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Electromagnetic scattering problem by small obstacles

Atmospheric particles Cosmic dust Photonic crystal

(by Allan Dyer) (by Koen Clays)
e A from 400 to 800nm o A from 400 to 700nm e A from 400 to 800nm
e ¢ from 10 to 400nm e ¢ from 1 to 100nm e ¢ from 10 to 200nm

4 size of particle, A wavelength
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Electromagnetic scattering problem by small obstacles

Arbitrary structure Spherical scatterers Periodic structure
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e Time-harmonic « exp(—iwr)
o Wavelength A = 27¢
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Electromagnetic scattering problem by small obstacles

Arbitrary structure Spherical scatterers Periodic structure
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Electromagnetic source
%%
o Time-harmonic o< exp(—iwf) O’f/‘@/‘y
&

» Wavelength A\ = 22¢
o Homogeneous and isotropic

w
(Reduced Maxwell equations) ~ ~ = — constant
C

/\/\/\ curlE —ikH =0 inR’
A

— curlH +ikE =J inR’
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Electromagnetic scattering problem by small obstacles

Arbitrary structure Spherical scatterers Periodic structure
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Electromagnetic source o
: . . /O'@,, Asymptotic asumption
o Time-harmonic o exp(—iwr) ’f/é/a 5
» Wavelength A\ = 22¢ ¢ =

o Homogeneous and isotropic

w
(Reduced Maxwell equations) ~ ~ = — constant
C

/\/\/\ curlE —ikH =0 inR’
A

— curlH +ikE =J inR’
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Model problem

E, H
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o Obstacles B = B(cy, 8)
o Exterior domain ; = R3 \ |J B%
e Boundary I's = Ik

Conclusion and perspectives
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Model problem

Ei, Hi
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e Obstacles B = B(cy, 8)
o Exterior domain Q5 = R3\ U%jg
e Boundary I's = |JTI%

Total electromagnetic fields
Es=E +ES Hs=H+HS
Time-harmonic Maxwell equations
{curl E$ —ikH} =0 inQs
curlH +ixE; =0 inQs

Silver-Miiller condition

X L. X
r(Hs x = —Es) — 0 unif. in =
r r—oo r

Perfect conductor condition

nxE=-nxE onTs
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Model problem
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e Obstacles B = B(cy, 8)
o Exterior domain Q5 = R3\ U%jg
e Boundary I's = |JTI%

ForE, H' e Hjoc(curl, Q) there is a unique solution
E3, H} € Hygo(curl, Q25)

Total electromagnetic fields
Es=E +ES Hs=H+HS
Time-harmonic Maxwell equations
{curl E$ —ikH} =0 inQs
curlH +ixE; =0 inQs

Silver-Miiller condition

X L. X
r(Hs x = —Es) — 0 unif. in =
r r—oo r

Perfect conductor condition

nxE=-nxE onTs

Well-posedness
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Numerical strategies

Mesh-dependent methods

o Finite differences

o Finite element method Too expensive
o Discontinuous Galerkin

e Boundary element method

Conclusion and perspectives
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Numerical strategies

Mesh-dependent methods

Montjoie on Plafrim

Finite differences

e Order 2
o Finite element method o 2436832 dof
o Discontinuous Galerkin « Memory ~ 40 GB
e Boundary element method

Time =~ 2h on 4 cores

- - - -
2 = = | 2
= o
1
[l . oy -
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Numerical strategies

Mesh-dependent methods | Mesh-less methods

Finite differences

Finite element method
Discontinuous Galerkin
Boundary element method

o Asymptotic methods
e Spectral-based algorithms
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Numerical strategies

Mesh-dependent methods | Mesh-less methods

Finite differences

Finite element method
Discontinuous Galerkin
Boundary element method

o Asymptotic methods
e Spectral-based algorithms

Asymptotic expansions | | Foldy-Lax model

e Single scattering o Multiple scattering

o Restricted to small o Restricted to small
obstacles obstacles

o Low computational cost e Low computational cost
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Numerical strategies

