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FULLER SINGULARITIES FOR GENERIC CONTROL-AFFINE SYSTEMS
WITH AN EVEN NUMBER OF CONTROLS

FRANCESCO BOAROTTO, YACINE CHITOUR, AND MARIO SIGALOTTI

ABSTRACT. In this article we study how bad can be the singularities of a time-optimal trajec-
tory of a generic control affine system. In the case where the control is scalar and belongs to a
closed interval it was recently shown in [6] that singularities cannot be, generically, worse than
finite order accumulations of Fuller points, with order of accumulation lower than a bound
depending only on the dimension of the manifold where the system is set. We extend here
such a result to the case where the control has an even number of scalar components and
belongs to a closed ball.

1. INTRODUCTION

1.1. Time-optimal trajectories of control-affine systems. Let M be a smooth and con-
nected n-dimensional manifold. Given k 4+ 1 smooth vector fields fo,..., fx on M, we study
control systems of the form

k
(1.1) i=fol@)+ > wifila), q€M, ueB,
=1

where BY = {u € R* | |lu| < 1} is the (open) unit ball contained in R*, and Elf denotes its
closure. Systems of the form (1) are called control-affine systems, and the geometric aspects
of their evolution has attracted a lot of interest in the mathematical control community (see e.g.
[4, 9, 16]).

An admissible trajectory of (L)) is a Lipschitz continuous curve ¢ : [0,T7] — M, T > 0, for

which there exists u € L>([0, T, Blf) such that

k
q(t) = fola(®)) + D wi(t) fila(t)
i=1

holds almost everywhere on [0, 7.

Definition 1. The time-optimal control problem associated with (II]) consists into finding the
admissible trajectories ¢ : [0,7] — M of the system that minimize the time needed to join ¢(0)
and ¢(T), among all the admissible curves. Admissible trajectories that solve the time-optimal
control problem associated with (IL1]) are called time-optimal trajectories.
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Candidate time-optimal trajectories are characterized by the Pontryagin maximum principle
[19] (PMP, in short). Every admissible time-optimal trajectory can be lifted to a Lipschitz
continuous trajectory A : [0,T] — T*M of an associated time-dependent Hamiltonian system
(see Section 2711 for details). Moreover, A(t) # 0 for every t € [0,T], and for almost every
t € [0,T] the triple (q(t), A(t), u(t)) has the property that

k k
(1.2) (At), Z ui(t) fi(q(t))) = max (A(t), Z v; fi(q(t)))-
i=1 vEB; i=1
The triple (q(-), A(-),u(:)) is said to be an extremal triple, and the PMP reduces the study
of time-optimal trajectories to the study of extremal triples. We call extremal trajectory any
admissible trajectory which is part of an extremal triple, so that any time-optimal trajectory is
an extremal trajectory, but the converse does not hold in general.

1.2. Regularity of extremal trajectories. Our goal is to establish regularity results for time-
optimal trajectories of control-affine systems. Our methods, however, apply to the broader class
of extremal ones.

Given an extremal triple (g(-), A(+), u(-)), the control u can be smoothly reconstructed from the
maximality condition ([.2]) whenever A(t) is not simultaneously orthogonal to f1(q(t)),. .., fx(q(t)).
However, smoothness may stop at times where A(¢) annihilates f1(q(t)),..., fx(¢(t)) and, actu-
ally, for any given measurable control ¢ — wu(¢), there exist a dynamical system of the form (LT
and an initial datum ¢y € M for which the admissible trajectory driven by w and starting at
qo is time-optimal. This has been noticed in [23] for the single-input case, i.e., when k = 1,
but can be easily extended to the general case. It makes anyhow sense to investigate regularity
properties of extremal trajectories for generic systems or, more generally, for systems satisfying
low-codimension non-degeneracy conditions. The single-input case, in particular, gave rise to a
vast literature (see, e.g., [5l [7, [8 20 2], 22] 24] and the references therein).

Recently, the same questions about the regularity of time-optimal trajectories have been posed
in the multi-dimensional input case, but only few results are available [3| 10 111 T3] [I8], 25].

Definition 2. Given an admissible trajectory ¢ : [0,7] — M, we denote by O, the maximal
open subset of [0,T] such that there exists a control u € L“([O,T],Ef), associated with ¢(+),
which is smooth on O,. We also define ¥, (or ¥, if no ambiguity is possible) as

Xq =[0,T]\ Oy

An isolated point of ¥ is usually called a switching time. The accumulation of switching times
is referred to in the literature as Fuller phenomenon (after the pathbreaking work [14]), or also
chattering or Zeno behavior.

Definition 3 (Fuller times). Let us define ¥, to be the set of isolated points of ¥. Inductively,

we set X, to be the set of isolated points of ¥\ (U“Z;Ol ¥;). A time t € 3; is said to be a Fuller
time of order j. Finally, we declare points of

Yo =2\ (|J =)
j=0
to be Fuller times of infinite order.

Remark 4. For every j € N, the set 3; consists of isolated points only, hence it is countable.

We measure the worst stable behavior of “generic” systems of the form () in terms of the
maximal order of their Fuller times. The more an instant ¢ is nested among Fuller times of
high order, the greater is the number of relations satisfied by the vectors fo(q(t)),. .., fx(q(t)).
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Transversality theory is then used to guarantee that generically not too many of these conditions
can hold at the same point. As opposed to the analysis in [6], we restrict ourselves to the case
of global frames of everywhere linearly independent vector fields, and the word generic must be
intended with respect to this property.

Definition 5. For every open set U C M, we denote by

e Vec(U) the set of smooth vector fields f on U, endowed with the C*°-Whitney topology.

e Vec(U)**+! the set of all (k+1)-tuples f = (fo, ..., fr) in Vec(U) with the corresponding
product topology.

e Vec(U)F™ the set of everywhere linearly independent (k + 1)-tuples of vector fields on
U, that is,

Vec(U)gt! = {f € Vec(U)*™| folq) A+ A frlq) #0 for every g€ U} .
We equip Vec(U)§™ with the topology inherited from Vec(U)*+1.

The next statement contains the precise formulation of our main result, which is obtained
under the condition k£ = 2m, that is, assuming that the number of controlled vector fields is
even.

Theorem 6. Let m,n € N be such that 2m~+1 < n. Let M be a n-dimensional smooth manifold.
There exist a positive integer K and an open and dense set U C Vec(M)?Jm‘|rl such that, if the
(2m + 1)-tuple £ = (fo,- .., fom) is in U, then every extremal trajectory q(-) of the time-optimal
control problem

2m
. —2m
g=folg)+ Y uifie)y geM, ueB;",
i=1

has at most Fuller times of order K, i.e.,
N =YyU-- Uk,
where ¥ and ¥; are as in Definitions[d and[3

Combining Theorem [6land Remark @ we deduce that any extremal trajectory ¢(-) of a generic
control-affine system of the form (LI with & = 2m is smooth out of a countable set.

1.3. Remarks on the main result and open problems. We conclude this introduction
proposing two lines of investigation related to our study. The first one consists into extending
our analysis to the case of linearly dependent frames, as the first and the third author have done
in [6l, §4.1] for the single-input case. Even though we expect that similar arguments work also in
the multi-input case, the differential structure of the singular locus where the fields fy,..., fom
become dependent is more complicated, and needs to be properly investigated.

