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ON THE APPROXIMATION OF ELECTROMAGNETIC FIELDS BY
EDGE FINITE ELEMENTS. PART 3: SENSITIVITY TO
COEFFICIENTS

PATRICK CIARLET, JR.*

Abstract. In bounded domains, the regularity of the solutions to boundary value problems
depends on the geometry, and on the coefficients that enter into the definition of the model. This is in
particular the case for the time-harmonic Maxwell equations, whose solutions are the electromagnetic
fields. In this paper, emphasis is put on the electric field. We study the regularity in terms of the
fractional order Sobolev spaces H®, s € [0, 1]. Precisely, our first goal is to determine the regularity
of the electric field and of its curl, that is to find some regularity exponent 7 € (0, 1), such that they
both belong to H®, for all s € [0,7). After that, one can derive error estimates. Here, the error is
defined as the difference between the exact field and its approximation, where the latter is built with
Nédélec’s first family of finite elements. In addition to the regularity exponent, one needs to derive
a stability constant that relates the norm of the error to the norm of the data: this is our second
goal. We provide explicit expressions for both the regularity exponent and the stability constant
with respect to the coefficients. We also discuss the accuracy of these expressions, and we provide
some numerical illustrations.

Key words. Maxwell’s equations, interface problem, edge elements, sensitivity to coefficients,
error estimates

AMS subject classifications. 78A48, 35B65, 65N30

1. Introduction. We study the numerical approximation of electromagnetic
fields governed by Maxwell’s equations. More precisely, our goal is to characterize
the dependence of the error between the exact and computed fields, with respect to
the coefficients that define the model (PDEs, supplemented with boundary condi-
tions). This paper is the third part of the series entitled “On the Approximation of
Electromagnetic Fields by Edge Finite Elements” [12, 13].

For Maxwell’s equations, the coefficients are the electric permittivity, the magnetic
permeability and the conductivity. Classically, the model is recast as an equivalent
variational formulation. The first goal is to determine the value of the constants that
appear in the analysis of the variational formulation, which are the continuity mod-
ulus of the forms, and the coercivity or inf-sup constants. Then, one performs the
numerical analysis of the model. In addition to the above-mentioned constants, one
has to estimate the order of convergence, which depends on the (extra-)regularity of
the fields ; this (extra-)regularity depends itself on the behavior of the coefficients,
and on the geometry of the model. In particular, it is crucial to use ad hoc norms
to measure the fields and the data, and particular care is devoted to the definition
of those norms. We observe that if the coefficients belong to a set not reduced to a
singleton (eg. random coefficients), then the (extra-)regularity may vanish in some
limit cases.

The outline of the paper is as follows.
In the next section, we introduce the model problem (see eg. [2]), set in a bounded
region of R3, with volume sources. We prescribe some a priori conditions on the co-
efficients, and on the source terms; the coefficients are only supposed to be piecewise
smooth, hence they may be discontinuous. The variational formulation is introduced.
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Then, in section 3, we recall the main results regarding the discretisation of elec-
tromagnetic fields by Nédélec’s finite elements [30, 29, 12, 20]. We also define the
function spaces that will allow us to perform the analysis of the model. Particular
attention is paid to the fractional order Sobolev spaces, which play a crucial role in
the analysis. These are defined using either the real interpolation method [28, 33, 9],
or with the help of the Sobolev-Slobodeckij norms [24, 25, 11]: this yields two ways to
measure their elements. In section 4, we provide the (well-known) estimates for the
continuity modulus and the coercivity constant related to the variational formulation,
with respect to the coefficients of the model.

There remains to estimate the so-called regularity exponent and the stability constant,
which relate the norm of the electromagnetic fields in ad hoc fractional order Sobolev
spaces norms to the norm of the source terms. Estimating these last two quantities
with respect to the coefficients of the model is less classical. Hence, most novelties in
the paper are contained in the approach developed in sections 5 and 6. In section 5, we
recall how one can split the electromagnetic fields into a regular part and a gradient
part [4], so the (lack of) regularity of the fields rests on the regularity of the gradients.
This is the subject of section 6. We use a perturbation argument ¢ la Jochmann [27]
or Bonito et al [6] to estimate this regularity with respect to the coefficients of the
model. We call it the global approach. When the coefficient are piecewise constant,
one may also use the local approach, see Appendix B. The main novelties are threefold:
the extension of existing results to problems with complex-valued coefficients, set in
a non-topologically trivial domain; the use of the two measures for elements of the
Sobolev spaces, and their interplay; the design of estimates for the numerical error
that depend only on the coefficients of the model (see Theorem 6.15). To conclude,
we illustrate our results by two examples in section 7.

We denote constant fields by the symbol cst. Vector-valued (respectively tensor-
valued) function spaces are written in boldface character (resp. blackboard bold
characters). Given a non-empty open set O of R?, we use the notation (+|-)o,0 (re-
spectively || - [lo.0) for the L?(O) and the L*(O) := (L?*(0))? hermitian scalar prod-
ucts (resp. norms). More generally, (-|-)s,0 and || - ||s,0 (respectively |- |s o) denote
the hermitian scalar product and the norm (resp. semi-norm) of the Sobolev spaces
H*(O) and H*(O) := (H*(0))? for s € R (resp. for s > 0). The index zmv indi-
cates zero-mean-value fields. If moreover the boundary 0O is Lipschitz, n denotes
the unit outward normal vector field to O. Finally, it is assumed that the reader
is familiar with function spaces related to Maxwell’s equations, such as H (curl; O),
H(curl; 0), H(div; O), Hy(div; O) etc. A priori, H(curl; O) is endowed with the
norm v — (||v[3 o + || curlv|]2 ,)/2, etc. We refer to the monographs of Monk [29]
and Assous et al [4] for details. We will define more specialized function spaces later
on.

2. The model problem. Let Q be a domain in R3, that is an open, connected
and bounded subset of R? with a Lipschitz-continuous boundary 9. We are interested
in solving the time-harmonic Maxwell’s equations (with time-dependence exp(—iwt),
for a given pulsation w > 0),

(2.1) wd +curlh = j in Q,
(2.2) —wb+curle =01in Q,
(2.3) divd = p in Q,
(2.4) divb =0 in .

2
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Above, (e, d, h,b) are the electromagnetic fields. We suppose that d and b are related
to e and h by the constitutive relations

(2.5) d=ce, b=ph in Q,

where the real-valued coefficient ¢ is the electric permittivity and the real-valued
coeflicient u is the magnetic permeability.

The source terms j and g are respectively the current density and the charge density,
and they are related by the charge conservation equation

(2.6) —wp+divy =0.
We suppose that the current density may be written as
(2.7) §=dew toe i Q,

where j,.,, is an externally imposed current, and the real-valued coefficient o is the
conductivity.

