0,1,(1,6),(0,0),(1,2),(1,47 u
[(2,1),(2,4),(1,0),(1,1),(0,8)] v

[(1,1,(2,6),(1,0,(2,2),(2,4)]

[

[(Os6)9<291)’{032)9{290)’{2s2)] mod (”97)'

- K24 -> GlB: we have no proof for this case, but we

conjecture that it is true.

= Kgp > Gyt ViKgy) = 24 x 2,5 v I},
[»,(1,16),(0,8),(2,8),(0,0)1 v
[(0,0),(0,1),(1,4),(1,1),00,8)] v
[(0,0),(0,2),(1,8),(1,2),(0,6)] v

[€0,1),(1,11),(0,0),(1,5),(0,4)] v
[(0,1),(1,15),¢0,0),(1,13),(0,6)] v

[(1,00,(1,1),(2,4),2,1),0,51 v
[(1,0),(1,2),(2,8),(2,2),(1,91 v
[(1,1),(2,5),(1,0),(2,13),(2,12)] u
[(1,00,(2,8),(1,1),(2,15),(2,16) ] v
[(0,15),(2,10),(1,0),(2,9),(2,11)1 u
[(2,0),(2,2),(1,2),(0,2),(0,3)1 v
[(0,14),(2,1),(0,8),(2,00,(2,5)] v
[(0,16),(2,1),(0,12),(2,0),(2,6)] mod (~,17).
In addition, we have

- K v{

12,12,12,12,12,12 ~ %13° V&5 49 19,12,12,12 0 T %72
[0,3,64,31,1]1 u [0,9,67,35,4] v [0,20,1,22,7] u

[0,23,57,10,81 v [0,55,71,44,29] mod 72.
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(d) The two arrays are the same as those in the case of

G = Gll with the following exception: since we do not

know whether K + G,, dis true, the statements in the

24 13

longer array for the cases n = 36t and n = 3649

are true only when t 2 1 and t # 2. The cases thus

not included in the array, namely =n = 36t and n = 36t48

for t = 2 can be proved as follows:

Kn - G13 Kni’nz,&a-pnhﬁﬁlg by Lemma
n by Lemma o, i=1,2,...,h E with r=4,p=q
36t, t=2 A ni=12, i=1,2,...46 - (proved in part {c)
36t4+9, t=2 B ni:ZO, i=1,2,3,4 5
(e) Kn > 013 if and only if =n = 0,1,4 or 9 (mod 12),
except possibly when n = 24,
x \X? v
9) (a) Gyy . [%,7,2,u,v]. (Gl4 ~ K2’3)
Z y
(b) n =0,1,4 or 9 (mod 12).
(c) - Ky ¥ G,,: The degrees of vertices of G,, are 2 and
3, since a vertex of K9 has degree 8, it must

appear either in two subgraphs with degree 3 and in
one subgraph with degree 2 (in which case, the vertex
is said to be type 1), or in four subgraphs with degree
2 (type 2). Suppose that there are a vertices in K9
which are type 1 and b vertices which are type 2, then
obviously a + b = 9. As there are 6 subgraphs

isomorphic to G in the decompositions, by counting

14
in two ways the number of vertices with degree 3 (or 2},
we have
2a = 12
a + 4b = 18.

Solving the equations, we have a = 6, b = 3. Now,

in a Glé’ the vertices of degree 2 are adjacent
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only to yertices of degree 3, the three vertices of

type
to K

9

2

, 7 61

can never be joined t¢ each other, a contradiction

L

- KlZ%» G14: the proof is similar, though longer than the

one above, and is hence omitted.

- Ky

- K

-+ G

14° V(KEB) = 213, [0,1,2,4,6] mod 13.

> G, V(Klﬁ) =7 % 25 U {e=},

14 3

[(1,0),(3,2),(0,0),(2,0),(2,10] v

[=,(0,4),(0,0),(1,0),(2,00] v

[(0,0),(2,2),(0,2),(2,3),(2,8)] ¢

[ang

[(0,0) 3(1)0) ] (133> 3(194) 3 (292)] mﬁd (""5> ®

- Koy > 6yt V() =25 % 24,

{(050)3(lsl)’(051>9(033)3<la3}1

[(0,0),(2,2),(0,2),(1,2),(1,4)]

(o

o

[(1,0),(3,2),(0,1),(1,3),(2,6)] u

{(vlao)5(42!0)’<"2’l)9(v292)3(2,3)} U

[(290) :(2:1) s (092) ’{094) ) («Os 6)] mod ("'s 7) e

ERSYA

> G

2
14° V(K24} = {=,0,1,...,6} U i:lXi where

Xi = {Oi’li’°"’7i}' Since K16 - Gl&’ we can

construct 20 subgraphs from the vertices of X, u X

1 2°

The remaining 26 subgraphs are:

[0,1,3,41,42§, [01,0291,2,3]

{19234351352}5 {11;12’092931

{2,3’5’41342}’ [2
[3,4,6,5,,5,1, [3;,3

{43590971372]3 i6}_96

19250,1,3]

2+0,1,2]

2393152}

[53631541’42}’ [61762’39455}

[6,0,2,5,,5,], [7

19795051,2]

{715?23336950}
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and {myixi+l,ilsi2} for 1= 0,1,,‘i,6,

[jlsjz34’7596} for j = 351?2,3,

(d)
K~ Glé Kn13n2+614 by Lemma C
by L
y Lemma with rlzz,r2=3,régo,c=05
n oy 2, a b
12t, t23 B 126 (£-2)+8 15 6(t~-2)+4 5
12¢+1, t=22 B 12(x-1) 12 6(t-1) 4
12e+4, t£22 B 12(x~-1) i5 6{(t~1) 5
12¢+9, t22 B 12(t~-1)+8 12 6(t-1)+4 4
(e) Kn > 314 iff o = 0,1,4,9 (mod 12), n 2 13.