A different, and possibly more substantial line of research consists into establishing Theorem @]
for systems of the form (1)) and an odd number (greater than one) of controls. The fact that
an extremal triple (g(-), A(:),u(:)) crosses the singular locus {A € T*M | (A, fi(q)) = 0,4 =
1,...,2m, ¢ = w(\)} imposes in the even case a differential condition that we can exploit to
begin our iterative arguments (Proposition 26). This condition is based on the results in [3]
where the switching behavior in time-optimal trajectories for multi-input control-affine systems
is characterized (see also [10] for a study in the same spirit for a class of control-affine systems
issuing from the circular restricted three-body problem). In the odd case, it is not clear how to
derive such a first additional relation at times at which an extremal triple (¢(-), A(*), u(-)) crosses
the singular locus. In the single-input case, this difficulty has been overcome with a suitable
analysis of extremal trajectories around Fuller times [6], Theorem 18], but the arguments there
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depend decisively on the fact that the control is scalar. For the general odd case, the problem
is open, and new ideas are required.

1.4. Structure of the paper. In Section 2] we present the Pontryagin maximum principle
(PMP) to recast the time-optimal problem into its proper geometric framework. Based on
the Hamiltonian formalism of the PMP, we establish a differentiation lemma that we will use
intensively in the paper (Lemma [I0). Section [ also contains some general observation on
the maximal order of the Fuller times in a set (Section 23] and classical definitions about jet
spaces and transversality theory (Section 2.4]). Section [ collects additional algebraic material
on skew-symmetric matrices that we need in subsequent arguments. In Section [ we study the
dynamics of the maximized Hamiltonian of the PMP, and we recall the key results from [3]
which we use to characterize the behavior of extremal trajectories when they cross singularities.
Sections [O] and [0] are devoted to the recursive characterization of dependence conditions holding
at accumulations of Fuller times, when the Goh matrix is, respectively, invertible and singular.
Finally, in Section [{l we conclude the proof of the main result, Theorem

2. MAIN TECHNICAL TOOLS

2.1. The Pontryagin maximum principle. Let us introduce some technical notations that
we will employ extensively throughout the rest of the paper. Let m : T*M — M be the cotangent
bundle, and s € A}(T*M) be the tautological Liouville one-form on T*M. The non-degenerate
skew-symmetric form o = ds € A?(T*M) endows T*M with a canonical symplectic structure.

With any C! function p : T*M — R let us associate its Hamiltonian lift p'€ C(T*M,TT*M)
by the condition

ox(-, D) = dp.

Fix f = (fo,..., fom) € Vec(M)?>™*1. The Pontryagin Maximum Principle (PMP, for short)
[19] gives then a necessary condition satisfied by candidate time-optimal trajectories of

2m
(2.1) 0= folg) + > wifile). qeM, ueB",
=1

recalled in the theorem below. Introducing the control-dependent Hamiltonian function H :
R2™ x T*M — R by

2m
(2:2) H(v,A) = (X folg) + > _vifi(@), q=m(N),
=1

the precise statement is the following.

Theorem 7 (PMP). Let q: [0,T] = M be a time-optimal trajectory of 2.10), associated with
a control u(-). Then there exists an absolutely continuous curve A : [0,T] — T*M such that
(q(-), A(),u(")) is an extremal triple, i.e., in terms of the control-dependent Hamiltonian H

introduced in 22), one has

A(t) € Ty M\ {0}, Vtel0,T],
(2.3) HA(t), u(t)) = max{H(A(t),v) |v € Efm} for a.e. t € [0,T],
(2.4) A(t) = H(A®),u(t), for ae. te0,T].

Definition 8. For any extremal triple (g(-), A(+),u(:)), we call the corresponding trajectory
t — ¢(t) a time-extremal trajectory, and the curve ¢ — A(t) its associate time-extremal lift.
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For every ¢ =0, ...,2m, let us define the smooth functions h; : T*M — R by
hi(A) == (A, fila)), g =m(N).

More generally, let k be an integer and D = 41 - - - i, a multi-index of {0,1,...,2m}, and let
|D| := k be the length of D. A multi-index D = i---ij with k consecutive occurrences of the
index 7 is denoted as D = i¥j. We use fp to denote the vector field defined by

fp= [fm [ , [fik,ufik] H ,

and hp to denote the smooth function on T*M given by (A, fp) for A € T*M.

By a slight abuse of notations, given a time-extremal triple (g(-), A(-), u(-)) defined on [0,T],
we define h;(t) := h;(\(t)) for every ¢ = 1,...,2m and t € [0,7]. Throughout the rest of the
paper, we further extend this convention in the following way: whenever ¢ : T*M — R is a
scalar function defined on T*M and t — A(f) is an integral curve of H, we denote by ¢(t) the
evaluation of ¢ at A(t) if no ambiguity is possible.

Denote by I the set {1,...,2m} and by h; the map hy : T*M — R?>™ defined by

hi(A) = (h1(A), - - -, ham(X)).

Let us first recall that the time-extremal control u is smooth (up to modification on a set
of measure zero) on the open set R, := {t € [0,T] | hy(t) # 0}, i.e., in terms of the set X,
introduced in Definition [2]

(2.5) Y, C{te[0,T]] hs(t) =0}.
Indeed, the maximality condition (2:3]) provided by the PMP yields the explicit characterization

_ ha(®)
"= ey e

Therefore an extremal trajectory on R, is an integral curve of the vector field

- hr(X)
A (A’ |m<x>|>’

which is well-defined and smooth on T*M \ {\ € T*M | hy(\) = 0}. In particular, its integral
curves are smooth as well.

We also recall the following differentiation formula along a time-extremal lift ¢ — A(¢), which
follows as a consequence of the symplectic structure on T*M (see [II Section 3.3]).

Proposition 9. Let ¢ : T*M — R be a C' function, and let X : [0,T] — T*M be a solution of
@A) corresponding to a control w : [0,T] — Efm. Then

d

(2.6) 2P @) = {ho, 0} (A(#)) + Zui(t){hi7<ﬂ}()‘(t)) a.e. on [0,T].

In particular, Proposition [0 implies that for every X € Vec(M) and every extremal triple
associated with (2] the identity

SO, X)) = N0, o+ 3 ua(0) i X](a(0)

holds true for a.e. ¢ (here we apply the proposition to (\) = (A, X (7(A))) ).
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Denote by M; i (R) the set of j x k matrices with real entries and let M;(R) = M, ;(R). We
introduce the map

(2.7) Hip: T*M — Mo (R),
A= ({hiy hi YN PTey -

For every A € T*M, the skew symmetric matrix Hyr(A) is called the Goh matriz. Defining
hor : T*M — Map, 1(R) to be the vector-valued function (ho;(\))?™ and differentiating h along
a time-extremal triple, we find by the previous considerations that

(28) h[(t) = ho](f) — H]](t)u(t)

for a.e. t (notice that the minus sign is a consequence of considering the transposition in (Z.0))).
In particular, within the set R, the dynamics of h are described by

ha(t)
[hr ()]
2.2. A differentiation lemma. We present in this section a result that we will extensively use

in the paper. It concerns the differentiation along an extremal curve of a smooth function on
T*M that vanishes at a converging sequence of times.

hr(t) = hor(t) — Hrr(t)

