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Abstract. We introduce setoid type theory, an intensional type the-
ory with a proof-irrelevant universe of propositions and an equality type
satisfying function extensionality, propositional extensionality and a def-
initional computation rule for transport. We justify the rules of setoid
type theory by a syntactic translation into a pure type theory with a
universe of propositions. We conjecture that our syntax is complete with
regards to this translation.

Keywords: type theory - function extensionality - proof irrelevance -
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1 Introduction

Extensional type theory (ETT [23]) is a convenient setting for formalising math-
ematics: equality reflection allows replacing provably equal objects with each
other without the need for any clutter. On paper this works well, however com-
puter checking ETT preterms is hard because they don’t contain enough in-
formation to reconstruct their derivation. From Hofmann [16] and later work
[26l32] we know that any ETT derivation can be rewritten in intensional type
theory (ITT) extended with two axioms: function extensionality and uniqueness
of identity proofs (UIP). ITT preterms contain enough information to allow com-
puter checking, but the extra axiomfﬂ introduce an inconvenience: they prevent
certain computations. The axioms act like new neutral terms which even appear
in the empty context: a boolean in the empty context is now either true or false
or a neutral term coming from the axiom. This is a practical problem: for com-
puter formalisation one main advantage of type theory over to set theory is that

* This work was supported by the European Union, co-financed by the European Social
Fund (EFOP-3.6.3-VEKOP-16-2017-00002), by COST Action EUTypes CA15123,
by ERC Starting Grant CoqHoTT 637339, EPSRC grant EP/M016994/1 and by
USAF, Airforce office for scientific research, award FA9550-16-1-0029 and by the
National Research, Development and Innovation Office — NKFIH project 127740.

4 The problem is only with the axiom of function extensionality as adding UIP using
Streicher’s axiom K [29] doesn’t pose a challenge to normalisation.
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certain equalities are trivially true by computation, and the additional axioms
limit this computational power.

In general, the usage of an axiom is justified by a model [I8] in which the
axiom holds. For example, the cubical set model [§] justifies the univalence ax-
iom, the reflexive graph model [6] justifies parametricity, the groupoid model
[19] justifies the negation of UIP, the setoid model [T7/T] justifies function ex-
tensionality. A model can help designing a new type theory in which the axiom
holds and which has full computational power, i.e. normalisation. Examples are
cubical type theory [12] inspired by the cubical set model [8] and observational
type theory [4] inspired by the setoid model [I].

In this paper we revisit the problem of designing a type theory based on
the setoid model. We derive setoid type theory from the setoid model using an
intermediate syntactic translation.

Most models interpret syntactic objects by metatheoretic structures, usually
the ones they are named after. In the cubical model, a context (or a closed
type) is a cubical set, in the groupoid model a context is a groupoid, and so on.
Syntactic models [I0] are special kinds of models: they interpret syntax by the
syntax of another (or the same) theory. We call the interpretation function into
such a model a syntactic translation. Equal (convertible) terms are equal objects
in a model, which means that convertible terms are translated to convertible
terms in the case of a syntactic model. This restricts the number of models that
can be turned into syntactic models. A sufficient (but not necessary) criterion
to turn a model into a syntactic model is the strictness of the model which
means that all the equality proofs in the model are given by reflexivity (i.e.
they are definitional equalities of the metatheory). Giving the metatheory an
explicit syntax and renaming it target theory, a strict model can be turned into
a syntactic translation from the source theory to the target theory. We will give
examples of this process later on.

The setoid model given by Altenkirch [1I] is a strict model, hence it can be
phrased as a syntactic translation. A closed type in the setoid model is a set
together with an equivalence relation. There are several ways to turn this model
into a syntactic model, but in one of these a closed type is given by (1) a type,
(2) a binary relation on terms of that type and (3) terms expressing that the
relation (2) is reflexive, symmetric and transitive. We will define the syntax for
setoid type theory by reifying parts of this model: we add the definitions of the
relation (2) and its properties (3) as new term formers to type theory. The new
equality type (identity type) will be the relation (2). The equalities describing
the translation will be turned into new definitional equality rules of the syntax.
Thus the new equality type will satisfy function extensionality and propositional
extensionality by definition.

We also extend the setoid translation with a new rule making the elimination
principle of equality compute definitionally.

In this paper we do not aim to give a precise definition of the notion of
syntactic model or the relationship between different kinds of models. Our main
goal is to obtain a convenient syntax for setoid type theory.
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Structure of the paper. After summarising related work, in Section[2] we introduce
MLT Tprop, Martin-Lof type theory extended with a definitionally proof irrelevant
universe of propositions [I4]. In Section |3 we illustrate how to turn models into
syntactic translations by the examples of the standard (set) model and the graph
model. One of the syntactic translation variants of the graph model turns out to
be Bernardy et al’s parametricity translation [7]. The model corresponding to
this translation is not strict, showing that strictness is not a necessary condition
for a model to have a syntactic variant. In Section 4] we define the setoid model as
a syntactic translation. We also show that this translation can be extended with
a new component saying that transport (the eliminator of equality) computes
definitionally. In Section [5] we reflect the setoid translation into the syntax of
MLT Tprop obtaining a new definition of a heterogeneous equality type. We also
show that the translation of Section [4] extends to this new equality type and
we compare it to the old-style inductive definition of equality. We conclude in
Section [l

Contributions. Our main contribution is the new heterogeneous equality type
which, as opposed to John Major equality [4], is not limited to proof-irrelevant
equality and is much simpler than cubical equality types [I2I28]. As opposed to
[4128] we do not need to go through extensional type theory to justify our syntax
but we do this by a direct translation into a pure intensional type theory. In
addition to function extensionality, our setoid type theory supports propositional
extensionality and a definitional computation rule for transport, which is also a
new addition to the setoid model. The results were formalised in Agda.

Formalisation. The model variant (]—|o variant in Section of the setoid trans-
lation has been formalised [21] in Agda using the built-in definitionally proof
irrelevant Prop universe of Agda. The formalisation includes the definitional com-
putation rule for transport and does not use any axioms. In addition to what is
described in this paper, we show that this model supports quotient types and
universes of sets where equality is given by equality of codes.

1.1 Related work

A general description of syntactic translations for type theory is given in [I0].
In contrast with this work, our translations are defined on intrinsic (well-typed)
terms. A translation inspired by [7] for deriving computation rules from univa-
lence is given in [30]. This work does not define a new type theory but recovers
some computational power lost by adding the univalence axiom. A syntactic
translation for the presheaf model is given in [20].

The setoid model was first described by [I7] in order to add extensionality
principles to type theory such as function extensionality and equality of logically
equivalent propositions. A strict variant of the setoid model was given by [I] using
a definitionally proof-irrelevant universe of propositions. Recently, support for
such a universe was added to Agda and Coq [I4] allowing a full formalisation
of Altenkirch’s setoid model. Observational type theory (OTT) [4] is a syntax
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for the setoid model differing from our setoid type theory by using a different
notion of heterogeneous equality type, McBride’s John Major equality [25]. We
show the consistency of our theory using the setoid translation, while OTT is
translated to extensional type theory for this purpose [4]. XTT [2§] is a cubical
variant of observational type theory where the equality type is defined using an
interval pretype. Supporting this pretype needs much more infrastructure than
our new rules for setoid type theory.

A very powerful extensionality principle is Voevodsky’s univalence axiom [27].
The cubical set model of type theory [8] is a constructive model justifying this
axiom. A type theory extracted from this model is cubical type theory [12]. The
relationship between the cubical set model and cubical type theory is similar to
the relationship between the setoid model and setoid type theory.

Previously we attempted to use a heterogeneous equality type similar to the
one coming from the setoid translation to define a cubical type theory [3]. This
work however is unfinished: the combinatorial complexity arising from equalities
between equalities so far prevents us from writing down all the computation
rules for that theory. In the setoid case, this blow up is avoided by forcing the
equality to be a proposition.

Compared to cubical type theories [12128], our setoid type theory has the
advantage that the equality type satisfies more definitional equalities: while in
cubical type theory equality of pairs is isomorphi(ﬂ to the pointwise equalities of
the first and second components, in our case the isomorphism is replaced by a
definitional equality. The situation is similar for other type formers. These addi-
tional definitional equalities are the main motivation for Herbelin’s proposal for
a cubical type theory [I5]. As setoid type theory supports UIP (Streicher’s axiom
K, [29]), it is incompatible with full univalence. The universe of propositions in
setoid type theory satisfies propositional extensionality, which is the version of
univalence for mere propositions. However, this is not a subobject classifier in
the sense of Topos Theory since it doesn’t classify propositions in the sense of
HoTT (it seems to be a quasi topos though).

Setoid type theory is not homotopy type theory restricted to homotopy level
0 (the level of sets, or h-sets). This is because the universe of propositions we
have is static: we don’t have that for any type, if any two elements of it are
equal, then it is a proposition. The situation is similar for the groupoid model
[19] which features a static universe of sets (h-sets).

2 MLTTpp

MLT Tprop is an intensional Martin-Lof type theory with 11, X, Bool types and
a static universe of strict propositions. We present MLT Tp,o, using an algebraic
(intrinsic) syntax [2], that is, there are only well-typed terms so preterms or
typing relations are never mentioned. Conversion (definitional equality) rules are

® This is a definitional isomorphism: A and B are definitionally isomorphic, if there
isan f: A— B,ag: B — A and \x.f (gz) = Az.x and vice versa where = is
definitional equality.
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given by equality constructors (using the metatheoretic equality =), so the whole
syntax is quotiented by conversion. As a consequence, all of the constructions in
this paper have to preserve typing and definitional equality. In this section we
explain the syntax for this type theory listing the most important rules. The full
signature of the algebraic theory MLT Tp,qp is given in Appendix @

There are four sorts: contexts, types, substitutions and terms. Contexts and
types are stratified into separate (predicative, cumulative) levels, as indicated
by the indices 7, j. In the Agda formalisation we use explicit lifting operations
instead of cumulativity.

I : Con; I : Con; A : Conj I : Con; A:Ty; I’
Con; : Set Ty; I': Set SubI' A : Set TmI A: Set

We use the following naming conventions for metavariables: universe levels 1, j;
contexts I, A, O, §2; types A, B, C; terms t, u, v, w, a, b, ¢, e; substitutions d, v, , p.
Constructors of the syntax are written in red to help distinguish from defini-
tions. Most constructors have implicit arguments, e.g. type substitution below
—[~] takes the two contexts I and A as implicit arguments.

The syntax for the substitution calculus is the following. It can also be seen
as an unfolding of category with families (CwF, [13]) with the difference that we
write variable names and implicit weakenings instead of De Bruijn indices.