2.1. A priori assumptions. Classically, the electromagnetic fields all belong
to L?(Q) and the coefficients ¢, y and o have a fixed-sign (positive): we make these
assumptions from now on. We also assume throughout this work that these coefficients
together with their inverses belong to L*°(2), and we use the notations €4, =
lell Lo ()s Emin = (le™ Lo () ", ete.

We choose the data (.., 0) in H(div;Q) x H~1(Q). It is also possible to choose
Jowt € L*(Q) with divj,,, € H (Q) for some t € (0,1), but we assume for simplicity
that div j,,, € L*(Q). We refer to §6.5 for the study of the more general case.
Finally, we assume that the medium 2 is surrounded by a perfect conductor, so that
the boundary condition below holds:

(2.8) exn=0 ondQ.

Egs. (2.1)-(2.8) together with the assumptions on the coefficients and on the source
terms define our model problem. When we focus on the discretization, see §3.3 and
afterwards, we assume that € is a Lipschitz polyhedron, that €, o are piecewise smooth
on €, and that p is constant on ). We call this setting the polyhedral model problem.
Let us mention that once the field e is known, then all other electromagnetic fields d,
b and h are known too. As a consequence, we focus on the study of the field e. In
particular, we note that e belongs to the function space Hq(curl; ().

2.2. Variational formulation. In the spirit of the charge conservation equa-
tion, let us introduce geyy = —1/wdivj.,, € L*(Q). Our model problem can be
formulated in the electric field e only, namely

Find e € Hy(curl; Q) such that
(2.9) —w?e e+ curl(ytcurle) = wj,,, in Q
diveye = Qege in 2.

Above, the complex-valued coefficient ¢, is defined by €, = ¢ +10/w. Note that in
(2.9), the equation dive,e = ge, is implied by the second-order equation —wle e+
curl(p~!curle) = wj,,,, together with the charge conservation equation (2.6) and
the splitting of the current (2.7), so it can be omitted. Moreover, one can check that
the equivalent variational formulation in H(curl; ) writes

(2.10) { Find e € Ho(curl; Q) such that

(p~1curle|curlv)g g — w?(eselv)o.0 = W(Jepi V)00, Vv € Ho(curl; Q).
3
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Under the assumptions on the coefficients, this variational formulation is well-posed
(see for instance [4, §8.3.2]). In other words,

3C(c o) > 0, such that Vj,,, € L*(Q), e solution to (2.10), and

2.11 X
1D el ot < Comoy liomllog:

3. Discretisation of electromagnetic fields. Here, we define finite element
approximations of the electric field e. We also recall how one can build an a pri-
ori error estimate between e and its approximation. When we study the numerical
approximations and for the ease of exposition, we assume that  is a Lipschitz poly-
hedron (polyhedral model problem). To define finite dimensional subspaces (V)
of Hy(curl; ), we choose the so-called Nédélec’s first family of edge finite elements,
defined on simplicial meshes of Q. We follow here [12, §2.4]. Tt is sufficient to use
first-order finite elements because we focus on electromagnetic fields with low regular-
ity. Q is triangulated by a shape regular family of meshes (7,), made up of (closed)
simplices, generically denoted by K. A mesh is indexed by h := maxg hx (the mesh-
size), where h is the diameter of K. Denoting by px the diameter of the largest ball
inscribed in K, we assume that there exists a shape regularity parameter ¢ > 0 such
that for all h, for all K € Ty, it holds hx < ¢px. Nédélec’s H (curl; Q)-conforming
(first family, first-order) finite element spaces are defined as

Vi :={vn € Ho(curl; Q) : vy x € Ri(K), VK € Tp},
where R (K) is the six-dimensional vector space of polynomials on K
Ri(K):={ve Py(K) : v(z)=a+bxzx, a,becR*}.

According to [30, Theorem 1], any element v in R4 (K) is uniquely determined by the
degrees of freedom in the moment set Mg (v):

Mp(v) = </ev-tdl)e€AK.

Above, Ak is the set of edges of K, and t is a unit vector along the edge e. The global
set of moments on V', is then obtained by taking one degree of freedom as above per
interior edge of T,. We recall that the basic approximability property writes (cf. [29,
Lemma 7.10])

(31) }{E}I}) (’U;ngéh ||'U - Uh”H(curl;Q)) = 07 MRS HO(CHI'I; Q)

Assuming for simplicity that the integrals are computed exactly, the discrete electric
problem writes

(3.2) Find e, € V', such that
' (=t curley|curlvy)oo — w?(esen|vn)oa = w(Fep|vn)o.q, Yon € V.

Because the exact problem is well-posed, cf. (2.11), one may apply Céa’s lemma to
find

f
(e,p,0) vh,lgfh, le - vhHH(curl;Q) .

(33) 3CL,. >0, Vh, |le—enlH(eus) < C

4
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Classically, the constant Cfs 1,0 depends on the coercivity constant and on the norm

of the sesquilinear form in the left-hand side of (2.10) and (3.2). This constant is
investigated in detail in section 4. It follows from (3.1) that

}{L}n%) ||6 — eh”H(curl;Q) =0.

In order to obtain a result which is more accurate, typically a convergence rate in the
order of h® for some s > 0, one has to use information on the (extra-)regularity of the
electric field. Let us recall how this can be achieved.

3.1. A few reminders about Sobolev spaces. Let O C 2 be a non-empty
connected open subset of R® with Lipschitz boundary. To give a precise meaning to
the regularity of a scalar or vector field on O, we use the well-known Sobolev scale

(H*(0))s.
(0) For s € N, one uses the standard definition:

H*(0) := {v € L*(0) s.t. Va € N, |a| < s, 9,v € L*(0)},

equipped with the norm [[v[|s.0 == (3 ens aj<s ||aa”||2L2(o))1/2' Obviously, H°(O) =
L?(0).

(1) To define those spaces for s > 0, s € N, several possibilities exist. Let us begin
with the real interpolation method [28] (see also Appendix A), which allows us to
define those Hilbert spaces for non-integer indices s =m+ o0, m € N, o € (0,1), as

H*(0) = (H™(0), H"1(0))o 2.