Lemma 10. Let (q(-),\(:),u(-)) be an extremal triple on [0,T] associated with [Z1)). Assume
that there exists a sequence of times (t;)ien in [0,T] such that t; — t* € [0,T] and &; # t* for

every | € N. Then there exists u* € Eim such that, for every smooth function ¢ : T*M — R
satisfying o(A(t;)) = 0 for every l € N,

{ho, e}(A +Zu {hi, P} (A(E")) =

Proof. Since u(-) € L*(]0, T],Efm), there exists a subsequence (%, )wen such that the limit

1 v
u* = lim / u(t)dt
w—o0 t* — tlw t
exists and belongs to E;m
Consider a smooth function ¢ : T*M — R such that p(A(¢;)) = 0 for every | € N. By
continuity we have p(A(t*)) = 0, so that by Proposition [0l for every I € N we can write

(29) 0= (p()\(t*zz : z()\(tl)) _ . itl ‘/t %cp()\(t))dt

S /({ho,ga} +Zuz ){his o}(A(2))) dt.

t* — 1

Rewriting (29) along the subsequence t;, and taking the limit as w — oo permits then to
conclude, since t — {h;, ¢} (A(¢)) is absolutely continuous for every i = 0,...,2m. O

2.3. Fuller order of a set. For a subset = of R we denote by = its subset made of isolated
points and, inductively, by Z; the set of isolated points of =\ (UZ é =), 7> 1.

Definition 11. We say that = has Fuller order k e Nif ZE=ZqU---UZy and Zx # (. We say
that 0 has Fuller order —1 and that = has Fuller order oo if =\ (Uf:o =;) # 0 for every k € N.
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Remark 12. The notion of Fuller order is strictly related to the one of Cantor-Bendixson rank:
if X is a topological space (in particular, a subset of R with the induced topology) the Cantor-
Bendizson rank of X is the least ordinal such that X(® = XU where X = {z € X |
x € X\ {z}} is the derived subset of X, XD = (X)) and XB) = N, 53X, For
scattered sets, i.e., sets such that X*) = () for some k € N, the Cantor-Bendixson rank is equal
to the Fuller order plus 1. For perfect sets, on the contrary, the Fuller order is infinite and the
Cantor-Bendixson rank is zero.

The properties of the Fuller order described in the following two results have been probably
already observed in the context of Cantor-Bendixson rank but we were not able to find a precise
reference for them.

Lemma 13. Let 2,6 be two subsets of R. If = has Fuller order at least k and & has Fuller
order at most j, with k > j > 0, then 2\ & has Fuller order at least k — j — 1.

Proof. Without loss of generality = has order k£ and & has order j. Notice that it is enough to
prove the lemma in the case j = 0, since every set &;, i = 0,...,h, is of Fuller order 0 and

ENG = (- (E\G)\&1)--)\ G;).

Let us prove the property by induction on k, assuming that & = Gy. In the case k = 1, we
just need to notice that =\ & is nonempty and hence has nonnegative Fuller order. Assume now
that the property holds for £ — 1 and let us prove it for k. Consider a point = € Z. If x is in &,
then there exists a neighborhood of z which does not contain any point of & except z. Since x
is a density point for =;_;, we deduce that there exist points in Zx_; at positive distance from
S. Hence ZE\ & has Fuller order at least £ — 1. Assume now that z is in =\ &. Notice that,
by the induction hypothesis, for every neighborhood U of z, the set UN ((EgU---UZk_1)\ &)
has Fuller order at least k — 2. We can then extract a sequence in ((EoU---UZg_1) \ 6)k—2
converging to z. We deduce that Z\ & has Fuller order at least k — 1. (]

As an immediate consequence, we get the following result.

Corollary 14. Let k> 1, j >0, and Z C R be the union of Z',...,Z*. If E* has Fuller order
at most j for every i € {1,...,k}, then E has Fuller order at most k(j + 1).

2.4. Jet spaces and transversality. Following [12], for any nonempty open subset U of M
we introduce:

JTU: the jet space of the smooth vector fields on U,

JNTU, N € N: the jet space of order N,

Jé\fn_HTU: the fiber product JNTU xy --- xy JNTU of 2m + 1 copies of JNTU,
JéVTU: the fiber of JNTU at q € U,

Jé\an’qTU: the fiber of J2), ,,TU at q € U,

T5n+1,n the typical fiber of Jé\fn_HTU.

The spaces JTU, JNTU and J2]\,’n+1TU are endowed with the Whitney C°° topology.

If N is a positive integer and f € Vec(U) (respectively, f € Vec(U)?™*1), we use jV(f) and
jév (f) (respectively, 57V (f) and jév (f)) to denote respectively the jet of order N associated with
[ (respectively, the (2m + 1)-tuple of jets of order N associated with f) and its evaluation at
q € U (respectively, the evaluation of jV (f) at ¢ € U).

Fix N € N and let P(n, N) be the set of all polynomial mappings

G:= (GH...,G"):R"%R", deg(G?) < N, for every 1 <i <n.
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Similarly, we call P(n, N)?™*! the set of all (2m + 1)-tuples of elements in P(n, N), that is,

P(n, N> ={(Q1,- ., Qam+1) | Qi € P(n,N),1 <i < 2m +1}.

Assume from now on that U is the domain of a coordinate chart (z,U) centered at some ¢ € U.
This allows one to identify the typical fiber Thy,41,n5 of Jov, 1 TU with P(n, N)*™*1 as explained
below. There is a standard way [7] of introducing coordinates on the semi-algebraic set

Q= {(Q1,...,Qam11) € P(n, N)™ | Q1(0) A+ A Qam41(0) # 0} € P(n, )™+,

which we briefly recall.

Let Ko = {0}, and X, be the set of k-tuples of ordered integers in {1,...,n}. If f:R"™ - R
is a homogeneous polynomial of degree k, and & = (£1,...,&) € (R™)F, the polarization of f
along ¢ is the real number

Pf(§) = De, ... De, f,
where, for every n € R", D, f denotes the directional derivative of f along 7.
Given CA) € 2, we complete (@1(0), cee Q\Qerl(O)) to a basis of R™ with n — 2m — 1 vectors
Vam+2, - - -, Up € R™. There exists a neighborhood V' C € of CA) such that the map
ev:V — (R™")"
Q — (Q1(0),...Q2am+1(0),v2m42,...,0p)

associates with any element @@ € V' a basis of R”. For 1 <i <n and @ € V, we also employ the
notation ev(Q); to refer to the i-th component of ev(Q). In particular ev(Q); € R™. This allows
to introduce a coordinate chart Xy on V), in such a way that every Q = (Q1,...,Qam+1) €V
can be written with coordinates

v

where the element X f ., denotes the polarization of the j-th coordinate of the homogeneous part
of degree k = |o| of @; along the element (ev(Q)oy,--.,ev(Q)oy)-
Consider the now the chart (Xy,z) on the domain V x U C Q@ x M. If 0 € Ky, define

1§i§2m+1,1§j§n,o€5€k,0§k§N},

ol=o01!...0;' and 27 = z]" ... z7". In local coordinates, @; is represented by
0 x? L9
_ _ j
Qi = 9 E TN Xio = E Xm%7
Y1<k<N j=1 J
ceXy

and X, , is a constant vector field.