I : Cony A:Ty; I’ A:Ty; A 6:Subl"A

-: Cong (I',z:A): Conyj Alo] : Ty I'
I': Cony 0:SubO A v:Subl'® I": Con;
Id[‘SUbFF dov:SubI' A EF:SUbF'

§:Subl"A t: TmI (A[d]) 0:Subl'(A,x:A) §:Subl(A,x:A)
(6,x+—1t):Subl (A, x:A) 0:SubI" A x[6] : Tm I" (A[d])

t:TmAA 6:Subl’ A
t[o] : Tm I" (A[4])

0d): Aid] = A [o]: A[§ov] = Al6]|V]

ido:idod =14 oid:doid=14¢ oo:(dov)oTr=do(rvor)
M (d:Subl) =¢ Po: (0, x—1t)=46 Prx[(0,x=t)] =t
(0, x—x[d]) =4 ,o: (6, x—=t)ov=_(ov,x—tV])

There are two ways of forming a context: the empty context and context exten-
sion (or comprehension; here ¢ Ll j denotes the maximum of 7 and 5). In context
extension, the : after the variable x is just notation, it differs from the metathe-
oretic colon. A substitution Sub I" A can be thought of as a list of terms, one
for each type in A, all given in context I'. Such a substitution § acts on a type
A Ty; A by A[d] : Ty; I'. Note that —[—] is a constructor, not an operation, that
is, we are defining an explicit substitution calculus. There are five ways to form
substitutions: identity id, composition —o—, the empty substitution ¢, extending
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a substitution with a term and forgetting the last term in the substitution (this
is an implicit constructor). Terms can be formed using a variable (projecting out
the last component from a substitution) and by action of a substitution.

We use variable names for readability, however these should be understood
formally as the well-typed De Bruijn indices of CwF's, hence we consider a-
equivalent terms equal. In the formalisation we use De Bruijn indices. We denote
variables by x, v, z, f, v, c.

The equalities of the substitution calculus can be summarised as follows:
type substitution is functorial, contexts and substitutions form a category with
a terminal object - and substitutions Sub I" (A, 2 : A) are in a natural one-to-one
correspondence with substitutions ¢ : Sub I A and terms Tm I" (4[d]). Ordinary
variables can be recovered by x := z[id]. Weakenings are implicit.

In equation -7, a type annotation is added on ¢ to show that this equation is
only valid for §s with codomain -. Implicit weakenings are present in equations
,Bo and ,7. Note that equation ,o is only well-typed because of a previous
equation: t[v] has type A[d][v], but it needs type A[0 o v] to be used in an
extended substitution. In our informal notation, we use extensional type theory
[23] as metatheory, hence we do not write such transports explicitly[f| However all
of our constructions can be translated to an intensional metatheory with function
extensionality and uniqueness of identity proofs (UIP) following [16126132].

We sometimes omit the arguments written in subscript as e.g. we write id
instead of idp. We write [z — u] for ¢[(id, z — u)].

Dependent function space is given by the following syntax.

A: Ty, ' B:Ty;(I',z: A) t:Tm(I,2:A)B
II(z:A).B: Ty, I’ Aedt:TmI (I1(x:A).B)

t:TmI (II(z:A).B)
tax:Tm ([ ,2:A)B

IIg: (A\et)ex=t IIn:dztex=t
I : (II(x:A).B)[v] = II(x: A[v]).B[v] M| 2 (Az.t)[v] = Ae.t[v]

We write A= B for IT(x: A).B when 2 does not appear in B. The usual appli-
cation can be recovered from the categorical application @ using a substitution
and we use the same @ notation: t @wu := (t @ z)[x+> u|. IT[| and A[] are the sub-
stitution laws for /7 and ), respectively. A substitution law for @ can be derived
using A[], I13 and I17).

The syntax of dependent pairs and booleans follows the same principles and
is given in Appendix [A] for the completeness of the presentation.

We have a hierarchy of universes of strict propositions. Any two elements of
a proposition are definitionally equal: this is expressed by the rule irr, (recall

5 Note that this does not mean that when defining our setoid model we rely on ex-
tensionality of the metatheory: our models will be given as syntactic translations as
described in Section E}
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that = is the equality of the metatheory).

a: TmI Prop; u:Tmla v:TmIa
Prop; : Ty;p1 I a:Ty; I’ iMg :u=uv

This universe is closed under dependent function space, dependent sum, unit and
empty types. Decoding an element of Prop is written using underline instead of
the usual El. We use a, b, ¢ as metavariables of type Prop and lowercase 7 and
o for the proposition constructors. The domain of the function space needs not
be a proposition however needs to have the same universe level. For 7 and o the
constructors and destructors are overloaded. We also write = and x for the non-
dependent versions of 7 and o. The syntax is given below (for the substitution
laws see Appendix [A]).

A:Ty, I b: Tm(I",z:A)Prop, t:Tm(I",z:A)b
m(z:A).b: Tm I Propy; Azt Tm I w(x: A).b
t:TmIn(z:A).b a: Tm I Prop; b:Tm(I",z:a)Prop;
tex:Tm ([, z:A)b o(z:a).b: Tm I Prop;;
u:TmIla v:TmIblx—ul t:Tmlo(z:a)b t: TmIlo(x:a)b
(w,v): TmI'o(x:a).b prot:TmI'a prit: Tm I alx— prgt]

C:Ty;, I’ t: TmI L
T:TmI'Propg tt:TmI'T L :TmI Propg exfalsot : TmI"'C

Note that we do not need to state definitional equalities of proofs of propositions
such as ( for function space, as they are true by irr. Definitional proof-irrelevance
also has the consequence that for any two pairs (¢,u) and (¢',«’) which both
have type X(x: A).b, whenever t =t/ we have (¢t,u) = (¢',u). We will use this
fact later.

3 From model to translation

In this section, as a warm-up for the setoid translation, we illustrate the dif-
ferences between models and syntactic translations by defining three different
syntactic translation variants of the standard model (Subsection and then
showing what the corresponding translations for the graph model are (Subsec-
tion . One of these will be the parametricity translation of Bernardy et al

A model of MLT Tp,op is an algebra of the signature given in Section |2| and
fully in Appendix[A] In categorical terms, a model is a CwF with extra structure
but informally expressed with named variables. The syntax is the initial model
which means that for every model M there is an unique interpretation function
from the syntax to M (usually called the recursor or eliminator). Below we define
models by their interpretation functions: we first provide the specification of the
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functions (what contexts, types, substitutions and terms are mapped to), then
provide the implementation of the functions by listing how they act on each
constructor of the syntax. This includes the equality constructors (conversion
rules) that the interpretation needs to preserve. For a formal definition of how
to derive the notion of model, interpretation function and related notions from
a signature, see [22].

As opposed to the notion of model, the notion syntactic model (or its inter-
pretation function, syntactic translation) is informal. Contexts in a model are
usually given by some metatheoretic structure (e.g. sets, graphs, cubical sets,
setoids, etc.) and similarly for types, substitutions and terms. In a syntactic
model, contexts are given by syntax of another type theory called the target
theory (this syntax could be contexts of the target theory, terms of the target
theory, or a combination of both and also some equalities, etc.). We will illus-
trate the possibilities with several examples below. It is usually harder to define
syntactic models than models, because of the equalities (conversion rules) the
model has to satisfy. In a model these equalities are propositional equalities of
the metatheory, while in a syntactic model equalities are definitional equalities
(conversion rules) of the target theory. A basic example to illustrate this differ-
ence is given by extensional type theory (ETT). ETT has a model in an inten-
sional metatheory with function extensionality (the standard interpretation |—|o
below works: equality reflection is mapped to function extensionality). However
there is no syntactic translation from extensional type theory to intensional type
theory with function extensionality (the [16126l32] translations do not preserve
definitional equalities).

In the following, |—|p is a model and |-|1, |-|2 and |—|3 are variants which
are syntactic translations.

3.1 Standard model

The standard interpretation |—|o (aka set interpretation, or metacircular inter-
pretation) is specified as follows.

I': Con; A:Ty; I’ J:Subl" A t:TmIA
Illo:Set;  |Alg:|[lo— Set; [0l [l —[4Alo  [tlo: (v:1T0) — [Alo~

Contexts are mapped to metatheoretic types, types to families of types over the
interpretation of the context, substitutions become functions and terms depen-
dent functions. We illustrate the implementation by listing some components for
contexts and function space.

Ifo =T

Poadly = (r: 1To) % Aoy
|[IT(x:A).Bloy:= (a:]Alo7y) = |Blo (7, )
[Ax.tlpy = |t|o (7, @)

[tax]o(y,a) :=|tloya
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[118)0 c|(Azt)axlo (v, @) = [Aztloya = |t)o (7, @)

The empty context is interpreted by the unit type (note that it is written in
black, this is just the metatheoretic unit). Extended contexts are interpreted by
metatheoretic X' types, II types are interpreted by function space, A\ becomes
metatheoretic abstraction, @ becomes function application, /73 and 17 hold by
definition.

The standard interpretation | —|1. If we make the metatheory explicit, the pre-
vious set interpretation can be seen as a syntactic translation from MLTTp.p
to MLTTpyop extended with a hierarchy of Coquand universes. The latter is no
longer called metatheory because the metatheory is now the one in which we
talk about both the source and the target theory.

The syntax for Coquand universesm is the following.

A:Ty; I a:TmI'U;
U;: Tysa I cA: TmI'U; Ela:Ty; I’

El(cA)=A c(Ela)=a

The specification of this interpretation is as follows (we don’t distinguish the
source and the target theory in our notation).

I : Cony A:Ty; I’
|F|1 TmUZ |A|1 Tm(EI |F|1 :>U])
6:Subl" A t: TmI'A

6] : Tm-(EI[I], = El|A]}) [t : Tm-(I(y:EI|T],).El(JA

1a7))

A context becomes a term of type U in the empty target context. A type be-
comes a term of a function type with codomain U. Note the difference between
the arrows — and =-. A substitution becomes a term of function type and a
term becomes a term of a dependent function type where we use target theory
application @ in the codomain.

The difference between |—|o and |—|; is that the latter uses an explicit syntax,
otherwise the constructions are the same. They both interpret contexts, types,
substitutions and terms all as terms. Type dependency is modelled by II types
and comprehension is modelled by X' types. The interpretation of 73 illustrates
this nicely: apart from the target theory 173, I11 is needed for dealing with type
dependency and X7 for a comprehension law.

|1 =cT

|2 Al :ZC(Z("/:E|‘F|1).E|(|A‘1@’y)>

|[1(z: A).Bly := My.c (II(o:El(|A]y @)).El(|Bl1a (v, ®)))
[Az.t|1 = Mt a (v, a)

|t @y = \y.|t|li@prgyapr;y

" We learnt this representation of Russell universes from Thierry Coquand.
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|11

1 ;o |(Azt)ax)y = My Azt aprygyapr; v =
1B
MMy adtly e (y,a))aprgyapr; vy =

tay = [ty

b5
M. |tl @ (pro v, priy) = M.

|—|1 can be seen as |—|g composed with a quoting operation returning the syntax
of a metatheoretic term (see [3T5]).

Strict vs non-strict models. It is easy to implement the |—|o interpretation in
Agda as it supports all the constructors and equalities of MLT Tpyop, it has IT and
X types with definitional 7 laws, and has the required hierarchy of universes.
Because all the equalities hold as definitional equalities in Agda, the proofs of
these equalities are just reflexivity. We call such a model a strict model. A strict
model can be always turned into a syntactic translation (to the metatheory as
target theory) the same way as we turned |—|p into |—|;. A non-strict model is
one where some of the interpretations of equalities need a proof, that is, they
cannot be given by reflexivity.