10) (&) G, g

b)) n=1 or 9 (mod 12).

(¢} The case n = 1 (mod 12) was solved in [7].
Let n = 12t49.
It is well-known that a resolvable decomposition into
triangles exists [12], that is Kn - Qéfig and further-

more, the triangles of the decomposition can be partitioned
into 6t + 4 resolution classes, each containing 4t + 3
disjoint triangles {(and thus covering all the vertices of
Kn).

Partition the resclution classes into pairs (there is
an even number of them) and consider a particular pair of
resolution classes. By the theorem on simultaneous
representatives [4,pg.51] applied to the two classes, we
get common representatives of the triangles in them.
Joining the two triangles which contain the common repre-

sentative x at x yields a GlS' Hence we have

Kot 7 G5

(d) Kn > G if and only if n = 1 or 9 (mod 12).

15
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y b4 v
(11) (a) 6t lgz s Ix,y,2,u,v].

Z u

(b) n=0 or 1 (mod 7).

{e) - K7<% G16: use degree argument, similar to the case
K9 + Glé'
- K8-$-Gléz use degree argument.

- K7 7,7.7 > G16: [Ol, 2,13, ,0 } U {01 2,33 4,6 Tu

19 2 539 j U {&23 15 3 453 :ll u

{523 15 3 3496 } U [439 1,62, ,64} med 7.
" 59,7,7,7,7 7 Cet V&G 5 509
[0,1,4,13,7] v [0,2,8,19,14] mod 35.

= 2350

-k, >G V(K14) =Z,, U {=}, [0,1,4,6,%] mod 13.

14 7 “16° 13

- KlS > G16: V(K15) = le, [0,1,4,6,7] mod 15.

T K 7 Bt VK, =z <z (=],
[€0,0),(0,1),(1,3),(2,0),(1,1)] u
[(1,0),(0,0),(2,1),(2,3),(3,2)] u
[(0,0),€0,2),(3,2),(3,3),(2,2)] u
[(3,1),(3,3),(2,0),(2,1),(1,0)] u
[(1,0),(1,1),(2,0),(3,4),(1,2)] u

[w,(O,O),(1,4},(394),(2,0}] mod (“55)°

T Kyp 7 CGiet VR =z, x oz,
[(0,0),(0,4),(1,0),(1,1),(0,5)] u
[(1,5)3(0,0)>(992)9(0,3),(l,l>] U

{(0,0),(l,ﬁ),(l,6),(l,9>,(l,1G)} mod (‘,11}.

- . 3 } fee] (X)‘
Kgg * Gt Vyg) = 2,0 v {=}, [0,3,4,14,=] u

[0,6,8,15,5] mod 27,
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- K29 - Gi(): V&Kzg} = 229, [0,1,3,11,61 u

[0,4,9,16,14] mod 29.
~Kyg > Gigr VKyg) = 2, ¥ 2y
[(0,0),(0,6),(0,7),(1,8),(0,8)] v

u {e},

[€0,0),(0,3),(0,5),(1,9),(1,13)] v
[€0,0),(1,5),(1,11),(1,14) ,] v
[(1,0),(0,0),(1,10),(1,15), (1,11 v

{(_lﬁe) s (laé) 3 (035) Y (0,14) ,m} mod (“,17) s

- Kgg > Grpt V(Rgg) =2, x Zy,
[(0,0),(0,2),(1,8),(2,4),(0,1)] v
[(0,0),(0,4),(1,7),€2,00,(0,3)] v
[(1,0),(1,1),(2,0),(3,6),(1,2)] v
[(1,0),(1,3),(2,4),(3,3),(1, 8] v
1(0,3),(2,0),(2,4),(3,5),(1,8) 7 u
[(0,5),(1,5),(3,0),(3,4),(1,7) ] v
[(2,0),(2,1),(2,3),(3,3),(0,1)] v
[(0,0),(3,0),(3,1),(3,3),(3,6)1 v

[(1,5),(0,0),(2,3),(3,7),(2,2)]

<

[(194)9 (OQQ) s (2,7) 3 (315) ? (3’2)} mod ("99) -

" Ky 7 Gyt V&, =2,

[0,8,10,19,141 v [0,5,12,18,~] mod 41.

u {=}, [0,3,4,20,15] v

- K43 %~G16: V(K43) = 243, [0,8,9,19,6] v

[0,5,7,20,12] v [0,3,17,21,16] mod 43.
= Kyg > Gy V(Kyg) = 25 x 2o,
[(1,0),(4,1),(i+1,5),(i+3,3),(i+2,3)]

.. §4 for i=0,1,2,3,4.
with 3 = 2:0 for 1 =5,6.

v [(1,0),(1+1,1), (4+1,3), (i43,4), (i+3,3) ]

won
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{j 6 for i =0,1,2,3,4,6.
0 for 1 5,
u [(1,0), (i+1,6), (i+3,1), (i+3,5),(k,1)]
with k=6, =0 for 1i=290
k=i+l, § =2 for i =1,2,3,4

[

with j

L

it

it

k=2,3=0 for i=25,6
u [(1,0),(2,0),(3,0),(0,0),(4,0)]

u [(4,0),(5,0),(6,0),(3,0),(2,0)]

u {(Osé)3(1:6}:(53019(6’2)3(4910} mod (”37)°

~ Ksg 7 Gt Vo) = 2, X 2y,
[(0,0),(0,1),(1,1),(1,3),(0,8)1 u
[(0,0),(0,2),(0,5),(1,10),(0,12)] v
[(0,0),(0,4),(0,11),(1,15),(1,9)] v
[(0,0),(0,6),(0,15),(3,22),(1,12)] vu
[(0,0),(1,19),(1,20),(1,24),(1,18)] u
[(1,0),(1,3),(1,9),(0,11),(1,11)] v

[(3—90) 5 (-1: 7) s (1’15) s (»0319) ? (1112)] mod ("9 25) s

- K56 > 016: V(KSG) = 255 u {=}, [0,5,6,26,3] u
[0,11,13,25,17] v [0,10,28,32,19] u

[0,8,15,24,] mod 55.