If1 <i# k <2m+1, in these local coordinates we see that [Q;, Qx](0) = Qi (0) = X — Xk
and similarly, if Q;;;, denotes the [-fold iterated bracket adei (Qk), we deduce inductively that
Qi (0) = X o + R; g1, where R; ;. is a polynomial in the coordinates X, with 1 < a < n,
1<s<2m+1, o] <land o # jl. Similar computations can be carried out for all iterated
brackets.

Remark 15. Let ((z,1),7*(U)) be the induced chart on T*U, where ¢ = (¢,,)"_;. In particular,
we use Ay to denote the elements of Ty M given in coordinates by (0,v). The typical fiber

Tom+1,n of the vector bundle J2 ., TU xy T*U is isomorphic to P(n, N)>™*! x R™. Clearly,
hik(Ay) = (¥, Xpi) — (¥, Xi k) and, for [ > 1,

hie(Ay) = (¥, Qur(0)) = (¥, X 1) + (¥, Ry 11,
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where R;,k,l is a polynomial in the coordinates ., X,

with 1 < a,r <n, 1 <s<2m+1,
lo| <l and o # j'. By an induction argument, hp(\y), with D a multi-index, can be expressed
as a polynomial function in terms of the coordinates 9., X¢ ;. Therefore, this choice of the chart
(Xv, ) allows one to see every hp and hp o ev as a real-valued function on Jov, ., TU xy T*U

and on its typical fiber j:'QmJFL N, respectively, where N is large enough. This will also be the
case for any polynomial function in the hp’s.

The following result follows by standard transversality arguments (see, e.g., [2} [15]).

Lemma 16 (Transversality Lemma). Let N € N. Let B be a closed subset of J3  TM
and assume that for every q € M there exists a coordinate chart (x,U) centered at q such
that B N Jo, 1TU is semi-algebraic in the coordinates (Xv,z) introduced above. For every
q € M let By := BN J3), 1, M. Let V be the open subset of Vec(M)Z™ ‘made of the
(2m + 1)-tuples £ = (fo, ..., fom) such that, for every q € M, jév(f) & B,. Assume that B, has
codimension larger than or equal ton+1 in ng\,’nﬂ)qTM for every g € M. Then V is also dense
in Vec(M)Zm+1,

3. ALGEBRAIC CONSIDERATIONS

3.1. Decomposition of skew-symmetric matrices. We collect in this section some general
facts regarding the algebraic structure of skew-symmetric matrices. For any [ € N, we recall that
the notation so(l) stands for the linear space of [ x | skew-symmetric real matrices. We begin
with a useful lemma.

Lemma 17. Let A € so(2m). Then the following properties hold true.

i) det(A) = Pf(A)?, where Pf(A), called the Pfaffian of A, is a homogeneous polynomial
in the entries of A of degree m.

ii) There exists a 2m x 2m skew-symmetric matriz adj® (A), called the adjoint Pfaffian of
A, such that its entries are homogeneous polynomial of degree m — 1 in the entries of A
and

adj"T(A)A = Pf(A)Ida,,.

Proof. Ttem 1) is classical, and we refer the reader to [I7] for a proof. For ii) we proceed as
follows. Recall that so(2m) is isomorphic to the exterior algebra \*(R2™). If we consider A as
an element of A\*(R2™), then we can define Pf(A) by the equality
A" = mPf(A)w

where w is a generator of A" (R?™) ~ R. Then A™ '/(m — 1)! is well defined in A*" *(R2™),
which is dual to \*(R2™).

The dual of A™~1/(m—1)!in A\*(R2™) is therefore associated with a skew-symmetric matrix
adj¥T(A), the adjoint Pfaffian matrix of A, that realizes by construction the identity

adj"T(A)A = Pf(A)lda,,.

The entries of adef(A) are then homogeneous polynomials of degree m — 1 in the entries of A,
and this concludes the proof. O

The next proposition collects a list of useful properties valid for general skew-symmetric
matrices of size k.

Proposition 18. Let k € N and A € so(k) be nonzero. Then the following holds true.
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i) The rank of A is an even integer 1 < 2mqg < k and there exists a nonzero principal minor
of order 2mgy. As a consequence, there exists a permutation matriz P such that

T ip _ Ay Ay
(3.1) PTAP — ( S w )

where Ay € 50(2my) is invertible, Ay € Mo, k—2m, (R), and As € so(k — 2my).
ii) With PT AP presented as in B.0) one has

ker(PT AP) = span{(— A ' Agwg, 5) | 2o € RF72m0Y,
In particular, Ay, As, and As satisfy the relation

AJAT Ay + Ay =0.
iii) Let ey, ...,ex_am, be the canonical basis of RE=2m0 - Define

v; = (—adjpf(Al)Agei, Pf(Al)ez) 5 1 S ) S k — 2m0,

where adjpf(Al) denotes the adjoint Pfaffian of Ay introduced in Lemma [T Then
the family v, ..., Vx—2m, s a basis of ker(PT AP), and the coordinates of each v;, for
i=1,...,k—2mg, are homogeneous polynomials of degree mq in the entries of A.

Proof. We begin by i). First note that the conclusion is equivalent to prove that A admits a
2myg X 2myg nonzero principal minor, i.e., the determinant of an 2mg x 2mg principal submatrix.
Recall that, for 1 < [ < k, the coefficient of (—1)'2*~! of the characteristic polynomial of any
k x k matrix is equal to the sum of its [ x [ principal minors. If A is a k X k skew-symmetric
matrix, notice that its principal submatrices are themselves skew-symmetric. One deduces that
the coefficients of (—1)!z*~! in the characteristic polynomial P4 of A are zero if [ is odd and
sums of squares if [ is even, according to i) of Lemma [[71 Moreover, if the rank of A is equal
to 2myg, then Pa(x) = 2#~2m0Q(z) with Q(0) # 0 since A is diagonalizable over C. Hence the
coefficient of zF~2™0 of P, is nonzero, yielding the existence of a 2mg x 2mg nonzero principal
minor.

We pass now to Point ii). Let us consider any element w = (wy,ws) € ker(PT AP). Computing
the product PTAPw = 0, and recalling that A; is invertible, we obtain the relations

w1 = _A1_1A2w2, (AgAl_lAQ + Ag)’wz =0.
k72m0

By assumption, ker(P? AP) has dimension k—2my, therefore there exists a basis w3, . .. , Wh
of RF=2m0 such that the elements

(AT Aqwl, wh), i=1,...,k—2my,

belong to ker(PTAP) and are linearly independent. In particular the (k — 2mg) x (k — 2mq)
skew-symmetric matrix (A3 A7 A + A3) has a (k — 2mg)-dimensional kernel, and therefore it
is the zero matrix.

As for Point iii), it is sufficient to notice that the elements

V; = Pf(Al)(—AflAgei,ei), = 1,...,k—2m0,
form a basis of ker(PT AP) and that, by Lemma [I7]
vi = (—adj” (A1) Age; PE(Ar)e;), i=1,...,k — 2my,

and, in particular, the coordinates of v; are homogeneous polynomials of degree mg in the entries
of A. O
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3.2. Consequences on the structure of the Goh matrix. We apply here below Proposi-
tion [I§ to the skew-symmetric Goh matrix Hy; defined in [2.7]).