The corresponding norm is denoted by || - ||s,0. In particular, for all 0 < s < ¢, it
holds that H*(O) C H*(O) with continuous embedding [9, §14]:

HC(S’t) >0, Yv € Ht(O), ||U||S’o < C(s,t) ||U||t,O-

Given 0 < s9 <81 <t <1, s Cf,y is continuous on [sg, s1].
A well-known alternative is to define, for o € (0,1):

H?(0) :={v € L*(0) s.t. |v|ge(0) < 0},

where

_ 2 1/2
[v] o0y = (/o ; de dy) is the Sobolev-Slobodeckij semi-norm,

and H?(0) is endowed with the Sobolev-Slobodeckij norm

) ) 1/2
a0y = (Il 0 + @) -
And then, for s=m+o0, m €N, g € (0,1):
H*(0) :={v e H™(0) s.t. Ya € N® with |a| = m, d,v € H°(O)},

endowed with the Sobolev-Slobodeckij norm

1/2

Wl = [ Iolmo+ D 18avlie(o)
a€N3, |a|=m

5
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The Sobolev-Slobodeckij semi-norm is
1/2

[V =0y = Z |aav|2ga(0)

aeN3, |a|=m
For all s € RT \ N, it holds that H*(Q) = H®(O) algebraically and topologically:

Im(g), M(s) >0, Yo € H*(0), mq [|[v]| =0y < |lv

ls.,0 < Mgy [|v]| &2 (0)-

However, in a bounded set O, there are no results on the uniform equivalence of
Sobolev-Slobodeckij norms and real interpolation norms when s spans (0, 1), ie. on
bounding one norm with the other times a constant that is independent of s € (0, 1).
We refer to [25, 11] for illuminating discussions on this topic. On the other hand (see
[24] or [9, §14]), if s spans [sg, s1] with 0 < sg < s1 < 1, there is a uniform equivalence
of norms: in other words, m,m~1, M, M1 are continuous on [sq, 51].

(2) For s > 0, H§(O) is the closure of D(O) in H*(O). For s € [0, 1], it holds that
HE(O) = H%(O) algebraically and topologically, see for instance [21, Theorem 1.4.2.4]
; while for s > 1, it holds that HS(O) € H*(O).

(3) For s < 0, H*(O) is the topological dual of H; *(O).

(4) For s > 0, H*(O) (also denoted in the literature by Hg,(0)) is composed of el-
ements of H*(O) such that the continuation by zero outside O belongs to H*(R3) ;
for s ¢ 1 + N, it holds that H*(0) = H§(0), while for s € 2+ + N, it holds that
H*(0) C Hi(0O). Going back to the real interpolation method, for non-integer in-
dices s =m +0, m €N, o € (0,1), one has H*(0) = (H7*(O), H"*10)),.2.

For the regularity studies, we choose the real interpolation method, while we
use the double-integral Sobolev-Slobodeckij norms and semi-norms to perform the
numerical analysis, and derive convergence rates.

3.2. Piecewise smooth fields. The set P := {Q;};—1.. s is called a parti-
tion of Q if (€);=1,... s are disjoint domains, and it holds Q@ = U/_,Q;. When the
(€;)=1,...,s are Lipschitz polyhedra, we us the term polyhedral partition. Given a
partition, we introduce the corresponding interface ¥ := Ui< ;<7 (0€; N 0Q,). For
a field v defined on 2, we denote by v; its restriction to €;, for all j. In relation to
the partition P and for s > 0, we define

PH*(Q) :={v e L*(Q) : v; € H*(Q;), 1 <j < J}, endowed with
1/2 1/2

[vllpas(@) = Z ||Uj||§,§zj or ||lv|l pr=(a) = Z ||Uj||2gs(ﬂj)
1<5<J 1<5<J

To simplify the notations, the reference to P is usually omitted. Let us recall the
technical result (Theorem 4.1 of [1], or Lemma 2.1 of [6]).

PROPOSITION 3.1. For all s € [0,1], it holds that
[vllpre@) < llvllse, Vv e HY Q).

Note that one has PH*(2) = H*(Q)) algebraically and topologically for all partitions
and for all s € [0, ).
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Finally, we introduce

PH?(curl; Q) := {v e PH?(Q) : curlv e PH*(Q)} for s > 0;
PWh(Q) = {¢ € L=(Q) : ¢ e Wh(Qy), 1<) < J}.

PH?(curl; Q) is endowed with the graph norm. We observe that one has the embed-
ding PH*(curl; Q) C H(curl; ), according to the definition of PH?*(2).

And we endow PW°(Q) with the norm [|¢[| pw1.(0) := ¢l () + [Clpwr=(0),
and the semi-norm || py1. () := maxi << [|[V{jl L~ (q,). For a piecewise constant
coefficient ¢, it holds that ||C||pw1.0c(0) = [|[¢]| Lo (0) = maxi<j<r [

When the partition is trivial, that is P = {2}, we omit the P or P in the name of
the function space.

We note that, for the polyhedral model, the assumption on the coefficients writes
g,0 € PW1>°(Q), and the interface ¥ can be viewed as the locus of the discontinu-
ities of at least one the two coefficients. More generally, if ¢,0,u € PWH>(Q), ¥ is
the locus of the discontinuities of at least one the three coefficients.

3.3. Finite element interpolation or quasi-interpolation operators. In a
Lipschitz polyhedron €2, one can build finite element interpolation, or quasi-interpola-
tion, operators that act on piecewise smooth fields, with range in V',. For a polyhedral
partition P := {Q;};=1,... s, the family of meshes (7) is said to be conforming if, for
all h, for all K € Ty, there exists jo such that K C Q;,. Let us recall briefly the theory
of finite element interpolation. Classically, those results are obtained by studying the
properties of the mappings to the reference element, using Sobolev-Slobodeckij semi-
norms. It holds, for conforming meshes,

Vs € (0,1], agi’g’tg’”” >0, Yv € PH*(curl;Q), Vh,

inter inter s
o = I g curn) < O 57 Bllvllpa: (o) + [l curl vl pas (o)}

(3.4)

In (3.4), the interpolation operator IT;"**? is defined in [29, §5.5] for s > 1, respec-
tively is the so-called combined interpolation operator of [12, §4.2] for s < % Regard-
ing the theory of finite element quasi-interpolation, a similar result can be derived.
Namely, that (3.4) holds, where IT}"**"? now stands for the quasi-interpolation opera-
tor defined in [20, §3.5]. The two finite element interpolation and quasi-interpolation
bounds are identical, bearing in mind that IT,"**"? is either the interpolation, or the
quasi-interpolation, operator. In addition, we note that Qé?f:;p is not proven to be
independent of s in the above mentioned papers. On the other hand, one can check
that sztj)rp depends continuously on s in (0,1) with the help of the tools proposed
in those papers. For the derivation of those continuous dependence results, we refer
precisely to: the proof of Theorem 3.3 in [20] using abstract estimates from [19, §5]
for the quasi-interpolation ; resp. [12, §4.2] using estimates for the Scott-Zhang inter-
polation, for the combined interpolation. Both proofs rely on [9, §14.3].

With the help of the results on the equivalence of norms of §3.1(1), we conclude that

one can write (3.4) with the real interpolation norms

Vs € (0,1], acg’ft;)”’ >0, Yv € PH*(curl;Q), Vh,

Hinterp interp

3.5
(3:5) v — 11, vHH(curl;Q) < C(g,s) h? Hv||PH5(curl;Q)~

Furthermore, one can choose s C’Z?i‘;m that is continuous on [sg, s1], for all 0 <
so < s1 < 1.