- Kgy > Gt V(Rg))= 2.4, [0,9,10,26,5] v

57 16
{0,11,13,25,8] v [0,3,23,27,18] v

[0,6,21,28,19] mod 57.

- Kgq > Gy V(K63)= Zy XZ 44U {=},
[(0,0),(0,1),(0,13),(1,0),(1,11)] u
[(0,0),(0,2),(0,6),(1,8),(1,12)1 v
[(0,0),(0,3),(0,10),(1,13),(1,16)] v
[(0,0),(0,5),(0,16),(1,20),(1,19)] v

[(0,0),(0,8),(0,17),(1,22),=] v
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[(1,00,(1,1),(3,4),(1,10),(0,8)] v
[(1,0),(1,2),(1,13),(0,4),(0,63] u
{(ly0}9(137>3{1915}3(9914};(933)} 4]

{(130))(l)5}9{1317}5(1;10)3mj mod {“)3139
. s ) = ¥ } m‘
Rey 7 Gt V(KMI Z, % Zg U {=},
{(i,o),(i,l},{i+1,1)9{i+3,1),(i+2,6)] i = G;l,a,.,ﬁ
u [(3,0),31,4),H+1, 7, (4+3,2),(i+2,3)]
j=1 for 1i=0,1,2,3,4,5
with {f =3 for 1=26
v [(1,0), (i+1,6),(i+1,8), (i+3,4),(k,3)]

with k=2, 3 =3, for 1i=20
k=4+l, j =5 for 1i=1,2
k=14+l, 3 =2 for 1= 3,4,5,6

u [(1,0), (i+1,4),(i+3,3),(1+3,6),(k,3)]

with k=3, =8 for i=20
k=35, =4 for i=1
k=6, j=4 for i=2
k=6, =5 for i=3
k=0, 3=25 for i=4
k=0, =3 for i=25
k=2, 3=8 for i=56

<

[(4,1),(0,0),(1,2),(3,5),~]
[(4,5),(1,0),(2,2),(5,1),(6,8) ]

g

<

[(5,5),(2,0),(3,2),~,(6,1)]

<

{(6’4),(090)’(1,5)’w,(325}} mod {"39)-

= Ko 7 Gt VRyg) = 24

v {0,3,29,34,20] v [0,10,28,32,30]

g Y {e}, [0,11,13,25,1]

v [0,17,23,50,21] v [0,8,15,24,=] mod 69.

- Koy > Gyt V(Kyy) =2z, [0,11,13,25,1]
v [0,3,29,34,20] v J0,10,28,32,30]

v [0,17,23,50,19] v [0,8,15,24,35] mod 71.
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- K77 > 616: V(ij} =7, Zig U {w},
[(0,0),(1,0),(2,0),(3,0) ,=]
U [(0,03,(1,20),(2,30), (3,40), (0,20} ]
with o = 1,2,3,4,5,6,7,8,9
u [(1,20),(0,0),(2,30),(3,4a), (1,3a-3)]
with o = 10,11,12
u [{2,30),(0,0),(1,20),(3,4a), (2,4a~6) ]
with o = 13,14,15 |
u [(3,40),(0,a),(1,20),(2,30),(3,5a~9)]
with o = 16,17,18
v [(1,0),(4,1),(4,4),(4,6),>]

for i =1,2,3 mod (~,19).

= Kgg > Gpgt VKygd =2, x 2y,
[(0,0),(0,16),(0,18),(0,19),(1,4) ]
v [(0,0),(0,8),(0,15),(1,35),(1,6)]
u [(0,0),(0,4),(0,13),(1,26),(1,7)]
v [(0,0),(0,6),(0,11),(1,3),(1,11)]
v [(0,0),(0,10),(0,22),(1,1),(1,14) ]
v [(1,0),(1,16),(1,18),(1,19),(0,24)]
v [(1,0),(1,8),(1,15),(0,37),(0,23}]
u [(1,0),(1,4),(1,14),(0,34),(0,15) ]
v [(1,0),(1,6),(1,11),(0,16),(0,11)]
u [(1,0),(2,9),(1,22),(0,1),(0,7) 1

U [(O,J)},(O,llf),(1,0),(1,12),(1,33)} mOd (.—539)'
= Kgy > Gyt Vg =2, xZ,0 0 {=],

[€0,0),(0,1),(0,4),(0,20},=]

v [(0,0),(0,2),(0,9),(1,10),(1,6) ]

v [(0,0),(0,5),(0,15),(1,40),(1,11)]
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u [(0,0),(0,8),(0,22),(1,44),(1,17) ]
u [(0,0),(0,11),(0,24),(1,27),(1,19)]
v [(1,0),(1,1),(1,4),(1,20) ,~]

v [(1,0),(1,2),(%,8),(0,4),(0,21) ]

v 1(1,0),(1,5),(1,15),(0,27),(0,15)]
v [(0,0),(0,6),(0,18),(1,20),(3,13)]
v [(0,0),(0,17),(1,0),(1,9),(1,42)]

u [(1,0),(1,7),(1,24),(0,40),(0,14) ]
u [(1,0),(1,11),(1,23),(0,30),(0,13)]

u [(4,0),(1,13),(1,27),(0,6),(0,11)] mod (-,45).