Let (g(-), A(-),u()) be a time-extremal triple of ([2.1), and assume that ¢t* € [0, 7] is such that
1 < rank (Hp(t*)) = 2mg < 2m. Then, up to a permutation of the basis of R*™ we can present
Hpr(t*) in the block form

o ((HC() B
)= (TSR )

where H77"(t*) € May,, (R) and F(t*) € My (m—my)(R) are skew-symmetric matrices, HZ (1)
is invertible and E(t*) € Mg, 2(m—m,)(R). Then the following holds true.
Proposition 19. There exist a relatively open interval I C [0,T] containing t*, and smooth
Junctions vi, ..., Va(m—m) : [0,T] — R?™ such that:

i) for every i = 1,...,2(m — myg) and every t € J, letting e; be the i-th element of the

canonical basis of R2(m—mo)

—adj” (H}7 (1) E(t)e;
Vi (t) = 2mg
PE(HT™ (1))
is a 2m-dimensional vector whose components are homogeneous polynomials of degree

myo in the entries h;;(t) of the Goh matriz;
ii) if t € J is such that rank (Hy;(t)) = 2myg, then

ker(Hpr(t)) = span {vi(t), - -, va(m—mo) (1) };
iii) if t € T is such that rank (Hr;(t)) = 2mog, the non-trivial relations expressed by the
matriz equality

E(t)"adj™ (H}7™ (1)) E(t) + PE(HI™ (1) F(t) = 0

are homogeneous polynomial relations of degree mo + 1 in the entries h;j(t) of the Goh
matriz.

4. DYNAMICAL CONSIDERATIONS

We provide in this section some results that will be used in the sequel to obtain an increasing
set of conditions by looking at Fuller times of higher and higher order. Let us consider an
extremal triple (q(-), A(+),u(+)) of @&I).

Our objective is to study the non-smooth Hamiltonian system defined by the maximized
Hamiltonian A — ho(A) + ||hr(A)||. Following [3], we consider the following polar decomposition.

Definition 20. Given the vector-valued function hy = (h1, ..., ham) : [0,T] = R*™, we define
its modulus p : [0,7] — [0,00) and its angular coordinate § = (61, ...,0x) : Ry — S*™~ 1, where
Ry =A{t € [0,T]| hs(t) # 0}, by
hi(t) .
p(t) = [[ha(@®)ll, 0i(t) RO 1,...,2m.
In terms of these coordinates, the Hamiltonian system describing the dynamics of h along
time-extremal trajectories of (2.I)) is given on R, by (compare with (IEI))E{

pt) = (hor (1), 6(1)),
() = ﬁ (hor(t) — (hor (£), 6(1))0(t) — Hir(DO(1))

1The symbol (-, -) is here used to denote the Euclidean scalar product in R?™
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The dynamics of 6(t) are not well-defined on the set {t € [0,T] | p(t) = 0} = [0,T]\ Rq. To
analyze properly its behavior as p — 0, we introduce the following map.

Definition 21. We define the non-autonomous vector field S : [0, 7] x §?™~1 — TS?"~1 by

S(t, 9) = ho[(t) — H]](lf)@ — <h0[(t), 9>9 € T982m71.
The dynamics of 6 can be now be expressed as
: t,0(t
0}
p(t)
We present two results from [3], whose consequences will be crucial for the next arguments.

Lemma 22 ([3, Claim 4.3]). Let t* C [0,T] be such that det(Hrr(t*)) # 0 and hor(t*) €
Hyp(t*)B#™. Then the map S(t*,-) has no zeros in S>™~1.

Lemma 23 (3 Lemma 4.4]). Let t* € [0,T] be such that S(t*,-) has no zeros in S*™~1. Then
there exist o, 8 > 0 and a relatively open interval 3 C [0,T] containing t* such that, for every
to € J with hy(to) # 0, p satisfies the inequality

(4.1) p(t) > ae” PPl p(ty)

for every t € J.

Remark 24. Note that [3, Lemma 4.4] is stated for time-optimal trajectories, but it actually
holds true for extremal trajectories, since its proof only relies on the properties of the extremal
flow characterized by the PMP.

To conclude the section, we combine Lemmas 22] and 23] to deduce the following.

Theorem 25. Assume that there exists t* € [0,T] such that
il) det(Hpr(t*)) #0, and
111) ho](t*) S H[[(t*)B%m.
Then there exists a relatively open interval 3 C [0,T] containing t* such that h|g = 0.
Proof. From items ii) and iii), the conclusion of Lemma holds true and we can apply
Lemma 23] Let J be the relatively open interval in [0, T] containing t* provided by Lemma 23

If there exists ¢y € J such that hy(to) # 0, then (LI]) holds true for ¢*, which contradicts item
i). Hence h is identically equal to zero on J. g

5. ITERATED ACCUMULATIONS OF POINTS IN ¥ WITH INVERTIBLE (GOH MATRIX
Let (q(+), A(+),u(+)) be an extremal triple of (2I). Consider the set
(5.1) Y2 =N {te€0,T]|det Hrr(t) # 0},

where ¥ is the set constructed in Definition 2l In analogy with Definition B} we define 2™ to
be the set of isolated points of £2™ and, inductively, we set E?m to be the set of isolated points

of T2\ (U2, Z5™)-
The starting point of the study of accumulations of singularities in £2™ is the following result.

Proposition 26. Let t* € X%™\ X2™. Then

[ H 17 (t) " hor (7)1 = 1.
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Proof. Since t* € ¥?™ C X, det(Hy(t*)) # 0, and hy(t*) = 0. Moreover, since t* ¢ %2™, there
exists a nontrivial sequence (¢;);eny C 2™ converging to t* such that h;(t;) = 0 for every [ € N.

Applying Lemma [I0l to ¢ = h;, ¢ € I, we infer the existence of u* € Efm such that
ho](t*) - H[[(t*)u* = O,

that is, we deduce that hor(t*) € HH(t*)Efm

Assume by contradiction that ||[Hyr(¢*)"thor(t*)|] < 1. Then t* satisfies the hypotheses of
Theorem [25], and therefore there exists a relative neighborhood J C [0, T of t* such that hly = 0.
Upon shrinking it, without loss of generality we can also assume that det(Hs(t)) # 0 for every
t € J. Differentiating the relation h|y = 0, we find that u(t) = Hy;(t) " hos(t) holds true a.e. on
J. The differential system generated by the Hamiltonian function

H°(p) = (p, fola +Z Hrr(p) thor(p)ilp, fia), peT*M, q=n(p),

where (Hrr(p)~thor(p))i is the i-th component of Hyr(p)~thor(p), is well-defined on the set
{p € T*M | rank (H;(p)) = 2m}. Moreover, the time-extremal triple (g(-), A(-), u(-)) satisfies
At) = HO(\(1)),

almost everywhere on J, that is, it is an integral curve of H° on J. But this forces u(+) to be
smooth on J, contradicting the assumption that t* is an element of ¥?™. The contradiction
argument yields

[ Hpr(t*) " hor(t%)] = 1,
and the statement follows. O

As a direct consequence of Lemma [I7] and Proposition 26, we deduce the following.

Corollary 27. Let t* € ¥2™\ X3™. Then, defining the symmetric 2m x 2m matriz Sy (t*) =
adj" (H r)2(t*), one has

(St )hor(t*), hor (t*)) + det(Hpr(t*)) = 0.
In particular, (Su(t*)hor (t*), hor (t*)) # 0.