Note that the notion of strict model is relative to the metatheory. The same
model can be strict in one metatheory and not in another one. For example, all
models are strict in a metatheory with extensional equality. The standard model
|—|o is strict in Agda, however if we turn off definitional n for X types using the
pragma ——no—etﬂ it becomes non-strict as the definitional 1 law is needed to
interpret the syntactic equality (6,2 +— x[d]) = d. The model can be still defined
because a propositional 1 law can be proven (the equalities of the model are
given by propositional equalities of the metatheory). However this model cannot
be turned into a syntactic translation into a target theory with no definitional
1 for X' types.

There are models which are not strict, but can be still turned into a syn-
tactic translation. An example is the o, variant of the graph model defined in
Subsection

We can define two more variants of the standard model by changing what
models type dependency and comprehension. |-|o models type dependency of
the source theory with type dependency in the target theory, but still models
comprehension using X types. |-|3 models type dependency by type dependency
and comprehension by comprehension.

The standard interpretation | —|2 does not need a universe in the target theory.
In general, this translation works for any source theory once the target theory
has T and X types (in addition to all the constructors that the source theory
has).

I": Con; A:Ty; I
[I|g : Ty, - |Al2 = Ty; (-, [1]2)
6:Subl’ A t:TmI'A

6]z : Tm (-, :|]2) |A]2 tla : Tm (-, 7 |]2) |Al2

8 Agda version 2.6.0.
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The interpretation of 175 still needs 27 because comprehension is given by X
types, however the type dependency parts are dealt with by substitution laws.
For example, we use substitution to write |B|2[y+> (7, )] in the interpretation
of IT while in the |—|; variant we used application |B|; @ (v, «).

|2 =1

| x:Ale = X(y:|2).|Al2

|[I1(x: A).Blg := I (c:|Al2).|Bl2[v— (v, )]

|Az.t]2 = Aaftlz[y—= (7, q)]

tocls = (It~ proa]) epria

|11 52 (At ex|y = (|)\:1;.t|2[~,/»—>pr0 ﬂ,’])@pg v =
(evftlaly—=(y, )]y = proy]) @pry y =

I8
(Aa[tlo[y = (pro v, @)]) @pryy =

P
Itla[y = (pro v, pry )] = [tlly 9] = [t

The standard interpretation |—|3 The last variant of the standard interpretation
is simply the identity translation: everything is mapped to itself. The source and
the target theory can be exactly the same.

I': Con; A:Ty; I §:Subl" A t:TmI A
|F|3 : Coni |A‘3 : Ty_] |F|3 |5|3 : Sub |F|3 |A‘3 |t|3 :Tm |F|3 |A|3

Here the interpretation of 7/ obviously only needs I7/.

I3

|F,17:A|3 = |F|3)”‘A|3
|[IT(x:A).B|s:= II(x:|Al3).|Bl3
[Ax.t|3 = Az.|t|s
|t @x|s = |tlzex
. g
|I153)3 C | Ozt)ezls = Oxlt)s) ez = |t

3.2 Graph model

In this subsection we define variants of the graph model corresponding to the g,
1, 2, 3 variants of the standard model. Here each syntactic component is mapped
to two components || and —~. The || components are the same as in the case
of the standard model.
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The metatheoretic o variant of the graph interpretation is specified as follows.

I': Cony A:Ty; I’
|F|0 : Set; ‘A|0 : |F|0 — Setj
F~0:|F|0%|F\O%Seti ANO:FNO'YO'Yl*)
|Alovo — [Afov1 — Set;
0:Subl' A t: TmI'A
|0]o : [0 — |Alo ltlo: (v : [I']o) = |Alo
6~ ™0 yg 1 — A (|80 v0) (18] 1) 0 (Yor : ™00 m) =

A~ 501 ([tlov0) ([tlo71)

Models of type theory are usually named after what contexts are mapped to (a
set for the set model, a setoid for the setoid model, etc.). In the graph model a
context is mapped to a graph: a set of vertices and for every two vertex, a set of
arrows between those. In short, a set and a proof-relevant binary relation over
it. Types are interpreted as displayed graphs over a base graph: a family over
each vertex and a heterogeneous binary relation over each arrow. Substitutions
become graph homomorphisms and terms their displayed variants. Note that in
the types of A~ §~ and ¢™, we implicitly quantified over o and ~;.

Variant 1 of the graph interpretation is specified as follows. Again, we need a
Coquand universe U in the target.

F:Coni
‘F|1 :Tm- Ul
I~ :Tm- (ElT|, = EI|T]; = Uy)

A: Ty, I
Al : Tm- (EI |T]; = EI|A])
A~ Tm- (E' (FNI @vp @ "/1) = El (|A|1 @ ’)/U) = El (|A‘1 Q@ ’“/1) = Uz)

0:SubI' A

5 T (BN 5 71) = B (A% 6 (18 70) (18] 571))

t:TmI A
[t|y: Tm- (II(v:EIT]1).El(|A]L @)

£ : Tm- (00 - ENI™ 09 072)).E1 (A @501 6 (jth 50) @ ([t 0 7)) )

The relations become target theory terms which have function types with codomain
U. We used implicit quantification in the target theory for ease of reading. For
example, the type of 6™ should be understood as

Tm- (H(’“/Q : ‘F|1)H(’y0 : ‘F‘l)E| (FNI @vp @ ’\,1) = Aa (|5|1 Q@ ")0) @ (|5|1 @ '\//71)),
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Variant o of the graph interpretation is specified as follows.

I : Con;
VAPERINZE
I~ Ty (oo |2, )2)

|Alg = Ty (-7 [T)2)
A~ Ty (701 : 07 ag 2| Al [y = 0], o < |Ale[y = m)

0:SubI” A

[0l2: Tm (.7 [L]2) | A2
8~ 2 Tm (-, 01+ ™) (A [0+ [8]2[v = 70] L 71+ 18]y = 7))

t:TmIl A

[tl2: Tm (-, : | I]2) [Al2
t™~2 : Tm ( , Yol ZFNZ) (A~2 {(,Y() — |t|2h l—>’}/0} , (V1 > |t|2[") '—>’}/1H)

This variant shows that the extra ~2 components in the model can be expressed
without using II or a universe: type dependency is enough to express e.g. that
I'™ is indexed over two copies of |I'|2. Here, analogously to the usage of implicit
IIs in variant ;, we use implicit context extensions in the target theory. For
example, the type of ™2 should be understood as

Tm (- y0: D l2 712 [ Tla s yor = ) (A% [y = [8]2y = 70] 71 = [6]2 ]y = 1]]).

Defining variant 5 of the graph interpretation is not as straightforward as the
previous ones. As |I'|3 : Con, we need a notion of binary relation over a context.
One solution is going back to the |—|p model and using the equivalence between
indexed families and fibrations [I1], p. 221]:

A—Set ~ (A :Set)x (A — A).

This means that we replace I'™ : |I'|g — |I'|o — Set with a set I~ and two
projections Op,, 1o, which give the domain and codomain of the arrow. This
interpretation is specified as follows (the |~| components are the same as in the
o model, so they don’t have the , subscript).

I : Con;
[Io : Set;
[~ Seti

OOQFZFNO”—>|F|0
log I : '™ — |F|0

A: Ty, I

‘A|O : |F|0 — Set;
Aoa (’}/01 IFNO”) — |A|0 (OOaF’YOl) — |A‘0 (1Oa F’}/Ql) — Set,-
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0:Subl” A

16lo = |10 — [Alo

O~ 2 [0 — AN

00q 0 : (Y01 = I"™%) = 0gq A (6™ v01) = |]o (Ooa " Y01)

Loa 0 : (Yor : 1) = L1oa A (0™ v01) = [6]o (1oa I"v01)
t:TmIl A

[tlo = (v+ [I'lo) = |Aloy

¢ (o1 I™) — A~ 01 ([tlo (Ooa I'v01)) ([tlo (Loa I v01))
The fact that contexts are given as fibrations forces substitutions to include
some equalities, while types are still indexed. This is an example of a model
which can be turned into a syntactic translation, but is not strict in Agda. The
reason is that equalities are needed to interpret substitutions and in turn we use
these equalities to interpret some conversion rules. For example, the 0g, and 1,
components in the interpretation of — o — are given by transitivity of equality,
so associativity of substitutions needs associativity of transitivity (or UIP). We
believe however that this model would be strict in a setoid type theory (Section

).

In the corresponding s, variant a context is interpreted by two contexts and
two projection substitutions. This is the same as the parametricity translation

of Bernardy et al [7]. We list the |—|3 part separately because we will reuse it in
~3b

I': Con; A:Ty, I’ §:SubI” A t:TmIl A
Il|s:Con;  |Alz: Ty |5 [0]z:Sub |3 |Als [tz : Tm |5 |Als
I': Cony 6:Subl" A
I3 : Con; 6~3a : Sub ™3 A3

Osa I': SubI™ [Il5 0346: 034 Ao 8™" = |8|g 003, I
lgaF : Sub [ |F|3 13115: 13aA05N3“ = |5|3 o 13aF

A:Ty; I
AN3a : TyZ (FN3" ,Qp |A|3[03a F] ,Q ‘A|3[13a FD
t: TmIA

s Tm I (A~ [ 5 [¢3[03q T, o v [E]3[134 I]])

The 3, variant of the graph interpretation. Another solution is to define I'™* in
an indexed way by referring to substitutions into |I"|3. This is how we define ~#.
The |—|3 parts are the same as in 3,.
I: Coni Lo, P1 - Sub £2 ‘F‘g
I~ pgpy: Ty; £2
(L~ po p1)[v] = I (po o v) (p1 o v)

A : Tyz r pPo1 : s Lo P1 to :Tm Q(|A|3[po}) tl :Tm Q(|A|3[[)1D
A portoty = Ty; £2
(A~ por tot1)[v] = A~ (por[v]) (to[v]) (t1[V])
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0:SubI"A po1: Tm ('™ pg p1)
6~ por : Tm 2 (A~ ([6]3 © po) (6]3 © p1))
(6™ por)[v] = 6~ (por[v])
t: TmI'A po1: Tm 2 (I pop1)
0 por = Tm 2 (A~ pox ([tl3[po]) ([t]s[e1]))
(™ por)[v] =t~ (por[v])
2, po and p; are implicit parameters of A~ ¢~ and t~*. The advantage of
the ~* compared to the ~* is that we don’t need the projection substitutions

for contexts and the naturality conditions for substitutions, the disadvantage is
that we need the extra equalities expressing substitution laws.

4 The setoid model as a translation

In this section, after recalling the setoid model, we turn it into a syntactic trans-
lation from MLTTpy,p to MLT Tpyo,. We follow the approach of graph model
variant g5, (Section and extend it into a setoid syntactic translation where a
context is modelled not only by a set and a relation, but a set and an equivalence
relation.