7
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3.4. Extra-regularity of the electric field and convergence rate. Since
Jewt € H(div; ), one may prove that the electric field that solves (2.9)-(2.10) enjoys
extra smoothness. More precisely, the aim is to prove that

37’(,5”0) >0, Vt € (0, T(aua)) E’C(auot)’ VJewr € H(div;Q),

3.6 .
(3.6) ec PHt(curl Q) and ||e||PHf curl;) < C(Eugt |7 et || FE (divi) -

Above, 7 .- plays the role of a regularity exponent, while C*E o
a stability constant.

Let © be a set of coefficients (e, u,0) whose elements are all piecewise smooth on
the same partition, and assume that 7 = inf. , ;jco T(c o) > 0, where 7., ) is
defined in (3.6), and let j,,;, the data, be given. Regrouping all the previous re-
sults, one concludes first that for all (e, u, o) € ©, the solution e to (2.9)-(2.10) is in
msE[O,z) PH?(curl;Q); and second that one has the error estimates

Vs € (0,1),
He - ehHH(curl Q) = C?&- ,0) CE?%:)TP o (e,p,0,8) h? ||jewt||H(diV;Q)'

) can be seen as

(3.7)

In the error estimates (3.7), only C’(E oy and CF ) depend on the coefficients

(e, 1,0). Also, for a given € € (0,1), since s — C

(e,1,0,5)
t .
n erp is continuous for s > 0, one

may replace Cé?ie)w

by the s-independent max ¢ ) Cmt”p for all s € [e, 7).

Our purpose is now to estimate more precisely the constants that appear in (3.3),
(3.5), (3.6) and (3.7). The dependency of C( o)
tion 4. For 7 , ., and C (e pisss) this dependency can be studied via the global
approach, which relies on a decomposition of the electric field, and of its curl, into
a regular part, and a gradient part. To obtain this splitting, we adapt [4, Chapter
6] to the case of complex-valued coefficients, and in the process we generalize the
results of [15] to the case of a non-topologically trivial domain: this is the subject
of section 5. In section 6, one studies the regularity of the gradient part, where the
scalar potentlal is governed by a second order elliptic PDEs complemented either with
Dirichlet boundary conditions (for the electric field) or with Neumann boundary con-
ditions (for its curl). The global approach, in the spirit of [27, 6], uses a perturbation
argument, where the regularity of the gradient part, ie. of its scalar potential, is
derived in comparison to the regularity of the solution to the Laplace equation with
the same boundary condition. Indeed, in a domain  and for L?(Q2) volume data, it
is known from [26] that the gradient of the solution to the Laplace equation belongs

on (g,u,0) is addressed in sec-

to H? (€2). Using interpolation theory, one can find a regularity exponent (., ) in
(3.6) for our problem. Up to our knowledge, this analysis has only been carried out
for PDEs with real-valued coeflicients. Here, we check in particular that the analysis
proposed in [6] can be extended to the case of complex-valued coefficients. The main
results are: the derivation of a regularity exponent 7. , - that depends polynomially
on the coefficients, and the computation of an upper bound for the stability constant

(*s,,u,a',s) when s spans (0, 7(c ). Finally, in section 7 we illustrate the theory on
two examples for which the singular behavior can be determined explicitly.

Remark 3.2. For piecewise constant coefficients, there exists an alternative, which
focuses on the singular behavior of the gradient part of the solution by finding directly
the “best” regularity exponent T e 1,0 attached to this part of the solution. We call
it the local approach, see Appendix B. On the other hand, providing an upper bound
with the local approach for C* ) when s spans (0, (&u,a))’ is an open question.

8
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4. Estimating the constant C’(E oy Let Vo= H(curl; Q) be endowed with

[vllv == (lvll[§q + |l curlv||079)1/2, and a(-,-) be the sesquilinear form on V' defined
by:
(v,w) — (u~ ! curlv| curlw)g g — w?(e,v|w)o.0-

Then, let C’fozto) be the best continuity constant, or continuity modulus, of a(-,-):

cont |a’(v’ w)l

(e0) =  SUP

vawev\(o} [[Vllv[wlv’

resp. Cfo°r

(=% > be the best coercivity constant of a(,-):

la(v,v)|
ceoer — TR
(e,p,0) vegl\{o} ||'U||%/

PROPOSITION 4.1. Let the coefficients €, p and o be as in section 2.1. Then the
sesquilinear form a(-,-) is continuous, with CC‘”” ») < max(w (w?e2, o2, )2 uh),

coer -1 1/2
and it is coercive with CE2°" > 5O min mln(wsmmemm, pt(w2ed i + 202) " /7).

Proof. (We omit the subscript o for the L?(Q2)-scalar product and norm). Re-
garding continuity, given v, w € V', one finds

la(v, w)| < ?|leo Lo @) 0]l |wl]l + x| curlv|| || curl w|
< max(w®|leq || =0y, 1 71) (o]l lwl] + || curl ]| || curlw]])
< max(w?||gq ||z @) 17D 0]l [[w]lv
< max(w(W’epas + Tmae) 2 0]V [[wllv
because ||eq || o) < (€210p + W™ 202 Y2
Regarding coercivity, given v € V, il we let ¢ = curl v, one finds

la(v,v)]* = (~w?(ev]v) + n~el*)? + w? (ov|v)?
= w'(evv)? + p7?le]* - 2w u (evlw) | el + w? (ov|v)?
> (! = wn)(evfv)® + 12 (1 = w7 Hlel|* + w?(ovlv)?,

for all n > 0 (Young’s inequality). Then,

la(v,v)[* > w4—w m(ev|v)? + u7? (1 = wn~Yllel* + wor, vl
> w2 e (W + Ohinemae — MY+ 1721 — w7 e] .

As a consequence, Choosing n e (w? w? + 02,,,e.,2.), one derives coercivity. For

instance, let n = w? + 302,;,e2,. It follows that

0.2

—_

la(v,v)]* > jw?o; "””H I+ mn llell*
’ 2 min ggnaz (w2872na1 + %Ugrnn)
2 2
Y &2 1
> T i (2 ) ol + el
2 E?naz7 2 (w Egnam + éo—?nzn)
2 2
1o gz . 1
2 “min min <w2 min > ||,UH4‘L/
4 672na1:’ M (w 8371(11 + %O-rznzn)
Hence, |a(v,v)] > 50min mm(wsmm‘?m%zxaﬂ 1(w2 gnax + %o-'l%'nn) 1/2)”7)”%/' o

9
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361
362
363
364

386
387
388

COROLLARY 4.2. Let the coefficients €, p and o be as in section 2.1. Then the
error estimate (3.3) holds with

Cﬁ < 2max(w(w2€$nam + Jrznam)l/{//’il)

(e:p1,0) =

: T T2 \—1/27°
Omin MIN(WEminEmaz, 0~ (W2E2, 40 + 502,:,) " 1/?)