Definition 28. Define the smooth functions (¢¢),.y and the matrix-valued functions (®¢),cy
on T*M by

(5.2) Po(N) = (Sa(M)hor(A), hor(N)) + det(Hrr(N)),
hor () —H1(N)
200 = (N (g ) € Mo (®)

and, inductively with respect to ¢ > 0,

6 o) = dtt@). 2= (55 ar ey ) € Memni®:

Remark 29. By Point ii) of Lemma [I7] we see that ¢ in (52)) is a polynomial function in
the elements h;; for ¢ € {0,...,2m} and k € I. Moreover, we deduce inductively that all the
functions (¢¢)een are polynomial functions in the elements ady, o---oadp,, (hj)(A) for v € N
and i1,...,4,,75,k € {0,...,2m}.

It is useful to make the following observation on the structure of the constraint ¢,(A) = 0. Its
proof can be obtained by an easy inductive argument.
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Lemma 30. Let f € N and N € T*M. Then

¢e(A) = adj,, (90)(A) det(Hrr(A) + Be(N),
where By(X) is the evaluation of a polynomial depending only on £ at a point whose coordinates
are hik(A) for i € {0,...,2m} and k € I, and adp,, o---oadp, (¢o)(\) for 0 < v < £ and
i1,...,0, €{0,...,2m}, with the property that if v = £ then (i1,...,i,) # (0,...,0).

The following result illustrates the relation between the functions ¢, and the Fuller order of
the set $2™.

Proposition 31. Let £ € N and t* € E2m\U§:0 Y2, Then ¢j(A(t*)) = 0 for every j =0,... L.

Proof. First notice that, since ¥*™ is relatively open in ¥, one has ¥3™ = ¥2™ N %; for every
>0

We proceed by induction, observing that the case £ = 0 follows from Corollary

Assume the conclusion to be true for some integer ¢ > 0, and let us establish it for ¢ + 1.
Pick t* € %2™\ Ufié %2 and a sequence (fy)wen C X2™ \ Uﬁ:o ¥2™ converging to t*. The
inductive step yields that ¢;(t,) = 0 for j = 0,...,¢ and w € N. The equalities ¢;(t*) = 0,
j=0,...,¢ follow by continuity, and we are left to prove that ¢¢41(t*) = 0. Lemma [I0 applies
both to ¢ = ¢, and ¢ = h;, j € I, and allows to conclude that there exists u* & Fim such that

B0 ) =0

U
where ®yy; is defined as in (B3)). Hence, ¢p1(A(t*)) = det(Pey1(A(t*))) = 0. O

In the next lemma, using the fact that the conditions ¢, = 0 define independent constraints
on the jets, we deduce from Proposition BI] and Lemma [I6 that the set X2™ has Fuller order at
most 2n — 1.

2m—+1

Lemma 32. There exists an open and dense set Vo, C Vec(M) such that, for every

0
f=(fo,..-, fam) € Vam and every extremal triple (¢(-), A(-),u(-)) of 21,
2n—1

2m __ 2m
(5.4) o= o
j=0

Proof. The proof of the lemma follows a classical strategy found, e.g., in [7]. Let us construct
the set B C JIMEITM x5 T*M by

B = {(jgn-i-l(f),)\) ’(q, NeT*M, £f=(fo, .-, fom) € VeC(M)gm+1,

det(H]](/\)) 75 O, gf)o()\) == QZ/)anl()\) = 0},

where ¢, . .., ¢pa,—1 are defined in (5.2)) and (5.3). We denote then by B the canonical projection
of B onto J3» T M. Similarly, for ¢ € M, we define B, C Jgg;quTM x Ty M by

By = BN JEL TM x T M,

and by B, the canonical projection of @q onto Jgg;quTM .

Notice that, for every coordinate chart (z,U), B N J3t TU x T*U is an algebraic subset of
JIPTATU x T*U for the coordinates (X, z, 1) introduced in Section 241 Hence, BN J3 4 TU
is a semi-algebraic subset of Jg:;flTU .
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We now consider the set Va,, of vector fields f € Vec(M)Z™ ! verifying the following: for
every g € M, j2"t1(f) ¢ B,. We claim that (G.4) holds true if f € Va,,. In fact, arguing by
contradiction, assume that for such an f and an extremal triple (¢(-), A(:),u(+)) of (ZII), there
exists t* € L2\ UQ" ! ¥2™. Then, Proposition BIl implies that

(26, M) € B,

yielding that 358;") (f) € By(s+) and contradicting the fact that f € Va,,. The claim follows.

We conclude the proof of Lemma B2] thanks to Lemma [IG, by showing that for every ¢ € M,

the set B, defined above has codimension larger than or equal to n + 1 in Jgf;j_ll IM.

Let ¢ € M, and consider a local coordinate chart (z,U) on M centered at ¢. Lift this chart to

a coordinate chart ((x,v),7~'(U)) on T*U as in Remark 15, and recall that Jg;ﬁll JIM<Ty M

is isomorphic to P(n,2n + 1)?™+1 x R™. By taking into account Remark 29, the map
EZ" : P(n,2n+1)*"T! x R" — R*",
(Q, ) — (¢0(/\w)a T a¢2n71(/\¢))7
is well defined. Then, up to the identification of J3»t} TU x TU and P(n,2n + 1)1 x R",
By = {(Q.v) € (E3")71(0) | det(Hir(\y)) # 0}.

In order to prove that B, has codimension larger than or equal to n 4 1 we first show that @q

has codimension 2n by proving that Ei" is a submersion at every point of @q. To that purpose,
we compute in local coordinates the maps ¢;(Ay) for 0 < ¢ < 2n — 1.
Following (5.2)) and recalling that Si(\) € May, (R) is symmetric, we have

(55) Z H ] hOl hOj ()‘) + RO()‘)u

1,5=1

where the P; j(A) and Ry()) are polynomial functions in the variables hg (\), with 1 < s,¢ < 2m,
and not all the P; ;() are zero. In local coordinates this gives

2m
(5.6) Go(Ap) = Y Py () (1, Xo.4) (1, Xo ) + Ro(¥),

i,j=1

where the P; ;(¢) and Ry(¢) are now polynomial functions in the variables (¢, X ¢), with 1 <
s,t < 2m, and not all the P; ;(¢) are zero.
From Lemma [0, (.35]) and an easy inductive argument, one deduces that, for 0 <1 <2n—1,

¢ (/\) = det H]] Z P; Jl h01+1i()\)hoj (/\) =+ hOi(A)hOHlj()\)) + RO,Z(/\)7
4,j=1
where the P; ;;()\) are (not all zero) polynomial functions in the variables hg (), 1 < s,t < 2m
and Ro(A) is a polynomial function in the variables ady, o---oadp,, (¢o)(A) for 0 <v <1 and
i1,...,0, € {0,...,2m}, with the property that if v = then (i1,...,4,) # (0,...,0). In local
coordinates one deduces that, for 0 <[ < 2n —1,

d1(Ay) =det(Hir(Ay)) Z Piji(y ( Y, Xorr1 ) (¥, Xo,j) + <7/}aX0,i><1/)7X01+1,j>>

7,7=1

(5.7)
+Ro,1(¢),
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where the P; ; (1)) are polynomial functions in the variables (¢, X, ), 1 < s,t < 2m and Rg;(v)
is a polynomial function in the variables (¢, X; ..; ), for 0 <v <l and 41,...,7, € {0,...,2m},
with the property that if v =1 then (iy,...,4,) # (0,...,0). From (56) and (&), one deduces
that the map Ei" is a submersion at every point of @q, since the polynomials P; ;,; are not all
Zero.