Kgg 7 Grgt V(Kgy) =2, > 2y
[(0,0),(1,20),(2,30),(3,40),(0,20+1) ]
with a = 0,1,...,10

u [(1,20),(0,0),(2,30),(3,40) ,{1,3a~4) ]
with o = 11,12,13,14

u [(2,30),(0,0),(1,20),{3,4a),(2,40~8) ]
with o = 15,16,17,18

u [(3,40),(0,0),(1,20),(2,3a),(3,5a~12)]
with o = 19,20,21,22

v [(1,0),(1,1),(4,4),(i,6),(1,11)]

for i =1,2,3 mod (~,23).

Kisg > Cre7 Vyug) =2, % Zap
[(0,0),(1,20),(2,30),(3,40), (0, 20+1)]
with o= 0,1,2,...,17

u [(1,20),(00,0),(2,30),(3,4%a),(1,30-10)]
with o = 18,19,...,28

u 1(2,30),(0,0),(1,20),(3,4a),(2,40-14) ]

with o = 29,30,31,32
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u [(3,40),(0,0),(1,20),(2,3a),(3,50-18) ]
with o = 33,34,35,36

u [(1,0),(1,1),(1,4),(1,6),,D]

v [(1,00,31,1),0,7),(4,11),(4,8)]

u [(4,03,(1,2),(4,5),(4,14),(4,13)]

i= 2,3 mod (-,37),

(d)
R T R
by Lemna by Lemma ¥ with
r =7
n nl=n2=n3=né n5 p= q=
53211§f§i,29 A 7t 0 t 0
o5 B 7t o | ¢ 0
iigfzi,§§?18§22,3o A 7e-7 35 | t-1 5
ii?iﬁi,i?fie,3a B 7e-7 35 | t-1 5
iigfig:12f§§,21,29 A 7t 14 t 2
iiéfiéjlifi%,zg B 7t VN 2
5:2?%3112?33,21,29 A 7t 21 t 3
§§§j§§:12f§5,29 B 7t 21 t 3
izg:17,21,29 A 7t-7 28 -1 4
iigji3,29 B 7e-7 28 -1 4
gi;izis,la,zz,Bo A Tt-14 63 t-2 9.
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iiiz?is,ls,ao b Tents * £ ’
igigfgl,17,21$29 A e - e °
Stes | 0 | om0 | w =
Sfian | 0| o | e
iiigfiz,17,z9 8 e * 1 !

The array is not complete and the missing cases are considered

below.

(i) Whether K -+ G for n = 28t+7 and t = 4,5, or 7, and
n 16
n = 28t+8 for t =4 or 7 dis still undecided.

(ii) =n = 28t+1l4 or 28t+l5 for t = 3: if we have K2,2’25292’232+
K4 then it can easily be seen that Klé,lé,lé,l&,lé,lé,l& > K7’7s7’7+

Glé’ and, by Lemma A and B, respectively, we get K98 > Gl6 and
G is

Koqg & G,,- The decomposition of K2’2’2’2’2,2’2 > Gg

99 16
7
{u

[Oj,O 0 1 1} mod 2.
j=1

J+1° i3 Ti46
(1ii) n = 28t+14 or 28t+15 for t = 6: similarly, if

KZ,Z,2,2,2,2,2,2,2,2,2,2,2 > K, then trivially
K14,14,14,14,14,14,14,14,14,14,14,14,14 ~ 57,7,7,7 7 G 2nd thus

K182 -+ 016 and K183 > G16' KZ,Z,292’2»2’2,2,2,2,2,2,2 - K4 is given
by
13
{jil I0j+23oj+590j+6plj} U {0356j+590j+7,1j+4}} mod 2.

(iv) n = 28t+21 or 28t+22 for t = 3: if we have K + K, ,
3,3,3,3,3 4
then K21’21,21921’21 -> K7s?’7,7 > G16 and by Lemma A and B, respectively,

105 > Glé and K106 g Glé’ The case K353’3’3’3 > KQ is

proved by letting V(K3’3’3§393) =75 and the base graph [0,1,3,7]
mod 15,

we have K
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(v} n = 28t+21 or 28t+22 for t = 63 if we have

%3,3,3,3,3,3,3,3,3 7 K40 then Kpy o1 1 a1o, .21,21,21,21 7 %7,7,7,7 7
616 and we have hoth &189 > Glé and {193 16’ K3’393,",’3 > K4
is proved by letting V<K3,3,. 3} =y %Ly 23 and the base

graphs {(9,231),(0,0;1),(1,1,2)5(1,1,0}} v [(0,2,0),(1,2,23,(0,0,2),(1,0,0)}
mod (3,3,3).

{e) Kn - Glé if and only if n =0 or 1 (mod 7), n# 7,8
except possibly when n = 119,120,147,203,204.

v u Z
(12) (a) Gyt Q§$§§§679 {x,y,2,u,v] (G 1 1, 3

X y
() n =1 or 7 (mod 14).

{c) -XK - G,.: [0

7,7,7 17 3 j

2° 39 1’ l’
3 ] u [0 3, } mod 7.

v 103,0,,1,,2,, 1’ 2’ 13524,

- K?37921 - Glyt since G17 = Kl,1,3’ the de;omp051t10n

can be obtained by applying Lemma D with r, = r, = 1,
ry = 3, a=7 and b = 0.
- Ky > Gy V(KI} =2, %xZyu {o],

[(0,0),(1,0),(0,1),(1,1),=] mod (~,3).

- K15 > 617: V(KIE) = 215, [0,1,3,5,7] mod 15.

