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Geosteering

Guide the drilling trajectory using “real-time” magnetic measurements
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Geosteering

The physical properties are recorded continuously as
a function of depth, while the tools are pulled out of
the well.

Exarnple [SSTVO]

Ao

Reproduce the measurements using finite element discretizations
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Non-fitting meshes (aka unfitted meshes)

Finite element discretizations are build on a mesh of the domain.

A mesh is fitting if the physical interfaces are aligned with faces.
The physical coefficients are constant (or smooth) inside each element.

A non-fitting mesh is generated independently of the physical coefficients.



Fitting mesh vs non-fitting mesh
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Non-fitting mesh for geosteering
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Pros and cons of non-fitting meshes

Main advantages of non-fitting meshes:
m simplified mesh generation (Cartesian grids)
® minimize remeshing

m larger elements

Possible drawbacks of non-fitting meshes:
m quadrature schemes to integrate the linear system coefficients

m possible accuracy loss
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Maxwell’s equations

Find E, H : Q — C? such that

VXxE — iwuH =
VxH + cE =

\
==X

where
m M, J are given load terms (electric and/or magnetic dipoles),
m w is the operating frequency,
m o = 47 x 1077 NA™? is the vacuum permeability,

m 0 : Q — R is the conductivity model.

The medium is strongly dissipative (iew + o ~ o).
The conductivity o is piecewise constant.

The permeability o is constant.
We are mostly interested in magnetic measurements.



Regularity of the solution

In the following, we focus on the case where:
m Q is convex,

m the medium is layered (o ~ o(z)).

Magnetic field regularity

He (f—/l(Q))3

Electric field regularity

Elo, € (HI(Q,))3 Ee (H1/2‘€(Q)>3
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Approximation by polynomials (quick analysis)

Approximation of H

HH = 7th||0,Q ~ h

Approximation of E with fitting meshes

HE — ﬂ'hE”o’Q ~ h

Approximation of E with non-fitting meshes

|E — whEljoq ~ h/>~¢



The key question

Standard approximation theory (Céa's Lemma) yields:

|E — Enllo, + |H — Ha

O’Qﬁh

Non-fitting meshes

IE — Enllo. + |H — Hallo.o ~ h*/?

Given that H is globally regular, is the convergence rate of Hy sharp?
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Remark on the general case

In general, the regularity of E depends on ¢

Regularity of E

Ec(H@)’

where 0 < 7(0) < 1/2.

Interpolation errors

|H—mhHloo~h ||E—mhEloq~h"

Interpolation errors

|E — whEllo.o + |H — whH|lo.q ~ A7)
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The magnetic formulation



The magnetic formulation

We recast Maxwell's equation into a second-order system:

—iwpoH + V x (67'V xH) = M inQ,
(c7'V x H) x n 0 onoQ.

We obtain E ~ V x H by post-processing.

Variational formulation

Find H € H(curl, Q) such that
b(H,v) = (M, v)
for all v € H(curl, Q).

b(H,v) = —iwpo(H,v) + (67'V x H,V x v)
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Finite element discretization

We consider first-order Nédélec elements on a mesh 7, = {K}:

Vh:{vhe H(curl,Q) | vilk =ax x+ b, a,be(C3}.

Discrete variational formulation

Find H, € V, such that
b(Hn,vh) = (M, vs)

for all vy, € V.
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Error estimates

Assuming that M € H(div, Q):

Regularity

He (H@)  VxHe(H @)

Interpolation error

IH — mhHlo S hliMlave |V x (H — mhH) oo S Y275 ([M]lo.a

Error estimate (Céa’s Lemma)

|H — Hllog + [V x (H = Hp)llo2 < h/*7 || M|,
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Error estimates

We have

Interpolation error

|H - mnHljo,0 S hlIM|dgiv.0

but only

Error estimate

IH = Hallog < h/*7%|M]law.0

Can we improve this error estimate? Yes!
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The Poisson equation

Consider the simpler problem

u—Au = f inQQ,
Vu-n = 0 on0Q,

where f € L*(Q).

Using Lagrange elements, we are in the similar situation where:

Interpolation error

u—mhulloa < H|fllog

Error estimate (Céa’s lemma)

lu = unllo.2 < hllflloe
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Duality technique: the “Aubin-Nitsche trick”

Introduce £ as the unique solution to

a(w, &) = (w,u—up), Ywe H(Q).