Mesh-dependent methods | Mesh-less methods

» Finite differences

o Finite element method

o Discontinuous Galerkin

e Boundary element method

e Asymptotic methods
e Spectral-based algorithms

Asymptotic expansions | | Foldy-Lax model Spectral method
e Single scattering o Multiple scattering e Single and multiple
e Restricted to small o Restricted to small scattering
obstacles obstacles o All sizes of obstacles

o Low computational cost e Low computational cost o Analytical for spheres
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Approximate solution to single scattering by a sphere

o Asymptotic method: the matched asymptotic expansions

e Domain decomposition
e Local approximations
e Matching procedure
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Approximate solution to single scattering by a sphere

o Far from the obstacle, the solution is approximated by

ES~ G E;+ 0 Es+... HS ~ 68 Hy + 8°Hs + ...
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Approximate solution to single scattering by a sphere

e Far from the obstacle, the solution is approximated by

ES~6E;+6Es+... HS ~ 6°Hs + 6°Hs + . ..
(1)
=~ ~ hy”’ (kr
Ey() = = (W o]+ 22 el — 0 ]
(1)
~ ~ hy ' (kr X
Fiy (o) = = (R o) + 27 )+ 0 e

= Y [~ O (ror
Es= ... + (’él)(”’)%[Qex] 13t m(r )VH[QeX});C + 5D ()7 [QhX}>
A a0 h(”(ﬂr) x W
Hs(x)= ... + T hy’ (kr)n[Qpx] +3 'Yn[th}; — hy (Kr)yx [Qex]
where
=E(0) dy=H(©0) Qe=- szm( 0) Qn= stym( 0)

3°E 3°H
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Approximate solution to single scattering by a sphere

e Far from the obstacle, the solution is approximated by

ES~6E;+6Es+... HS ~ 6°Hs + 6°Hs + . ..
electric dipole magnetic dipole
g (1) " (kr) X
Es(x) = hy Y (kr)ye[de] +2T n[de]; —hy’ (kr)yx [dp]
(1)
~ ~ h
i) = ——n3(h§”<mwwddm-+z L))+ 0 )
electric quadrupole magnetic quadrupole
~ 4~ h(l) KF
Esw = dipole +ZQ@wmmm+3 R

~ ) h(l)(nr)
Hs(x) = dipole +

@“<mmm+s o @%mwmm)



Introduction

Foldy-Lax-based models Spectral models Numerical solution for large number of scatterers Conclusion and perspectives

Approximate solution to single scattering by a sphere

e Far from the obstacle, the solution is approximated by

S~ E3+6Es+... HS ~ 8 Hy + 6" Hs + ...

E(x) = £°,[de] (x) + Embyldn] (x)

H3 (x) = HID [de] (x) + Hg[dn] ()

Es(x) = —ef::sc[deK ) — —eﬁn'sg[dhux) EX291Qo] (x) + EMaI[Qn] (x)

it K i ua ua
Hs(x) = —ﬂ‘;:‘;c[ e)(8) — 5 HIBy ) ) + HIUIQ)(x) + HAQn] ()
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Approximate solution to single scattering by a sphere

o Far from the obstacle, the solution is approximated by

S~ E3+6Es+... HS ~ 8 Hy + 6" Hs + ...

e By using multipole expansion
ES ~ 0o (0)ESD,[de] + an(0)Embgldn] + Fe(0)EQ[Qe] + fn(0)En[Qn] + ...
HS ~ e () HOP[de] + an(6)Himdg[dn] + B (5) HIa[Qe] + Bn(6) Hinag [Qn] + .-

Multipole moments
dependon e incident fields

e de, dy : dipole moment
e . ~ X , the center of the obstacle

. , Qn: quadrupole moment tensor
Q. Qn: 9 e o the shape of the obstacle

d,=E(0)  dy= —%H‘(O)

Zpmg) Q=

4
I SIm )

Qe - 3 Hi
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Approximate solution to single scattering by a sphere
o Far from the obstacle, the solution is approximated by

S~ E3+6Es+... HS ~ 8 Hy + 6" Hs + ...

e By using multipole expansion
ES ~ e (6)E55:[de] + an(0)Embgldn] + Be(0)Eum [Qe] + fn(0)ERag [Qn] +--
HS ~ ae (6)HIP_[de] + an (5)HIR [dh] + Be (6)H2[Qe] + B (5)HEZI[Qn] + . ..