4.1 The setoid model

In the setoid model [I], a context is given by a set together with an equivalence
relation which, in contrast with the graph model, is proof-irrelevant. We think
about this relation as the explicit equality relation for the set. A type is inter-
preted by a displayed setoid together with a coercion and coherence operation.
Coercion transports between families at related objects and coherence says that
this coercion respects the displayed relation.

I : Con; A:Ty; I

|F|0 : Set; |A|0 : |F‘0 — Setj
I~ :|I'lp = |I'lo — Prop; A~ ™y 91 — [Aloyo — [Aloy1 — Prop;
RE: :(v:[lfo) = ™ yy RY :(a:|Alpy) =A™ (RRy)aa
S% vy = I y1 % 594 T A~ Yo1 Op Ovp —> Ao (S(I)“ ’)/01) a1 Qg
T, Iy — T4 Ay a0 = A y2 1 g —

I~ ~1ye — A (T v01 712) v 2

I~ 5072 coel : ™ 071 = [Alovo = |Alom

COh% : (")/01 At Y0 ’)/1) — (Ot() : ‘A|0 ’}/0) —
A™ 701 ag (coey o1 o)

This notion of family of setoids is different from Altenkirch’s original one [I] but
is equivalent to it [9 Section 1.6.1]. Substitutions and terms are specified the
same as in the graph model (see |—|o in Section . There is no need for R,
S, T components because these are provable by proof irrelevance (unlike in the
groupoid model [19/24]).
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4.2 Specification of the translation

In the following we turn the setoid interpretation o into a setoid syntactic trans-
lation following the g, variant of the graph translation. We drop the 3, indices
to ease the reading. We expect the other variants to be definable as well.

An MLTTp,p context is mapped to six components: a context, a binary
propositional relation over substitutions into that context, reflexivity, symmetry
and transitivity of this relation and a substitution law for —~. Note that we use
implicit arguments, e.g. I'™ takes an (2 : Con implicitly and Sy takes (2 : Con,
00, p1 : Sub 2 || implicitly.

I Coni

|I"| : Con;

I~ :SubQ|I'| = SubQ|I'| = Tm 2 Prop;

I (I~ popr) v =TI (poov) (prov)

Rr :(p:Sub2|I')) = Tm NI pp

Sr :TmQR2I™ popr — Tm ORI pypo

Tr :TmR2I™popr = TmOR2IT™ prps— Tm 2T pgpo

A type is interpreted by a type over the interpretation of the context, a het-
erogeneous relation over the relation for contexts which is reflexive, symmetric
and transitive (over the corresponding proofs for the contexts). Moreover, there
is a coercion function which relates types substituted by related substitutions.
Coherence expresses that coercion respects the relation (coh). The ™ relation
and coe come with substitution laws.

A:Ty; I’

|A] -« Ty; |1
A~ TmR2I™ popr = Tm 2 (|A|[po]) = Tm 2 (|A|[p1]) = Tm 2 Prop;
A~ 2 (A™ portotr)[v] = A (por[v]) (to[v]) (t1[V])
Ra :(t:TmR2(A|[p])) = TmNRA~ (Rrp)tt
SA : TmQANpmtotl%TmQAN (Spp(n)tlto
TA : Tm 2 A~ Po1 tot1 — Tm 2 A~ P12 t1to — Tm 2 A~ (Tppol p12>t0 to
coeq : TmORI™ pypr — Tm 2 (|A|lpo]) — Tm £2(|Al[p1])
coe[] 4 : (coea po1 to)[v] = coea (po1|v]) (to[V])
cohys : (po1: Tm 2T pop1)(to : Tm 2 (|Al[po])) —

Tm 2 A~ Po1 to (coeA Po1 to)

A substitution is interpreted by a substitution which respects the relations.
0:Subl" A

6] - Sub [T |4
6~ Tm 2™ popr — Tm 2 A~ ([0] © po) (|6] © p1)

A term is interpreted by a term which respects the relations.
t: TmI'A

[t] : Tm [ [A]
t~ : (po1 : Tm R po p1) — Tm 2 A~ pos (|t][po]) ([t][p1])
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Note that we do not need substitution laws for those components which don’t
have any parameters (the || ones) and those which result in a term of an
underlined type. The laws for the latter ones hold by proof irrelevance.

4.3 Implementation of the translation

We implement this specification by explaining what the different components of
MLT Tprop are mapped to. All details can be found in Appendix@ As in the case
of the |—|5 standard and graph interpretations, the |—| components in the setoid
translation are almost always identity functions. The only exception is the case
of IT where a function is interpreted by a function which preserves equality:

|[IT(x:A).B|:= X(f: I(x:|A]).|B|).m(x0: |A]).7(x1 : |A]).
7T(II,'()1 CAY (RF Id) To ZL‘l).BN (RF id s (L‘()l) (f Q@ :L‘(]) (f @ ;L‘l)

Equality of functions is defined by saying that the first component (pr;) of the
interpretation of the function preserves equality:

(II(z:A).B)™ portoty := w(xo: |Allpo]).7(x1: |A|[p1]).-7 (201 : A po1 xo 1).
B~ (po1 ,w01) (proto @ xo) (prot1 @ 1),
We need the second component to implement reflexivity for the function space:
Rir(z: ay.pt := pryt. Equality for extended contexts and X' types is pointwise,

equality of booleans is given by a decision procedure, equality of propositions is
logical equivalence and equality of proofs of propositions is trivial:

(L x:A)~ (po,x=>to) (p1,xr>t1):=0(po1: "™ po p1)-A~ po1 to t1
(X(x:A).B)™ po1 (ug,vo) (ug,v1) = o(xo1: A~ po1 uou1)-B™~ (po1 ,xo1) vo v1

Bool™ po1 to t1 := if o then (if £; then T else L)
else (if t1 then Lelse T)

Prop;™ po1 ag ax = (a0 = a1) < (a1 = ao)

a™ po1 toty =T

Symmetry for I types takes as input an equality proof x¢;, applies symmetry
on it at the domain type, then applies the proof of equality, then applies symme-
try at the codomain type: S;7(,. 4). to1 := Ao 1 201.Sp (tor @ 71 @29 @Sp 201).
Coercion needs to produce a function ¢y : Tm Q2 (|I1(x: A).B|[po]) and has to
produce one of type |II(x: A).B|[p1]. The first component is given by

)\:171 .coep (P01 ,COhA (Sp /)01) )31) (pl’o to @ coep (SF 901) T[)

First the input is coerced backwards by coe* 4 (from |A|[p1] to |A|[po]), then
the function is applied, then the output is coerced forwards by coepg. Backwards
coercion coe* 4 is defined using coes and Sp. Backwards coherence is defined in
a similar way, see Appendix [B.2] for details.
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Reflexivity, symmetry and transitivity are pointwise for X' types. For Bool,
they are defined using if —then—else—, e.g. Rgoo t := if tthenttelsett. As Bool is
a closed type, coercion is the identity function and coherence is trivial.

Reflexivity for propositions is given by two identity functions: Rpop, a :=
(Az.xz, A\r.x). Symmetry swaps the functions: Sprop, (@01,a10) := (a@10,a01). Co-
ercion is the identity, and hence coherence is given by two identity functions.
For a types, reflexivity, symmetry, transitivity and coherence are all trivial (tt).
Coercion is a is more interesting: it uses a function from the logical equivalence
given by a™ po1.

coeg po1 to == pro (a™ po1) @ty

The rest of the setoid translation follows that of the setoid model [I], see Ap-
pendix [B] for all the details.

4.4 Extensions

The identity type. We extend the signature of MLTTp,, given in Section |2|
with Martin-Lof’s inductive identity type with a propositional computation rule,
function extensionality and propositional extensionality by the following rules.

A:Ty; I u,v: TmIA
l[dauv: Tm I Prop;

P:Ty,(I',x:A) e:TmI'ldqguv t:TmI (Plx— ul)
transport, pet: Tm I (Plz— v])
u:TmT A P:Ty;, (I',z:A) t:TmI (Plr— u])
refly : Tmld g v IdB3t: Tm I'ldp[, o (transport, p refl, t) ¢

to,t1 : Tm I (I1(x: A).B) e:TmI’ (H(;U:A).IdB (toaz)(t; @ :r))

funexte : Tm I'ld 7. ay.Bto t1

ag,ay : Tm I Prop t:TmI (ap = a1) x (a1 = ap)

propextt : Tm I ldp.op ag a1

A dau)v] = ldag () (0D)
transport|[] : (transport, p et)[v] = transport, p(,) (e[v]) (t[v])

(
Note that the dependent eliminator for Id (usually called J) can be derived from
transport in the presence of UIP (as in our setting).

The setoid translation given in Subsections @-@ translates from MLT Tpyop
to MLT Tpop. However it extends to a translation from MLT Tp,o, +identity type
to MLT Tprop. |lda uv| is defined as A~ (Rpid) |u| |v|, [transport, p et| is given by
coep (Rrid, |e]) |t|. Function extensionality and propositional extensionality are
also justified. See Appendix|[B.3|for the translation of all the rules of the identity

type.
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Definitional computation rule for transport. We can extend the setoid translation
with the following new component for types:
A: Ty, I
coeR4 : (p: Sub2|T|)(t: Tm 2 (JA|[p])) — coea (Rrp)t =1t

This expresses that coercion along reflexivity is the identity. Once we have this,
the propositional computation rule of transport becomes definitional:

[transport,. p refl, t| =

irr

coep (Rp id|p‘, |ref|u|) ‘t| =
. Rp id [¢]

coep (Rl—‘;fl?ZA |d|l",r:A|) |t| e ;I

2]

Adding this rule to the setoid translation amounts to checking whether this
equality holds for all type formers, we do this in Appendix [B:3] Our Agda for-
malisation of the setoid model [2I] also includes this rule and no axioms are
required to justify it.

5 Setoid type theory

In this section we extend the signature of MLT Tpo, given in Section [2] with a
new heterogeneous equality type. This extended algebraic theory is called setoid
type theory. The heterogeneous equality type is inspired by the setoid translation
of the previous section. The idea is that we simply add the rules of the setoid
translation as new term formers to MLT Tp,op. If we did this naively, this would
mean adding the operations |—|, ~, R, S, T, coe, coh as new syntax and all the
:= definitions of Section [4.3]as definitional equalities to the syntax. However this
would not result in a usable type theory: A~ would not be a relation between
terms of type A, but terms of type |A|, so we wouldn’t even have a general
identity type. Our solution is to not add |-| as new syntax (as it is mostly the
identity anyway), but only the other components. Moreover, we only add those
equalities from the translation which are not derivable by irr.

Thus we extend MLT Tp,o, with the following new constructors which explain
equality of contexts. This is a homogeneous equivalence relation on substitutions
into the context. These new constructors follow the components I'™, Ry, Sy, Tr
in the setoid translation (Section except that they do not refer to |—|.