Proof. This is an obvious consequence of the fact that one can choose

cont
# _ (esp0)
(e,pu,0) — (coer
Cro)
in the error estimate (3.3). d

5. Splitting into a regular part and a gradient part. Below, we recall
some results of [4], and we adapt them to the case of complex-valued coefficients if
necessary. Let £ be a coefficient defined on 2, we assume in the current section that
¢ fulfills:

(5.1) ¢ is a complex-valued measurable scalar field on Q, £,£71 € L>(Q),
‘ 3¢_ > 0,0* € 0,27), R(exp(—10*)&) > £ a.e. in Q.

LEMMA 5.1. Let the coefficients € and o be as in section 2.1. Then £ = ¢, fulfills
(5.1), where 8* can be any element of [0, 7/2].

Remark 5.2. In other words, £ = ¢, belongs to a subclass of those coefficients that
are defined by (5.1). In the case where o > 0 (in particular, in the non-conducting
case, that is when it holds that o = 0 on some region of 2), the above result still holds
for all 8* € [0,7/2). On the other hand, a real-valued, sign-changing coefficient & does
not fulfill (5.1). We refer to [8, 7, 18, 10] for those more “exotic” configurations of
Maxwell’s equations, in which € and/or p are real-valued and exhibit a sign-change.

Proof. One has e,,e,1 € L*°(Q). The result follows from R(exp(—10*)e,) >
€08 0* €min + SN 0% 0 ppin /w > 0 a.e. in Q. O

Define

X pir(,8) := {v € Hy(curl;Q) : &v € H(div;Q)},
X Neuw(2,€) :={v € H(curl; Q) : &v € Hy(div;Q)}.

The function spaces X p;(€2,&) and X ye (2, €) are endowed with the graph norm
v ( |v||i1(curl;ﬂ) + ||§v\|%1(divgm)1/2. In the particular case where £ is equal to 1, one
writes X p(2) instead of X (2, 1), for B € {Dir, Neu}. We also define the subspaces
of reqular fields, resp. the null subspaces:

Hp(Q):= X5(Q)NH'(Q), B € {Dir, Neu},
Zp(Q)):={ve Xp(Q) : curlv=0, divv =01in Q}, B € {Dir, Neu}.

In our case, both &, and p fulfill (5.1) and moreover, since j.,, € H(div;Q), we
note that the solution e to (2.9) is such that e € X p;(Q,e,), and p~!curle €
XNeu(Qvu)'

10
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413
414
415
116
417
418
419
420

126
427

428
429

430

5.1. Geometric framework. The domain {2 can be topologically non-trivial,
or with a non-connected boundary. Regarding the first item, we assume that:
either (Top);—o ’given any curl-free vector field v € C* (), there exists p € C°(Q)
such that v = Vp in Q7
or (Top) =0 ’there exist I non-intersecting manifolds, ¥1,..., %y, with bound-
aries 9%; C 09, such that, if we let = Q \ UZ-I:1 >, given any curl-free vector field
v, there exists p € CO(Q) such that v = Vp in Q.
When I = 0, © = Q. For short, we write (Top); to cover both instances. One can
build cuts that are piecewise plane, see [23, Chapter 6]. Finally, we assume that Qisa
connected set. For the polyhedral model problem, we assume that (Top); is fulfilled.
The domain € is said to be topologically trivial when I = 0. When I > 0, the set
has pseudo-Lipschitz boundary in the sense of [3].

The a priori regularity of elements of X p;-(Q2) and X ye,, (2) is described in [3,
Remark 2.16 and Proposition 3.7]. Below, C refers to an algebraical and topological
embedding.

PROPOSITION 5.3. Let Q2 be a Lipschitz polyhedron: there exists opi, € (%, 1] such
that it holds that X p;-(2) C HP(Q). Assume in addition that (Top); is fulfilled:
there exists o ey € (5,1] such that it holds that X yeo () C HOVe ().

Let Q) be a domain: the embeddings hold with opir = ONew = %
COROLLARY 5.4. With the same assumptions as in Proposition 5.3, it holds that

Zpir(Q) C HP"(Q) and Z new(2) C HOV ().

Finally, one can prove that the null spaces Z p;-(2) and Z ne, () are finite dimen-
sional vector spaces.

5.2. Splittings of fields. We provide now splittings into a regular part, and
a gradient part, of elements of X p;-(2,&) (electric case”), resp. of elements of
X new(2,€) ("magnetic case”), called regular/gradient splittings. The proofs can be
found in §6.1.6 and §6.2.6 of [4]. We provide some comments on these splittings below.

THEOREM 5.5. Let Q be a domain such that (Top)y is fulfilled, and assume that &
fulfills (5.1). Then, there exists a continuous splitting operator acting from X p;- (€2, &)
to HDir(Q) X ZDZ’I’(Q) X H&(Q)

More precisely, given v € X pir(2,§),

(5.2)  I(Vreq, 2,00) € Hpir () X Zpir(Q) x H&(Q), V = Vpeg + 2+ Vpp in )
One has

(5.3) [[vreg
The scalar field py is governed by the variational formulation:

Find po € H}(Q2) such that
(5-4) (EVDolVip)o.a = =(£2[V)o.a — (§vreg V)00
—(div&w[)o,, Vi € Hy(9).

THEOREM 5.6. Let Q be a domain such that (Top); is fulfilled, and assume
that & fulfills (5.1). Then, there exists a continuous splitting operator acting from
XNEU(Qvf) to Himv(Q) X ZNGU(Q) X Hzlmv(Q)

More precisely, given v € X ney(92,8),
(55) H(wremzvqo) € Himv(Q) X ZNCU(Q) X Hl

zmu
11

L0 + [Vregllx pir @) + 12l0pi.0 + Vreg + Zll1/2,0 < CX 10| H(curto)-

(), v =wpeg + 2+ Vqo in
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446
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148
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458
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160
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464

465

One has

(5.6) ereg||179+ereg||XNeu(Q)+||z||oNeu,Q+||w7'eg+z||1/2,ﬂ < Cgeu H'U”H(curl;ﬂ)-
The scalar field qo is governed by the variational formulation:

Find qo € HL,,,(Q) such that
(5.7) (EVa@o|VY)o.a = =(€2[Vih)oa — (Ewreg[ViP)o,0

—(div&u|v)o,n, Vi € HL,,,(Q).

In the splitting (5.2) of v € X p;(2,€), all three terms v,c4, 2, Vpo have vanishing
tangential components on the boundary 0f), whereas in the splitting (5.5) of v €
X Neu(£2,€), Wreq does not verify a homogeneous boundary condition in general. Since
¢ fulfills (5.1), both variational formulations (5.4) and (5.7) are well-posed. Finally,
we note that regarding the a priori regularity in (5.2), one has vy, € H'(Q2) and z €
H°P"(Q). Likewise, regarding the a priori regularity in (5.5), one has w,..4 € H'(Q)
and z € HN=»(Q).