Multipole moments Order of approximation
e de, dy, : dipole moment e Order3: e = B =0and ae = oy = 6°

. 2
® Qe, Qn: quadrupole moment tensor o Order 5: fo = f3, = 6%, ae = 83(1 + 3(%5) )

an = 63(1 — A=0)
de =E'(0) dy, = —%Hi(())

257(0) Qn = 2I™(0)

Qe :_3 Ei 3 Hi
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e dg, dy, : dipole moment
® Qe, Qn: quadrupole moment tensor

Foldy-Lax-based models Spectral models Numerical solution for large number of scatterers Conclusion and perspectives

Approximate solution to single scattering by a sphere

o Far from the obstacle, the solution is approximated by

S~ E3+6Es+... HS ~ 8 Hy + 6" Hs + ...

e By using multipole expansion
ES ~ 0o (0)EQD,[de] + an(0)Embgldn] + Fo()EIE[Qe] + fn(0)Em Q] + ...
HS ~ e () HOP[de] + an(6)Himdg[dn] + B (5) HIa[Qe] + Bn(6) Hinag [Qn] + .-

Multipole moments Order of approximation

Order 3: Be = B, = 0 and ce = o, = 6°
% 2
Order 5: fe = fn = 8%, ae = 8°(1 + 2500

ap = 8(1 — A=y

. 1 .
de = E'(0) dy = —EHI(O) ( intermediate approximations

Qe

Collected dipole
Modified approximation

2 sym _ 4 sym
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Complements on single scattering
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Conclusion and perspectives

Data

e A=5.0
e Plane wave
e § varies
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Complements on single scattering

10— AT T T T T T 10— ! T T T T T T T
= Data
e
o
L] i | | e A=50
£ e Plane wave
(7}
T Order 3 e § varies

—e— Order 5
10~ 2! vl b 10=2 bl vl vl 1
103 1072 0! 103 1072 !
(Electric) (Magnetic)
S elec ma S I ma
E5 ~ 0e(0)Egp" [de] + ah(é)sdipg[dh] Hj ~ ae(a)ﬂgigc [de] + ah(é)ﬂdipg[dh]

e Collected dipole: Be = Bn =0, ae = §3(1 + %) and o = 8*(1 — @)
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Spectral models

Numerical solution for large number of scatterers

Complements on single scattering

Conclusion and perspectives

10— AT T T T T T 10— ! T T T T T T T
- Data
Nfl, -1 - B -1 N e A=5.0
£ e Plane wave
s Order 3 e { varies

—e— Order 5
1072 o 3 by 10=2 bl vl vl 1
103 1072 ! 03 1072 10!
(Electric) (Magnetic)
ES ~ ae(8)E§e°(de] + an(5)EGa° [dn] H} ~ ae(8) M [de] + an(6) Hga [dn]
2 2
e Collected dipole: Be = Bn =0, ae = §3(1 + %) and o = 8*(1 — 3("“56) )
3 ji(x6) 3 Ji(k9)

o Modified approximation: Be = 8, =0, ae =

2(k6)3 hy(K0)

and ap = — ——
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Numerical solution for large number of scatterers

Complements on single scattering
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Lol il
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Conclusion and perspectives

Data

e A=5.0
e Plane wave
e § varies

H} ~ ae(6)HGe®[de] + an(8)Hg [dn]

o Collected dipole: Be = fn = 0, ae = 6°(1 + %) and ap = 83(1 — @)

» Modified approximation: e = 8, =0, ae = =—.

Obstacle of arbitrary shape

J1(K9)
2(k8)3 hy(r9)

. . i 1 ;
e Approximation of order 3: de = Mg E'(c) and dy, = _iMh H'(c)

and ap = —

3 Ji(k9)
(k6)3 hy(rkb)
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ES ~ ae(8)E55°[de] + an(8)EGe" [dn]

10— 1 FETTT

TTTTTHA
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10~ 21 bl
1073

Lol il
10=2 107!
(Magnetic)

Lum

Conclusion and perspectives

Data

e A=5.0
e Plane wave
e § varies

H ~ e () HGE°[de] + an(5) Mg [dn]

+ Collected dipole: fs = fn = 0, ae = 6*(1 + 2=02) and ap = 53(1 — 20

» Modified approximation: e = 8, =0, ae = =—.