I': Con; po,p1:Sub 2l I': Con; p:Sub2 I
I'™ pg p1: Tm 2 Prop; Rrp:TmQIpp

I : Cony po1: TmO2IT™ pop1
S[‘ﬂ(n :Tm.QFNplpo

I : Con; po1: TmO I pgp1 p12: Tm I p1ps

Trpoipiz: TmRI™ pg p2
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Note that while ~ was an operation defined by induction on the syntax, ™~ is a
constructor of the syntax. On types, ™ is heterogeneous: it is a relation between
two terms of the same type but substituted by substitutions which are related
by I'™. It is reflexive, symmetric and transitive and comes with coercion and
coherence operators.

A Ty] I po1 - TmR 1™ Po P1 to :Tm 2 (A[poD tl :Tm 2 (A[pﬂ)
A~ portoti : Tm£2Prop;

A:Ty; I’ t: Tm 2 (Alp)) A:Ty; I tor : Tm 2 A™ poytoty
Rat: Tm @A~ (Rrp)tt Sator: Tm2A” (Srpo) oty

A Tyj I t01 :Tm A~ Po1 to tl t12 :Tm 2 A~ P12 tl tg
Tatortia: Tm2A™ (Tr po1 p12) toto

AZTij p01:TmQF“p0p1 ﬁoZTmQA[po]
CO€A Po1 to :Tm (2 (A[pﬂ) COhA Po1 to :Tm A~ Po1 to (coeA Po1 to)

On substitutions and terms ~ expresses congruence.

0:Subl" A po1: TmO2I™ pop1 t: TmI'A po1: ITmO2IT™ pgp1
67 por: Tm A~ (60 po) (60 p1) ™ por : Tm 82 A™ pox (t[po]) (t[p1])

We state the following definitional equalities on how the equality types and
coercions compute.

ee =T
(I x:A) (po,x—>to) (pr,x—=t1) = a(por: I~ po p1).-A~ po1to t
(A[0])™ portots = A~ (07 po1) to 1

(H(l : A)B)N Po1 to tl = 7T(IL‘() : A[poD.’]T(IL‘l : A[pﬂ).’fr(fl?[)l cA” Po1 Lo iL‘l).
B~ (po1 ,xo1) (to @) (t @ x1)
(Z(L N A)B)N p01 (UO ,’Uo) (Ul ,”Ul) = (T(UOl SAN pOl uQ ’U,l).BN (,001 ,um) Vo V1

Bool™ po1 to t1 = if tg then (if t; then T else L) else (if ¢; then L else T)
Prop™ po1 ag aq = (ap = a1) ¥ (a1 = ao)

a” portots =T

coeys] po1 to = coea (6~ po1) to

coerr(z: A).B Po1 to = A\xj.coep (p01 ,Sa (coha (Srpo1) Ll))

(to @coey (Sr po1) 171)
coes (. 4).5 po1 (o, vo) = (coea por uo . coep (po1 . coha po1 ug) vo)
CO€Bool P01 to =t
CO€prop P01 A0 = aop

coeg po1 to = pry (@™ po1) @ty
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In addition, we have the following substitution laws.

(I po p1)v] :FN( poov)(p1ov)
(A™ por totr)[v] = A™ (por[v]) (to[¥]) (ta[v])
(coea po1to)[v] = coea (po1v]) (tolv])

We only need to state these for I'™, A~ and coey as all the other rules coming
from the translation are true by irr. Note that e.g. the equality for (/1(z:A).B)™~
is not merely a convenience, but this is the rule which adds function extension-
ality.

We conclude the definition of setoid type theory by adding the definitional
equality for coercing along reflexivity.

coeq (Rpp)t=t

Justification. The setoid translation extends to all the extra rules of setoid type
theory. As all the new syntactic components are terms, we have to implement the
|—| and the —~ operations for terms as specified in Section Most components
are modelled by their black counterparts because the purpose of the new rules is
precisely to reflect the extra structure of the setoid translation. All the equalities
are justified (T3 is three steps transitivity, see Appendix |C|for all the details).

1™ po pi = I"" |pol |p1]
|A™ po1 to t1] = A% |po1 [to] [t1]
(I popr)~ 101 = (Apo1- T (Sr (po™ 701)) por (1™ 701)

/\P()I-TSF (,08 701) po1 (Sr (pT 7'01)))
(A portots)™ To1 := (Mo1. T4 (Sa (to™ 701)) tor (817 To1) ,
(

Mo1.T? 4 (t™ T01) to1 (Sa (817 T01)))
IRr o = Rr|p| |Rat| = Ra [t]
ISt pox = Sr|po1] |Sator]  :=Saltos]
ITr po1 pi2| := Tr|poi]|pi2l |Tatortiz] := Taltor]|ti2]
|coe4 po1 to| := coea |po1||tol 07 por| =67 |po1l
|coh 4 po1 to| := coha |po1] |to] [t~ poil =t~ |po1]

Relationship to Martin-Lof’s identity type (as given in Section . The rules
of the traditional identity are admissible in setoid type theory. The translation
is the following.

ldguv = A~ (Rrid)uv

refl,, = Rqu

transport, p et := coep (Rpid,e)t

IdSt = Sprsy (cohp (Rpid, Rau)t)

funexte = Axgx1201.Tp (e@xg) (017 (Rpid)@xg @z @xgr)
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propextt =1
Id[] o (ldauv)[y] = (A~ (Rpid)uw)[v] =
A™ ((Rpid)[V]) (u]) (v]v]) £ A~ (v (Reid)) (ulv]) (v[v]) =
(Alr])™ (Reid) (ulv]) (v[v]) = ldap (ulv]) (v]v])
transport[] : (transport, pet)[v] = (coep (Rrid,e)t)[v] coelle

coep ((Rrid,e)[v]) (t[v]) I coep (v~ (Reid), e[v]) (t[v]) =
coeppy (Reid, e[v]) (t[v]) = transport, pp, (e[v]) (t[v])

The other direction does not work. For example, the following definitional equal-
ities do not hold in MLT Tp,p extended with Martin-Lo6f’s identity type, however
they hold in setoid type theory where transport is translated as above:

“constant predicate”: transport, gooi €t =t

“funext computes”: transporty pp, . ra. (funexte)t = transport, p (eau)t

As setoid type theory reflects the setoid translation, we conjecture that it
is complete, that is, if |¢| = |¢/| for any two terms ¢,¢' : Tm " A of setoid type
theory, then t = ¢'.

6 Conclusions and further work

We have presented a type theory which justifies both function extensionality and
propositional extensionality. Compared with [I], it adds propositional extension-
ality and a definitional computation rule for transport, presents an equational
theory and the results are checked formally. Compared with [4], it provides a
translation into intensional type theory without requiring extensional type the-
ory as a reference.

It is clear that the theory follows the setoid translation, hence we conjecture
completeness with respect to this model. A corollary would be canonicity for our
theory.

We expect that the translation can be extended with a universe of setoids
where equality is equality of codes and quotient inductive types. Our Agda for-
malisation of the setoid model already supports such a universe and quotient
types.

The theory is less powerful than cubical type theory [12] but the semantic
justification is much more straightforward and for many practical applications,
this type theory is sufficient. It also supports some definitional equalities which
do not hold in cubical type theory. We believe that our programme can be
extended, first of all to obtain a syntax for a groupoid type theory using our
informal method to derive a theory from a translation. We also expect that we
could derive an alternative explanation and implementation of homotopy type
theory.
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A Full syntax of MLT Tp,q,

Sorts:

I : Con; I': Con; A Con; I : Cony A:Ty; I’
Con; : Set Ty; I': Set SubI" A : Set TmI A : Set

Substitution calculus:

I : Cony A:Ty; I’ A:Ty; A 6:Subl"A

-2 Cong (I, x:A): Conyy Alo] = Ty, I'
I': Con; 0:SubO A v:Subl"'® I": Con,
idr:SubI' " dov:Subl' A er :Sub I

§:SubI" A t:Tm I (A[d]) §:Subl" (A, x:A) §:Subl'(A,z:A)
(6,x+—1t):Subl (A, x:A) 0:SubI A x[6] : Tm I" (A[d])

t:TmAA 6:Subl" A
t[d] : Tm I" (A[4])

d]: Alid] = A [o] : A5 o] = A[6][V]
ido:idod=0 oid:doid=8 oo:(dov)or=do(voT)
mi@:Subl ) =€  Bo:(8,at)=6 B :a[(d,xt)] =t
i@ xeald)) =8 o:(8.at)ov=(Sov.xistV)
IT types:

A:Ty; I" B:Ty;(I',z:A) t:Tm(I',x:A)B
II(x:A).B: Ty I’ Axt: Tm I (I1(x: A).B)

t: TmI (II(x:A).B)
tax: Tm ([ ,2:A)B

IIp: (\xt)ar =t IIn:  xtaex=t
I : (II(z: A).B)[v] = II(x: A[v]).B[v] A Q) [v] = \at[v]

XY types (we write A x B for Y (z: A).B when = does not appear in B):

A:Ty; I B:Ty;(I',z:A) u: TmIA v:TmI (Blz— ul)

X(x:A).B: Ty, I’ (w,v) : TmI'(Z(x:A).B)
t:TmI'(X(z:A).B) t:TmI (X(z:A).B)
prot: TmI'A prit: Tm I (Blz— pryt])

XBo:pry(u,v) =u XByipry (w,v) =v Xy (prot,pryt) =t

2 (e A)B)lv] = 2w A)).Blvl L[] (ws o) ] = (ulv] olv])
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Booleans:
Bool : Tyg I' true : Tm I" Bool false : Tm I" Bool
C : Ty; (I" ,x: Bool)
t : Tm I Bool
w : Tm I (Clx > truel)
v : Tm I (Clx > false])
if tthenuelsev : Tm I' (Clx +—t])
BoolSie : if truethenuelsev = u
BoolSse : if falsethenuelsev = v
Bool[]  : Bool[v] = Bool
true] : true[v] = true
false]] : false[v] = false
if[] : (if tthenwelse v)[v] = if t[v] then u[v] else v[v]
Propositions:
a: Tm I Prop; u:Tmla v:Imla
Prop; : Ty;41 I a:Ty; I’ irg :u=7v
A:Ty; I b: Tm(I",z:A)Prop, t:Tm(I",z:A)b

m(x:A).b: Tm I Prop,y;

Art:Tm I w(x:A)b

t:TmI7w(x:A)b a: Tm I Prop; b: Tm (I, z:a)Prop;

tax:Tm ([ ,2:A)b o(z:a).b: Tm I Propy;
u:TmIla v:TmIblz—ul t:TmIlo(z:a)b t: TmIo(x:a).b
(w,v): TmIo(x:a)b prot: TmI'a pryt: Tm I a[z— pryt]
C:Ty; I’ t:TmI L
T:TmI'Propg tt:TmI'T L :TmlI Propg exfalsot : TmI"C

Prop[] : Prop;[v] = Prop;

I alv] = alv]
7] (m(x: A).b)[v] = m(x: Alv]).blv]
o] o(xz:a).b)[v] = o(x:alv]).b[v]

exfalso[] : (exfalsot)[v] = exfalso (t[v])
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B Complete implementation of the setoid translation