5.3. Comments. One may easily generalize the splitting theory to the case
where ¢ is a complex-valued, measurable, tensor field. As a matter of fact, it is
straightforward to check that if £ fulfills:

¢ is a complex-valued measurable tensor field on Q, &, 71 € L>(Q),
3¢ >0,0% € [0,27), Vz € C?, R(exp(—10*)éz-2Z) > & |2|* ae. in Q,

then the conclusions of Theorems 5.5 and 5.6 still apply. Obviously, (5.4) and (5.7)
are well-posed.

In the special case where £ is a normal tensor field (£*¢ = ££€* a.e. in ), or equiv-
alently there exists a unitary tensor field U and a diagonal tensor field D such that
£ =U"'DU a.e. in §, one can reformulate the second line of the above condition as

(5.8) 3_ >0,0" €10,2r), min R(exp(—:0*)Dyr) > &— a.e. in Q.

=1,2,

6. The global approach for finding a regularity exponent 7. ,,) and a
stability constant CE‘E’H’U’S). To estimate the regularity exponent, we adapt some
results of [6] to the case of complex-valued coefficients. Let £ be a coefficient defined
on 2, we assume in the current section that £ fulfills (5.1). This assumption prescribes

that

§e{z=pexp(0), p € [£-, 8 maz], 0 € [Omin, Omaz]} a.e. in Q, where
Emaz = ”gHLOO(Q)a and 0 < ema:c - amzn < 2 arccos (557 ) .

max

(6.1)

In other words, since arccos(§_ /€maz) < 7/2 the coefficient ¢ takes its values in some
open, half plane in C. If the coefficients € and o are as in section 2.1, then £ = ¢,
takes its values in some open, quarter plane in C.

We recall that e € X pi(Q,6,) and u~ ' curle € X yeyu (2, 1t). Hence, according
to Theorems 5.5 and 5.6, we may write:

(6.2) €=e€regt2z.+VpoinQ, ey € HY(Q), z. € HP"(Q);
(6.3)  plcurle = cry + 2.+ Vo in Q, ¢y € H(Q), 2. € H™V"(Q).
12
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166 In addition, it holds that

ir ||

e”H(curl;Q)u
1

167 leregllie + leregllx pin@) + 1Zellopio + lereg + zell1/2,0 < CX

68 Neregllie + lreg | x vew(@) + 1Zelloyene + llereg + zcllijz0 < CX [ln™" curlel| g curte)-

469 It now remains to evaluate the regularity and norm of the gradient parts Vpy and
470 Vqo. Note that pg is governed by the second-order scalar PDE (5.4) with Dirichlet
171 boundary condition, while gq is governed by the second-order scalar PDE (5.7) with
472 Neumann boundary condition. We will use this vocabulary in the following to address
473 both cases.

474 6.1. Preliminary results. To start with, given O C €) a non-empty connected
175 open subset of R3 with Lipschitz boundary, let H°(O) be equal to L?(O) in the
176 Dirichlet case, resp. L2, (O) in the Neumann case, and H'(O) be equal to Hg(O)

zZmuv
477 in the Dirichlet case, resp. H.,,,(O) in the Neumann case. We equip H!(O) with the
478 norm ||v||y1 0y == [|[Vollo,0-

479 Then, for s € (0,1), we introduce H*(O), the Sobolev space obtained by the real
180 interpolation method between H!(O) and HY(O): if needed, we distinguish the two
181 cases by writing 3, (O), resp. H3e,(O). In particular, by definition (cf. §3.1), it
152 holds that H3,,.(O) = H*(O) for all s € [0,1], and we recall that H*(O) = H*(O)
183 for all s € [0, ).

4814 We denote by H~*(O) the dual space of H*(O), for s € [0,1]. Finally, for s € [0, 1],
485 we define H'*5(0) = {v € HY(O) s.t. Vv € H*(O)}, equipped with the norm

486 ||vlpa+s 0y = [[VV][s,0-

487 LEMMA 6.1. Given s € [0,1], there exists C(IZ) > 0 such that

488 Yo e H'(0),  [vl+s(o) < Ivllisso < CF) vl (o)-

489 Proof. The result is obvious for s € {0, 1}, according to the Poincaré inequality.

190 We let now s € (0,1).
191 For the left inequality, notice that

o e HY(O), [Voloa < vha: Yo HX(O), [[Vola < [vloq.

193 As a consequence, the left inequality follows. This is the so-called ezact sequence
194 property. Following Appendix A, if we let v € H1+(0):

495 lvll21+50) == [VV]ls,0

496 = ||¢° inf (Ilvo
Vv = v + v1
vy € L%(0),v; € H(O)

497 < 1 inf (IVooll§.0 + t2va1H%,O)I/QHLQ(O,OO;%)
v =wvo + v1
vo € H1(0)7U1 S H2(O)

498 (cf. above) < [|t7° inf (HUOH%,O + t%|va |
v = vo + v1
vo € H'(0),v1 € H*(0)

|(2),(9 + t2||U1 ||%,O)1/2 HL2(O,OO;%)

%,O)l/QHLQ(O,OO;%)

499 =: ||v]l14s.0-
500 For the right inequality, let us introduce the Poincaré constant:
v
501 Ce sup Ploo
verr©@N o} [Vollo.o

13
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NN N N NN
S © 0w N D

[S,3N<) G, BN, BNV, IS, BN, BNV, )]

—_

Using the equivalence of norms, the definition of || - || g1+s(0), the Poincaré inequality,
and finally the equivalence of norms again, we find:

/
vlli+s,0 < Mg [Vl ai+s 0y = Mits) (||”H%,o + |V”|2gs(0))

1/2
< Mayy) (A +E)IVVIB 0 + V0 o))
< M4y (14 C*)V? | Vol g 0)
< Mg (142 2m Vol = Miyoy(1+C)Y2m 3 ol o).

Hence, one may choose C’g:) = M46(1+ C2)1/2m(_s§. d

If we let s € [0,1], we want to find the a priori regularity of the solution to
(6.4) { Find u € H*(Q) such that
’ (§VU|VU)O7Q = <fvv>'Hl(Q)7 Vv € Hl(Q)7

and f is some data in H™5(Q).

If £ is constant on 2, that is if one considers the Laplace operator with Dirichlet
boundary condition, or with Neumann boundary condition, then one may apply the
classical results of [26] or [32] (see [6, p. 504]). See also Proposition 6.7 below. In the
statement of the next Theorem, the constant c*??(s) depends on Q. For the sake of
conciseness, we omit this dependence.