We proved that @q has codimension 2n, from which it follows readily that the codimension
of B, is larger than or equal to 2n —n 4+ 1 = n 4+ 1 by projection, where the extra term +1 is
due to the homogeneity of each of the relations ¢;(Ay) = 0 with respect to Ay. This concludes
the proof of Lemma O

6. ITERATED ACCUMULATIONS OF POINTS IN ¥ WITH SINGULAR (GOH MATRIX

We consider in this section the complementary case in which the Goh matrix H;; does not
have full rank.
Let us fix 1 < a < m, and consider the sets

»2m=a) — 51 {t € [0,T] | rank Hy;(t) = 2(m — a)},
(T*M)?m=) = T*M N {\ € T*M|rank H;;(\) = 2(m —a)} .
Observe that the notation is consistent with the notation X?™ introduced in (5.1]), which effec-
tively corresponds to the case a = 0.

By point i) of Proposition I8 for every A € (T*M)2(™~%) there exists a permutation matrix
Py € M, (R) such that

m—a),\
HE™ 2(6) BAQ)
—EA¢) FA(€)
where Hi\™ ™ i T*M — Ma(m_ay(R), B : T*M — 12\(42(m o 2a(R) and F> : T*M — My, (R)
m—a ()\)

(6.1) PIH(6)Py = ( > for every ¢ € T*M,

are matrix-valued functions, with the property that H;
2(m — a)).

Remark 33. We assume the permutation matrix Py to be chosen according to the following algo-
rithmic rule: pick the subset Jg of I of cardinality 2(m — a) such that the matrix extracted from
Hy1()\) with row and column indices in Jg is invertible and which is minimal for the lexicographic
order among all the subsets of I with the same property. (Subsets of I of cardinality 2(m — a)
are here identified with strings of indices of length 2(m — a).) Then if J} = {j1,..., j2(m—a)}
and I\ Jg = {l1,...,0a,} with j; < -+ < Jo(m—a) and £y < --- < {a,, pick as permutation the
reordering of 1,...,2m into ji,...,J2(m—a): £1,- -, 2a-

is of maximal rank (equal to

Consider the smooth vector-valued functions

2(m a),\
v} T*M — R2™, §I—><_ad']Pf(( b a))ff)))) (e ) i=1,...,2a,

where ey, ..., ea, denotes the canonical basis of R2¢, with the convention that v}(¢) = e; when
a = m. By point iii) of Proposition [[8 there exists a neighborhood Oy C T*M of X such
that the collection {v}(€) | 1 < i < 2a} parametrizes the kernel of PIH(€)Py for every
£e0\n (T*M)2(m_“). We also define for 1 < i < 2a, the functions

k) T*M — R,
(6.2) &= (P{hor(€), v (€)),
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and, finally, letting
G* : T*M — s0(2a),
(6.3) ¢ BNOTadiP (H7™ M) ENE) + PEHE™ 2 (€))FA(€),

we list all of the a(2a — 1) independent entries of G* as a collection of functions g : T*M — R,
for 1 <1 < a(2a — 1). Notice that G*(¢) = FA(¢) = Hyr(€) if a = m.

Proposition 34. Let 1 < a < m and consider, for 1 < i < 2a and 1 < 1 < a(2a — 1),
the functions xk and g} defined in ©.2) and 63), respectively. Consider an extremal triple
(q(-), A(),u(:)). Then the following holds true:

(i) if t € £2m=9) then g* (1) =0,1=1,...,a(2a - 1);
(ii) if moreover t € ¥2(m=9)\ B4 we also have Ii?(t) (t) =0 for everyi=1,...,2a.
Proof. Our considerations being local, it is not restrictive to work with the Goh matrix Hyr in
the block form (GI). The fact that for t € £2(m=%) and 1 <1 < a(2a — 1), g?(t) (t) = 0 is the
content of Point iii) of Proposition If, in addition, ¢ is in X2(m~a) \ Xo, then by definition
there exists a nontrivial sequence (t;);ey C o that converges to ¢ and yielding by ([23) and
Lemma [I0] the existence of some u* € Fim such that
ho](t) — H]](t)u* =0.
Since Hyy(t) is a skew-symmetric matrix, the above relation implies that
ho](f) S keI’(H]](t))J',
whence nf‘(t)(t) =0 for every 1 < i < 2a. O

The following rather long and technical definition aims at identifying sufficiently many inde-
pendent functions that vanish at high order density points of X.

Definition 35. Let A € (T*M)?(™~%) with 1 < a < m and consider #7,...,x3, : T*M — R

and g7, ... ,92(2(171) : T*M — R defined as in (62) and (63)), respectively. For every r € N

consider p} € {2(m —a),...,2m}, J> C {1,...,2m}, u} : T*M — R, S} : T*M — My om(R),

T} : T*M — My i1 20 (R), and V* : T*M — M 1 (R) defined inductively as follows:

e p) =2(m—a), uy = g7, J3 is the set defined in Remark B3] and

ho1(€)

$0© = ( BEONG BN ). VO = 5

hO 2(m—a) (5)

(Here and in the following, {1,...,2(m — a)} is identified with J3 by the permutation
described in Remark [33]) Notice that S (€) is the 2(m — a) x 2m matrix obtained by
selecting only rows of the Goh matrix Hyr(£) with indices in J3;

e for 7 > 1, define p) to be the rank of S}(\) and J) to be the subset of {1,...,2m}
of cardinality p} such that the matrix extracted from S2()\), with column indices in
J2 is invertible, and which is minimal for the lexicographic order among all subsets of
{1,...,2m} with the same property.

Let, moreover, for » > 0,

720 = (e )

and notice that the rank of T} ()\) is either equal to p; or to p} + 1;
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e if rank (T2 (\)) = p} + 1, set
V2AE)
S =TMN¢), VA = < T .
r+1(€) T (5) r+1(§) {h07ﬂ7)«\}(€)

A oA A A .
Then ppy = pp + 1 and set p, | = Ko
e if rank (T} (\)) = p set
571(6) = 52O, ViAa(6) = VA

Then p},; = p}. Let, moreover, Z(-) be the matrix extracted from S} (-) with column
indices in J}, and define

S} T*M — My (R)

VA Z)(€)
£ ( {ho, 12 (&) {huyps 1 }(€) ) '
Set then 11}, (€) = det(S)(€)) for every & € T*M.

Notice once again that, by Proposition [0, the functions x7,..., 3, and g7,... ’92(211—1)
are polynomials in the elements hj; for j, k € {0,...,2m}. Inductively, the construction of
Definition [35implies that all the functions ()),cn, and the entries of the matrix-valued functions
(SM)ren, (T))ren and (V;2)ren are polynomials in the elements ady, o---oady,, (hj) for v € N
and i1,...,4,,5,k € {0,...,2m}.

For every A € U7, (T*M)?(m=%) the sequence (p})ren is nondecreasing and takes values in
{0,...,2m}. Hence, given any N € N, the pigeonhole principle implies that for every A there
exists r < 2mN such that

(6.4) PR = PR == P

Given N € N and A € U™ (T*M)?("™=)  we define

RN(A) = (pév s 7p€\2m+1)Na Jé\a sy J(>\2m+1)N)
We denote by Y the range of Ry and we notice that it is of finite cardinality.
The main property justifying the above definition is the following.

