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Abstract. Rolling-element bearing that is mostly used wherever rotary motion is
provided to a shaft in rotating machineries. A deep-groove ball bearing is one
type of rolling-element bearing which is used to support radial load, axial load or
combination of both. After proper installation and condition, ball bearings usu-
ally fail because of fatigue under normal operating conditions. Therefore, the fa-
tigue-life optimization is a prime objective in designing a ball bearing. In the
present work, eleven different problems of a deep-groove ball bearing by chang-
ing boundary dimensions are optimize to obtain maximum fatigue life. Amended
Differential Evolution Algorithm (ADEA), which is modified version of Differ-
ential Evolution (DE) algorithm along with constraint handling technique, is ap-
plied to these eleven problems and optimum results in the form of optimal design-
parameters and fatigue life is reported. The design parameters are bearing pitch
diameter, ball diameter, number of balls and curvature coefficient of the outer
and inner raceway groove are considered. Further, optimal results are compared
with the other researcher’s work and standard catalogue for the same problems.
Better results for fatigue life are obtained using ADEA.

Keywords: design-parameter optimization, constraint optimization, a ball bear-
ing, Amended Differential Evolution Algorithm (ADEA).

1 Introduction

Rolling element bearings are critical element of any rotating machinery and it is used
in variety of applications such as machine tools, electrical equipments, automobile,
household appliances, medical equipments and aeroplanes. Rolling element bearings
are also called as antifriction bearings. Different types of rolling element bearings are
used depending upon the loading condition, i.e., radial load, axial load and combination
of both. Radial bearings are used to support the load which is perpendicular to the shaft
whereas thrust bearings are used to support the load which acts along axis of the shaft.
Among the various types of rolling element bearing, a single-raw, deep-groove ball
bearing is most frequently used bearing because it can take radial as well as some thrust
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load and withstand a small amount of shaft misalignment or deflection [1]. A single-
raw, deep-groove ball bearings rely on balls to support loads between rotating and sta-
tionary machine elements. Ball bearings have high load carrying capacity, generates
less noise and low resultant temperature because of point contact. Deep-groove ball
bearings are available in variety of bore dimensions up to 400 mm [2]. The internal
structural-parameters (design parameters) affect the bearing characteristics such as
bearing life, lubrication, load distribution, stresses and deflection. Generally, ball bear-
ings are designed to determine the geometric structure and their relative design param-
eters for smooth operation and bearing life.

Researchers have worked to optimize design parameters of various rolling-ele-
ment bearing but some important and relevant literatures on optimization of a ball bear-
ing are discussed here. Changsen [3] discussed a design method for rolling element
bearing using a gradient based numerical optimization technique; he defined five dif-
ferent non-linear objectives for rolling element bearing design, i.e., maximum frictional
moment, maximum wear life, maximum static load rating, maximum spin to roll ratio
and maximum fatigue life. Further, he proposed concept of multi-objective optimiza-
tion of above objectives and also introduced basic concepts and optimization techniques
to solve problems. Chakraborty et al. [4] optimized the design parameters of deep-
groove ball bearings using Genetic Algorithm (GA), where five design parameters were
considered to maximize fatigue life of a bearing. Rao and Tiwari [5] refined the prob-
lem proposed by Chakraborty et al. [4] to obtain more realistic optimum design param-
eters, where five design variables, five various constants of constraints and eight con-
straints, were used to maximize dynamic load rating of a deep-groove ball bearing using
GA.

In the present work, eleven different problems of a deep-groove ball bearing by
changing boundary dimensions are considered. These problems are modified by Rao
and Tiwari [5] and used to optimize the design parameters using Amended Differential
Evolution Algorithm (ADEA) [6]. The optimized results are compared with the results
of Genetic Algorithm (GA) [5] and standard catalogue [1]. The rest of the paper is
organized as follow: Section 2 describes mathematical model of ball bearing design
problem; section 3 presents flow chart of Amended Differential Evolution Algorithm
(ADEA); section 4 presents results and discussion and section 5 concludes the work.