- K29 > Gl7: V(K29> = 2299 [0,1,4,6,8]

v [0,2,11,12,15] mod 29.

- K49 > 817: since K7 > K3 (equivalent to a Steiner

triple system of order 7) then K7’7,797,7’7,7 -

K > G17 and, since it has been proved that

7
7 17° Ve have K49 - G17 by Lemma A.
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(d)

KH»Glj Knl,nz,n3+g17 by Lemma D
by Lemma . s v omp =7 vim
with T, r3 7, IS 21,

n nlﬁnz 0y a b

42¢+1, t21 B 14t 14t 2t 0

42¢+7, t22 A 14t-7 14t+21 2t-1 2

42t+15, t21 B l4t 14t+14 2¢ 1

42¢+21, t20 A 14t+7 14e+7 2t+1 0

42¢+29, t=1 B lat 14t+28 2t Z

42¢+35, t=0 A 14¢+7 l4t+21 2t+1 i

(e) Kn > G if and only if n = 1 or 7 (mod 14).

Remark: The case Kn »> G 7 for n =1 (mod 14) has already

1
been solved, using a different method, in [6], furthermore,
the decomposition satisfies an extra condition and is called

a balanced G-design for G =G

17°
X Z
(13) (a) G18: S)x ’/DV B {X9Y9Z>G:V} ®
‘y 3

(b =n

it

0 or 1 (mod 7).

(e) - K8~h 618: We use degree argument again. The degree of
a vertex in KS is 7 and since the degrees of

~

vertices in Gig are 2 or 3, any vertex of K8
must appear in one graph of the decomposition with
degree 3 and in two others with degree 2. However,
this contradicts the fact that in the four graphs of
the decomposition, there are altogether 4 x 4 vertices

of degree 3 and 4 x 1 vertices of degree 2.
- K14~k‘G18: use similar argument as above.

Ky 7,7 7 G1gt 109505:05:15,2,]

U {Ol,é 1 51} U [5.,2 01,6

9
39 29‘-29 23 37 5

mod 7.

1’ 3}
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(ﬂ - 4 i e e .3 2 "L o
K],?,lé * 6t A slightly different notation is used

here, namely, though the elements of the first two sets

of elements 'Xl’ X are still gi, g el i=1,2

2 7?
the third set is now assumed to be a union of two sets
X3 and Xé with elements g3 and gé respectively,

g e Z The base graphs are

7°
[01902;03513;22} u [0 522943 331 1

. 14
U [01,12,13,43,0 Ju {52, 30 1, 1,5 1
U [32, 3’01 1,2 1 mod 7.

- %9,7,7,7 7 G1gt [04:05:0551,,1,]
U 1019 29 ’égaééj U {1 93 19 55 }
u {03$ ls [‘9 495 1 U {3 6&,(}19135‘{{~
U [3&, 3,51, 2,5 ] mod 7.
K7 > G18: V(K?} = 22 X 23 u {=}:

{(O’O) s (130) ,(091) ® (J—’l) ow] mod ("',3) .

K. > G

15 V&y5) =2

[0,1,3,6,10] mod 15.

18° 15°

Koy > Gygt VKyp) =2y X244,
[(0,0),(1,6),(3,3),(1,10),(1,5)]
u [(0,0),(0,1), (0,3),(1,1),(1,0)]

u [(1,2),(0,4),(0,0),(0,9),(1,5)] mod (-,11).

K29 - GlS: V(KZQ) = 229, 10,1,10,13,24]

v [0,2,8,5,12] mod 29.

Kys > Gygt V(Kyo) =2, x 2.0 v {=],
[€0,9),(1,9),(0,0),(1,2),=]

v [(1,2),(1,8),(0,0),(0,1),(0,7)]

u [(1,4),(1,12),(0,0),(0,1),(1,14) ]
v [(0,2),(0,5),(0,1),(0,0),(1,16)]

u [(195}9(192)9(1’1),(199)3(9112)} mod ("’)17}-
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{(d)

t=2,6,8

ST Kﬁl;nzgnBQGis by Lemma
by Lemma D with r =r =t,=7;
17273
- i
n n,=n, n, raalé, a b
{PART A)
42t, t=22 4 .
* 2
43,47 A 14t 14t t 0
42¢+1, t2l B 14t 14t 2t 0
42¢+47, t=22, 5
t43,4.7 A 14t L4t+7 it 1
4248, t21, B
£42,6.8 B 14t 14t+7 2t 1
42t+14, t25,
46,7 A lat 14t+14 2t 2
42t+15, t=1 B 14t 14e+14 2t 2
42¢+21, t20 A 14¢+7 1447 2t41 0
42¢422, t=21,
£42,6,8 B l4e+7 14t+7 241 0
42428, t=21,
£42,3,6 A 14¢+7 14t+14 2e+1 1
42¢429, t21,
££2,6.8 B 14t+7 14t+14 241 1
42¢+35, t=1 A 14t+7 146421 2¢+1 2
42t+36, t23, ‘ “
£45,6,7,8 B 14e+7 14e+21 2¢+1 2
(PART B)
42t, .
=47 A 14t-7 l4t+14 2t-1 3
4247, -
£=3,4.7 A 14t-7 14t+21 2t-1 4
4L2t+8, _
£=6,8 B 14t-7 14c+21 2t-1 4
42¢4+14,
£=3,4,6,7 A 14e-7 14t+28 2t-1 5
h2t+lz, B 14t 146421 o 3



42t+28, A 14t 146428 2t 4
t=6
42429, ) ,
stips B 14t 146428 2¢ 4
42t+36,
t=5,7,8 B 14t 14435 2t 5
F2ee38, B 166-7 | l4t+ao 2e-1 8
(PART C)
42x3=126 A 35 21 5 3
28 A 7 7 1 1
24+42428=112 A 35 7 5 1
3x42+28=154 A 49 7 7 1
42+36=78 B 21 14 3 2
Finally, for n = 49, since K49 > {K73K737’7,7,7,?’7},

K {due

77 %18 K7,7,7 7 Crg 20 Ky s 07 S

to K7 > K3} we have K&g -+ GlS'

(e) Kn - 618 if and only if n 20 or 1 (mod 7), =un 2 7,
n # 8,14 except possibly when n = 36,42,56,92,98,120.