Then, selecting w = u — up

|u— unllso=a(u—un€)=a(u—uné—m) < llu— unllLellé — mréllLa.

We observe that ¢ is solution to

{ I EAY
VE¢-n

u—up in €,
0 on 909,

and ¢ € H*(Q) with
[€l2,0 S llu = unllo,e

since u — uy, € L3(Q).
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Duality technique: the “Aubin-Nitsche trick”

Hence,

lu = unlliell§ — mréll10

hllu — unll1,0lél2.0

2
0,

llu = unl

AR A

hlju = unllrellu = unlloq-

Error estimate

lu = unllo.e S hllu = unllre S HlIfllo.e-

18/41



Application to Maxwell’s equations

Direct application fails. Indeed, if we let £ solve
b(w,&) = (w,H — Hp), Yw € H(curl, Q),

then & ¢ (Hl(Q))3 because H — Hj, ¢ H(div, Q).

The key idea is to introduce the Helmhotlz-Hodge decomposition
H—-H,= ¢) + Vp

with V- ¢ = 0.
We employ the “Aubin-Nitsche trick” to estimate ||@]|o,qa.

Additional “orthogonality” arguments are used to estimate ||V pljo,0.
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Details of the proof

.I T. Chaumont-Frelet, S. Nicaise and D. Pardo
SIAM J. Numerical Analysis 2018

For regular solution 7(c) > 1/2:

.. L. Zhong, S. Shu, G. Wittum and J. Xu
J. Computational Mathematics 2009
General case (done in the same time):

.. A. Ern and J.L. Guermond
Computer & Mathematics with Applications 2018
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Error estimate

Error estimate

IH = Hallo.a S B 72| M||aiv.0

We can remove the “"—2¢" if we employ “non-Sobolev” interpolation spaces.

The convergence rate is linear, as in the case of fitting meshes.
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The electric formulation



The electric formulation

Another option is to consider the second-order system:

—iwpocE4+V XV XE = J inQ,
Exn = 0 ondQ,

and post-process H ~ V x E.

Variational formulation

Find E € Ho(curl, Q) such that
b(E,v) = (J,v)

for all v € Hy(curl, Q2).

b(E,v) = —iwpo(cE,v) + (V X E,V x v)
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Finite element discretization

We consider first-order Nédélec elements on a mesh 7, = {K}:

V,= {vh € Ho(curl, Q) |vhlk =axx+ b, a,b e (C3}.

Discrete variational formulation

Find E;, € V}, such that
b(En, vh) = (J,vh)

for all vy, € V.
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Error estimate

Assuming that J € H(div, Q)

Regularity

Ec (H1/2_E(Q))3 VxEe (Hl(Q))3

Interpolation error

IE = mhElloa S B2 7% Jllava |V x (E = m4E)]loa S Allllo

Error estimate (Céa’s Lemma)

|IE — Enlloa + IV x (E = En)llo.a S B> || ]|,
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Error estimate

We have

Interpolation error

IV x (E = 74E) [lo,0 S hl[J]leiv.0

but only

Error estimate

IV x (E — En) o2 S h/*7%|| a0

Can we improve this error estimate? Yes!
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A modified “Aubin-Nitsche trick” (Step 1)

Let ¢ € Ho(curl, Q) solve
b(w, ) = (V x w,V x (E — Ep)), Vw € Hop(curl,Q),
so that

|V x (E — Eb)|j3.0 = b(E — En, @) = b(E — Ep, o — Thop).

Intermediate error estimate

IV x (E = En)llo.a < H° (o — mrdlloe + IV x (dn — mhd)llo.2) | laiv.-

It remains to estimate the interpolation errors in the right-hand side.
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A modified “Aubin-Nitsche trick” (Step 2)

Since ¢ € Hp(curl, Q) is solution to

b(w, ) =(V x w,V x (E — Ep)), Vw e Hy(curl,Q),
3
we can show that ¢ € (Hl/Z’S(Q)) with

‘¢|1/275,n SV x (E — En)llo,o-

First interpolation error estimate

I = mhllos S B2V x (E = En)llo
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A modified “Aubin-Nitsche trick” (Step 3)

We have
[V x @lloa S IV X (E = En)lloe,

but we cannot extend this result to

IV x ¢

5,Q

for s > 0, because V x (E — Ej) ¢ H(curl, Q).