THEOREM 6.2. Let & # 0 be constant on Q. Then, for all s € [0, %), there exists
c(s) = ct®(s) > 0 such that for all f € H*~1(Q), the solution u € HY(Q) to (6.4)
belongs to H*T1(Q), and

()

C
l|lullags+1(0) < I fll3s—1(0)-

a gmax

DEFINITION 6.3. Let the coefficient & fulfill (5.1). We say that & fulfills the coef-
ficient assumption if there exists a partition P of Q0 such that £ € PW1H2°(Q).

If ¢ fulfills the coefficient assumption on a partition, then ¢! fulfills the coefficient
assumption on the same partition.

From now on in the current section, we consider the case where £ # 0 is a scalar,
non-constant, complez-valued coefficient that fulfills the coefficient assumption on a
partition P := {Q;},=1.... 7. In [6], the authors study the case of a symmetric-tensor,
real-valued coefficient €. There are similarities between the two cases, and also some
differences, that are highlighted below. We refer to §6.5 for a generalization to the
case of a normal-tensor, complex-valued coefficient £. Let

Aem €] P () .

gmaz

By definition, it holds that [|£]|pw1.(q) = &mae(l + A¢). For a piecewise constant
coefficient £, one has A; = 0. Otherwise, A¢ > 0.

For s € [0, 3), choosing O € {Q;, 1 < j < J}, we denote by Dz the norm of the
14

This manuscript is for review purposes only.



natural embedding of H*();) into H‘Q(Qj):

vl 5. 0.
. pre s lE@) g
(6.5) v e H (N {0} |

Dy := max(1, max1<j<s D3) > 1.

Remark 6.4. It holds that lim, ,1 D} = +o0, because constant, non-vanishing
fields defined on ; belong to H%(Qj), but not to ﬁ%(Qj).

Also, we denote the Poincaré constants by:

_ [v;ll0.0;, o
(6.6) C; = sup 2, 1<j<J; C:= max C; > 0.
vyeEy @\ {0} [[VUillog 1<j<

We note that, obviously, the constants A¢, (D 2)j» Ds, (Cj); and C all depend on €,
and on the partition P. These dependences are omitted.

Then, we define the multiplicative operator me € L£(L*(R2), L*(Q)) by: mev(x) =
£(x)v(z), for all v € L*(Q), a.e. € Q. One may now adapt the proof of Proposition
2.1 of [6] to the complex-valued case, to find...

PROPOSITION 6.5. Let & fulfill the coefficient assumption. Then, for alls € [0, 3),
it holds that me € L(H®(Q), H*(Q)) and in addition,

(6.7) < &max N¢, where N§ = D (2 (1+C’2A§2))s/2.

||m£||£ (H*(Q),Hs(Q)) =
Furthermore, for oall r € [0, %), it holds that

(6.8) NE)T, s € [0,7].

||m5||L(Hs(Q) Hs(Q)) — gmaz (

We then recall the technical Lemmas 3.1 and 3.2 of [6], which are independent of the
coefficient €. Introduce the operator D € £L(L?*(Q),H~'(€)) defined by

(Dv, q)31 () = (v|Vq)o,a, Yv e L*(Q), Vg € H'(Q).

PROPOSITION 6.6. For all s € [0,1], one has

(6.9) D € L(H* (@), 1) and [ Dll 1 g1. ) o1y < 1

Introduce the operator L € L(H (), H1(2)) defined by
(V(Lv)|Vg)oe = (v, q)3(e), Yv € HH(Q), Vg € H'(Q).

One may rephrase Theorem 6.2 (with £ = 1) as follows.

PROPOSITION 6.7. For all r € [0,1), one has L € L(H"H(Q),H"T(Q)) and
there exists K, > 1 such that it holds that:

(6.10) (Ll (pr=1(0) 41 () < K
(611) fOT’ all s S [0,7’], ||L||L(H5*1(Q),HS+1(Q)) S (KT)S/T.

Obviously, K, depends on 2. This dependence is omitted.
15
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6.2. Regularity of scalar fields. We transpose Theorem 3.1 of [6] to the
complex-valued case. Since the second half of the proof (choice of the parameter
k, here complex-valued; explicit dependence of the regularity exponent 7 and stabil-
ity constant ¢ on P, £...) is quite different in this case, we provide it for the sake of
completeness.

THEOREM 6.8. Let £ be a scalar, non-constant, complez-valued coefficient that
fulfills the coefficient assumption. Then, there exists a regularily erponent T¢ :=
(P& [émaw, Ne) € (0,3) such that, for all s € [0,7¢), there exists a constant
c(8,€) := (P, 3,&— [émaz, A¢) such that for all f € H¥71 (), the solution u € H'(Q)
to (6.4) belongs to H5T1(Q2), and

c(s,8)

gmaz

[ull3541 () < [ ll#s-1 (-

Remark 6.9. By introducing the scaling factor (£,,q4,) ', one is able to refine the
dependence of the constant ¢ on the coefficient, namely that ¢ depends only on the
amplitude &_ /§ma. and the local, scaled, variations A¢. And because the coefficient
¢ is non-constant, condition (5.1) yields &_/&max € (0,1).

Proof. Let k € C\ {0}. Using the operator D, we note that given f* € H~1(Q)
and denoting by u* the solution to (6.4) with data f*, it holds that

* * * * * 5 *
fr=DEVu) = D(kVu’) = D((k - Vu’) = D(V(ku")) = D((1 = )V (ku")).
Introducing £ = (1-¢/k) € PW1*°(Q) and v* = ku* € H'(Q2), we get f* = D(Vv*)—
D(£Vv*). Because L DV is equal to the identity operator in £(H'(Q),H (%)), it

follows that -
Lf*=v* = L(D(Vv™)) =v" — L(D(mg(Vv™))).

Let us now denote Q := LDmgV € L(H' (), H'(€2)). If moreover Q belongs to
L(HTHQ), H* () for some s € (0, 1), then we derive from the above that if we
consider some data f € H*~(Q) in (6.4), one has

[ Llls—1,541
6.12 Kl ullpgesr () € — s bestl e o
(6.12) [l lulle+ri) < 77 Ta] [fll3¢==1(2)
under the condition ||Q|[s11,s+1 < 1, where |[L|[s_1,s11 := ||L|| £(rs-1(02), 241 (q2)) and
[1@lls+1,541 7= |Qll £(ao+1.(0) o412
Given s € (0,3), let v € H*T(€). One checks successively that: Vv € H*(Q);

mg(Vv) € H*() (cf. Proposition 6.5); D(mg Vv) € H*71(Q) (cf. Proposition 6.6) ;
L(DmgVv) € H*H(Q) (cf. Proposition 6.7). In addition, all those results are
accompanied by a continuous dependence. Hence, one has Q € L(H*T1(Q), H5T1(Q)),
with

(6'13) ||Q||S+1,S+1 < ||L||S—17S+1 ||D||£(I’}S(Q)7H371(£Z)) ”mg”L(H*(Q),EP(Q))

So it remains to prove that there exists 7 € (0, %) such that, for all s € [0,7),
1Qlls+1,s+1 < 1, where the bound on the norm is derived by an appropriate choice of
ke C\ {0}.