Obstacle of arbitrary shape

J1(s9)
2(k8)3 hy(r9)

. . i 1 ;
e Approximation of order 3: de = Mg E'(c) and dy, = _iMh H'(c)

o High-order approximation:

E, = dipole + quadrupole

and ap = —

3 Ji(k9)
(8)* Iy (r5)

Es = dipole + quadrupole + octupole
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Approximate solution to multiple scattering by small spheres
e The electromagnetic fields are decomposed by superposition principle

Nobs Nobs
E5() = D Ej (v —e) H3 () =D H3 (v — i)
k=1 k=1

o Each obstacle is modeled by a dipolar source around ¢

di di di 20
ES .~ EqeoldS el +Embgldsn]  HE .~ Hl [ o] + Himglds )]
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Approximate solution to multiple scattering by small spheres
e The electromagnetic fields are decomposed by superposition principle

Nops Nobs
ES(x) = > _ES (x—cn) Hi () = > H3 (x—ew)
k=1 k=1

o Each obstacle is modeled by a dipolar source around ¢

E gdlp

di di d
sieclds el + Embglds ] HE ~ HGR A o] + Hingg [df ]

elec

Born approximation
df o = ae(8) E'(cr)

1 .
a5, = _Eah(‘s) H'(ci)

(

v Explicit formulation
X Interactions are not taken into account
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Approximate solution to multiple scattering by small spheres
e The electromagnetic fields are decomposed by superposition principle

Nops Nobs
ES(x) = > _ES (x—cn) Hi () = > H3 (x—ew)
k=1 k=1

o Each obstacle is modeled by a dipolar source around ¢

di di di d
E%k ~ £e|lgc[d](§7e] + gmlgg [d h] HS Jk ~ %e:gc[ k } rr:gg[d h]

Born approximation Foldy-Lax approximation
d5 . = e (8) E'(cr) , Nops
R &5 = ae(6) | Ee) + > B3 oler)
dih = —Eah(é) H'(cx) =l

N,
i 1 . obs
dih = —5an(8) | Hien) + D HS y(er)

( [

Lk
v Explicit formulation X Implicit formulation
X Interactions are not taken into account v Interactions are taken into account
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Approximate solution to multiple scattering by small spheres
e The electromagnetic fields are decomposed by superposition principle

Nops Nobs
ES(x) = > _ES (x—cn) Hi () = > H3 (x—ew)
k=1 k=1

o Each obstacle is modeled by a dipolar source around ¢
di di di P
E%k ~ £e|lgc[d](§7e] + gmlgg [d h] H 8,k ~ %e:gc[ k } rr:gg [d h]

Vectorial formulation

ds = (df, .. .dg’?gs,dgh, ...d °bs) € COMNobs Foldy-Lax approximation
N,
(H = a(é)A) ds = Oé((s)f dg o= 0(9(5) Ei(ck) + i:bs E(SS [(Ck)
where A is the “interaction” matrix ’ —
£k
N,
. i 1 . obs
* Order5: () = &° dih = —5on(9) Hi(ci) + D H3 4 (er)
e Collected and Modified: =l

ag(6)I 0
() = ( 0 ah(s)ﬂ) ‘

X Implicit formulation
v Interactions are taken into account
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Data
—e— Born
P e A=1.0 --+-- Foldy
xE e Plane wave - *- Collected Born
. —a— Collected Foldy
Ol e Modified Foldy
T T T T T T T ol LU N 11 W 0! T T T T T T 1)
10—2 =1 —
Lol ol 10=° Lol il 1 10737\ col ol \\7
10~2 10! 10—2 10~! 10—2 10~!
8 8 )
X X x

(a) Distance oc A

(b) Distance oc VA&

(c) Distance o &
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Principle of the spectral method

o The electromagnetic fields are represented by the Stratton-Chu formula for x € Qg
Nobs