2 Mathematical modelling of ball bearing design problem

On the basis of operating requirements, one of the most important objectives is the
requirement of the longest bearing life (fatigue life). In normal operating conditions of
ball bearings, fatigue failure is the main mode of failure at the surfaces of balls and
races. The fatigue life of an individual ball bearing is defined as the number of revolu-
tions, which the bearing runs before the first evidence of fatigue crack in balls or races.
The Anti-Friction Bearing Manufacturing Association (AFBMA) standard states that
the failure criterion is the first evidence of fatigue. AFBMA sanctioned a term ‘rating
life’ of a bearing that is used by most of the bearing manufacturers and it is defined as
‘the number of revolutions or hours at some given constant speed that 90 per cent of



group of a bearings will complete or exceed before the failure criterion develops’. The
fatigue life (or rating life) of bearing is based on the dynamic load capacity (dynamic
load rating or basic dynamic capacity or specific dynamic capacity [1]). The dynamic
load capacity (C) is defined as the dynamic equivalent radial load in deep-groove ball
bearings that can be carried for a minimum life of one million revolutions. The fatigue
life of bearing can be improved by maximizing dynamic load capacity for a given size
of bearing boundary dimensions (i.e., bearing bore, d, and outside diameter, D and bear-
ing width, w). The fatigue life of a bearing (in millions of revolutions) that is subjected
to applied dynamic equivalent radial load F is given as:

106 (1)

a
Lyy = (g) and Lyop = alqo
where L, is rated bearing life (in millions of revolutions), C is dynamic load capacity
(N), Fis applied dynamic equivalent radial load (N) and a is 3 for ball bearings, Loy, is
rated bearing life (in operating hours) and n is rotational speed in rpm. The bounds of
design parameters, objective function and constraints are taken from Rao and Tiwari
[5] and briefly discussed below.

i D =Outside diameter

Dy, = Pitch diameter

d = Bore diameter
d 44 p_ ld. | p di=Diameter of inner raceway groove
r ) d, = Diameter of outer raceway groove
p b ; dy» = Diameter of ball

wﬁ*g e i | W= Bearing width

Fig. 1. Internal diagram of ball bearing [4].

2.1  Design parameters

The design parameters are basically internal structural dimensions of a ball bearing as
shown in Fig. 1. The five design parameters of ball bearing are: diameter of ball (Db),
number of balls (Z), pitch diameter (Dm) and curvature coefficient of the outer raceway
groove (fo = ro/Db) and inner raceway groove (fi = ri/Db). ro and ri are the curvature
radius of outer and the inner raceway groove, respectively [5]. Table 1 shows the design
parameters and their ranges.

Table 1. Design parameters and their ranges [5]

Design parameters Ranges
Diameter of ball (D) 0.15(D-d) to 0.45(D-d)
Pitch diameter (Dm) 0.5(D+d) to 0.6(D+d)
Number of balls (Z) 4 to 50
Curvature coefficient of the inner raceway groove (fi) 0.5151t0 0.52

Curvature coefficient of the outer raceway groove (fo) 0.5151t0 0.53




2.2 Objective function

The objective is to obtain the fatigue life of a ball bearing that is based on the dynamic
load capacity (C). The dynamic load capacity (C) is a function of D, D,,, Z, f; and f,,
and can be expressed as

Maximize, C = [f, Z*/* D}-®] when Dy < 25.4 mm, )
= 3.647 f, Z*/3D}* when Dy > 25.4 mm.
where f, for deep-groove ball bearings is given as
1-\172 (fi(2f, — 1\ 041 10/3]793 YO3(1 =139 [ 2f, 104
fe=379111+ {1'04 (m) (fo(Zfi - 1)) } [ 1+ ] [Zfi— 1

@)

where y is Dy cosa /D, and «a is free contact angle that is zero for deep-groove ball
bearings.