B.1 Specification
I : Con;

|I"| : Con;

I'~ :SubQ|I'| = Sub 2 |I'| — Tm £2Prop;

I (I popr) v =1 (po o v) (prov)

Rr :(p:Sub|I')) > TmRI™ pp

Sr :TmQ2I™popr — Tm 2™ p1po

Tr :TmOQIpopr = TmR2I™ p1ps— Tm 2T pgpo

ATyJF

Al Ty T
A~ Tm2T™ pop1 — Tm 2 (|A|[po]) = Tm £2(|A][p1]) = Tm 2 Prop;
A™[] 2 (AY porto ta)[v] = A™ (por[v]) (to[v]) (t1[v])
Ra = ({t:TmR2(A|lp])) = TmNRA~ (Rpp)tt
SA :TmQANpmtotl—>TmQAN(Spp01)t1t0
TA : TmQANP()ltotl*)TmQAN[)thth‘)TmQAN (Tpp()lplg)totQ
coeq : TmRI™ pop1 — Tm 2 (|A|[po]) = Tm 2 (|A[[p1])
coe[] 4 : (coea po1 to)[v] = coea (po1(v]) (to[v])
coha : (po1 : Tm 21 pg p1)(to : Tm 2 (|A|[po])) —

Tm £2 A™ po1 to (coe4 po1 to)

§:Subl' A
6] : Sub|T||A|
6~ Tm QI pop1 — Tm A~ (|d] © po) (1] © p1)
t: TmI'A
[t] : Tm [L||A]

£ (por = Tm Q21" po pr) = Tm 2 A™ pou ([t][po]) ([][1])

*

Abbreviations The operations coe* and coh™ are the counterparts of coe
and coh™ in the symmetric direction. The two T2 operations are “three steps”
transitivity.
coe” 4 (po1 : Tm 21" po p1)(t1 : Tm L2 (|A[[p1])) : Tm £2(|A[po])
:=coey (Sr po1) t1
coh™ 4 (po1 : TMm R pg p1)(t1 : Tm 2 (JAl[p1])) : Tm 2 A™ po1 (coe™ 4 po1 t1) t1
:= S (coha (Srpor) th)
T30 (por : TM R pop1)(pra: Tm 2T p1pa)(p1a: Tm R T pa ps)
Tm QT pops = Trpor (Trpiz pas)
T2 A (tor : Tm 2 A~ por tot1)(t1a : Tm 2 A~ pratito)(tas : Tm 2 A~ postats)
: Tm 2 A~ (T po1 p1a pa3) tots := Tator (Tatiatss)
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B.2 Implementation

We implement this specification by listing what the different components of
MLT Tprop are mapped to. We follow the order of the presentation of MLT Tpop
in Section

The |—| part of the model is almost the same as the identity translation
(variant 3 in Section. The only difference is for IT types which are interpreted
by a subset of all IT types: they need to also respect the relation.

Substitution calculus The |-|, =™, R_, etc. components can be given one
after the other as there is no interdependency for the substitution calculus. For
the substitution calculus, |—| is the same as the set interpretation, —~ is the
same as in the graph model.

Set (identity) interpretation for the substitution calculus.

|z Al =T, z:|A]

A = A8

|Idp| :ld‘pl

Sov]  =18|o v

ler| =er

(8,25 1)] == (8] > |#])

15 — ||

(5] = a[|4]

1#16]] = [¢]]6]

id]| :|Alid)| = 4]id] < |4

18] LA o v = [Al8] o vl 2 A8l [v]) = |Al8][v]]

lido] . ido 8 =id o8] < |5

|oid| : |5oid| =8| oid X |5

ool . [(Bov)or|=(dlo vl ol Z (8]0 (v o |rl) =60 (vor)
Jen] : (18] Sub|T||-)) = (18] : Sub|T'[) L e = |¢

1, Bol L (@ ) = (8], 2 []) 2 19]

.51 L@l e )] = 2[(8], 2 [t)] 2 el

Kl L (6w ald))] = (8], 2 2]|6])) 2 |6]

K L@ e t)ou = (8],a st o ] 2 (18] o ], Jt][[v]]) =

[(ov,z—tv])]

Note that |d] := |0| means that implicit weakening inside |—| was interpreted by
implicit weakening outside the |—| operation.
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Logical predicates.
~ee =T

(Lyx:A) (po,z—>t0) (p1,x—>1t1) == a(por: '™ po p1)- A~ po1 to t1
(A[0])™ portots == A~ (8™ po1) tot1

idr™ po1 = po1

(dov)~por =07 (V7 por)

€~ po1 = tt

(0, 2—=1)" por = (6" po1 .t~ po1)

6™ pot v= pry (67 por)

(z[0])™ por = pry (67 po1)

(t[6])™ por =17 (6" po1)

[id]™ o (A[d])™ portots = AT (id™ po1) tot1 = A™ po1 to 1
[o]™ : (A[éo V)~ portots = A~ ((§ov)™ po1) toty =

(
A™ (6™ (V™ por)) totr = (A[S][V])™ po1 to ta

ido™ © (ido &)™ por Z 6™ por

oid™ D (Soid)™ pop 26~ o

oo™ ((6ov)or)™ por = (50 (voT))™ por

en” L0 por Z ¢ poy

»Bo” (6,25 1) por = 6™ pou

B~ ([(8. 2 =)™ por =t por

o (8,2 2[8])™ por = 8™ poy

o (0,2 ) o)™ por = (Fo v, 2 Hv])™ poy

Substitution laws for logical predicates.

~1 (Cea =Tl 2 T =~ (] (elv)
(I A (D2 A)™ (po . to) (pr. x> t1))[v] =

o (pon (I po pr)lW])- (A~ por to ta) ] =
a(po1: I (po o v) (p1 o v)).A™ (po1[v]) (tolv]) (t1[v]) =
(I z:A)™ (poov,x—=tolv]) (prov,zmta[y]) :
(I x:A)Y ((po,x—tg) ov) ((pr,z—1t1) ov)

,0

(5 Ol)tO tl)[l/] A;[]

ir

3

)
(AlBD~0 = ((AlSD™ por tota)[v] = (A™

(

(

(
AT ((07 por)[V]) (to[v]) (ta[v])
AT (07 (por[v])) (to[v]) (ta[v])

tl[l/

29
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(Alo)™ (por[v]) (to[v]) (t1[v])

Reflexivity, symmetry and transitivity.

R. e = tt

Rr c.a(p,v=1) = (Rrp,Rat)

RA[g] t = Rat

Riid) : Rapqt =Rat

Rpo] © Rapoyt =Rat =Ryt

S. tt = tt

Sr.z:a(po1,tor) = (Srpo1,Sator)

Sais tor = Sato

S(ia) © Sujid tor = Sator

Spo) © Sasor) tor = Sator = Sajs)y) tor
T tttt = tt

Tr. o4 (por.tor) (p12.ti2) :== (Trpor p1z. Tator ti2)

T ars) o1 t12 = Tatorti2

Tid) : Tagd tor tiz = Tator 12

T o Tapoy tortiz = Tatortiz = T A tor L1z

Coercion and coherence.

COGA[(;} Po1 to := coey ((5~ p01) to

coe[id] : coeA[id] Po1 to = coey (IdN p01) tg = coey Po1 to

coey] : COeAlsop P01 to = coen (67 (V™ po1)) to = coeas)u] po1 to
~ [

coe[]A[é] : (coeas) po1to)[v] = (coea (67 por1)to)[V] ©CZa

coea ((0™ po1)[v]) (to[v]) I coen (0™ (por[v])) (tolv]) = coeap
coh 4(5) po1 to := coh4 (0™ po1) to

cohjig) : cohajig) pot1 to - coh 4 por to
cohyq) : coh 4500 po1 to o coh 4511 o1 to
11
|IT(x:A).B| = X(f I (x:|A|).|B]|).m(xo: |A]).m(x1 | A]).

m(xo1: A~ (Rpid) xzox1).B~ (Rpid,xo1) (fexzg) (fex)
(IT(x:A).B)™ po1toty := m(xo:|A|[po]).7(z1 :|A|[p1]).7(x01 : A~ po1 o 21).
B~ (p01 ,.’130'1) (pl’o to Q 17()) (prO t]_ Q 171)
(II(z:A).B)~[] : ((I(x:A).B)~ portots)[v] =
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m(xo: Alpg ov]).m(xy : Alpy o v]).m(wo1 : A™ (por[V]) o 21).
B~ (po1[v], wo1) (pro (tolv]) @ o) (pro (t1[v]) @ x1) =
(11 (2 A).B)~ (porv]) (to[v]) (t1[v])
R 4Bt =prit
Si(z:A).Bto1 = \xg w1 201.Sp (to1 @1 @29 @S4 x01)
T a).ptortiz ==
Az xo xo2. T g (tor @ 29 @ coe4 po1 o @coh g po1 )

(t12 @ coeq por 2o @xo @ T 4 (Sa (coha por 20)) 02)

Co€rr(s: A).B Po1to = (AIL-COGB (po1 ,coh™ 4 po1 1) (prg to @ coe® 4 po1 1),

)\.’131 T2 T12. (TgB (SB (COhB (p01 ,.’1310) (pro to Q To)))
(pr] toargarzaT34(Saxi0) 1o 1723)
(cohp (por . z23) (pro to @Jz))>

* *
[.7)0'—>C0€ A Po1 5121,.771()’—>C0h APo1T1,
T * o " h* P

T3> CO€ A Po1 L2, T3 CON A Po1 .LQ]

Coe[]H(.’I: :A).B
(coerr(.: ay.B po1 to) V] =

) coe:[]B

(Az1.(coep (po1 . coh® 4 por 1) (pry to @ coe* 4 por z1))[V] , ...