Proposition 36. Fit N > 1 and R€ Yy. Fork =0,...,2(m+1)N, denote by py, the function
such that up = py for every \ such that Ry(X\) = R. Let (q(-), A(-),u(")) be an extremal triple
of @Il and define

6% ={te X | Rn(\t)) = R}.
Denote by 65‘ the set of isolated points of SR and, inductively, by 6?‘ the set of isolated points
of 61\ (Uf;& SR). Then, for every k € {0,...,2(m + 1)N} and every

k
tes\ | Je&F],
=0
we have
po(t) = -+ = px(t) = 0.

Proof. Let us first notice that p, J, V;* and the other matrices introduced in Definition 35 do
not depend on \ provided that Ry ()\) = R. To simplify the notations we then drop the index .

Let us prove the proposition by induction on k. For k = 0 recall that ug = g1 and the
conclusion follows from Proposition [34 The same argument works in the inductive step from
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k —1 to k whenever prp_1 < p, since in this case pp = K,,—p,- When, instead, pr_1 = px,
notice that by the inductive assumption and by Lemma there exists u* € F?m such that
{hoy s} 7" w {hi, pi} and {ho, b} + 522" w{hi, hy} vanish at A(t) for every j = 1,...,k—1
and every £ = 1,...,2m. In particular,

. Vi—1(t) Sk-1(1)
(1 wu)e ker( {ho,];m—l}(f) {thZk—l}(t) >

. Skfl(t) ) . . ( Zkfl(t) )
Since, moreover, the ranks of and of its extracted matrix
({h;, k-1 }(t) {hg s =1} (t)

are equal, we deduce that there exists v* € RP* such that

. Vie-1(t) Ze-1(?)
(1 07 )e ker( {ho pe—1}(t)  {hu_ys pe-1}(t) >

Thus det(Sk)(t) = pr(t) = 0, proving the claim. O

In order to study the independence of the constraints p;(A) = 0 we investigate in the next
lemma their expression.

Lemma 37. Fiz N >1 and R€ Yy. Fork =0,...,2(m+1)N, denote by pi. the integer such
that pg = pi for every A such that Rn(\) = R, and define similarly py, Ji, Zi and the other
matrices introduced in Definition[33. Let r,k > 0 be such that r + k < (2m + 1)N,

Pr == Pr+k,

and either r =0 or p,—1 < p.. Then

(6.5) pr4g(€) = ad], (Kp,—po)(€) det(Zo () + Pj(&),  Vj€{0,....k}, E€T"M,

where P;(€) is the evaluation of a polynomial depending only on j at variables of the form he(€)
with i € {0,...,2m} and £ € J,, or ady, o---oady, (u)(§) with 1 < v < j, d1,...,0, €
{0,...,2m}, and £ € {0,...,r}, with the property that if £ = r then (i1,...,i,) # (0,...,0).

Proof. Let us prove Equation (6.5]) by induction on j. In the case j = 0, by the assumption made
on 7, ly = Kp,—p, and the conclusion follows. For j =1,...,k, pr4; = det(§T+j_1), Vigj =Vo,
Zy+4 = Zy, and a simple recursive argument allows to conclude. O

Using the properties of the functions p; obtained in the last two results, we are able to

prove the following lemma on the Fuller order of the set S® introduced in the statement of
Proposition

Lemma 38. Let N € N and R € YN. Assume that N > 2n. Then there exists an open and
dense set Vg C Vec(M)ngfl such that, for every (fo,..., fom) € Vg, for every extremal triple
(q(-),A(),u()) of @1), &% is of Fuller order at most 2(m + 1)N.

Proof. Let us use the same notational convention for 1, p; and the other objects introduced in
Definition 35 as in the statement of Lemma 7 Let r € {0,...,2mN} be minimal such that

Pr="'""= pPr4+N-

(compare with formula (6.4]).)
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Reasoning as in Lemma[32], define B C Jéfnﬁtl)NHTM by projecting on Jéfnﬁtl)NHTM the
set B C JEZ NI 5 T*M defined by

~

(2, (0) 0, i N) =+ = () =0},

Moreover, for g € M, we set By = B N Jsor T )N TM x T M and B, = B JE VT
We define the open set V5 as the set of f € Vec(M)%m+1 with the property that, for every

g € M, jPmTINT2E) ¢ B We claim that &F is of Fuller order at most 2(m + 1)N if
f € V5. Indeed, assume by contradiction that for f € V5 and an extremal triple (¢(-), A(+), u(+))

of (ZI) there exists t* € &R\ (Ui;”g* DN 65). We deduce that ji7" " 2(f) € By by
Proposition [36, from which the contradiction follows.

To conclude as in Lemma [32 and deduce from Lemma [I6] that Vj is dense in Vec(M)3™ !
it suffices to show that for every ¢ € M the codimension of B, in Jéf:ﬂlq) NT2TM is larger than
or equal to n + 1.

Let ¢ € M, and consider a local coordinate chart (z,U) on M centered at g. Lift this chart
to a coordinate chart ((x,1), 7 *(U)) on T*U as in Section 24l By construction, BN JIATU
is a semi-algebraic subset of Jéfnﬁt}(I)N+2TU.

Recall that Jéiﬁt};NHTM x T*M is isomorphic to P(n, (2m + 1)N + 2)?"+1 x R". Owing
again to Remark [Tl the map

pN o P(n, (2m 4+ 1)N 4 2)?" T x R® — RV,
(@) = (pr (M) o5 N ()

is well defined, and @q = {(Q,¢) € (1N)71(0) | det(Z,(\y)) # 0}. From here, we conclude as
in Lemma By Proposition 36l we have

(6.6) otV = ady (5, 0 )N det(Z, (V) + Ry(N),

where R;()) is the evaluation of a polynomial depending only on [ at variables of the form h;e())
with i € {0,...,2m} and £ € J,, or adp,, o---oady, (ue)(A) with 1 < v <1 dg,...,4, €
{0,...,2m}, and ¢ € {0,...,r}, with the property that if £ = r then (i1,...,4,) # (0,...,0). A
routine computation of (6.6) in local coordinates ((X; ;)77 g, (¢r)7—;) allows to conclude that

3

the map p” is a submersion at every point of @q, whence we conclude that the codimension of
B, is greater than or equal to N —n+1 > 2n—n+1=n+1, where again the +1 follows by the
homogeneity of the relations i, (Ay) = -+ = ptr4n(Ay) = 0 with respect to Ay. The conclusion
follows. (|

7. PROOF OF THEOREM

Let N > 2n and define U = Vo, N (Ngeyn~Vg), where Vo, is as in Lemma B2 and the sets
Vi as in Lemma 38

In particular, U is open and dense in Vec(M )3’”“, and has the property that for every
(fos-- -, fom) € U, every extremal triple (g(-), A(-),u(+)) of @II), X*™ is of Fuller order at most
2n — 1 and, for every R € TV, G¥ is of Fuller order at most 2(m + 1)N.

Denote by N* the cardinality of TV. Since ¥ = X" U (URG’I‘N GR), we deduce from

Corollary [[4l that ¥ has Fuller order at most (2(m + 1)N + 1)N* + 2n.
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This concludes the proof of Theorem
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