2.3  Constraints

Ten constraints that are proposed by Rao and Tiwari [5] are considered in the present
work. Out of ten constraints, five constraints are refined by Rao and Tiwari [5] that
were proposed by Chakraborty et al [4]. In the present work, constraints for curvature
coefficient of inner and outer raceway groove (constraints 9 and 10 of Rao and Tiwari
[5]) are in the form of range (bounds) that are already considered as design parameters
and given in Table 2. Therefore, constraints for f; and f, are not discussed. The remain-
ing eight constraints are discussed below [5].

Constraint 1: For a number of balls

For the convenience of the bearing assembly, the number of balls should satisfy the
following equation, g, (x):

=Z<1+ L
G =2 =T 2SI 1(D, / D) @
. _ _ _ Do
can be writtenas, g;(x) =Z -1 YT <0 )

where @, is the maximum assembly angle and it is given as

20 (2_7_p, ) —(%41)’ (6)
@0 =27 -2 COS_l [U +(2 TDDb) (2+T) ‘|7
20(3-T-Dp)
and T and U are defined as
_ (D-d-2Dp) _ (b-d) 3(D-d-2Dp) (7
T="—— and U = ”

In the constraints 2 to 8, some constraint constants are used and their range (bounds)
are shown in Table 2 except constraint 6.

Constraints 2 and 3: For diameter of balls

For the convenience of the bearing assembly, the diameter of balls should be within a
following range:



(8)
gz(x) = 2Db = KD min(D - d);
. 9)
can be written as, g, (x) = Kp min(D —d) — 2D, <0,
93(x) = 2Dy, < Kp max(D —a), (10)
can be written as, g;(x) = 2Dy, — Kp jmax(D —d) < 0, (11)

where Kp min and Kp 1m0, are the minimum and the maximum values of the ball diam-
eter constants, respectively. The range of K} ,in 1S 0.4 t0 0.5 and range K ;45 iS 0.6
to 0.7.
Constraints 4 and 5: For running mobility of a bearing
For the running mobility of bearings, the difference between the pitch diameter and the
average diameter in a bearing should satisfy below constraints.

D+d

94(x) = Dm -

can be written as, g,(x) = D,, — Dzi +e(D+d)<0,and (13)
(14)

d
>e(D+d),

D+
gs(x) =Dy, —
can be written as, gs(x) = e(D + d) — D,, + Dzﬂ <0 (15)

where e is a constant and its value depends on mobility condition of the balls. The range

of e is taken here 0.03 to 0.08.

Constraint 6: For relationship between inner and outer ring thickness

In normal operating conditions, the stress on the inner ring is always more than the

outer ring of a ball bearing. Therefore, outer ring thickness should be less than or equal

to the inner ring thickness.

D—-dy, d;—d 16

ge(x): ZOSlZ . ( )
do _ di=d <0, (17)

can be written as, g¢(x) = D_T -

where d; and d, are the inner and outer raceway diameters at the grooves.

Constraint 7: For thickness of bearing ring at outer raceway bottom

The average diameter of bearing is usually less than the pitch diameter. Therefore,
thickness of bearing ring at outer raceway bottom should not be less than D, and the
following equation, g, (x) should satisfy:

(18)
g,(x) =eD, <0.5(D —D,, — D)

19
can be written as, g,(x) =eD, —0.5(D —D,, — D) <0 (19)

where ¢ is a constant that is obtained using simple strength consideration of outer ring
and the range of ¢ is 0.3 to 0.35.
Constraint 8: For relation between ball bearing width and ball diameter

gs(x) = Dy < pw 0



. (21)
can be written as, gg(x) =D, —fw <0

where g is a constant and the range of 8 is 0.7 to 0.85. The ranges of various constants
used in constraints are given in Table 2.