)coe:[]A

(Az1.coep (po1[v].(coh™ 4 po1 21)[V]) (pro (tolv]) @ (coe* 4 por x1)[V]) ...
(Az1.coep (po1[v].(coh® 4 (po1[v]) 1)) (pry (to[V]) @ coe* 4 (por[v]) 21),...) o
coerr(;- a).8 (porlv]) (tolv])

cohrr(x. a).B po1 to ==
)\JL'O T LL‘Ol.TB (prl t() QXxpQ coe*A Po1T1 @ TA o1 (SA (COh*A Po1 11)))

(cohB (po1 ,coh™ 4 po1 1) (pry to @ coe* 4 po1 .Ll))

[Az.t| = (A\a.Jt]|, Awo z1 201t~ (Rpid, 201))
(/\Ji.t)N Po1 = /\:IJO T IOl.tN (P01 .,11301)
|t @z = pry t|ax

(t Q@ ZL‘)N (p01 7ZL‘01) =t~ Po1 @Tp @1 @I

|11 L Q) x| = proM\at| ez = O lt]) ez 2 |t
|ITn)| © ztex] = (Azltex|, \vgz 201 (tez)™ (Rpid, z1)) =

~ . IIr
@z, \zg 21 201t~ (Rpid) @ zp @y @z01) =

~ . irr x>
(pro |t .t~ (Rpid)) = (pro [t] . pry [2]) = [¢]

(Az.prg |t
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H/?N : ((/\Tt) (@ .’I,‘)N Po1 = t~ Po1
In~ o (Axtax)™ po =t~ po1
11|

[,A~[0,B™(

|(I1(x: A).B)v]| = |II(x: A).B|[|v|] mf),x(,A°
X(f I (x| A|[Iv)]) | BllIvI]) -7 (zo | Al[|w]])-m (21« |Al[JV])-

701 - A~ (Reid)[Ivl)) 2o 21)-B~ (Rp id)[l] or) (f @ o) (f ) 2
|11(x: Alv)).BIv]

[~ :
(1T A).B)WI)™ por tots = (IT(x: A)BY™ (v™ por) o t1 =
m(xo: Alv o pol).m(x1: Alv o p1]).w(zo1 : A~ (V™ po1) xo x1).
B~ (v~ por, xo1) (pro to @ o) (pro t1 @ 1) = (I (2 : A[v]). B[v])™ por to ta

irr

R © Ry 4, Bt = Rir(e: ap).But

Sy © S A). By tor = St A)). B tor

Ty : T(a(e: A).B)w) to1 t12 s Tz Ap)).Bw to1 t12
coen[] :

CO€(/7(x: A).B)[v] Po1 Lo = CO€7 (5. AY.B (V™ po1) to =
(Az1.coep (v™ po1 . coh® 4 (™ po1) z1) (pro to @ coe® 4 (V™ po1) z1) ,...) =
()\LL‘l.COGB[,,] (po1 ,coh™ ap) po1 1) (prg to @ coe® 41, po1 1) )

Coerr(x: Av)).Blv] Po1 Lo

cohpry tcoN(ri(e a) B Por to = COhU(xrA[uDB[V] po1 to
A C Q)| = Pt 2 Awft[v]] = At lv)]
Al™ L Q)W) por £ (Mt )™ por

>

|¥(x: A).B| = Y(x:|A|).|B|

(2(1‘ : A)B)N Po1 (UO 5 ’Uo) (U1 ,7)1) = U(.’Eo] CA™ Po1 Uo ’U,1).BN (p01 , L1 ) Vo V1
(X(x:A).B)™]

((E(:L‘ :A).B)™ po1 (ug ,vo) (u1 11}1)) ] =
A~ B[]

o (o1 (A~ por uo ur)[v]).(B™ (po1 . zo1) vovr)[v] =
o(zor = A (po1[v]) (uolv]) (ur[v])).B™ (por[v] . wo1) (vo[V]) (v1[v]) =
(X(2:A).B)~ (po1[v]) ((uo , vo)[v]) ((ur,v1)[v])
Ry a).B (u,v) = (Rau,Rpv)
S5(a:a).B (uo1,v01) := (Sauo1,SBvo1)
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T (2 4).8 (o1, vo1) (u12 , v12) == (T4 uo1 w12, TMp Vo1 V12)
CO€x(x: A).B PO1 (uo ,v0) := (coea po1 uo ; coep (po1 ; coha po1 ug) vo)
Coe[]E(m:A).B

(Cer(x:A).B po1 (uo ,Uo))M =

[] 4 >coe(]
((coea por uo)[v] ,(coep (por , coha por ug) vo)[v]) © =17

(coea (porv]) (uo[v]) , coep (po1[v], coha (po1[v]) (uo[v])) (vo[v])) =
coes (.- a).8 (po1[V]) ((uo , vo)[v])
coh s, 4).8 po1 (o ;o) := (coha po1 ug , cohp (po1 , coh 4 po1 uo) vo)

|(u, )] = (lul ;o))

(u,v)™ po1 = (u™ po1,v™ por)

|pro t| := pry [t

(Pro )™ po1 = pro (™ po1)

|pr1 t‘ = pry |t|

(prit)™ por := pry (7 po1)

|56l - pro (w.v)] = pro (Jul . Jol) "=° Jul

2Bo” L (pro (u,v))™ por Z u”™ poy

|26, L Jpry (u,v)] = pry (ul [o]) 2 ol

XB,~ : (pry (w, )™ pmingpm

20| : (prot.pry )] = (pro [t] . pry 18]) = [t

In”~ L (prot.pr ) por =t pon

|21 L (D A)B)]| = |5 A).B|[v]] =
S |Al[[v])-1B|[|v]] = |2 (x: Alv]).Bv]]

20~ c ((P(x: A).B) V)™ por (uo ,vo) (ur,v1) =

(X(z:A).B)™ (v~ po1) (uo ,vo) (u1,v1) =

o(xor: A~ (V™ por) ugur).B™ (v~ po1 . wo1) vo v1 =

(X (2 Al]).BV]))™ po1 (uo . vo) (u1 . v1)

irr

Ry b RE@ay Bt = Rz(w Alw)). By t

Sy t S(5(e:A).B)w tol = Ss(u: AW]).B to1

Ty t Ts@a)B)w tor iz = Ts . ap). B tor ti2
Coex P CO&((zx: A).B)[v] PO1 (uo ,v0) =

coes (. A).8 (V™ po1) (uo,vo) =

(COEA (I/N 001) ugp , coep (I/N Po1 ,COhA (VN p01) uo

(coeapy] por o , coepy) (po1  coh afy] por o) vo) =

33
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CO€(x: A[v]).B[v] PO1 (uo , o)
coh : coh(s(x: 4).B)v) Po1 to = €Oh (4. ). Bl Po1 to

()| = | 0)][]] = (ul . o) v £
[ull[v]] olllv]]) = |(ulv], V]|

|
(
((w. )W) por = (ulv] v[v])™ por

Bool

|Bool| := Bool
Bool™ po1 to t1 := if tg then (if t1 then T else L) else (if t1 then L else T)
Bool™]]

(Bool™ po1 to t1)[v] =

if to[v] then (if ¢1[v] then T else L) else (if t1[v] then Lelse T) =

Bool™ (po1[v]) (to[v]) (1[v])

Rgool t = iftthenttelsett

SBool to1 = if ¢ then (if ¢; then tt else exfalso ¢1 )
else (if t1 then exfalso to; else tt)

Teool tor t12  := if to then (if ¢y then (if ¢2 then tt else exfalso t12) else exfalso g1 )
else (if ¢1 then exfalso to; else (if o then exfalso ;5 else tt))

Coegool Po1to = to

coefgo : (coegool po1 to)[V] = to[v] = coesoal po1 (to[v])

cohpoor po1 to = if tgthenttelsett

[true| = true

true™ po1 = tt

|false| := false

false™ po1 = tt

|[if t then welse v| := if |¢| then |u| else |v|

(if t then welse v)™ po1 := if t[po] then (if t[p1] then u™ po; else exfalso (u™ po1))

else (if t[p1] then exfalso (v™ po1) else v™ po1)

|Bool B, yel : |if truethenwelse v| = if true then |u| else |v| Bl ul
|Bool B¢, e : |if false then welse v| = if false then |u| else |v] poclne |v]
|Bool[]| . |Bool[v]| = |Bool|[|]] "2 Bool = [Booll

Bool[]™ : (Bool[v])™ po1 tot1 = Bool™ (V™ po1) tot1 =
if to then (if £, then T else L) else (if ¢1 then Lelse T) =
Bool™ Po1 t() tl
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RBool] : Reoolly] ¢ = Rgool t
SBool] : SBool[y] to1 2 Seeol tor
TBool] : Tgoolly) to1 t12 = Tooortor trz
coegool|] : COeRool[] Po1 Lo = COCRool (V™ po1) to = Lo = COeRool po1 to
cohpool] : cohpooly) pot to £ cohgool po1 to
ltrue]]] . Jtrue[y]| = truel|v]] "=V true = |true]
true[]™ o (true[v])™ por o true™ P01
|false]]| : |false[v]| = false[|v|] flell false = |false]
false[]™ o (false[v])™ po1 I false™ poi
[if[]| o |(if tthenwelse v)[v]| = (if |t| then |u| else [v])[|v]] il

if [t|[|v]]| then |u|[|v]] else |v|[|v]] = |if t[v] then u[v] else v[V]|
if]™ : ((if tthenwuelsev)[V])™ por o (if t[v] then u[v] else v[V])™ po1

Prop

|Prop;| := Prop;
Prop;™ po1 ap a1 = (ag = a1) x (a1 = ao)
Prop;™ ] . (Prop;™ po1 ag a1)[V] rhil

(aolv] = a1[v]) x (a1[v] = ao[v]) =
Prop;™ (po1[v]) (ao[v]) (a1[v])
Rprop; @ = (A\xr.z, \r.x)
Sprop; (@01, a10) = (a10,a01)
Trrop; (@01 :a10) (@12, a21) == (Azg.a12 @ (ap1 @ () , AT2.a10 @ (ag1 @ 2))

CO€prop; P01 GO = Qg

coe[]p,op, : (coeprop,; po1 ao)[v] = ag[v] = coeprop, por (ao[Vv])
cohprop, po1ag = (A\z.z, \v.x)

lal = |a|

a™ po1tots =T

o™ L (@ portot)W] = T 2 T = (po ) (tolv]) (11 [v)
Rat = tt

Sato1 = tt

Tatorti2 = tt

coe, po1 to = pry (@™ po1) @to

35
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coel],,

COhQ Po1 to

lirrg]

II’Y

(coeq por to)[V] = pro ((a™ por)[W]) @ tolv] =

pro (a™ (por[v])) @ tolv] = coeq (por[v]) (to[v])

=1t
fu: Tm Laf = (jul : Tm | I al) " (jo] : Tm || fa]) =
[v:TmI al

= 7(x:]A]).|b|

(’/T(.I’ : A)b)N po1 ‘= ()\fo X1.-pro (bN (p01 ,COh*A Po1 11)) Q (fo @COE*A Po1 Il) s

[Az.t|

(Az.1)™ por

|t @]

(t@x)™ por
|o(x:a).b|
(o(z:a).b)™ por

|(u,v)|
(u,v)™ por
lpro ¢l
(Prot)™ po1
lpry ¢

(pri )™ por
IT|

T por

|tt]

t™ po1

1]

L7 por
|exfalso ¢]
(exfalsot)™ po1

|Propl[]]|
Prop[]™

RProp[]

SProp[]

)\fl Zo-prq (bN (pOl s COhA Po1 iL‘())) Q (fl @ Ccoey po1 ZL'Q))

= Ax.|t|
=it
= |tjex
= tt
= o(x:

= ()\zo.(pro (a™ po1) @pry 2o . pro (b~ (po1 , tt)) @ pry zo),

lal)-[b]

Az1.(pry (@™ po1) @pry 21, pry (b~ (por . tt)) @pry 21))

= (lul |v])

= tt
‘= pry |t‘
= tt
= pry |t‘
= tt

=T
= (A\z.z, \z.x)

= tt
= tt

=1
(\v.x, Ax.x)
exfalso |¢|

:= exfalso (|t|[po])

|Prop[v]| = |Prop|[|¥|] -
(Prop[v])™ po1 ag ax = Prop™ (v™ po1) ap a1 =
(ap = az) x