We cannot estimate
[V x (¢ — mnd)llo.0
directly.

28/41



A modified “Aubin-Nitsche trick” (Step 3)

We introduce v = ¢ — (E — E). We see that

b(V,'l[)) = b(V,¢)—b(V,E—Eh)
(V x v,V x (E — E)) — b(v, E — Ej)
—iwpo(v,o(E — Ey)).

We can show that V x 9 € (H'(Q))* with

IV x ¥lia S |IE — Epllo,e-

Intermediate interpolation result

IV x (% = 7n)llo S hIE — Enllos S b7 J|law.0-
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A modified “Aubin-Nitsche trick” (Step 3)

We have ¢ = E — Ej, + 1, thus

¢ —mhep = E — mwhE — (Ep — mhEp) +1p — whh,
N——
=0

and

[V x (¢ =mrd)llon S IV < (E—=mhE)lo.o + IV x (¥ = wntp) 0,0

Second interpolation error estimate

19 x (¢ = ms)loa S (h+H/27°) [ lawa-
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A modified “Aubin-Nitsche trick” (Step 4)

We regroup the intermediate results:

IV % (E = En)llo. S B> (B27 4 b 7% | aw.a.

Error estimate

IV x (E = En)lloa S h 2| ldv.0

We can remove the “—2¢" if we employ “non-Sobolev” interpolation spaces.
The convergence rate is linear, as in the case of fitting meshes.

Surprisingly V x Ej, converges faster than Ej, in L?(Q)-norm!
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2.5D Maxwell's equations

We assume that o(x,y, z) = o(x, z).

+oo i R R R
Hg(x, z) = / Ha(x,y,z)ef’gydy, H5 = (Hf7 Hf)
y

=—00

2.5D formulation

Find (FS, A%) € H'() x H(curl, Q)

(iwpo + €207 1) A + curl (0*1 curl FF) — itV HS ME,
iwpoHS — V- (6 'V HS) + i€V - (0 'H®) = M.

N
HB(X7Y7Z) =~ Z M/J'Fla(x7 Z)eigjy
Jj=1
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Logging tool

Receiver 1

Receiver 2

Transmitter 1 \ \ Iijﬂi_). / / Transmitter 2
Lo

1 H
Piog = 5 Im (Iog H

Logging tool
(dTX =0.6 m, dRX =0.1 m)

11 22 11 22
zz zz 1 HZZ zz
5 + log HaL Apg = 5 Re ( log Hi2 + log HaL
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Fitting (left) and non-fitting (right) meshes
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Two layers: Apparent resistivity (P-log)

— Non-fitting

10? —*

Resistivity (2m)

Position (m)
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Two layers: Apparent resistivity (A-log)

T T T T T
Fitting
10 |- ‘
£ L
< |
i
s L Non-fitting
5
g L
&
F Resistivity
10° | 1
| | | | |
-3 -2 -1 0 1 2 3
Position (m)

36/41



Thin layer: Apparent resistivity (P-log)
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Thin layer: Apparent resistivity (A-log)
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Main abstract results

Assume that p = o is constant.

Assume that o represents a layered media.

Assume that J and M are sufficiently smooth.

Assume that the linear system coefficients are exactly integrated.

Error estimates for fitting meshes

||E - Eh||L2(n) = O(h) ||H - Hh||L2(Q) = O(h)

Error estimates for non-fitting meshes

IE — Enlliz@) = O(h"?)  [[H = Hillz) = O(h)
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Main abstract results

The use of non-fitting meshes deteriorates the convergence rate of Ej.

The convergence rate of Hj, is preserved.

.. T. Chaumont-Frelet, S. Nicaise and D. Pardo
SIAM J. Numerical Analysis 2018

Non-fitting meshes can simulate tools based on magnetic field measurements.
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Main numerical results

We have tested different quadrature schemes.

Non-fitting meshes provide accurate results with an appropriate scheme.

.. T. Chaumont-Frelet, D. Pardo and A. Rodriguez-Rozas
Computational Geosciences 2018
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