Remark: if we had been able to show that Kn - G18 for

n = 36,42 and 56, then the existence of Kﬁ > G18 for
n = 92,98 or 120 would be implied and Parts (B) and (C)

of the array in (d) could have been incorporated intoc Part (A).

u X

(14) @ oy gzg>ov, [%,7,2,u,v].
z y
(B) n =0 or 1 (mod 7).
(¢} =~ K8++ Glgi again by degree argument.
- K7’7’7 - G19 V(K7’7,7) = 221, 15,7,0,1,15] mod 21.



%9,7,7,7 7 G19® [32:04,14,2,,04]
5,3 ,0
U Iz‘gil} 34} u {lzaiéig}’@sé? 1}
’ 5
5,1 v £02513,3§3035,4}

] mod 7,

12049

v [4,_,0.,3

220123303,
U 10,,2,,3,,3,,6,

v( ) = Z

Y14,14,14,26 7 G197 V9 14,10,14) 7 Zsgr
[0,13,27,10,18] v [0,15,26,19,9]

v [0,22,25,23,21] mod 56,

Ky > G V(K7} =2y X2y {=},
[(0,0),(1,0),(1,2),(0,1),~] mod (-,3).
K14 7 Cpot
10,3,2,1,12], [0,6,5,4,13], [11,2,10,0,4],

V{Klé) = 214: {899:037910}5

18;4:33136}9 [5313982231135 {llalalszaéjs
[5,9,12,7,11, [3,7,10,5,13], [9,3,11,7,6],

[1,4,10,13,7], [6,12,2,7,10] and [13,4,9,2,12].

it

K. =+ G .t V(Kls) Z [0,5,7,4,6] mod 15.

15 19 15°

]

Kyg 7 Gpgt V(Kyp) =2y x 2,4,
[(0,0),(0,1),(1,10),(1,0),(0,3)]
v [(1,7),(0,4),(0,0),(1,4),(1,91]

u [(0,0),(1,2),(1,6);(0,5),(1,8)} mod (‘sll)e

- K29 > Glgt V(Kzg) = 229, [1,0,5,8,10]

v [2,0,8,19,15] mod 29.

K36 7 Crg° V&gg) =2, x Zg,
[(090)3(Opz)a(lsﬁ)’<138)>(lso}l

U {(192>5(090)’(031)3(238)3(335}] mod (499) and
[€(0,0),(0,4),(2,5),(2,0),(2,8)]

u [(1,0),(1,4),(3,5),(3,0),(3,8)] mod (-,9).
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" Kgg 7 Gpgf VRgo) =2, x Z,q,

[(9,0),(1,13),(1,12),(0,12) ,(1,2) ]

<

[(1,16),(1,14),(0,0),(0,11),(1,24)]

<

[(1,17),(1,20),(0,0),(0,16),(1,8)]

{(.O,G) -] (lizzlﬁ (l}lg) L] (038) 3 {9’15)3

<

v [(0,0),(0,1),(1,24),(1,19),(0,5) ]

v [(0,0),(1,21),(1,15),(0,6),(0,18) ]

o

[(O)O} 3 (1’4)9 (lyll) ;(‘053) ® (.0323)} mod ("'325)0

- K71 -+ Glg: V<K71) = Z?l: [0,17,35,10,2]

v [3,7,0,29,30] v [0,14,30,31,38]

v [21,9,0,34,41] v [11,5,0,19,33] mod 71.

13

- K .=+ G . V(ngl = 8

V, u {«} with |v | =7
92 ~ 19 =1 4 i

for 1i=1,2,...,13.

ng is the edge-disjoint union of
4

(i) K on the elements of u VvV, u {=}
29 4=1

s § 1
(ii) three K22 s on the elements of V5+i U V6+i U

v u {»} for 1 =0,3, or 6.

7+i
(iii) the graph K3’3’3,4C)S7.

If we can prove that K -+ {K3,K } then

3,3,4 4
%3,3,3,4 @87 > &; 5 3Ky 57 } end since X, . o
19> ¥7,7,7,7 7 G1g9» we have Kgp > Gpo. Now Ky 5 5 >

{KB’Ké} with base graphs {04,21,12} U {04,22,13} U

[04,23,11] U {04,01,02,03] u {m,01,12,23] mod 3.



(d)

Kn > G19 Knlznzans,né$sl§ by
by Lemma Lemma E, with

0 n,=n,=n, n, T P 4
21t, t21 A 7t a / ¢ 0
24, 22 B 7t 0 7o 0
21e+7, t=21,
21t+8, t=25, - -
t#7 B 7(e-1) 28 Tooeh s
21t+14, t=2,
£42,6 A 7t 14 7ooov 2
21t+15, t=2,
P B 7t 14 7 t 2
iig-&& 2 14x3 14%2 14 3 2
21t+14, A 14 14 14 1 1
t=2
21t+14, A 14%3 14 14 3 1
t=6
21e+15, B 14 14 14 1 1
=2
iig+15, B 14x3 14 14 3 1

Some cases are missing from the array and are considered here.