To that aim, let 7o € (0,1) be given, and let s € [0, 7). Using the bound (6.13), we
obtain first that

(6.14) Q4151 < (Kr)*™ Emaa (N,
16

This manuscript is for review purposes only.



608
609
610
611

612

613

614

615

616

617

618

619
620

621

622

626

628

629

630

631

633

634

where &mnae = ||§_HLoc(Q), according to (6.8), (6.11) and Proposition 6.6. We know
from Proposition 6.7 that K, > 1, and that it is independent of k and §. Let us study
now the behavior of £, and Ng" with respect to k and &, so that for an appropriate

choice of k and of 7 € (0, 9], one can guarantee that

(6.15) (7o) ™ €man (NP)*/™ <1, Vs €[0,7).

To achieve (6.15), one needs that Emaz < 1. Indeed, once k is given, it holds that
Hms—)O"’ (KTO)S/TO (NgO)S/TO =1L

Let k= ﬁexp(zg), p >0, 0 c [0,27). Keeping the notations of (6.1), one has

¢ = — xr = M @_ COS ID—~ a.e.
@) = 1 - eCa)/a? = 1+ 2 (ﬁ 2 cos(0(z) 9)), e zeQ

It follows that |¢(z)] < 1 a.e. € Q if, and only if,

1@ < cos(f(x) — 5), a.e. x € Q.

p

\V]

Choosing the angular part 0= %(Hmm + Omae) and recalling that nee = [|pll ()
(cf. (6.1)), this condition is implied by

1 §ma£
2 p

1
< cos(i(GmwC — Omin))-
Since one has 00 — Omin < 2 arccos(é— /Emax), a sufficient condition is

e € 1 (Eman)?
2 5 e 2 & P

So, let us choose k = v ({max)?/é— exp(% (Omin + Omaz)) for some v € (3,00) to be

determined. With this value of k = k(7y), one can find an upper bound for Emaz:

IE(x))> =1+ ,'Oygg(cg):ixig (Ep::i - 2’y§?_m cos(f(x) — 5)) , ae x €.

But p(x) < &mae and cos(0(x) — 5) > cos(%(é)mam —Omin)) a.e x € Q, s0

ple) 2757;& cos(f(z) —0) < 1— 276"“”

1
57 COS(§ (emaw - emzn))

<1-2v, ae. €

gmaz

Since 1 — 2 < 0, we now observe that p(x) > £_ a.e x € Q leads to

3
|€<as)|2g+1;f7 (;— ) ae meQ.

The minimum of v — (1 —2)/9% on (1, 00) is obtained for v = 1 and is equal to —1.

So we finally choose k = k(1), i.e.

(gmaac ) 2
€

1
exp( b}

17

(6.16) k= (Omin + Omaz)),
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635 and conclude that, for this choice of k, it holds that

3\ 1/2
636 (6.17) Emaz < (1— ( ;* ) ) :

637  With this choice for k, one can also infer an upper bound for NEIO = D, (2(1 +

638 C2Ag%))™/2, where Ag = [¢|pwic(0)/Emas = maxi<j<y V€| L= (0,)/Ema-

639 Let us bound &4, from below:

2 2
640 0< <1 — ;_ ) < (1 — (pg(:c) §>_2) , a.e. x €€,

641 pg :Lim)) (ﬁp::i - 2%{”) , a.e. T €N,

642 <1+ pémmim)) (g:i - 257&” cos(0(x) — 5)) , a.e. T €,
643 = &(z)]?, ae. T €N

644 so |&(x)]>1— & >0, a.e. ¢ € Q.

6145 Hence, Emar > 1 — € /éman-
646 Next, for 1 < j < J:

- - €
647 V&L=, = |k\ IVEillL=o,) = Eo)? IVEillL=(q,)-
618 It follows that!:
1
649 Ag < YORRTERY 1réla<XJ||V§]||Loo )
(1-&x)
- _ 1 £ maxigicy [VEllL= (o)
DO = ,
(1 — 55;1) gmaw gmaw
1
651 S0 AES Af.
(Ernu,a; _ 1)
i
652  We conclude that
T0/2
T 02 2
653 NP < Dy | 2(1+ 5 A¢°)

fmaz
(S - 1)

54 From this point on, one can choose 7 < 7y to ensure that (6.15), and so (6.14), hold.
55  Due to the upper bounds on &,,4, and Ngo, it is sufficient that

s/2

¢ 3\ 1/2 o2
656 1-— (5 — ) 2(KTODTO)2/T0 (1 +t——= A52) <1, Vs € [0,7).

Emas
( & 1)

INotice that in the particular case where £ is piecewise constant, we have that Ag =Ac=0.

18
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660

661

662
663
664

665

666

667

668

669
670
671
672
673
674

675

676

678
679
680

681

Since 2(K,,D5,)?/™ > 2 (see Proposition 6.7 and (6.5)) and (1 + C?---) > 1, this
last condition is equivalent to

T

<1 - (ﬁf;x)?’) 2(KryDry)?/ ™ (1 + @521)2/&3) <1.

This leads to choosing
(6.18)

Te = min | 79, — € (0,7o].

10g2 + IOg(KTUDTU) + log (1 + m A§ )
oz
Finally, we also conclude from (6.12), (6.14), (6.16) and the bounds above that, for all
€ [0,7), for all f € H5~1(Q), the solution u € H'(Q) to (6.4) belongs to H5+1(Q),
and

. ()"
U|| s < = s—
Pl ) S g T ()7 e (N 11
c(s, &
S é ) ||f||Hs_1(Q)7Where
& (K‘r )S/To
(6.19)  e(s,8) = e 7
( (KTODTO)Q/TO (1 + (g?alz_l)Q A§2)> ( 5,,““ )
This proves the claim. 0

According to (6.17), one finds that Emae = 0 only in the particular case where {_ =
Emaz- As a matter of fact, in this case, we know from (5.1) that £(x) = &_ exp(160*)
a.e. in 2. Hence, the operator Dm¢ V is proportional to the Laplacian DV and
the result is trivial: one can even pick any regularity exponent 7 lower than i 3, cf.
Theorem 6.2.

On the other hand, for a piecewise constant coefficient £, one has A¢ = 0, so that once
7o € (0, %) is chosen, (6.18) and (6.19) respectively simplify to:

log (1 - (gfn—w)g)

6.20 Te = min | 79, — € (0, 7] ;
(6:20) ¢ " log2+ 2 log(Kr,Dr,) (@7
§