Table 2. Range of various constants [5]

Constants Range [Lower Bound (LB), Upper Bound (UB)]
Kp min 0.4t00.5 [0.4,0.5]

Kp max 0.6t00.7 [0.6,0.7]

e 0.03 to 0.08 [0.03,0.08]

€ 0.3t00.35 [0.3,0.35]

B 0.7t00.85 [0.7,0.85]

3 Amended Differential Evolution Algorithm (ADEA)

Amended Differential Evolution Algorithm is the modified version of Differential Evo-
lution (DE) algorithm and it uses ‘Z_,,.-constraint handling method’ to solve con-
strained optimization problems [6]. Fig. 2 shows the flow chart of ADEA that is adapted
from reference [6].

In the present work, maximization problems of deep-groove ball bearing are con-
verted into minimization problems and all the constraints are converted into < 0 type.
The design parameters of deep-groove ball bearing problems are optimized using
ADEA. Following parameters are used in ADEA: Population Size (PS) = 50, number
of generations (G) = 500, number of runs = 30, scale factor: Fmin = 0.5, Fmnax = 0.8,
crossover rate: CRpin = 0.85, CRmax = 0.95. The program is written in MATLAB® for
ADEA and results are reported.



Inputs
1. Population Size (PS), 2. Maximum number of generations (G,...), 3. Range of scale factor (F,..and F,),
4. Range of crossover rate (CR,,,.and CR,,,), 5. Number of process parameters or decision variables (D)

[

Initialize random population using RPDoE and select required population (PS)

Initialize
Population

Save the results and stop

For i = 1 to PS, calculate combine function, ¥§ = f(xf) + Lo, ¢
Compute constraint violation function (zf—o,m,.)
For feasible solmion,):fg,m,, =0,

For infeasible solulicm,zz,,u = /1,5,,,“(2:1: ,g(x,s) + Z:‘:.|h(x,”)| ) + AE,a, (only violated constraints are summed up)
ZZ; ‘gk(X,‘) < 0, where k= | to m (inequality couslminls);zz‘= x|h,()(f)| =0, where /= 1 to n (equality constraints)

Agxm (Penalty constant) = "'nx(lfgmxl' Ifff:x:xl)

(2

Assign rank (R) to each population vector that is based on ¢ and calculate F and CRY

RE — 1 R —1
FE = Fuin+ Fruae — Frn)(55=3) ~ CRF = CRusax — (CRinax — CRyin)(557)

Randomly select there population vectors a, b and ¢, such thata# b # c # i P—

Compute two mutant vectors, M{and M§
M§ = X, +F(a)(X, — X.); M§ =X, —F(a)(X, — X.)
v
Verify parameter bound of M5, p=1,2 andj=1toD
M§ = xfesey, if m§;<lb; or m§;> ub;
2
| Compute /(Mf) and Xm,.n(Mf) to obtain l[lf
(7
Select the best mutant vector, MY
e [ ME i uE<ug
7| M8, otherwise

(

Mutation
A

-

Create crossover vector
ralld, = random number between 0 and 1;Jrana = random integer from 1 to D
G ifo S
c6— my;, if rand; < CRor j = jrana
! Xbest,» otherwise

Crossover

v
| Compute f(C,E) and Em,m(C,G) to obtain l[l(C,G)

v

= G : G G G G
S 6 16 (G G CE,if F(CF) < F(XF) and Zeonse(CF) < X conse(Xf
B PECLACIAR . or OF Econse(CF) < Econse(X?
b1 XE otherwise

3 ' X7,

w

Yes A No

Fig. 2. Flow chart of ADEA (adopted from [6])



4 Results and Discussion

ADEA is successfully applied to optimize design-parameters of single raw, deep-
groove ball bearing problems for maximizing dynamic load capacity (C). Results ob-
tained using ADEA are reported in Tables 3-5.