Kotes7 ™

similar, hence only one is mentioned here:

K, > K
Kag 7 Grg
fact that K19

Ris,14,16 7 %9,9,77
if K

K35 7 649

let V(X

7°%7,7,7
for K

7,7,7,7,7

for ¢t

}, both of which are decomposable into G ,
-+ G

133

+ K, .

3

) = Zgg

are the base graphs.

19°

then

2 and 6.

as K, > K

33

we have

The proofs of both cases are

hence

the only difference in the proof is the

-~ G
757:7,7,7 19°
[0,1,4,13,8] v [2,0,19,8,14]
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hence K

14,14,14 ~ ®19°
but the latter can be proved:
mod 35



(15)

{e)

(a)

)]

(e}

Kn-+ 619 if and only if n 20 or 1 (mod 7}, n # 8.

i, X
Gyt Ww Ix,y,2,u,v].

=y

jal
It
(@]

or 1 {mod 16}.

- K > 8.1 V& = 220, [0,1,7,3,9] mod 20.

bbb b4

G V(K ) =7

K16,16,16,16 7 ©20° 16,16,16,16
[0,1,15,6,34] u [13,2,23,0,40]

64°

v [3,45,28,10,0] mod 64,

- Kl7 %»GZO: V(K17) = 21?, [0,5,7,1,8] mod 17.

- 2 = f
: K33 -~ 20: V(K33) 2335 i

v [0,3,8,12,10] mod 33.

0,16,14,1,22]

- th > GZO: V(Kég) = 249, [0,1,20,24,12]

v [0,8,17,2,22] v [0,3,16,21,10] mod 49.

20
v [0,2,42,72,33] v [0,4,47,84,28]

- K97 > G, 00 V(K§7) = 297, [1,21,36,0,39]

v [71,94,0,8,80] v [16,45,91,0,26]

v [0,90,85,32,49] mod 97.

" Kyy3 > Gpot V(Kgqg

v [0,3,16,108,14] v [0,9,48,98,49]

) = 2113, [0,1,36,43,56]

v [27,31,68,0,65] v [81,91,93,0,109]

u [47,53,0,30,99] v [29,54,0,80,73] mod 113.

= Kyg7 > 6ot V(Kygy) =244 [0,

v [0,6,10,52,67) v [12,20,104,0,63]

5,3,26,55]

v [0,31,24,40,58] v [48,62,80,0,87]
v [0,124,160,96,102] v [0,15,71,143,69]

v [109,142,0,30,9]1 v [41,60,107,0,119]



v [0,120,82,37,29] u [74,164,0,63,75] mod 177,

(e) K =G,  for n=17,33,49,97,113 and 177,

20

Remark: We can prove Kn - G20 for n = 16t or 16t+l if

K -G for t = 1,2,3,6,7,8,9,11,26 or 27. We have been
n 20

able to solve only six of the twenty cases,

V,
16) (a) G,y ! %%g ; o Doyszuvle (6 Ky, o)

u Z

(b) =n

i

0 or 1 (mod 16).

(c) =~ Kl6—b-G21: by degree argument.

- K > G,a: V( ) = 22

f
8,8,8 21 [0,1,5,22,14] mod 24.

Ks,8,8 4’

G

%16,16,16 7 %21° %46,16,16 T K

8,8,8 ~ Ca1

-K,, > G,,: V(Kl7} =

17 21 [0,1,4,9,7] mod 17.

2170

K33 - GZI: V(K33) = 233, {0,2,19,32,24]

v 10,5,23,29,26] mod 33.
" Kgs > Gypt VKgo) = Zgos
u [0,7,24,63,16] u [0,6,40,62,51]

[0,8,35,64,52]

v [0,5,28,61,15] mod 65.

(d) Proof of K16+1 > G21, £ 2 1.

Kn - G21 Knl,nzsn§>G21 by Lemma D
by Lemma , =r =y =16.1'=8
Wlth 1'1 rz 3 [} r3
n n1 = n2 n3 a b
48t+1, t=1 B 16t 16t t
48t+17, t23 B 16t+16 16t~16 t+1
48t+33, t=21 B 16t+16 16t t+1
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We need the following decompositions for the induction

used in the array.

- X . wid r. = = 2
Ylé,ié,% > G by Lemma D with 1 r s

175
ry = ré =1, a=8 and b =0,
7 i
Rl ™ Gprt Vppe) = U 2y 0 =)

1 -
K113 7 170 K16, 16,16,16,16,16,16 + It has been

shown that XK,, - G and also K16,16,16 - Gzz’

17 21
the last decomposition with K., » K, implies that

7 3
X16,16,16,16,16,16,16 ~ ©
As for the other infinite family, n = 0 (mod 16},
21 for n = 16t, t = 2,3,4,5
or 7, then we would have Kn + G for the whole

21
family by applying Lemma A and using the same method

if we can prove that Kn + G

as displayed in the array. However, of the five values,
a decomposition has been obtained only for one, namely

when t = 4,

3
- K64 > Gzi: V(K%) = u v, v {=},
i=1
vi = {oi,li,,..,zoi}, [101, 1° 1, 1>2J
v [20,,1 1207 4151951 v [9:,0 12992256,1
U {193, 1561, s 14 ] u {12, , 1,112,143]
8] [132, 1°93 4,13 172] U {12 63 3,16 ]
U [73 1° 3 l,lé Tu {12 1 33 2l 10 }
U [0133 3,1? ] mod 21.
(e) Kn -> G21 if n =1 (mod 16) and n = 64, K16?+ G21°
u_ v
(17) (a) 822: XO{§§Zg§DZ s Ix,v,z,u,v]. (Gzz ~ Kl,l,l,Z)'
y

(&) n

m

0 or 1 (mod 9).
(e} - Kn—H G22 for n = 9,10,18: by degree argument.

