We would like to estimate the discretization error e h := uu h , in some suitable norm • ,Ω .

We associate with each K ∈ T h a computable quantity η K := η K (u h , f ) that we call a local "estimator". We gather the contributions

η :=   K ∈T h η 2 K   1/2
, into a "global" estimator. where: C is a "nice" constant, C only depends on the "shape-regularity" and p, ω K is the patch of elements sharing a vertex with K .
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Some vocabulary

An error estimate is guaranteed, if

e h ,Ω ≤ C η,
with a fully computable constant C .

An error estimate is constant-free if C = 1, i.e.

e h ,Ω ≤ η.

Finally, we say that an error estimate is p-robust, if

η K ≤ C e h ,ω K
with a constant C that is independent of p.

The goal of this talk is to (try to) achieve these properties using an "equilibrated" estimator.

6/47

We have the following expression for the error:

|e h | 2 1,Ω = b(e h , e h ) = b(u, e h ) -b(u h , e h ) = (f , e h ) -(∇u h , ∇e h )
We can rewrite the first term

(f , e h ) = (∇ • σ, e h ) = -(σ, ∇e h ).
This leads to

|e h | 2 1,Ω = -(∇u h + σ, ∇e h ) ≤ σ + ∇u h 0,Ω |e h | 1,Ω ,
and the result follows.
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Constant-free error estimates

Given an "equilibrated flux" σ ∈ H(div, Ω), we set

η K := σ + ∇u h 0,K ∀K ∈ T h and η 2 := K ∈T h η 2 K = σ + ∇u h 2 0,Ω .
Then, we have

|e h | 1,Ω ≤ η = σ + ∇u h 0,Ω .
Equilibrated fluxes provide constant-free error estimates! 10/47

Practical construction of the equilibrated flux

For the sake of simplicity, we assume that f

| K ∈ Pp-1(K ) for all K ∈ T h .
All the presented result naturally extends by adding "oscillation terms"

osc K (f ) := h K π f -π p-1 K f 0,K .
Let W h ⊂ H(div, Ω) denote the Raviart-Thomas space of degree p.

There exists σ h ∈ W h such that

∇ • σ h = f ,
so that we can construct "discrete" equilibrated fluxes.
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We recall that we have the upper bound

|e h | 1,Ω ≤ η := σ h + ∇u h 0,Ω .
Thus the "ideal" discrete flux would be

σ h := argmin τ h ∈W h ∇•τ h =f in ωa τ h •n=0 on ∂ωa \Γ D τ h + ∇u h 0,Ω .
It is computable, through resolution of a discrete global saddle point problem.

Fortunaly, it is possible to localize the computations, vertex by vertex.
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Construction through "patch" problems (hidden magic)

For each vertex a ∈ V h , consider the following vertex-patch problem

σ a h := argmin τ a h ∈W h (ωa ) ∇•τ a h =f a in ωa τ a h •n=0 on ∂ωa \Γ D τ a h + ψa∇u h 0,Ω ,
where ωa is the "vertex patch" around a

f a = ψaf -∇ψa • ∇u h ,
and ψa is the "hat function" associated with a.

We obtain an equilibrated flux by setting

σ h := a∈V h σ a h .
This construction only involves patch-wise finite element problems. These problems involves a small number of dofs and can solved in parallel.
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The Helmholtz problem

Let us now assume that k is large. We recall that

b(u, v ) := -k 2 (u, v ) -ik(u, v ) Γ A + (∇u, ∇v ) ∀u, v ∈ H 1 Γ D (Ω).
We will consider the "natural" norm

u 2 1,k,Ω := k 2 u 2 0,Ω + k u 2 0,Γ A + ∇u 2 0,Ω .
In particular, we have

|b(u, v )| ≤ u 1,k,Ω v 1,k,Ω ,
which is interesting for goal-oriented error estimation and adaptivity.
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Gårdling-like inequality

The sesquilinear form is not coercive

Re b(φ, φ) = |φ| 2 1,Ω -k 2 φ 2 0,Ω , φ ∈ H 1 Γ D (Ω).
Instead, it satisfies a Gårding-like inequality:

Re b(φ, φ) = φ 2 1,k,Ω -2k 2 φ 2 0,Ω + k φ 2 0,Γ A , φ ∈ H 1 Γ D (Ω).
The coercivity loss is more severe for higher wavenumber k.
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For φ ∈ H 1 Γ D (Ω), there exists a unique