EX) = >_eurl [ (= eey — cpilr) dy
k=1 s

where ®(x, y) = SRUrl—1)

4m|x—y|
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Principle of the spectral method

o The electromagnetic fields are represented by the Stratton-Chu formula for x € Qg

Nobs
ES) = ourl [ 0=y —eom() dy
k=1 §

_1
e Eachp, €eH, ? (divrg,l“f;) satisfies the boundary integral equation

Nobs

. _1
S <M$f’»pg,vk> o= <n x E'”C,vk>rk Vv € Hy ? (curlpy , T)
=1 S5

1 _1
where MY H, 2 (divrg ,T4) —H, 2 (divFS,F’g) is the extension of

MEN(xr) = n(xr) x lim curl/l B(x—cp,y —cO)AY)dsy, AE€EZ(%)  xp €T
r

X— X7
5
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Principle of the spectral method

o The electromagnetic fields are represented by the Stratton-Chu formula for x € Qg

Nobs
ES) = ourl [ 0=y —eom() dy
k=1 §

_1
e Eachp, €eH, ? (divrg,l“f;) satisfies the boundary integral equation

Nobs . 1
S <M$f’»pg,vk> o= <n x E'”C,vk>rk Vv € Hy ? (curlpy , T)
=1 S5

o Galerkin discretization of the BIE on local spectral basis with Ny,,g modes

Nmod  n
Pe) =D D P an(8) V2 Yam(Re) +pys ba(6) CUH g Yo m(Te)  x € T5

n=1 m=—n

2=%_ and Vg2 Yy.m, curle: Y, n: complex-valued vector spherical harmonics
0| 8 sy S B

with 56\2 = —c
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Vectorial formulation

1
The variational formulation: Find (px) € H, 2 (divrg,r’g) such that

N,
<M]fkpk,vk)p§ + iS(M?[w,W)p@ =—(nx Eincvvk>r§ Vv € Hf%(curlpg,F’é)
o
Can be put under vectorial form p = ((ph ), - - -, (PhE=™), (P ), -+ (™)) T e Y
Mp=f
With N = 2Nmod (Nmod + 2)Nobs
M%}B Mgﬁ M;%;’bs
obs
M= (i f) e s )T T
MZ@S' Mﬁgsz M’}g;s%bs

The analytical blocks M’ffB depend on § and (¢; — ¢¢)
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(d) Distance oc A
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Data
—o— Spectral 1
e A=1.0 - &~ Spectral 2
o Planewave ~© - Spectral3
. -4 Spectral 4
* § varies - Spectral 5
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Validation of spectral models

Data

e A=1.0 —— Finite Element 1
- - Finite Element 2
--e-- Finite Element 3

e Plane wave

e hvaries
x
w0l = } 10° E
5 L i
2 0=l E =
E:/ F .
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Figure: Spectral solutions vs. Finite element solutions (Montjoie)
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Validation of spectral models
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However . ..

The spectral method has some disadvantages . ..

Dense matrix inherited from BIEs
Increasing in number of unknowns as the number of obstacles grows
Quickly limited with memory resources

lll-conditionned system requiring preconditionning
Smart storage and assembling in specific configurations
Implementation of an iterative resolution
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However . ..

The spectral method has some disadvantages . ..

Dense matrix inherited from BIEs
Increasing in number of unknowns as the number of obstacles grows
Quickly limited with memory resources

lll-conditionned system requiring preconditionning
Smart storage and assembling in specific configurations
Implementation of an iterative resolution

... and that can be applied on the Foldy systems too
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Outline

4. Numerical solution for large number of scatterers
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lterative solver

o Simple calculations improve condition number associated with the matrix
Mp=f
e The matrix is decomposed as
M=I+A+B
where (I + A) invertible contains the main interactions

Aj = My if |M;;| > tolerance

We solve iteratively

p(O) _ (H+A)_1f
(1+A)p"t) =f—Bp™

o [ is the identity matrix
e A is a sparse matrix
e B is dense and never assembled



Introduction Foldy-Lax-based models Spectral models Numerical solution for large number of scatterers Conclusion and perspectives