10,1,3,9,15] mod 19.
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y(K

6y R6,6,6,6

- K > G, =2z,,, [0,3,18,1,13] mod 24.
Xe,6,6,6 " ©22 ) = 2Z,,, [0, ,13]

(e) Kn%* Gzz for n = 9,10,18; however, XK, GZZ‘

19
a8 @) o, @o

G
23
mentioned in Section II, Kn > 623 has already been

is the complete graph with five vertices and, as

shown to hold [5]:; that is,

Kn > G23 if and only if n 21 or 5 (mod 20).

(Equivalently, a balanced incomplete block design, BIBD
(n,5,1) exists if and only if n = 1 or 5 (mod 20).)

REFERENCES

[1} J.-C. Bermond, D, Sotteau: Graph decompositions and G-designs,
Proc. 5th British Combinatorial Conf, 1975, Congressus Numer~

antium XV, Utilitas Math,, Winnipeg 1976, pp.533-72.

I2] J.-C. Bermond, J. Schonheim: G-decomposition of Kﬁ, where G
has four pertices or less, Discrete Math. 19 (1977), 113-120.

[3] J.-C. Bermond, D. Sotteau: Cycle and circuit designs, odd case,
Graphentheorie und deren Anwendungen, Proc. Internat. Collog.

Oberhof, DDR, Ilmenau 1977.
[4] M. Hall Jr.: Combinatoriaql Theory, Blaisdell, Waltham, Mass. 1967.

[5] H. Hanani: Balanced incomplete block designs and related designs,
Discrete Math. 11 (1975), 255-369.

[6] C. Huang: On some classes of balanced graph designs, Ph.D. Thesis,

McMaster University, Hamilton 1974.

[7] C. Huang: Balanced graph designs on small graphs, Utilitas Math.
10 (1976), 77-108.

[8] C. Huang, A. Rosa: Decomposition of complete graphs into trees,
Ars Combinatoria 5 (1978), 23-63.

[9] C. Huang, J. Schénheim: Decomposition of K, into dragons, Canad.

Math., Bull. (to appear).

251



[10]

[11]

[12]

[13]

[14]

[15]

[16]

D.K. Ray-Chaudhuri, R.M. Wilson: The existence of resolvable designa,
& Survey of Combinatorial Theory (Ed. J.N. Srivastava et al.),
North~Holland, Amsterdam 1973, pp. 361-376.

A. Rosa, C. Huang: Another class of balanced graph designs:

balanced circuit designs, Discrete Math. 12 (1975), 269-293.

M. Tarsi: Decomposition of complete multigraphs into stars,
Discrete Math. 26 (1979), 273-278.

S.N.P. Wang, R.M. Wilson: 4 few more squares II, Proc. 9th S.-E.
Conf. Combinatorics, Graph Theory and Computing, Boca Raton 1978,
Congressus Numerantium XXI, Utilitas Math., Winnipeg 1978, p. 688.

R.M. Wilson: Concerning the number of mutually orthogonal latin squares,
Discrete Math. 9 (1974), 181-198.

R.M. Wilson: Decompositions of complete graphs into subgraphs isomor-
phic to a given graph, Proc. 5th British Combinatorical Conf. 1975,

Congressus Numerantium XV, Utilitas Math, Winnipeg 1976, pp. 647-659.

S. Yamamoto, H. Ikeda, S. Shige-eda, K. Ushio, N. Hamada: On claw-
decomposition of complete graphs and complete bigraphs, Hiroshima Math.
5 (1975), 33-42.

282



Table 1: on X + G,
e n i

of which are isolated

and n 2 5.

where Gi iz a graph with five vertices, none

Graph Necessary Condition Result on Sufficient Condition
Glz 00  OL—0 n 20 oxr 1 {(mod 3) same*
VAT
62: 0—0 same
Ga: L et same
G,e 0—4——0<Z nEO0 or 1 (mod 8) same
Gsz same
L/
]
GG; n 20 or 1 (mod 5) same
—0
M \
_ +
67: —— nz0 or 1 {(mod 5, nz6é6
(;8: (A}mo-‘—-o n =0 or 1 (med 5) nE 0 or 1 {mod 5}, n 2 8+
+
.. nz0 or 1 (mod3), n>6
9° J
GlO: 14 0 n 1 or 5 (mod 1O} same
o |
Gll: ] same
G].Z' mm—o same
> n £ 0,1,4 or @ (mod 12}
m n =0,1,4 or % (mod 12}, except
613. possibly when n = 24
G ¢ = > *
14° nz0,1,4d0r 9 (mod 12), n = 13
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Result on Sufficient Condition

9 {mod 12}

1 (mod 7}

7 (mod 14)

°

1 (mod 7)

1 (mod 16)

1 (med 9)

5 (mod 20)

also sufficient,

nZ20orl{med 7, n
except possibly when

same

[
Ho~

120, 147, 203, 204%

sama2

nZO0orl{med 7}, n # 8, 14

except possibly when

o

= 36,

92, 56, 92, 98, 120%

0

Hi

#

i

not always sufficient.

Graph Necessary Condition

Glsa M n 21l or

Glﬁz W n 20 or

G]J’

G, .3 w

18 n 0 or

G, .z w

20 n 0 or

G21: E

622: % n 0 or
n 1 or

Sy3° @

*same:; The necessary conditions are

+ ¢ The necessary conditions are

x :

Complete solution has not been obtained.
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CQorl (mod T}, n *# B

17,33,49,97,113 and 117

1 {mod 1

9,10,18,

6), n £ 16, n = 645

no= 19"

same