Table 3 shows the optimum design-parameters and value of constants (used in con-
straints) that are obtained using ADEA. When optimal value of any parameter is exactly
either the start value (lower bound) or the end value (upper bound) of range, algorithm
requires greater number of generations (iterations) to converge. However, ADEA algo-
rithm converges to lower bound value for two design parameters, namely, f, and f;,
within 500 generations (Table 3). Further, ADEA attains lower bound value for & (con-
stant-constraint). Thus, ADEA is capable to converge the bound value within reasona-
ble generations.

Table 4 presents the values of optimum design parameters, constraints
(g1 (%) to gg(x)) and dynamic load capacity (C). The value of design parameters, i.e.,
Dy and Dnm, are reported up to 3 decimal accuracy and accordingly other results are
reported. It is clear from Table 4 that g4 (x) and g, (x) constraints are active constraints
(i.e.,, g¢(x) = 0 and g,(x) = 0) for some boundary dimensions. Two constraints,
g1 (x) and g;(x), are difficult constraints for some boundary dimensions because value
of constraint is neither zero nor negative value but very nearer to zero value, i.e., 0.0001.

Table 5 shows the comparison of the results with the results of Genetic Algorithm
(GA) [5] and standard catalogue [1] for dynamic load capacity (C). The comparison
shows that ADEA provides better results for all boundary dimensions. Further, per cent
improvement in dynamic load capacity with respect to GA and standard catalogue is
presented in Table 5. The maximum and minimum per cent improvement over standard
catalogue are 68.50 % and 8.24 %, respectively. Similarly, the maximum and minimum
per cent improvement over GA are 11.11 % and 1.35 %, respectively.



Table 3. Results obtained using ADEA in terms of optimized design-parameters and value of constants (used in
constraints) for eleven boundary dimensions.

Boundary . Values of constants obtained in
. - Design Parameters .
Dimension (mm) constraints
Db Dm
D d W (mm) (mm)
30| 10 9| 6.213| 20.059

4 fi fo Kb min | Kb max e & B
0.515 | 0.515 | 0442 | 0.649 | 0.072 | 0.3 | 0.793

7
35| 15 11 6.25 25 810515 | 0515 | 0.428 | 0.681 | 0.055| 0.3 | 0.708
471 20 14 | 8.438 33.5 81 0515] 0515 | 0435 | 0.664 | 0.065| 0.3 | 0.762
62| 30 16 10 46 91 0515] 0515 | 0403 | 0.653 | 0.069 | 0.3 ] 0.810
80 | 40 18 12.5 60 91 0515] 0515 | 0412 | 0.667 | 0.048 | 0.3 | 0.812
90 | 50 20 125 70| 10| 0515 | 0515 | 0455 | 0.678 | 0.08| 0.3 | 0.758

110 | 60 22 | 15.625 85| 10| 0515 | 0.515 | 0.456 | 0.656 | 0.044 | 0.3 | 0.750

125 70 241 16.732 | 98.228 | 11| 0.515| 0.515 | 0.420 | 0.609 | 0.069 | 0.3 ] 0.741

140 | 80 26 | 18.75 110 | 11 ) 0515 | 0515 | 0.402 | 0648 | 0.05| 0.3 0.768

160 | 90 30 | 21.426 | 125.719 | 11| 0.515 | 0.515 | 0.417 | 0.674 | 0.055| 0.3 | 0.787
170 | 95 32| 22.752 | 133597 | 11| 0515 | 0515 | 0435 | 0.682 | 0.051 | 0.3 | 0.786




Table 4. Results obtained using ADEA in terms of optimized design-parameters, value of constraints and dynamic load capacity (C) for eleven bound-
ary dimensions.