Smart storage and assembling

* M, depends only on § and (¢, — ¢¢)

o Example: 4 aligned obstacles
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Smart storage and assembling

o MY, depends only on 6 and (¢ — ¢¢) —T —

o Example: 4 aligned obstacles Id 0
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Smart storage and assembling

* MY/, depends only on § and (cx — ¢¢) —T —

o Example: 4 aligned obstacles Id 0
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Smart storage and assembling

B M’;fﬁ depends only on & and (c; — ¢;)

o Example: 4 aligned obstacles
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Smart storage and assembling

B M’;f’ﬁ depends only on & and (c; — ¢;)

o Example: 4 aligned obstacles
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Smart storage and assembling

B M’;fﬁ depends only on & and (c; — ¢;)

o Example: 4 aligned obstacles
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Smart storage and assembling

B M’;fﬁ depends only on & and (c; — ¢;)

o Example: 4 aligned obstacles
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Smart storage and assembling

B M’;fﬁ depends only on & and (c; — ¢;)

Instead of storing wholly M, we only keep M =
the (two-by-two) different blocks

\ke ke ke xe
M M, M, and MIS
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Smart storage and assembling

Id 1 — 31 —4| O
o MY, depends only on 6 and (¢ — ¢¢) — —
2 —1f .
3 — 1
4—1 Id 0
Instead of storing wholly M, we only keep M =
0

the (two-by-two) different blocks —

Nk ke ke 174
M ME M and M7

CoS[CSNEEE  NEE  CNEE SN

e The decomposition becomes Mpgjock = Aglock + BBlock
o Assembling of Agjoek in Sparse matrix

o Define the action of Bgock
A(Bgiock, P) = Bp
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Uniformly distributed configurations of obstacles
Example with 24 obstacles. For each part

On aline On aplane (4 x 6) Into a volume (2 x 3 x 4)

2Ngps — 1 blocks (2N| — 1)(2Nc — 1) blocks (2Nh — 1)(2N| — 1)(2Nc — 1) blocks

instead of NZ . = N?NZ = N} N3N} blocks per part
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Numerical results

e Testn°l1: 1000 aligned obstacles e Test n°2: 10000 aligned obstacles
6=0.1,d=1.0,A=5.0 6=05,d=20,A=5.0
Modified Foldy | Spectral 1 Modified Foldy | Spectral 1
Solver Direct Solver lterative
Density 100% Density 4.95%
Linear system 21.25s 44.59s Linear system 29.74s 163.25s
Post-processing 16.12s 21.19s Post-processing 76.64s 262.97s
Total time 37.37s 65.78s Total time 106.46s 426.34s
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Numerical results

e Testn®3: 50 x 50 = 2500 obstacles uniformly distributed on a plane

0=01,d=10,A=50

Modified Foldy Spectral 1
Solver Direct lterative Direct lterative
Density 100% 29.66% 100% 29.66%
Linear system 595.10s 38.32s 613.10s | 234.84s
Post-processing 22.96s 19.00s 62.69s 58.47s
Total time 618.48s 57.32s 676.09s | 293.31s

RCS o (1000, T, )

10!
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(f) Foldy vs Spectral: direct solver

Angle ¢

(g) Foldy lterative vs Direct

Angle ¢

(h) Spectral Iterative vs Direct
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Conclusion and Perspectives
Conclusion

v/ High-order asymptotic expansions to single scattering (Labat, Péron and Tordeux,
In revision 2019)

v/ Low-order Born and Foldy-Lax models to multiple scattering

v High-order spectral models equivalent to the Generalized Multiparticle
Mie-solution theory (Xu, 1995)

v/ Fast resolution using few memory to the multiple scattering problem by a large
number of spheres

On-going work
Comparison of preconditionners and iterative solvers
Smart assembling for obstacles uniformly distributed into a volume

Perspectives
X Definition of high-order asymptotic models to multiple scattering
X Extension to obstacles of arbitrary shape
X Extension to time-dependent domain
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v/ Fast resolution using few memory to the multiple scattering problem by a large
number of spheres
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Comparison of preconditionners and iterative solvers
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Perspectives
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Thank you for your attention
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