Prop = |Prop|

(a1 = ag) = Prop™ po1 ag a1

irr
RProp[ 1a = RProp a

SProp[V] ao1 = SProp ao1
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Trrop] © Trropy] Go1 @12 = T prop ao1 a12

CO€p/op] © COeprop[y] P01 G0 = COCProp (V™ Po1) Ao = Go = COCProp PO1 G
cohpop : €Ohprop(u) po1 a0 o cohprop o1 A0

0] la[v]] = |al[|v[] 4 jalflv]] = lalv]|

I (a[v])™ porapar = a™ (v~ po1) apar = T = a[v]™ po1 ag a1
Rﬂ Ra[u] t= RML‘

Sy © Sator = Sap) ton

Ty ¢ Taptor t1o & Tapw) to1 12

coe)) : coegpy po1 to = coeq (V™ po1) to = pro (a™ (¥~ por)) aty =

pro ((alv])™ P01) @t = coeyy| po1 to

cohﬂ : COha[V] Po1 to = COh [ ]p()l to
|| L (e A)D) ]| = (s Al ] ] 2
m(x: [A[[[v]])-ol[lv]] = |7 (z : A[v]).b[v]|
[~ (e A D)D) por Z (i Alv]) b)) por
|o ] : (o (e za) b))l = (o fal) b)) ] Z
oz :al[[v]])-|bll[v] = oz : alv]).b[v]]
ol : ((o(z:a), bmrpm = (o aly])bv))™ por
Il T =TI = T =T
TN~ s (TwD)Ypor=T7 (V po1) = (\z.x, \e.x) = T pos
|-L0I Ll = L) 2 L=
L]~ (L)Y por = LY (v por1) = Awx, Arx) = LT poy
|exfalsol]| . |(exfalso )[v]| = (exfalso [¢))[|]] “=! exfalso (J¢|[|v]]) =

|exfalso (¢[v])]
exfalso[]™ o ((exfalsot)[¥])™ po1 = (exfalsot)™ (v~ po1) =
extalso ([t][1v] © po]) =

exfalso (|t[v]|[po]) = (exfalso (t[v])™ po1

B.3 Extensions

Identity type

[lda uv = A~ (Rpid) |ul |v|

(Idatot1)™ po = (Az01.T%4 (Sa (to™ por)) zo1 (81~ por) ,
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Az01.T? 4 (t0™ po1) zo1 (Sa (81~ po1)))

[refl,| = Ry |ul
refl;™ po1 = tt
|transport,. p et := coep (Rpid, |e]) |t]

(transport%p et)N Po1 ‘= TSP (Sp (Cth ((Rp Id, |€|)[p0D (|t|[p0]))) (tN p01)
(cohp ((Rr1d. [e])[pa]) ([tllp1]))

||d/’)}‘ = SP[T>—>|uH (Cth (R[‘ id,RA |u|)|t\)
(|d6 t)N Po1 = tt
|funext e = xgxy zo1.Tp (lelaxy) (1™ (Rpid) @axg @z @xgy)
(funexte)™ po1 = tt
|propext t| = [t]
(propextt)™ po1 = tt
1d]| : |<|dAuv>[ Jl = (A~ (Re id) Jul [o]) )] =
4~ (Reid){[]) (el (1) (el 1o]]) =

A~ (0~ Roid) (ul[Iv]) (fol[]) =

(AW])™ (Re i) (ful{[#) (ol Iv])) = l1d.ap (ulv]) (w10
]~ L ((dau)[V]) por = (Id g (ulp]) (0[]) pos
[transport][]] . |(transport, p et)[v]| = (coep (Rrid, |e]) [¢])[|v]] cocll

coep ((Rrid. [e)[v]]) (|¢]llv]]) =
coep (™ (Reid) . [e[[|v]) (|tl[[v]]) =
coepy) (Reid, [el[|v|]) ([t][|v]]) =
|transport, ppy (e[v]) (t[V])]

transport[]”™ : ((transport, p et)[V])™ po1

Definitional computation rule

II’T

coeR 45 pt : coeqps) (Rrp)t = coea (07 (Rrp))t=
coe (Ra (o] @ p))t L1 ¢
coeRpr(,. 4).B Pt
Cer(:I::A).B (RF p)t =
(Az.coep (R p,coh® 4 (Rp p) ) (protacoe* s (Rpp)z),...) =
(Az.coep (Rpp,Sa(coha (Sr(Rrp))z)) (protacoes (Sr(Rrp))x)....) n
(Az.coe (Rpp,Sa(coha (Rrp) ) (protacoes (Rpp)x), ...
(Az.coep (Rpp,Sa(coha (Rpp)z)) (protax)....) n

) coeR:A px



(Az.coep (R 2. a

()\m.prottiiam yee )

CoeRE(.’B:A).B P (U ) /U) :

coeRpool pt

coeRprop pa

coeR, pt

s coeq (Rpp)t =prg (a™ (Rpp))at
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coeRp (p,z+> x) (prot @x)

(p.x—x))(prytax),...)

I7 irr
:n(prot,...):(prot,...):t

Cer(J‘:A).B (RF P) (U/,’U) -

coeR4 pu

(coea (Rrp)u,coep (Rrp,coha (Rpp)u)v)

irr

(u,coeg (Rrp,cohs (Rpp)u)v) =

coeRp (p.z—ru)v (

u,v)

(u,COeB (RF.I:A (pLH’U;)) ’U)

: coegool (RPp)t =1t

: coeprop (Rrp)a=a

irri[p] t

C Justification of the rules of setoid type theory

The setoid model justifies all the extra rules of setoid type theory. As all the
new syntactic components are terms, we have to implement the |—| and the —~
operations for terms as specified in Section Most components are modelled
by their black counterparts.

|I"™ po p1]
("™ pop1)™ T01

IRr pl

(Rrp)~ 101

|5F P01|

(SF P01)N 701
ITr por p12|
(Trpo1p12)”~ Yo1
|A™ por toti]

= I |po| |p1l

= (o1 T2 (Sr (po™ 7o1)) po1 (p1™ T01) .
)\/)()1~T3F (PON T01) po1 (Sr (p7 701)))

= Rr

= tt

= Sr|po1

= tt

= Trlpoi||p1z]

= tt

A |po1| [tol [t1]

(A™ por tot1)™ 7o1 := (Mo1.T?4 (Sa (t0™ 701)) tor (81~ T01) »

IRat|

(Rat)™ 101

|Sa tor]
(Sato1)™ o1
|Tato1 t1z]
(Tatort12)™ o1

|CO€A Po1 to‘

Mot T? 4 (t0™ 7o1) to1 (Sa (817 701)))
Ralt]

= tt

=S4 [to1]

= tt

= Taltor] [t12]

= tt

coe |pot1l [tol
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(coeaporto)™ o1 = T2 (Sa (coha (|por| 70) ([tol 70))) (to™ T01)
(coha (Ipo1] 1) (Ito] 1))

|coh 4 pox tol := coh 4 |po1| [to]
(coha porto)™ To1 :=tt

16~ poi 1= 6" |po1

(0™ po1)~ To1 =t

|t~ p01| =" |,001|

(t™ po1)™ To1 =1t

All the equalities are justified. Here we only list how the || part of the trans-
lation justifies the equalities, —™ justifies everything automatically by irr, as all
the new syntax are terms and —" on a term returns a proof of a proposition.

o[~ ed=~lelld =T =|T|
o |(I',x:A)” (po,xr>tg) (p1,x>11)] =
(I, z:A) |(po, x> to)| |(pr,z = t0)| =
(L2 A)™ (Ipol 2 = [to]) (Ipal 2= [ta]) =
a(por: T |pol |p1])-A™ por [to| [t1] =
lo(po1 = "™ po p1)-A™ po1tot]
o [(A[6])™ por totr] = (A[6])™ |por| [to] [t1] = A™ (67 |porl) [to] [t1] =
|A™ (67 po1) to t1]
o [(I1(x:A).B)" portota] = (11 (x: A).B)™ |por| [to| [t2] =
(o : |Alllpol]).7 (1 [Alllpal])-7 (w01 - A™ |por| wo 21).
B (Ipo1]; xo1) (pro [to| @ x0) (pro [t1] @ x1) =
(o : [Alllpol])-7(z1 : [Alllpal])- 7 (z01 : A~ [poa| o x1).
B~ (|po1| , wo1) [to @ wo| [ty @ 21| =
|7 (2o Alpo)).m(x1: Alp1]). (201 : A™ po1 xo x1).
B~ (po1,x01) (to @ xo) (t1 @ x1)
o [(2(: A).B)" pou (10 v0) (t1 . v0)| =
(5 4)BY™ oo (fuol  leol) (s o) =
(o1 A™ |por| |uol [ur]).B™ (Ipor| . wo1) vol [v1] =
|o (o1 : A~ po1 ugur). B~ (por . uo1) vo v1]
e |Bool™ po1 to t1| = Bool™ |po1| |to] [t1] =
if [to| then (if |t1|then T else L) else (if |¢;|then Lelse T) =
|if to then (if £; then T else L) else (if ¢1 then L else T)]
e [Prop™ po1 ag ar| = Prop™ |po1||aol |a1] = (lao| = [a1]) x (la1| = [aol) =
(a0 = a1) x (a1 = ao)
e [a” portoti] = a™ [porl [to] [t1] = T = [T
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® [coe 45 po1 to| = coeas) |potl [tol = coea (67 |po1l) [to| = |coea (67 por) tol

® |coerr(x: a).B Po1 to| = coerr(x: a).B |por [to| =
(Az1.coep (|po1| . coh™ 4 |po1| z1) (pro [to] @ coe® 4 |por| 1) ....) =
(Az1.coes (|po1] . coh™ 4 |po1| x1) (Jto @coe™ 4 por 1) ....) =
[A\z1.coep (po1 ,coh™ 4 po1 1) (to @coe® 4 po1 1)

e |coes(,: a).B po1 (U0, v0)| = coes(u. a).B |por| ([uol, [vol) =
(coea|poruol, coen (Ipor] , coha [por|luol) [vol) =

| (coea por uo , coep (po1 » coha po1 ug) vo)|

® |coepool Po1 to] = Coegool |po1] [to] = |to]
® |coeprop, Po1 Ao| = COCProp, |pot| |ao| = |aol
e |coe, po1 to| = coeq |porl [to] = pro (a™ |po1l) @[to] = |pro (@™ po1) @ to

|

o (I po p) )l = (I lpol lpa DI} =" T (ol  [v]) (o] © v]) =

[T~ (poov)(p1ov)
o [(A™ portot1)[V]] = (A™ |poa| [tol [t )[|v[]
A~ (lpor|[Iv[]) (tol [[V1]) ([t l[IvI]) = [A™ (por[¥]) (tolv]) (t1[¥])]

coel]

A

o |(coea por to)[v]] = (coe |por [to]) 1] “=* coea (Iporl[I¥]]) ([tolIV]]) =
lcoea (pon[v]) (to[v])]
o lcoes (Rp p) t] = coea (Rr|p]) [t] =4 |¢]
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