S φ ∈ H 1 Γ D (Ω) such that b(w , S φ ) = 2k 2 (w , φ) + k(w , φ) Γ A .
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b(φ, S φ ) = 2k 2 φ 2 0,Ω + k φ 2 0,Γ A , for all φ ∈ H 1 Γ D (Ω).
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S φ ∈ H 1 Γ D (Ω) such that b(w , S φ ) = 2k 2 (w , φ) + k(w , φ) Γ A .
Importantly, we have 

b(φ, S φ ) = 2k 2 φ 2 0,Ω + k φ 2 0,Γ A , for all φ ∈ H 1 Γ D (Ω). Recalling that Re b(φ, φ) = φ 2 1,k,Ω -2k 2 φ 2 0,Ω + k φ 2 0,Γ A ,
φ ∈ H 1 Γ D (Ω), there exists a unique S φ ∈ H 1 Γ D (Ω) such that b(w , S φ ) = 2k 2 (w , φ) + k(w , φ) Γ A .
Importantly, we have

b(φ, S φ ) = 2k 2 φ 2 0,Ω + k φ 2 0,Γ A , for all φ ∈ H 1 Γ D (Ω). Recalling that Re b(φ, φ) = φ 2 1,k,Ω -2k 2 φ 2 0,Ω + k φ 2 0,Γ A , we have Re b(φ, φ + S φ ) = φ 2 1,k,Ω
for all φ ∈ H 1 Γ D (Ω).
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We then introduce

γ ba := sup φ∈H 1 Γ D (Ω)\{0} min v h ∈V h S φ -v h 1,k,Ω φ 1,k,Ω .
It is the best constant such that min

v h ∈V h S φ -v h 1,k,Ω ≤ γ ba φ 1,k,Ω ∀φ ∈ H 1 Γ D (Ω).
It measures how well the FE scheme can approximate the "coercivity help" S φ .
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Approximation factor

In the strong sense, S φ is defined by

   -k 2 S φ -∆S φ = 2k 2 φ in Ω, S φ = 0 on ΓD, ∇S φ • n + ikS φ = kφ on ΓA.
In particular S φ ∈ H 1+ε (Ω) for some ε > 0, so that As a comparison, the starting point was

γ ba ≤ C (Ω, ΓD, k) h p ε → 0.
|e h | 2 1,Ω = b(e h , e h )
in the coercive case. Here, the situation is more complex.
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|e h | 2 1,Ω = b(e h , e h )
in the coercive case. Here, the situation is more complex.

Using the definition of S e h and Galerkin orthogonality, we have

e h 2 1,k,Ω = b(e h , e h + S e h ) = b(e h , e h + S e h -v h ) = b(e h , ψ)
where

ψ := e h + S e h -v h v h := argmin v h ∈V h S e h -v h 1,k,Ω .
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As a comparison, the starting point was

|e h | 2 1,Ω = b(e h , e h )
in the coercive case. Here, the situation is more complex.

Using the definition of S e h and Galerkin orthogonality, we have

e h 2 1,k,Ω = b(e h , e h + S e h ) = b(e h , e h + S e h -v h ) = b(e h , ψ)
where

ψ := e h + S e h -v h v h := argmin v h ∈V h S e h -v h 1,k,Ω .
We can show that We have

ψ 1,k,Ω ≤ e h 1,k,Ω + min v h ∈V h S e h -v h 1,k,Ω ≤ (1 + γ ba ) e h 1,
e h 2 1,k,Ω = b(e h , ψ) = b(u, ψ) -b(e h , ψ) = (f , ψ) + k 2 (u h , ψ) + ik(u h , ψ) Γ A -(∇u h , ∇ψ) = (f + k 2 u h , ψ) + ik(u h , ψ) Γ A -(∇u h , ∇ψ).
23/47

T. Chaumont-Frelet, A. Ern and M. Vohralík A posteriori error estimates for the Helmholtz equation

A type of Prager-Synge theorem

We have

e h 2 1,k,Ω = b(e h , ψ) = b(u, ψ) -b(e h , ψ) = (f , ψ) + k 2 (u h , ψ) + ik(u h , ψ) Γ A -(∇u h , ∇ψ) = (f + k 2 u h , ψ) + ik(u h , ψ) Γ A -(∇u h , ∇ψ).
For any equilibrated flux σ ∈ H(div, Ω), we have

(f + k 2 u h , ψ) + ik(u h , ψ) Γ A = (∇ • σ, ψ) -(σ • n, ψ) ∂Ω = -(σ, ∇ψ).
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A type of Prager-Synge theorem

We have

e h 2 1,k,Ω = b(e h , ψ) = b(u, ψ) -b(e h , ψ) = (f , ψ) + k 2 (u h , ψ) + ik(u h , ψ) Γ A -(∇u h , ∇ψ) = (f + k 2 u h , ψ) + ik(u h , ψ) Γ A -(∇u h , ∇ψ).
For any equilibrated flux σ ∈ H(div, Ω), we have We have

(f + k 2 u h , ψ) + ik(u h , ψ) Γ A = (∇ • σ, ψ) -(σ • n, ψ) ∂Ω = -(σ, ∇ψ).