Boundary D .
Dimension Design Parameters Value of Constraints ylgzgm

(mm) ;
Do Dr capacity, C

Dl d | wil m| mm | 2] | P |910]8:0)9:())94%) | g5x) | g96(0) | g7(0) | gs(0) | (N)
30| 10 9| 6.213| 20.059| 7/0.515]|0.515 0"| -359| -055| -2.94| -2.82| -0.06 0"| -0.92 6032.33
35| 15| 11 6.25 25| 8]0.515|0.515| -0.15| -3.94| -112| -2.65| -2.75 0 0| -1.54 7059.09
47| 20| 14| 8.438 335| 8|0.515|0.515| -0.10| -5.13| -1.05| -4.36| -4.36 0 0"] -2.23| 12100.67
62| 30| 16 10 46| 9/0515/0.515| -0.06| -7.10| -0.90| -6.35| -6.35 0 0| -2.96| 18113.18
80| 40| 18 12.5 60| 9]0.515|0.515| -0.37| -852| -168| -5.76| -5.76 0 0| -2.12 27144.31
90| 50| 20| 125 70| 10/0.515/0.515| -0.60| -6.80| -2.12| -11.2| -11.2 0 0| -2.66| 29174.48
110 60| 22]15.625 85| 10]0.515|0.515| -0.35| -8.45| -155| -7.48| -7.48 0 0| -0.88 43620.92
125 70| 24]16.732| 98.228 | 11|0.515]|0.515 0"|-10.36| -0.03|-14.18| -12.77| -0.73 0"| -1.05 52452.58
140| 80| 26| 18.75 110| 11]0.515]0.515| -0.01|-13.38| -1.38 -11 -11 0 -1.22| 64386.86
160| 90| 30|21.426|125.719| 11]|0.515]|0.515 0"|-13.66 | -4.33|-14.47|-13.03| -0.72 0"| -2.18 81862.64
170| 95| 32|22.752|133.597| 11]0.515]|0.515 0"|-12.88| -5.65|-14.61|-12.42| -1.10 0" -2.4 91203.51

“indicates constraint value less than or equal to 1x10-* (1LE-4) and considered as zero (0).



Table 5. Comparison of results of ADEA with GA and catalogue for dynamic load capacity (C)

Boundary

Dimension (mm)

Dynamic load capacity, € (N)

% improvement

GA

Catalogue

ADEA - GA
— X

ADEA — Catalogue

D d w ADEA [5] [1] GA 100 Catalogue x 100
30 10 9 6032.33 5942.36 3580 151 68.50
35 15 11 7059.09 6955.35 5870 1.49 20.26
47 20 14 | 12100.67 10890.9 9430 11.11 28.32
62 30 16 | 18113.18 16387.4 14900 10.53 21.56
80 40 18 | 27144.31 26678.4 22500 1.75 20.64
90 50 20 | 29174.48 28789.3 26900 1.35 8.46
110 60 22 | 43620.92 42695.3 40300 2.17 8.24
125 70 24 | 52452.58 51117.4 47600 2.61 10.19
140 80 26 | 64386.86 59042.9 55600 9.05 15.80
160 90 30 | 81862.64 75466.8 73900 8.48 10.77
170 95 32 | 9120351 89244.7 83700 2.21 8.96

ADEA: results obtained using Amended Differential Evolution Algorithm, GA: Genetic Algorithm and results are

taken from reference [5], Catalogue: values of dynamic load capacity for 02-series deep-groove ball bearing are

taken from bearing catalogue [1]




5 Conclusions

ADEA is used to optimize the design-parameters of single raw, deep-groove ball bear-
ing for maximizing dynamic load capacity (fatigue life) for eleven boundary dimen-
sions. From the optimization results, following conclusions are drawn:

e Comparison of the results shows that ADEA provides better results than GA and
catalogue for all boundary dimensions of deep-groove ball bearing.

e The maximum per cent improvement in dynamic load capacity is 68.50 % over cat-
alogue and 11.11 % over GA.

o ADEA is capable to obtain optimum design-parameters or constants that are extreme
value of the range within reasonable generations.

o ADEA can be used to solve other design problems such as angular contact bearing,
journal bearing problem, heat exchanger problems and truss problem.
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