It follows that

e h 2 1,k,Ω = b(e h , ψ) = b(u, ψ) -b(e h , ψ) = (f , ψ) + k 2 (u h , ψ) + ik(u h , ψ) Γ A -(∇u h , ∇ψ) = (f + k 2 u h , ψ) + ik(u h , ψ) Γ A -(∇u h , ∇ψ).
For any equilibrated flux σ ∈ H(div, Ω), we have

(f + k 2 u h , ψ) + ik(u h , ψ) Γ A = (∇ • σ, ψ) -(σ • n, ψ) ∂Ω = -(σ, ∇ψ).
It follows that

e h 2 1,k,Ω = -(σ + ∇u h , ∇ψ) ≤ σ + ∇u h 0,Ω |ψ| 1,Ω ,
and we can conclude since

|ψ| 1,Ω ≤ ψ 1,k,Ω ≤ (1 + γ ba ) e h 1,k,Ω .
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Practical construction of the equilibrated

We follow the techniques used for the Poisson problem.

For a ∈ V h , we introduce vertex-patch minimization problems

σ a h := argmin τ a h ∈W h (ωa ) ∇•τ a h =d a in ωa τ a h •n=b a on ∂ωa \Γ D τ a h -∇u h 0,ωa .
where

d a := ψ a (f + k 2 u h ) -∇ψ a • ∇u h b a := ikψ a u h 1 Γ A .
We obtain the global equilibrated flux by summation:

σ h := a∈V h σ a h .
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Reliability and p-robustness

Thanks to our particular construction, we additionally have

η K := σ h + ∇u h 0,K ≤ C 1 + kh p 1/2 + kh p e h 1,k,ω K ,
where the constant C only depends on the shape-regularity of the mesh.

The estimator is reliable and p-robust as long as We consider a sequence of meshes that are adaptively refined using η K .
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Outline

Conclusions

Reliability and p-robustness (hidden magic)

Our particular construction of σ h leads to p robust estmiates: we have

where C is independent of p. 

Conclusions

Summary

We construct an equilibrated flux σ h based on local finite element problems.

This flux provides a constant-free error estimate

This estimator is locally efficient and p-robust since

The low wavenumber regime: the Poisson equation 

Equilibrated flux

We observe that -∇u ∈ H(div, Ω) and

This motivation the following definition: we say that σ ∈ H(div, Ω) is an equilibrated flux if

Can we relate e h 1,k,Ω and σ + ∇u h 0,Ω ?
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Error estimate using equilibrated fluxes

We thus obtain that

for any equilibrated flux σ.

This estimate is "asymptotically constant-free", as γ ba → 0 as (h/p) → 0.

Guaranteed estimates can be obtained if computabable upper-bounds

are provided, which is possible for non-trapping domains. 

Conclusions

Summary

We can construct an equilibrated flux σ h using local finite element problems.

The construction is very similar to the coercive case (different rhs).
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Summary

The error estimates e h 1,k,Ω ≤ (1 + γ ba )η is asymptotically constant-free since γ ba → 0 as h/p → 0.

For non-trapping domains, γ ba 1 means

i.e. many dofs per wavelength or large p.

Guaranteed upper bounds can be obtain if computable upper bounds 

Summary

The p-robust local lower-bound

Thus, the estimator is efficient and p-robust when we have sufficiently many dofs per wavelength: 

Propagation of a plane wave

We consider the propagation of a plane wave in Ω = (-1, 1)

where

with d := (cos θ, sin θ) and θ = π/12. The solution is u = ξ θ . 

Conclusions

The upper bound e h 1,k,Ω ≤ (1 + γ ba )η is "asymptotically constant-free" since γ ba → 0 as h/p → 0.

We "qualitatively" know the behaviour of γ ba for non-trapping domains But the lower bounds are okay!

We obtain lower bounds of the form

where the constant C only depends on the shape-regularity parameter of T h .

The proposed estimator is efficient and p-robust as long as N dofs/λ ≥ C . Residual-based estimators in 3D with high-order FE and DG:

W. Dörfler and S. Sauter, Comput. Meth. Appl. Math., 2013:

A posteriori error estimation for highly indefinite Helmholtz problems.

S. Sauter and J. Zech, SIAM J. Numer. Anal., 2015:

A posteriori error estimation of hp -dG finite element methods for highly indefinite Helmholtz problems.

Recent works using equilibrated fluxes: