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Abstract

We consider a community formation problem in social networks, where the users are either friends or
enemies. The users are partitioned into conflict-free groups (i.e., independent sets in the conflict graph
G~ = (V, E) that represents the enmities between users). The dynamics goes on as long as there exists
any set of at most k users, k being any fixed parameter, that can change their current groups in the
partition simultaneously, in such a way that they all strictly increase their utilities (number of friends
i.e., the cardinality of their respective groups minus one). Previously, the best-known upper-bounds on
the maximum time of convergence were O(|V|a(G™)) for k < 2 and O(|V|?) for k = 3, with a(G ™) being
the independence number of G~. Our first contribution in this paper consists in reinterpreting the initial
problem as the study of a dominance ordering over the vectors of integer partitions. With this approach,
we obtain for k < 2 the tight upper-bound O(|V|min{a(G ™), /[V]}) and, when G~ is the empty graph,

3/2
the exact value of order 2D~ The time of convergence, for any fixed k > 4, was conjectured to be

polynomial [EGM12, [KLL13|]. In this paper we disprove this. Specifically, we prove that for any k > 4,
the maximum time of convergence is in Q(|V|©(°& VD),

Keywords: communities, social networks, integer partitions, coloring games, graphs, algorithms.

1 Introduction

Community formation is a fundamental problem in social network analysis. It has already been modeled in
several ways, each trying to capture key aspects of the problem. The model studied in this paper has been
proposed in [KL13] in order to reflect the impact of information sharing on the community formation process.
Although it is a simplified model, we show that its understanding requires us to solve combinatorial problems
that are surprisingly intricate. More precisely, we consider the following dynamics of formation of groups
(communities) in social networks. Each group represents a set of users sharing about some information topic.
We assume for simplicity that each user shares about a given topic in only one group. Therefore the groups
will partition the set of users. We follow the approach of [KL13]. An important feature is the emphasis on
incompatibility between some pairs of users that we will call enemies. Two enemies do not want to share
information. Hence, they will necessarily belong to different groups. In the general model one considers
different degrees of friendship or incompatibilities. Here we will restrict to the case where two users are

*This work has been supported by ANR program Investments for the Future under reference ANR-11-LABX-0031-01.

fPart of this work has been done as PhD student in the project Coati at Université Céte d’Azur and during visits at
Columbia University in the City of New York. This work was also supported by the Institutional research programme PN
1819 ” Advanced IT resources to support digital transformation processes in the economy and society - RESINFO-TD” (2018),
project PN 1819-01-01” Modeling, simulation, optimization of complex systems and decision support in new areas of IT&C
research”, funded by the Ministry of Research and Innovation, Romania, and by a grant of Romanian Ministry of Research and
Innovation CCCDI-UEFISCDI. project no. 17PCCDI/2018.

TPart of this work has been done during his post-doc at Columbia University in the City of New York.
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Total Utility = 24 (socially optimal) | Total Utility = 20 (soc. sub-optimal)
stable under 1,2, and 3-deviations stable under all deviations

Figure 1: A friendship graph with 12 vertices (users). (a) 3-stable partition that is not 4-stable but it
is optimal in terms of total utility. (b) k-stable partition for any k& > 1 that is not optimal in terms of
total utility.

either friends or enemies — as noted in , even a little beyond this case, the problem quickly becomes
intractable. As an example, if we add a neutral (indifference) relation, there are instances for which there is
no stability.

The social network is often modeled by the friendship graph G where the vertices are the users and
an edge represents a friendship relation. We will use this graph to present the first notions and examples.
However, for the rest of the article and the proofs we will use the complementary graph, that we call the

conflict graph and denote by G~ ; here the vertices represent users and the edges represent the incompatibility

relation. We assign each user a wutility which is the number of friends in the group to which she belongs.
Equivalently, the utility is the size of the group minus one, as in a group there is no pair of enemies; in [KL13]
this is modeled by putting the utility as —oo when there is an enemy in the group.

In the example of Figure[l] the graph depicted is the friendship graph: the edges represent the friendship
relation, and if there is no edge then, it corresponds to a pair of enemies. Figure a) depicts a partition of
12 users that is composed of 4 non-empty groups each of size 3. The integers on the vertices represent the
utilities of the users which are all equal to 2. This implies that the total utility is 24. Figure b) depicts
another partition consisting of 5 groups with one group of size 4 (where users have utility 3) and 4 groups
of size 2 (where users have utility 1). Hence, the total utility is 20.

In this study we are interested in the dynamics of formation of groups. Another important feature
of [KL13], taken into account in the dynamics, is the notion of bounded cooperation between users. More
precisely, the dynamics is as follows: initially each user is alone in her own group. In the simplest case,
a move consists for a specific user to leave the group to which she belongs to join another group but only
if this action strictly increases her utility (acting in a selfish manner); in particular, it implies that a user
does not join a group where she has an enemy. In the k-bounded mode of cooperation, a set of at most k
users can leave their respective groups to join another group, again, only if each user strictly increases their
utility. If the group they join is empty then, it corresponds to creating a new group. We call such a move a
k-deviation. Note that this notion is slightly different from that of (k + 1)-defection of [KL13]. We will say
that a partition is k-stable if there does not exist a k-deviation for this partition.

The partition of Figure a) is k-stable when k € {1,2,3}. Indeed each user has at least one enemy in
each non-empty other group. Hence, any user cannot join another group. Furthermore, when k < 3, if k
users join an empty group then, their utility will be at most 2 and will not strictly increase. However, this
partition is not 4-stable because there is a 4-deviation: the four central users can join an empty group and in
doing so they increase their utilities from 2 to 3. The partition obtained after such a 4-deviation is depicted
in Figure (b) This partition is k-stable for any & > 1. Note that the utility of the other users is now 1
(instead of 2). Thus, we deduce that this partition is not optimal in terms of total utility (the total utility
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has decreased from 24 to 20); but it is now stable under all deviations. This illustrates the fact that users
act in a selfish manner as some increase their utility, but on the contrary the total utility decreases. For
more information on the suboptimality of k-stable partitions, i.e., bounds on the price of anarchy and the
price of stability, the reader is referred to [KL13].

1.1 Related work.

This above dynamics has been also modeled in the literature with coloring games. A coloring game is played
on the conflict graph. Players must choose a color in order to construct a proper coloring of the graph, and
the individual goal of each agent is to maximize the number of agents with the same color as she has. On a
more theoretical side, coloring games have been introduced in [PS08] as a game-theoretic setting for studying
the chromatic number in graphs. Specifically, the authors in [PSO8| have shown that for every coloring game,
there exists a Nash equilibrium where the number of colors is exactly the chromatic number of the graph.
Since then, these games have been used many times, attracting attention in the study of information sharing
and propagation in graphs [CKPST0, [EGM12, [KLI3]. Coloring games are an important subclass of the more
general Hedonic games, of which several variations have been studied in the literature in order to model
coalition formation under selfish preferences of the agents [CNSI8| [FMZ17, [Haj06, [HJ17, IMS17, (OBI"17].
We stress that while every coloring game has a Nash equilibrium that can be computed in polynomial-
time [PS08], deciding whether a given Hedonic game admits a Nash equilibrium is NP-complete [Bal04].
In [DBHSO06] the authors consider a special case of binary Hedonic games, close to our model, where every
user considers another user either as a friend or as an enemy. However, unlike in our case, such preferences
may be asymmetric (i.e., u may consider v as a friend, whereas v considers u as an enemy). This implies
that a stable partition may not always exist, whereas it always does in our model. The authors in [DBHSO0G]
have thus focused on the existence of core partitions (a.k.a., k-stable partitions for any k) under different
utility functions. For other works about the existence of core coalitions in such games, and related ones with
neutral preferences, see [OBIT17] and the papers cited therein.

If the set of edges of the conflict graph is empty (edgeless conflict graph) then, there exists a unique
k-stable partition, namely, that consisting of one group with all the users. In [KL13], it is proved that there
always exists a k-stable partition for any conflict graph, but that it is NP-hard to compute one if k is part
of the input (this result was also proved independently in [EGM12]). Indeed, if k is equal to the number of
users then, a largest group in such a partition must be a maximum independent set of the conflict graph.
In contrast, a k-stable partition can be computed in polynomial time for every fixed k < 3, by using simple
better-response dynamics [PS08, [EGM12| [KL13]. In such an algorithm one does a k-deviation until there
does not exist any one. That corresponds to the dynamics of formation of groups that we study in this work
for larger values of k.

1.2 Additional related work and our results.

In this paper we are interested in analyzing in this simple model the convergence of the dynamics with
k-deviations, in particular in the worst case. It has been proved implicitly in [KL13|] that the dynamics
always converges within at most O(2") steps. Let L(k, G™) be the size of a longest sequence of k-deviations
on a conflict graph G—. We first observe that the maximum value, denoted L(k,n), of L(k,G~) over all
the graphs with n vertices is attained on the edgeless conflict graph G? of order n. Prior to this work, no
lower bound on L(k,n) was known, and the analysis was limited to the use of a potential function that only
applies when k < 3 [EGM12, [KL13] giving upper bounds of O(n?) in the case k = 1,2 and O(n?) in the
case k = 3. In order to go further in our analysis, the key observation is that when the conflict graph is
edgeless, the dynamics only depends on the size of the groups of the partitions generated. Following [Bry73],
let an integer partition of n > 1, be a non-increasing sequence of integers @ = (¢1,¢2,-..,qn) such that
@1 >q>...>¢q,>0and > ", ¢ =n. If we rank the groups by non-increasing order of their size then,
there is a natural relation between partitions in groups and integer partitions (the sizes of the groups X;
corresponding to the integers ¢; of the partition of n). By using this relation, we prove in Section |3 that

the better response dynamics algorithm reaches a stable partition in p,, steps, where p, = O((e™V 2n/ 3)/n)
denotes the number of integer partitions. This upper bound is certainly not tight. Indeed, we considered
a worst-case scenario where all possible partitions could be attained with a single sequence of k-deviations.
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k Prior to our work Our results
O(n?) [KL13] exact analysis, that implies L(1,n) ~ % Theorem [8
2 O(n?) [KL13] exact analysis, that implies L(2,n) ~ [CDk Theorem |11
1-2 O(na(G™)) [PSO8] L(k,G™) = Q(na(G7)) for some G~ with a(G~) = O(y/n) | Theorem [14
3 | O(n3?) [EGMI12, KL13] L(3,n) = Q(n?) Theorem |16
>4 O(2") [KL13] L(k,n) = Qn®0)) L(k,n) = Oexp(r+/2n/3)/n) Theorem |15

Table 1: Previous bounds and results we obtained on L(k,n) and L(k,G7).

Nevertheless, this is already far less than 2™, which was shown to be the best upper bound that one can
obtain for k£ > 4 when using an additive potential function [KL13].
Table [[l summarizes our contributions described below.

e For k = 1,2, we refine the relation between partitions into groups and integer partitions as follows.

— In the case k = 1 (Section |4.1]), we prove that there is a one to one mapping between sequences of

1-deviations in the edgeless conflict graph and chains in the dominance lattice of integer partitions.
Then, we use the value of the longest chain in this dominance lattice obtained in [GK86] in order
to determine exactly L(1,n). More precisely, if n = w +r, with 0 <r <m, L(1,n) =
2(’”;1) + mr. The latter implies in particular L(1,n) is of order (’)(n%), thereby improving the
previous bound O(n?).

In Section we prove that any 2-deviation can be “replaced” (in some precise way) either by
one or two 1-deviations. Therefore, L(2,n) = L(1,n).

For k = 1,2 and a general conflict graph G~, the value of L(k,G~) depends on the independence
number a(G~) (cardinality of a largest independent set) of the conflict graph. In [PS08| it was
proved that the convergence of the dynamics is in O(na(G7)). In the case of the edgeless conflict
graph, we have seen that L(1,n) = (’)(n3/2). Hence, the preceding upper bound was not tight.
Thus, we inferred that the convergence of the dynamics was in O(ny/a(G~)). Yet in fact we prove
in Section {4.3|that, for any a(G~) = O(y/n), there exists a conflict graph G~ with n vertices and
independence number «(G~) for which we reach a stable partition after a sequence of at least
Q(na(G™)) 1-deviations.

e Finally, our main contribution is obtained for k > 3. Prior to our work, it was known that L(3,n) =

2

O(n?), that follows from another application of the potential function method [KLI3]. But nothing
proved that L(3,n) > L(2,n), and in fact it was conjectured in [EGM12] that both values are equal.
In Section |5 we prove (Theorem that L(3,n) = Q(n?) and thus we show for the first time that
deviations can delay convergence and that the gap between & = 2 and k = 3 obtained from the
potential function method is indeed justified. It was also conjectured in [KLI3|] that L(k,n) was
polynomial in n for k fixed. In Section we disprove this conjecture and prove in Theorem [15| that
L(4,n) = Q(n®(™)), This shows that 4-deviations are responsible for a sudden complexity increase,
as no polynomial bounds exist for L(4,n).

Notations

Conflict graph. We refer to [BM0§] for standard graph terminology. For the remainder of the paper, we
assume that we are given a conflict graph G~ = (V, E) where V is the set of vertices (called users or players
in the introduction) and edges represent the incompatibility relation (i.e., an edge means that the two users
are enemies). The number of vertices is denoted by n = |V|. The independence number of G—, denoted
a(G7), is the maximum cardinality of an independent set in G~. In particular, if «(G~) = n then the
conflict graph is edgeless, we denote it by G? = (V, E = ), and call it the empty graph.
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Partitions and utilities. We consider any partition P = X;,...,X;,..., X, of the vertices into n
independent sets X; called groups (colors in coloring games), with some of them being possibly empty. In
particular, two enemies are not in the same group. We rank the groups by non-increasing size, that is
| Xi| > | Xiy1]. For any 1 <i <n and for any vertex v € X;, the utility of v is the number of other vertices
in the same group as it, that is | X;| — 1.

We use in our proofs two alternative representations of the partition P. The partition vector associated
with P is defined as K)(P) = (A(P),..., A1 (P)), where \;(P) is the number of groups of size i. The integer

partition associated with P is defined as @ = (q1,¢2,-..,¢n), where ¢; = | X;| and satisfies ¢ > ¢2 > ... >

¢n>0and Y 1 ¢ =n.

In the example of Figure a) we have a partition P of the 12 vertices into 4 groups each of size 3.
Therefore, A\3(P) = 4 and A\;(P) = 0 for i # 3; i.e. /_\>(P) = (0,0,0,0,0,0,0,0,0,4,0,0). The corresponding
integer partition is Q(P) = (3,3,3,3,0,0,0,0,0,0,0,0). In the example of Figure (b) we have a partition
P’ of the 12 vertices into one group of size 4 and 4 groups each of size 2. Hence, A\y(P') =1, Ao(P’') =4 and
Xi(P") = 0 for i ¢ {2,4}; in other words, X)(P’) = (0,0,0,0,0,0,0,0,1,0,4,0). The corresponding integer
partition is Q(P') = (4,2,2,2,2,0,0,0,0,0,0,0).

k-deviations and k-stability. We can think of a k-deviation as a move of at most k vertices which
leave the groups to which they belong in P, to join another group (or create a new group) with the necessary
condition that each vertex strictly increases its utility, thereby leading to a new partition P’. A k-stable

partition is simply a partition for which there exists no k-deviation. We write L(k,G™), resp. L(k,n), for

the length of a longest sequence of k-deviations to reach a stable partition in G~, resp. in any conflict graph
with n vertices. Observe that, as we want to maximize the longest sequence of k-deviations, we will always
start with the partition consisting of n groups of size 1, that is, X(P) =(...,0,0,0,n).

We next define a natural vector representation for k-deviations. The difference vector ? associated with
a k-deviation ¢ from P to P’ is equal to @ = X(P’) - K)(P) In concluding this section, we define the
k-deviations the most used in our proofs and explicit their difference vectors:

e afp,q|, the 1-deviation where a vertex leaves a group of size ¢ + 1 for a group of size p — 1 (valid
when p > ¢ + 2). The non-zero coordinates of the associated vector 3[ ,q] are: when p > g + 2,
ap=1,0p_1=—-1,04g41=—-l,ag=1;and for p=¢+2 (ie.,p—1=qg+1), o =1,ap-1 = qgq1 =
—2,a4=1. For any i ¢ {q¢,q+1,p—1,p}, a; = 0. (we omit for ease of reading the brackets [p, q]).

e 7[p], the 3-deviation where one vertex in each of 3 groups of size p — 1 moves to a group of size p — 3
to form a new group of size p (valid if there are at least 3 groups of size p — 1 and one of size p — 3).
In that case the coordinates of 7[13] are: v, = 1,9p—1 = —=3,%p—2 = 3,7p—3 = —1, and y; = 0 for any
i ¢ {p - 35p - 2,]) - 1vp}

e §[p|, the 4-deviation where one vertex in each of 4 groups of size p — 1 moves to a group of size p — 4
to form a new group of size p (valid if there are at least 4 groups of size p — 1 and one of size p — 4).
In that case the coordinates of ¢ [p] are: 0, = 1,0,—1 = —4,0p_2 = 4,0,—4 = —1, and §; = 0 for any
i¢{p—4,p—2,p—1,p}. As an example, the move from the partition of Figure a) to the partition
of Figure (b), is a 4-deviation with difference vector ?[4]

3 Preliminary results

In [KL13], the authors prove that there always exists a k-stable partition. We give another proof of this
existence which will enable us to obtain a new upper bound. They also proved that it is NP-hard to
compute a k-stable partition if k is part of the input (this result was also proved independently in [EGM12]).
In contrast, a k-stable partition can be computed in polynomial time for every fixed k < 3, by using simple
better-response dynamics [PS08, [EGMI2] [KLI3]. The latter results question the role of the value of k in the
complexity of computing stable partitions.

Formally, a better-response dynamics proceeds as follows. We start from the trivial partition P; consisting
of n groups with one vertex in each of them. In particular, the partition vector A (Py) is such that A;(Py) =n
and, for all other j # 1, X;(P1) = 0. Provided there exists a k-deviation with respect to the current partition
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P;, we pick any one of these k-deviations ¢ and we obtain a new partition P, ;. If there is no k-deviation
then, the partition P; is k-stable. An algorithmic presentation is given in Algorithm

Dynamics of the system (Algorithm

Input: a positive integer k£ > 1, and a conflict graph G~.
Output: a k-stable partition for G™.

1: Let P; be the partition composed of n singletons groups.

2: Set i = 1.

3: while there exists a k-deviation for P; do

4: Set i =1+ 1.

5 Choose one k-deviation and compute the partition P; after this k-deviation.
6: Return the partition P;.

We now prove in Proposition [I| that better-response dynamics can be used for computing a k-stable
partition for every fixzed k > 1 (but not necessarily in polynomial time). It shows that for every fixed k > 1,
the problem of computing a k-stable partition is in the complexity class PLS (Polynomial Local Search),
that is conjectured to lie strictly between P and NP [JPYS8§|. Recall that the problem becomes NP-hard
when k is part of the input.

Proposition 1. For any k > 1, for any conflict graph G—, Algom'thm converges to a k-stable partition.

Proof. Let P;, P;y1 be two partitions for G~ such that P;;; is obtained from P; after some k-deviation ¢.
Let S be the set of vertices which move (|S| < k) and let j be the size of the group they join (j = 0 if they
create a new group). Then, the new group obtained has size p = j + |S|. Note that all the vertices of S
have increased their utilities and so, they belonged in P; to groups of size < p. Therefore, the coordinates
of the difference vector @ satisfy ¢, = 1 and ¢; = 0 for j > p. This implies that K)(PZ) <L 7\>(Pl-+1) where
<y is the lexicographic ordering. Finally, as the number of possible partition vectors is finite, we obtain the
convergence of Algorithm O

The proof of Algorithm [I{implies that L(k,n) (the length of a longest sequence of k-deviations) is finite.
We give here some elementary properties of L(k,n).

Property 2. L(k,n) is always attained on the empty conflict graph G of order n.

Proof. 1t suffices to observe that any sequence of k-deviations on a conflict graph G~ is also a sequence in
the empty conflict graph with the same vertices. O

Note that the converse is not true as it can happen that some moves allowed in the empty conflict graph
are not allowed in G~ as they bring two enemies in the same group.

Property 3. If k' > k, then L(k',n) > L(k,n).

Proof. We recall that by definition, a k’-deviation consists of a move of at most k" vertices. In particular if
k' > k then, a k-deviation is also a k’-deviation. It implies that a sequence of k-deviations is also a sequence
of k’-deviations. O

In fact we will see after that L(1,n) = L(2,n) < L(3,n) < L(4,n). One can note that k’-deviations are
more ”powerful” than k-deviations in the sense that, a single k’-deviation might produce the same modifica-
tion as multiple k-deviations. This does not affect the length of a longest sequence needed to reach a stable
partition, but can reduce the length of a shortest sequence. For instance if we consider the empty graph
G? of order n and start with the partition consisting of n groups of size 1 then, we need at least (n — 1)
1-deviations to reach the stable partition consisting of one group of size n, while we can reach the stable
partition with only [(n — 1)/k] k-deviations.
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Recall that we can associate with any partition P = Xi,...,X,,..., X, of the vertices the integer
partition @ = (¢1,¢2,-..,¢,) such that ¢1 > g2 > ... > ¢, >0and Y., ¢; = n by letting ¢; = | X;|.

The converse is not true in general; as an example it suffices to consider a partition with ¢; > «(G™7).
However the converse is true when the conflict graph is empty; indeed it suffices to associate with an integer
partition any partition of the vertices obtained by putting in the group X; a set of ¢; vertices .

Finally it is worth noting that partition vectors and integer vectors are equivalent representations of
partitions as there is a one-to-one mapping between the partition vector and the integer partition associated
with a partition.

We can now use the value p, of the number of integer partitions (see [HW79]) in order to obtain the
following proposition:

Proposition 4. L(k,n) <p, = @((e”\/?)/n).

Proof. By the proof of Proposition |1} in any sequence of k-deviations the partition vectors of the partitions
obtained are all different. Furthermore as noted above, with two different partition vectors are associated
two different integer partitions. Therefore, L(k, n) is bounded by the number of integer partitions p(n) which

is O((e™V 3" /n) (see [AWTI)). O

Note that this is already far less than 2™, which was shown to be the best upper bound that one can
obtain for £ > 4 when using an additive potential function [KLI13]. Note also that the number of integer
partitions might be much larger than the maximum length of a sequence. Indeed, not all two consecutive
(in the lexicographic ordering) partitions cannot appear in the same sequence. For instance for n = 10, if we
have the partition consisting of two groups of size 5 then, we cannot reach with any k-deviation the partition
with one group of size 6 and 4 groups of size 1. In Section We give a lower bound L(4,n) = Q(ne(h‘(”))),
but it still remains a large gap with the upper bound of Proposition [4

4 Analysis for £ <2

In [KLI13], the authors proved that for k& < 2, Algorithm [I] converges to a stable partition in at most a
quadratic time. They used the total utility (that is the sum of the utilities) as potential function. Indeed
when performing a 1-deviation E>[p, q], a vertex moves from a group of size ¢ + 1 to a group of size p — 1
(with p > ¢ + 2); the utility of this vertex increases by p — ¢ — 1, the utility of the ¢ other vertices of the
group of size ¢ + 1 decreases by 1, while the utility of the vertices of the group of size p — 1 increases by 1.
Thus, the total utility (potential function) increases by 2p —2¢ —2 > 2 as p > g+ 2.

Furthermore, in any partition, the utility of a vertex is at most n — 1 and the total utility is at most
n(n—1)/2. Therefore the number of possible 1-deviations is bounded by n(n—1)/4, that is L(1,n) = O(n?).
Similarly one can also prove that when performing a 2-deviation the total utility increases by at least 2 (see
also Claim . Hence, L(2,n) = O(n?).

In the next subsections we improve this result as we completely solve this case and give the exact (non-
asymptotic) value of L(k,n) when k < 2. The gist of the proof is to use a partial ordering that was introduced
in [Bry73|, and is sometimes called the dominance ordering.

4.1 Exact analysis for k = 1 and empty conflict graph

In [Bry73] the author has defined an ordering over the integer partitions, sometimes called the dominance
ordering which creates a lattice of integer partitions. This ordering is a direct application of the theory of
majorization to integer partitions [OM16].

Definition 5. (dominance ordering) Given two integer partitions of n > 1, Q = (q1,92,--.,qn) and Q' =
(41,5 - -, q,), we say that Q' dominates Q if Z;Zl ¢ > 23:1 qj, for all1 <i<n.
The two next lemmas show that there is a one-to-one mapping between chains in the dominance lattice

and sequences of 1-deviations in the empty conflict graph.

Lemma 6. Let P be a partition of the vertices and P’ be the partition obtained after a 1-deviation ¢. Then,
the integer partition Q' = Q(P') dominates Q = Q(P).
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Figure 2: The lattice of integer partitions for n = 7, with the arcs associated with 1-deviations.

Proof. In the 1-deviation ¢ a vertex v moves from a group Xy, to a group X; with sizes ¢; = |X;| > qx = | Xx|.
W.l.o.g. we can assume that the groups (ranked in non-increasing order of size) are ranked in a such a way
that X is the first group with size |X;| and X}, is the last group with size | Xj|. Thus, the integer partition
Q(P) associated with P satisfies ¢1 > q2... > ¢j—1 > ¢; > qj+1 > ... > @& > Qky1 > ... > Qn. After the
move the groups of P’ are the same as those of P except we have replaced X; with the group X; U {v} and
Xy, with X, — v. Therefore the integer partition @' associated with P’ has the same elements as Q except
q; = ¢; + 1 and gj, = g, — 1. It implies that Q" dominates Q. Note that this lemma holds for any conflict
graph. O

In the example of Figure [2| (case n = T), we have indicated the arcs between two integer partitions Q(P)
and Q(P’), where P’ is obtained from P after some 1-deviation. We did not write in the figure the integers
equal to 0. As an example, consider the partition P with one group of size 3, one of size 2 and two of size 1.
The integer partition associated with P is Q(P) = (3,2,1,1,0,0,0). Let ¢ be the 1-deviation where a vertex
in a group of size 1 moves to the other group of size 1. We obtain the partition P’ with one group of size
3 and two of size 2. The integer partition associated with P’ is Q(P') = (3,2,2,0,0,0,0) which dominates
Q(P). We can also consider the other possible 1-deviations where a vertex in a group of size 1 (resp. 1, 2)
moves to the group of size 2 (resp. 3, 3) getting respectively the integer partitions (3,3,1,0,0,0,0) (resp.
(4,2,1,0,0,0,0), (4,1,1,1,0,0,0)).

For our next result we need to refine Def. |5 as follows. Let Q, @’ be two integer partitions of n > 1. If Q
dominates @’ and there is no other integer partition Q” that simultaneously dominates @’ and is dominated
by @ then, we say that Q covers '. For instance in Fig. [2| the integer partition (3,1,1,1,1) dominates
(1,1,1,1,1,1,1), but it does not cover this integer partition. Indeed, the integer partition (2,1,1,1,1,1)
dominates (1,1,1,1,1,1,1) and it is also dominated by (3,1,1,1,1). However since no such integer partition
exists “between” (2,1,1,1,1,1) and (1,1,1,1,1,1,1), we have that (2,1,1,1,1,1) covers (1,1,1,1,1,1,1).
Brylawski proved a nice characterization of the covering relation, that we will use in our next proof.

Lemma 7. Let G? be the empty conflict graph and let Q, Q' be two integer partitions of n = |V| such that
Q' dominates Q. For any partition P associated with Q, there exists another partition P’ associated with Q'
such that P’ is obtained from P by doing a sequence of 1-deviations.

Proof. As proved in [Bry73|], we have that if ' dominates () then there is a finite sequence of integer
partitions Q°,...,Q",..., Q% with Q@ = Q° and Q' = Q° such that for each 0 < r < s, Q"*! dominates Q"
and differs from it only in two elements 5, and k, with q;:rl =¢; +1and q,::rl =¢;, —1. In fact as proved
in [Bry73], this is equivalent to have Q"1 that covers Q.

The proof is now by induction on r, starting from any partition P® = P associated with Q. For r > 0,
we consider the partition P" associated with Q". Recall that Q™ and Q"*! only differ in the two groups X,
and X . As q;’:rl =gqj +1and q,’;jl =q;, — 1, Pt can be obtained from P" by moving a vertex from X
to Xj,. This move is valid as the conflict graph is empty. (Note that the lemma is not valid for a general

conflict graph.) O

As an example, consider the two integer partitions @ = (2,2,2,1,0,0,0) and @' = (5,1,1,0,0,0,0) where
Q' dominates Q). A possible sequence of integer partitions satisfying the conditions of the proof is Q° = @,
Q' = (3,2,1,1,0,0,0), Q%> = (4,1,1,1,0,0,0), @* = Q" = (5,1,1,0,0,0,0). Partition P! is obtained from
P° by moving a vertex in a group of size 2 to another group of size 2. Then, P? is obtained by moving a
vertex of the group of size 2 to the group of size 3 and P’ is obtained from P? by moving a vertex of one
group of size 1 to that of size 4.
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In summary we conclude that a sequence of 1-deviations with an empty conflict graph corresponds to

a chain of integer partitions, and vice versa. Therefore, by Property [2] the length of a longest sequence of

1-deviations with an empty conflict graph is the same as the length of a longest chain in the dominance

lattice of integer partitions. Since it has been proven in [GKS86] that for n = m(mTH) + 7, the longest chain

m—+1
3

in the Dominance Lattice has length 2("™; ") + mr, we obtain the exact value for L(1,n).

Theorem 8. Let m and r be the unique non-negative integers such that n = m(m+1) 4 r,and 0 < r < m.

2
Then, L(1,n) = 2(™") +mr.

In the example for n = 7, we have m = 3, r = 1 and so, L(1,7) = 11. Such a longest sequence is
(1,1,1,1,1,1,1), (2,1,1,1,1,1,0), (2,2,1,1,1,0,0), then the sequence in the upper part of Figure [2| until
(5,2,0,0,0,0,0), then (6,1,0,0,0,0,0) and (7,0,0,0,0,0,0).

We note that the proof in [GKS86)] is not straightforward. One can think that the longest chain is ob-
tained by taking among the possible 1-deviations the one which leads to the smallest integer partition in
the lexicographic ordering, like for n = 7. Unfortunately this is not true. Indeed let n = 9. After 7 steps
we get the integer partition (3,3,2,1,0,0,0,0,0). Then, by choosing the 1-deviation that gives the small-
est integer partition (in the lexicographic ordering), we get the integer partition (3, 3,3,0,0,0,0,0,0) and then
(4,3,2,0,0,0,0,0,0). But there is a longer chain of length 3 from (3, 3,2,1,0,0,0,0,0) to (4,3,2,0,0,0,0,0,0),
namely, (4,2,2,1,0,0,0,0,0), (4,3,1,1,0,0,0,0,0), (4,3,2,0,0,0,0,0,0). However the proof in [GK86|] im-
plies that the following simple construction works for any n.

Proposition 9. A longest sequence of 1-deviations in the empty conflict graph is obtained by choosing, at
a given step, among all the possible 1-deviations, any one of which leads to the smallest increase of the
total utility.

Proof. We need to introduce the terminology of [GK86]. Note that they consider their chains starting from
the end, and so, we need to reverse the steps in their construction in order to make them correspond to
1-deviations.

e A V-step is corresponding to a user leaving her group of size p—1 for another group of size p—1, thereby
increasing her utility from p — 2 to p — 1. In other words, the deviation vector of such 1-deviation is
d[p,p — 2] for some p.

e An H-step is corresponding to a user leaving her group X; of size ¢ + 1 for another group X; of size
p—12> g+1, but only if there is no other group of size between ¢+1 and p—1 ; in particular, if groups
are ordered by non-increasing size, this means that j = ¢ — 1. Furthermore, note that an H-step can
also be a V-step.

The relationship between V-steps, H-steps and our construction is as follows. At every 1-deviation, the
total utility has to increase by at least two, and this is attained if and only if the deviation vector is E>[p, p—2]
for some p; equivalently, this move is corresponding to a V-step.

Furthermore, if no such a move is possible, then we claim that any 1-deviation 3[ ,q] that minimizes the
increase of the total utility is corresponding to an H-step. Indeed, we have ¢+ 1 < p—1 and, more generally,
all the groups have pairwise different sizes (otherwise, a V-step would have been possible). Furthermore, if
there were a group of size s, with ¢ +1 < s < p — 1, then this would contradict our assumption that the
1-deviation @ [p, ¢] minimizes the increase of the total utility.

As proved, e.g., by Brylawski [Bry73|, starting from any integer partition with at least two summands
(i.e., gn # 1), it is always possible to perform one of the two types of move defined above. These two types
of move actually correspond to the two cases when an integer partition can cover another one (see also the
proof of Lemma |z| for a different formulation).

Therefore, our strategy leads to a sequence of 1-deviations where all the moves correspond to either a
V-step or (only if the first type of move is not possible) to an H-step. By a commutativity argument (Lemma
3 in [GK80)]) it can be proved that as soon as no move @ [p, p — 2] (corresponding to V-steps) is possible for
any p, every ulterior move of this type will correspond to both a V-step and an H-step simultaneously (i.e.,
the deviation vector will be E>[p7 p—2] for some p, and there will be no other groups of size p—1 than the two
groups involved in the 1-deviation). Therefore, the sequences we obtain are corresponding to a particular
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case of the so-called HV-chains in [GK86G]. Finally, the main result in [GK86] is that every HV-chain is of
maximum length. O

In what follows, we will reuse part of the construction in [GKS86] for proving Theorem

4.2 Analysis for k = 2

Interestingly we will prove that any 2-deviation can be replaced either by one or two 1-deviations. This will
allow us to prove in Theorem 11| that L(2,n) = L(1,n).

Claim 10. If the conflict graph G~ is empty, then any 2-deviation can be replaced either by one or two
1-deviations

Proof. Consider a 2-deviation which is not a 1-deviation. In that case, two vertices u; and u; leave their

respective group X; and X; (which can be the same) to join a group Xj. Let |X;| > |Xj|; in order for the
utility of the vertices to increase, we should have | Xj| > |X;| — 1 (> | X;| —1).

e Case 1: |Xj| > |Xj|. In that case the 2-deviation can be replaced by a sequence of two 1-deviations
where firstly a vertex u; leaves X to join X}, and then a vertex u; leaves X; to join the group X, U{u;}
whose size is now at least that of X;.

o Case 2: |Xy| = |X;|—1=1|X;]—1=p—2and X; = X;. In that case, the effect of the 2-deviation
is to replace the group X; of size p — 1 with a group of size p — 3 and to replace the group Xj of
size p — 2 with a group of size p. The difference vector ? associated with the 2-deviation has as
non-null coordinates ¢, = 1,¢,_1 = —1,p_2 = —1,¢,_3 = 1. We obtain the same effect by doing
the 1-deviation ﬁ[p, p — 3] where a vertex leaves X}, to join Xj.

o Case 3: | X;| =|X;| —1=]|X;| —1=p—2and X; # X;. In that case, the effect of the 2-deviation is
to replace the 2 groups X; and X; of size p — 1 with two groups of size p — 2 and to replace the group
X, of size p — 2 with a group of size p. The difference vector ? associated with the 2-deviation has as
non-null coordinates ¢, =1, 9,1 = —2,¢p_2 = 1. We obtain the same effect by doing the 1-deviation
A [p, p — 2] where a vertex leaves X; to join Xj.

Note that the fact that G~ is empty is needed for the proof. Indeed, in case 2 it might happen that all the
vertices of X, have some enemy in X; and so, the 1-deviation we describe is not valid. Similarly, in case 3,
it might happen that all the vertices of X; have some enemy in X; and so, the 1-deviation we describe is
not valid. o

Theorem 11. L(2,n) = L(1,n).

Proof. Clearly, L(2,n) > L(1,n) as any 1-deviation is also a 2-deviation. By Property[2] the value of L(2, n)
is obtained when the conflict graph G~ is empty. In that case, Claim [10|implies that L(2,n) < L(1,n). O

4.3 Analysis for k < 2 and a general conflict graph

By using the potential function introduced at the beginning of this section, Panagopoulou and Spirakis
([PS08]) proved that for every conflict graph G~ with independence number o(G ™), the convergence of the
dynamics is in O(na(G7)). Indeed as we have seen each 1-deviation increases the total utility by at least 2.
But the total utility of a stable partition is at most n(a(G~) — 1) as the groups have maximum size «(G™).
If the conflict graph is empty, we have seen that L(1,n) = ©(n3/?), that is, in that case O(n\/a(G~)). This
led one of us ([Ducl6b], page 131) to conjecture that in the case of 1-deviations the worst time of convergence
of the dynamics is in O(ny/a(G~)). We disprove the conjecture by proving the following theorem:

Theorem 12. Forn = (m;'l), there exists a conflict graph G~ with a(G~) = m = O(y/n) and a sequence

of (mg_l) valid 1-deviations, that is, a sequence of Q(n%) = Q(na(G™)) 1-deviations.

10
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Proof. The reader can follow the proof on the example given after for m = 4 and on Figure [3] We will use
part of the construction of Greene and Kleitman ([GK86]). Namely, they prove that, if n = (™), there
is a sequence of (m; 1) 1-deviations transforming the partition P; consisting of n groups each of size 1 (the
coordinates of A (P;) satisfy A\; = n) into the partition P,, consisting of m groups, one of each possible size
s for 1 < s < m (the coordinates of A (P,,) satisfy A; =1 for 1 < s < m). Furthermore they prove that the
moves used are V-steps (see the proof of Proposition E[) which are nothing else than 3[ ,p — 2] for some p
(one vertex leaves a group of size p — 1 to join a group of the same size p — 1). One can note that in such a
move the utility increases exactly by 2, and as the total utility of P, is > ;- i(i — 1) = (m+1)m(m —1)/3,
the number of moves is exactly (m + 1)m(m —1)/6.

The conflict graph of the counterexample consists of m complete graphs K7,1 < j < m, where K7 has
exactly j vertices. An independent set is therefore formed by taking at most one vertex in each K 7 and
a(G™) =m. We will denote the elements of K7 by {z]} with 1 <i < j < m. The group of P, of size s will
be X [m] = szn+1—s with m + 1 — s < j < m. Thus, these groups are independent sets.

The idea of the proof is to create the groups of P,, by moving in successive phases p, 1 < p < m — 1,
the vertices xf“ starting from x’f“ until xg“. More precisely, recall that n = m(m + 1)/2. For each
p,1 < p < m, let us denote by P, the partition consisting of 1 group of each size s for 1 < s < p, namely
Xs[p] = Uxi)ﬂfs with p+1—s < j < p, (these groups form a partition of the vertices xz with1 <i<j<p)
plus n —p(p+1)/2 groups of size 1 (corresponding to the vertices xf withl <i<jandp+1<j<m) We
will show in Claim |13| that we can transform the partition P, into P,11 with p(p + 1)/2 valid 1-deviations.

Claim 13. For any 1 < p < m — 1, there exists a sequence of p(p+1)/2 valid 1-deviations which transform
the partition P, into Pyy1.

Proof. (See example given after the proof.) In a first subphase, we move the vertex xf“ successively to
the group X [p], then to X3[p] and so on until X,[p]. After these p 1-deviations we have created the group
Xpalp+1] = X,p[plU {22} = Ja) for 1 < j < p+ 1. In the general subphase 1 < h < p, we move via
(p+1— h) 1-deviations the vertex 22" successively to the group X;[p], until X, 4[p], therefore creating

the group X,qo_p[p+1] = Umi for h < j < p+ 1. To conclude the proof we have to note that all these
1-deviations are valid, as we move a vertex from KP*! successively to groups containing vertices from |J K7,
for 1 < j < p (and there is no edge between this vertex and the vertices of these groups). o

Thus, by applying m — 1 times the previous claim, we can transform the partition P; into P,, with
Z;:ll plp+1)/2=("F 1) 1-deviations, therefore proving the theorem. O

Example for m = 4. (See Figure [3)

Partition P; consists of the group X;[1] = {z1}. Following the proof of Claim [13|for p = 1, the partition
P, is obtained by moving x? to X;[1], thereby creating the group X»[2] = {x1, 22} (the group of size 1 of P,
being X1[2] = {#3}). By the proof of Claimfor p = 2, the partition Pj is obtained by doing the 3 following
1-deviations: first we move x3 to X;[2] and then X5[2], thereby creating the group X3[3] = {z1, 22, 23 }; then
we move x3 to X1[2] for creating the group X»[3] = {23,235} (the group of size 1 of P3 being X;[3] = {x3}).
Similarly, the partition P; is obtained by doing the following 6 1-deviations: first we move z{ to X;[3],
then X5[3] and X3[3] for creating the group X4[4] = {z1, 2%, 23, 21}; then we move z3 to X;[3] and then
X,[3] for creating the group X3[4] = {z3, 23,23}, and finally we move 3 to X;[3] for creating the group
Xo[4] = {z3, 3} (the group of size 1 of Py being X;[4] = {z3}).

We can prove a theorem analogous to Theorem [12| when a(G™) = O(y/n).

Theorem 14. For any o = O(y/n), there exists a conflict graph G~ with n vertices and independence
number a(G~) = a and a sequence of at least Q(na) 1-deviations to reach a stable partition.

Proof. Let Gy be the graph of Theorem [12|for m = a. Gy has ng = O(a?) vertices, independence number
«, and furthermore there exists a sequence of ©(a?) valid 1-deviations for Gy . Let G~ be the graph obtained
by taking the complete join of kK = n/ny copies of Gy (i.e., we add all possible edges between every two
copies of Gy ). By construction, G~ has order n = kng = O(ka?) and the same independence number « as
G, . Furthermore, there exists a sequence of kO (a?) = Q(na) valid 1-deviations for G~. O

11
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Figure 3: Illustration for Example 4.

Note that in any 2-deviation the total utility increases by at least 2. Hence, the number of 2 deviations is
also at most O(na(G~)) when the conflict graph has independence number «(G ™). This bound is attained
by using only 1-deviations as proved in Theorem which is also valid for k = 2.

5 Lower bounds for k > 2

The classical dominance ordering does not suffice to describe all k-deviations as soon as & > 3. Indeed
Lemma El is no more valid. Let P be a partition of the vertices and P’ be the partition obtained after a
k-deviation ¢. Then, if k& > 3 the integer partition Q' = Q(P’) does not necessarily dominate Q = Q(P).
Let us give an example. As noted before, there is only one k-stable partition Pj,q; in the empty conflict
graph G?, namely, the one consisting of one group of size n, with integer partition Qe = (n,0,...,0) and
partition vector (1,0, ...,0). Let d(Q) be the length of a longest sequence in the dominance lattice from the
integer partition @) to the integer partition Q;,q.. For k = 4, let P be the partition consisting of 4 groups of
size 4 and one group of size 1. We have Q(P) = Q = (4,4,4,4,1) (we omit the 0’s). Apply the 4-deviation
§[5] where one vertex of each group of size 4 joins the group of size 1; it leads to the partition P’ with
integer partition Q' = (5,3,3,3,3). @ is uniquely covered in the dominance lattice by the integer partition
(5,4,4,3,1) while @’ is at distance 3 from it via (5,4,3,3,2) and (5,4,4,2,2) and so, d(Q’) > d(Q) + 2.
Furthermore we note that the total utility of P is 48 while that of P’ is 44, a smaller value.

Prior to our work, it was known that L(3,n) = O(n?) [KL13]. But it was unknown whether L(3,n) >
L(2,n), and in fact it was conjectured in [EGMI2] that both values are equal. It was also conjectured
in [KL13] that L(k,n) was polynomial in n for k fixed. We disprove this conjecture and prove in Theorem [I5]
that 4-deviations are responsible for a sudden complexity increase. Indeed, we prove that no polynomial
bounds exist for L(4,n) (Theorem [15)).

Theorem 15. L(4,n) = Q(n®(™),

The tools developed in the proof of Theorem [15| can also be used in the case k = 3 in order to prove for
the first time that deviations can delay convergence and that the gap between k = 2 and k = 3 obtained
from the potential function method is indeed justified (Theorem .

Theorem 16. L(3,n) = Q(n?).

The main idea of the proofs of these theorems is to do repeated ordered sequences (called cascades) of
deviations similar to the one given in the example above (all these sequences are obtained by using a similar
procedure, but with a first group of different size).

We give the proof of Theorem [I6] in Section [5.2] In the following, we give the proof of Theorem [I5] for
k = 4. We use ordered sequences (cascades) of 4-deviations d[p] (defined in the introduction) and various
additional tricks such as the repetition of the process by using cascades of cascades. For completeness, we

12
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recall here the definition of d[p].

Definition of d[p]: Consider a partition P containing at least 4 groups of size p — 1 and 1 group of size
p—4. In the 4-deviation §[p] one vertex in each of the 4 groups of size p — 1 moves to the group of size p — 4
to form a new group of size p.

The example given at the beginning of this section corresponds to the case p = 5 and the one given in
Figure [1) to the case p = 4. Our motivation for using §[p] as a basic building block for our construction is
that it is the only type of 4-deviation which decreases the total utility.

Figure [4] gives a visual description of the cascades used in the proof. The proof uses a value ¢ which will
be chosen at the end of the proof. In the figure, ¢ = 16. Here we first do an ordered sequence of ¢ translated

4-deviations, with associated vectors ¢ [p], 0 [p — 1],..., ?[p — t + 1] represented by black rectangles. The
cascade obtained, called d ![p,t], is represented by the red big rectangle. Then we do an ordered sequence
of (t — 2) such cascades, i.e. & '[p,t], dt[p,t —1],..., § }[p,t — 3], that are represented by red rectangles.
In doing so we get the cascade & 2[p,t — 2] which contains 16 x 14 = 224 4-deviations. We apply some 1-
deviations represented in white to get a deviation called ¢ %[p], represented by the big yellow rectangle, which
will have the so-called Nice Property (Definition (few non-zero coordinates and symmetry properties)
enabling us to do recursive constructions.

We repeat the process by doing ordered sequences of this new cascade C but with translatlons of 2

instead of 1. More precisely we do successively the 7 cascades ¢ 2[p] Q 2p-12], ¢ [p 4],..., C [p—12]
represented by yellow rectangles. After some additional 1-deviations (represented in Whlte) we get the cascade

called ¢ 3[p], that is represented by the big blue rectangle; this cascade still has the Nlce property Then, we

do a cascade of 5 of these cascades, but now with a translation of 3, namely ( 3[p] C 3p-3],..., ¢ 3[p —15]
(represented by blue rectangles). After some additional 1-deviations (represented in white) we get the

cascade called ?4[1)] (represented by the big green rectangle) that still has the Nice property. Finally the
figure represent the ordered sequence of 3 of these cascades (with a translation of 5), namely ¢ *[p], ?4[;9 —
5], ¢ 4[p — 10], that are represented by green rectangles. After some 1-deviations (represented in white) we
get the bigger cascade called ¢ °[p] (represented by the turquoise rectar§le We contmue the construction
with a sequence of 3 of them (with a translation of 8), namely ? Ip], ¢5p — 8], C ®[p — 16], plus some 1-
deviations in order to ggt a cascade ( ®[p| (represented by the big grey rectangle). Th_e> reader has to realize
that, in this example, ¢ %[p] contains 3 cascades ( °[p], each containing 3 cascades ¢ *[p], each containing

5 cascades ( 3[p], each containing 7 cascades ( ?[p]. Altogether the cascade ( ®[p] of this example contains
3 x 3 x5 x7x224 = 70560 4-deviations d[p] plus many 1-deviations.

5.1 Case k = 4. Proof of Theorem [15]

Note that after the 4-deviation §[p] we get a new partition P’ with one more group of size p, 4 less groups of
size p — 1, 4 more groups of size p — 2, and one less group of size p — 4. This is expressed by the coordinates
of the associated difference vector (where we omit the bracket [p] for ease of reading).

Difference vector ?[p]: The difference vector ?[p] has the following coordinates: 0, = 1,0,—1 =
—4,0, 2 =4,0,_4 = —1, and d; = 0 for all other values of j. See Table 2}

0, 0p1 Op2 Ops Opa .
0 1 -4 4 0 -1 0.

Table 2: Difference vector of d[p].

The cascade ?1 [p, t]: We first do a cascade consisting of an ordered sequence of ¢ translated 4-deviations
8[pl,8[p—1],...,0[p—t+1], for some parameter ¢ > 4, that will be chosen later to give the maximum number
of 4-deviations.
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Figure 4: Cascades of cascades.

In what follows we represented a cascade ® by the vector @_{; (as we are mainly interested in the sequence
obtained) but we implicitly consider ® as an ordered set of deviations which corresponding vector 8 is equal
to the sum of the corresponding vectors of the deviations.

The reader can follow the construction in Table 3| with ¢ = 7. The coordinates of ?1[1), t] are given in
Claim [I7]and Table[dl We note that there are a lot of cancellations and only 8 non-zero coordinates. Indeed
consider the groups of size p — i for 4 < ¢ <t — 1; we have deleted such a group when doing the 4-deviation

[p+4 —1], then created 4 such groups with § [p+2 — 4], then deleted 4 such groups with ?[p—!— 1—14], and
finally created one with ¢ [p — ¢]. The reader can follow these cancellations in Table 3| for ¢ = 4,5,6. The
variation of the number of groups of a given size p —i (which corresponds to the coordinate 511)_1-) is obtained
by summing the coefficients appearing in the corresponding column and is 0 for p — 4,p — 5,p — 6.

=1
P )
6p 1 =-3,0p =106, 3=1,6, ,=—1,6, , 1 =3,0, 4 o=—1,08, 3=—1, and 6] =0 for all the
other values of j (see Table .

Claim 17. For 4 <t < p — 3, the coordinates of the cascade ?1[]), t] = Zf;é 7[;0 — i) satisfy: O}
)
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.  p p—1 p—-2 p—-3 p—4 p-5 p—6 p—7 p—8 p—9 p—10 ..

3 [p] 01 4 4 0 -1 0 0 0 0 0 0 0.
o[- 1] L0001 4 4 0 1 0 0 0 0 0 o.
o [p—2] L0 0 0 1 4 4 0o -1 0 0 0 0 0.
43 [p—3] L0 0 0 0 1 4 4 0 1 0 0 0 0.
3 [p— 4] L0 0 0 0 0 1 4 4 0o -1 o0 0 0.
+ 3 [p— 5] 000 0 0 0 0 4 40 4 0 0.
+ 73 [p— 6] 000 0 0 0 0 1 4 0 1 0.
=5 p,7] L0 1 3 1 1 0 0 0 -1 3 1 1 0.

Table 3: Computation of 6*[p, 7].
SOl 0L, 6, . 8, o, 0, 0.,
0 1 3 1 1 0.0 -1 3 1 1 0

Table 4: Difference vector 6*[p, t].

Proof. We have 0} = Zf;é djlp —i]. For a given j, §;[p —i] = 0 except for the following values of i such

that 0 < ¢ <t—1: i = p—j where §;[j] = 1; ¢ = p—j — 1 where §;[j + 1] = —4; i = p — j — 2 where
3l +2]=4;i=p—j—4 where §;[j +4] = —1 (in the table it corresponds to the non-zero values in a
column, whose number is at most 4). Therefore, for j > p: 5]1- =0; 6; =1 611,_1 = —4+4 1= -3 (since
t22);5]1)72:4—4—|—1:1(sincetZS); 611)73:0—1—4—44—1:1(sincet24);forp—42j2p—t+1,
0y j=—1+0+4-4+1=0;0, ,=—-1+0+4—4=—1(sincet >4andt<p);dy , , =—-1+0+4=3
(sincet >3and t <p—1);6, , y=—-1+0=—1(sincet >2andt <p—2);6, , 3= —1 (since t > 1 and
t <p—3)and, for j <p—t—4,0d; =0. o

Validity of the cascades. We have to see when the cascades are valid, that is, to determine how many
groups we need at the beginning. For the cascade ?1[ ,t] we note that the coordinates of any subsequence
of the cascade, i.e., the coordinates of some § [p,r], are all at least —1 except 611)_1: which is —4 when r =1
and then —3. Therefore such a cascade is valid as soon as we have at least 4 groups of size p — 1 and one
group of each other size p —i (4 <14 < ¢+ 3). Let us now introduce the notion of an h-balanced sequence to
deal with the general validity of cascades.

— ,
Definition 18. Let h be a positive integer and let ® = 23:1 ?] be a cascade consisting of s ordered k-
deviations. We call this cascade h-balanced if, for any 1 < r < 's, the sum of the r first vectors, namely,
22:1 ?J, has all its coordinates greater than or equal to —h.

The interest in this notion lies in the following Property [I9

%
Property 19. Let pmax be the largest index j that satisfies ® ; # 0. If we start from a partition with at
least h groups of each size j such that 1 < j < pmax, then an h-balanced sequence is valid.

Note that the ppax coordinate is positive as it corresponds to a creation of a group and so we do not

need the existence of groups of size pyax. For example, the cascade § ![p,t] described before is 4-balanced.
Thus, if we have 4 groups of each size j, 1 < j < p, then the sequence is valid. We have seen above that
in fact we do need so many groups for a size < p — 2; but the use of h-balanced sequences will simplify the
computations and enable to get recursive properties.

Note that a sequence is itself composed of subsequences, and the following lemma will be useful to bound
the value h of a sequence.

- — = =
Lemma 20. Let ®' be an hi-balanced sequence and ®2 be an ho-balanced sequence. Then, &1 + ®2 is a
(mazx {h1, ha — min;®}})-balanced sequence.
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®! are greater than or equal to —h;.

- = — —
Consider a subsequence ®' + ®2 where ®3 is a subsequence of ®2. The jth coordinate is <I>; + <I>§?; by
definition CI>? > —ho and so, <I>]1- + <I>§’ > <I>} — hg > miniCPZ1 — ha. o

%
Proof. As ®! is hi-balanced, the coordinates of any subsequence of

The cascade 02 [p, t—2]: We do now the following sequence of t —2 cascades e [p,t—2] = ZZ;S’ g [p—
i,t]. Altogether we have a sequence of t(t — 2) 4-deviations. There are a lot of cancellations, and in fact,

as shown in Claim ?2[p,t — 2] has only 10 non-zero coordinates. Table |5 describes an example of
computation of ?Q[p, t—2] witht=17.

.. p p—1 p—>5 p—9 p—13 p—14
5 p, 7] L0 1 3 1 0 0 -1 3 -1 -1 0
+9lp-17 .0 0 1 -3 0 0 0 -1 3 -1 -1 0
Y 9p—27 .0 0 1 3 1 00 0 -1 3 -1 -1 0
+3'p-37 .00 O ©0 1 3 1 1 0 0 0 -1 3 -1 -1 0
+3p-47 .0 0 0 0 0 3 1.1 .0 0 0 1.3 1 4
—9%p5 .0 1 2 1 0 0 1 20 2 1 0 0 1 =2 1

Table 5: Computation of 62[p, 5].

Claim 21. For 5 <t < &, the coordinates of the cascade ?2 [p,t — 2] = Zf;g ?l[p — i, 1] satisfy: 512) =1,
6;,1 ==2,00 5y =-1,02 ; o=-1,0,,,=2,00 , 1 =202, 5=1,0 5,0 =1,0 54 =2,
059 = —1, and (5?- = 0 for all the other values of j (see Table @ Furthermore this cascade is 4-balanced.

2 2 2 2 2 2 2 2 2 2 2
5;0 5}771 6}772 6p7t+2 6p7t+1 6p7t 6p7t71 5;07 —2 6p72t+2 6p72t+1 6p72t

. ¢
0 1 -2 -1 0 -1 2 0 2 1 0 1 -2 -1 0

Table 6: Difference vector of 6%[p,t — 2.

Proof. We have 5? = Z:;S’ 5} [p — i,t]. Furthermore, by the hypothesis we have 4 <t < p —i — 4 for every
0 <i<t—3, and so, we can apply Claim By using the values of 6]1 [p —i,t], we get that: for j > p,
67 =0;02 =162, =-34+1=-20,=1-34+1=—1(sincet >5);forp—3>j>p—t+3,
5]2- =14+1-341=0;82 ;,,=141-3=-1;62, ,=14+1=282 , =-14+1=0;02, ;, =3-1=2;
67 4 o=—143-1=1iforp—t—-3>j>p—2t+3,0=-1-143-1=0;07 o,,p=—-1-1+3=1;
5[2)_%“ =—-1-1=-2 5%_% = —1, and for j < p — 2t, 5? =0.

By using Lemma 20| we get that ?2 [p,t—2] is 7-balanced; but a careful analysis shows that this sequence
is in fact 4-balanced. Indeed, we will prove by induction that ?Q[p, =31 ?1[]9 —i,t] is 4-balanced for
any r < t — 2. That is true for r = 1, as ?l[p, t] is 4-balanced. Suppose that it is true for r. We have to
prove that any subsequence 3 of ?Q[p,r +1] = ?Q[p7 r] 4+ ?1[19 —r — 1,t] has all its coordinates > —4.
That is true by induction hypothesis if ® is a subsequence of § 2[p,r]. Otherwise ® consists of ?ﬂp, 7]
plus a subsequence of & '[p — 7 — 1,#]. All the coordinates of & %[p,r] are at least —3, because the sum of
the coordinates in any consecutive subsequence of & ![p,] is at least —3. Furthermore, as seen before the
coordinates of ?1[]3 —r — 1,t] are greater than —1, except, for j = p — r — 2, where the coordinate is > —4.
Therefore, for all values of j # p—r—2, &; > =3 —1= —4. For j = p—r —2, we have §_,_,[p,r] =1 (case
r=1)or 2 (case r > 1) and so, ®,_,_2 > 1 —4 = —3. In summary all the coordinates of any subsequence

%
o of ?Q[p, r + 1] are at least —4. Therefore by induction ?Q[p,t — 2] is 4-balanced. o

At this stage we could continue and do a cascade of ?Z[p,t — 2], but there is no more the phenomenon
of cancellation. In fact we will use the following “symmetrization” trick. We will transform the cascade
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?Q[p,t — 2] into a sequence ?Q[p] by doing some sequence of 1-deviations whose coordinates are given in
Claim The sequence obtained has only 8 non-zero coefficients (4 with values 1 and 4 with values —1)
arranged in a very symmetric nice way (that we will call Nice Property). Furthermore we will be able to
iterate a cascade process on it many times while preserving the Nice property.

For p > q + 2, we recall that 3[ ,q] is the 1-deviation Where a vertex leaves a group of size ¢ + 1 for a
group of size p — 1 (valid as p > ¢ + 2). Let @'[p,q,7] = >/, 0, ' d[p —i,q + i) denote a cascade of r such
1-deviations (we need p—r+1 > g+r+2). The coordinates of @ [p, ¢, r] are given in the following Claim
Claim 22 Forp—r>q+r+1, Eﬂ[p7 q,r] = Z::_ol a)[p— i,q+1] has only 4 non-zero coordinates, namely,
a =1, a _, =1, aéJrT:—l, andaézl.

Table [7] shows an example with ¢ = 7.

Therefore, by using these values and the values of the coordinates of 5? given in Claim we get (12) =1,

31:—2+1+1_0 G -1, 3=0-1=-1,¢ ., =—-1+1=0,¢ ,,, =2-1-1=0,
G i=04+1=1,¢ 1_2—1_1 Gy 2_1—1_0 gg b 3=0-141=0,( 5, p=1-1-1=-1,

Cp 2f+1772+1* LGy =—1+1=0¢ 5 1*0+1*1

To prove that C [p] is 4-balanced, apply Lemma [20| with <I> 1= ?Z[p t—2] and <I>2 —>1[ —1,p—2t—
Lt—2+atp—1,p—2t,1] + —>1[p—t+2 p—2t4+1,1]+a[p—t, p—t—3 1]. We have that hy = 4 and
furthermore all the coefficients of ®' are greater than —2. Furthermore, we claim that <I>2 is 2-balanced.
Indeed, the four sequences of 1-deviations we use are clearly 1-balanced, and all their coordinates are at
least —1. Therefore, the sum of any two such sequences is always 2-balanced. Now, we can observe that all
the coordinates in En[p —1,p—2t—1,t—2]+ En[p —1,p— 2t,ﬂ are at least —1. Therefore, we can apply
Lemma 20| to Alp—1,p—2t—1,t—2]+a p—1,p—2t,1] with &’ [p—t,p—t—3,1]. Again, we can observe

17

. p p—1 p—7 p—28 p—15
3 2[p, 5] o1 2 -1 0 0 -1 2 0 2 1 0 0 1 -2 -1 0
dp—1,p—15,5 0 0 1 o 0 0 0 -1 0 0 o -1 0 0 0 O 1 0
3@—1,]9—14,2] 0 0 1 o -1 0 0 O 0 0 o -1 0 -1 0 1 0 0
+3dp-5p—131] 0 0 0O 0 0 0O 1 -1 0 0O 0 0 0 -1 1 0 0 0
+3d[p—17,p—10,1] 0 0 0 0o 0 0 0 O 1 -1 -1 1. 0 0 0 O 0 0
= (?p] 0 1 0 -1 -1 0 0 O 1 1 o 0 0 -1 -1 0 1 0
Table 7: Computation of (?[p] with t = 7.
Claim 23. For5<t<?ZE T the coordinates of the sequence C ?2 [p,t — [ —1,p—2t—1,t—
2}+—>1[ —lp—2t2l+dlp—t+2,p—2+1,1+ap tpftf?)l] satzsfy (=1, ¢, —71,
3 3=—1, Cg_t =1, C[z)—t—l =1, C§_2t+2 =—1, C§_2t+1 -1, Cp 91 = 1 (see Table@) Furthermore this
cascade 1is still 4-balanced.
: ng 13—1 1%—2 45—3 g—t C;%—t—l <§—2t+2 <§—2t+1 C§—2t <£—2t—1
01 0 -1 -1 0...0 1 1 0...0 -1 -1 0 1 0...
Table 8: Difference vector ¢?[p].
Proof. By Claim [22} we have the following coordinates:
e for 5>1[p— 1,p—2t—1,t— 2], 0411)71 =1, azl,ftJrl =-1, 04117 s =L, o 1 =1;
e for a’l[p—1,p—2t,2], ap 1=l 3=—10p o 0=—1,0, 5, =1
o for dlp—t+2p—2t+1,1, al =10l 1 =-10a 5 =-10a 4, =1
o for al[p—t,p—t—3,1], oy =1lal ,  =-1l,a, , o=—1,a, , 3=1
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that all the coordinates in o [p—1,p—2t—1,t—2]+ @ [p—1,p—2t, 1|+ p—t,p—t— 3 1] are at least —1.

Therefore, we can apply Lemmato alp— 1,p—2t—1,t—2]—|—_>1[ —Lp—2t,1]+d ' p—t,p—t—3,1]
with o’ *[p —t+2p -2+, 1].
Hence, ¢ 2[p] is max(4,2 + 2) = 4-balanced. o
_>

Definition 24. Nice Property: Let k > 2 be a positive integer. We say that the sequence ¢ *[p] has
the Nice Property, if there exist three integers a(k), b(k), and s(k) satisfying 1 < a(k) < b(k) < 2a(k) and
b(k) < s(k) — 1 < p/2 and all coordinates of (* are null except for:

* CIIJC p+1 2s(k) — L,

k _ rk _ rk _ rk _
® Cp—alk) = Sp—b(k) = Spr1-2s(k)+b(k) = Spti-2s(k)+a(k) = —1» and

=1.

k _ ~k
® Corimsh) = Sps(h)

We note the symmetry of the coordinates, as for any j, C;f_ As an example, the sequence

_(k
N i = Cpri-2s(h)+ge
¢ 2[p] satisfies the Nice Property with a(2) = 2, b(2) = 3 and s(2) =t + 1 and is 4-balanced. Now we will

%
show how starting with a sequence ( *[p] satisfying the Nice Property we can construct a sequence ¢ *+1[p]
having still the Nice Property.

%
Claim 25. Main construction: Let ¢ *[p] be a sequence satisfying the Nice Property with parameters

a(k),b(k),s(k) and with p > 3s(k) — 2 — b(k). Then we can construct a sequence ?’”‘1 [p] satisfying the
following properties:

%
o (**1[p| satisfies the Nice Property with parameters :

e a(k+1)=0b(k),

o b(k+1)=0b(k)+a(k),

o s(k+1) = s(k)+ a(k)r(k)/2, where r(k) is the largest even integer such that r(k)a(k) + b(k)
s(k) —1;

o if M) is h(k)-balanced, then C*+[p] is (h(k)+ 1)-balanced;
o Z}k"'l[p] contains r(k) 4+ 1 sequences ?k[p]

Proof. (The reader can follow the proof on the example of Figure I 4] that is detailed after the proof.) We will
first do a cascade of C ¥[p], but we will take values of the parameters differing by a multiple of a(ﬁ) in order for
some of the coordinates to cancel (translation of a(k)) . Specifically, let us define ¥" = Z;:o C*lp—ja(k)).

We suppose for reasons explained below that r is even and non-zero such that p—b(k) —ra(k) > p+1—s(k).
Using the values of Definition we get the following values for the non-zero coordinates:

(1) ¥y =1; 1/;;7]@(@ =—-1+1=0for 0 < j <r (cancellation); v, —1;

—(r+1)a(k) —
(2) 11p2+1_2s(k)+a(k) =—1; 1/;;+1_2S(k)_(j_1)a(k) =1-1=0for 0 < j < r (cancellation); w;—i—l—Qs(k)—ra(k) =

(3) for0<j <, Yp_b(k) —1;

—ja(k) —

(4) for0<j <7, ¢" —1;

Pt 1-25(k) +b(k)—ja(k) =
(5) for 0 <7 <7 %P1 sty jak) = Vo—sth)—ja(k) = L

Since a(k) < b(k) < 2a(k), all the indices of the coordinates are different provided we choose r even and
non-zero such that p—b(k) —ra(k) > p+1—s(k) (that is equivalent to ra(k)+b(k) < s(k) —1). Furthermore
we claim that all the indices are positive. Indeed on one hand the smallest index is p + 1 — 2s(k) — ra(k).
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However on the other hand we have p + 1 — 2s(k) — ra(k) > p + 2 — 3s(k) + b(k) > 0 as we assume
p > 3s(k) — 2 —b(k).

Let us denote a(k + 1) = b(k); b(k+ 1) = b( l +a(k) and s(k+1) = s(k) + a(k)r/2.
Among the 4r 4+ 8 non-zero coordinates of U", 8 of them correspond to the non-zero coordinates of a
sequence having the Nice property with parameters a(k + 1),b(k + 1) and s(k + 1), namely:

e ¢y =1Dby (1) and Vpi1—2s(ern) = 1 by (2) with j = r (as 2s(k + 1) = 2s(k) + ra(k));
® Vpmathrn) = Yooty = ~1 Ypmbirn) = Vposty—agry = —1 bY (3) with j =0, 1;
® st )bt 1) = L V1 os(kt1)ta(k1) = 1 DY (4) with j =7 —1,7;

® Ui ki) = Yposirry = L DY (5) with j =r/2.

We claim that the 4r remaining non-zero values can be written as follows: for the values —1, in the form

o, and ¢p+1 25 (k-+1) L0 and for the values 1, in the form ¢;_, —and pr 25 (k-+1)+ym with ., < Ym

(0 <m <r—1). The proof of that assertion is technical and can be follovved on the example given after the
proof with k = 2).

Indeed the 4r non-zero coordinates can be partitioned as follows: there are r values equal to —1, namely
w;fb(k)fja(k) —1, for 2 < j < r, and ¢ (r+D)a(k) = —1; then there are 2r values equal to 1, namely
w;Hfs(k)fja( K = wpfs(k)fja( k) = =1, for 0 § Jj < r,j #r/2; finally there are r values equal to —1, that are

;+1728(k)+a(k) = —1 an w;+1725(k)+b(k)7ja(k) = —1, for 0 < j < r — 2, respectively. We note that these
values are disposed in a very symmetric way.

Let @y = b(k) + (m 4+ 2)a(k) for 0 <m <r —2and z,_1 = (r + Da(k). For 2<j <r let m=j—2;
then we get p — b(k) — ja(k) = p — 2. We also have p — (r + 1)a(k) = p — x,—1. On the other side,
for 0 < j<r—21letm =r—j—2; then we get p+ 1 — 2s(k) + b(k) — ja(k) = p+ 1 — 2s(k) +
b(k) —ra(k) + (m+2)ar = p+1—2s(k+ 1) + x,, (recall that 2s(k + 1) = 2s(k) + ra(k)). We also have
p+1—2s(k)+alk)=p+1—-2s(k+1)+(r+1ak)=p+1—-2s(k+1)+z,_1.

The choice for the values y,,, 0 < m < r — 1 depends on the parity of m. Let yo,,v = s(k) — 1 + m’a(k)
and Yo 41 = s(k) + m'a(k) where 0 < m/ < r/2—1. For 0 < j < r/2—1, let m" = j; then we get
p+1— s(k) — ja(k) = p— (s(k) — 1+ m'a(k)) = p — yomr and p— s(k) — ja(k) = p — (s(k) + m'a(k)) =
P — Yom+1. In the same way for /2 4+ 1 < j < r, let m’ = r — j; then we get p + 1 — s(k) — ja(k) =
p+1—s(k)—rak)+mak)) =p+1—2s(k+1)+sk)+malk)) =p+1—2s(k+ 1)+ yam+1 and
p—s(k)—ja(k) =p—s(k)—ralk)+m'a(k)) =p+1-2s(k+1)+s(k)—1+m'a(k)) = p+1—-2s(k+1)+yom.

Furthermore, these r quadruples of values can be canceled by adding to El)r the r sequences 5>1[p —
TP+ 1 =25k + 1) + T, Yrn — Tin)-

We claim that the resulting sequence with partition vector \IJT + > ! _n[p —Tp,p+1—2s(k+1)+
Ty Ym — T satisfies the Nice Property with parameters a(k + 1), b(k + 1) and s(k + 1). Indeed the non-
zero coordinates are exactly the 8 listed before. Furthermore, a(k + 1) = b(k) < b(k) + a(k) = b(k + 1),
b(k+1) = b(k)+a(k) < b(k)+b(k) < 2a(k+1) and b(k+1) = b(k)+a(k) < s(k)—1+a(k) < s(k+1)—Lasr > 2.
Finally, since we choose p > 3s(k) —2—0b(k), we get p > (2s(k) +ra(k))+ (s(k) —2—b(k) —ra(k)) > 2s(k+1)
as ra(k) + b(k) < s(k) —1and p > 2s(k+1) — 1.

We now prove that Z)k"’l[ | is (h(k) 4+ 1)-balanced. We first prove by induction that T is (h(k) + 1)-
balanced. That is true for r = 0 as (*[p] is h(k)-balanced. Then suppose it is true for some r; we
apply Lemma [20| with B! = T and B2 = Cklp— (r + 1)a(k)]. We have that hy = h(k) + 1 by our
induction hypothesis an_d) furthermore all the coefficients of 81 are greater than —1; furthermore ®2 is
h(k)-balanced and so, Ut is (max(h(k) + 1,h(k) + 1) = h(k) + 1)-balanced. We add the 1-deviation
A p—2m,p+1—25(k+1) + Zpm, Ym — ] which is 1-balanced. Since max(h(k)+1,1+1) = h(k) + 1, we
still get a (h(k) + 1)-balanced sequence.

Finally, by construction, we get that ¢ ! [p] contains r(k) 4+ 1 sequences ?k[p} o
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Example with t = 16. (See Figure ) We start with ( ?[p], which satisfies the Nice property with
a(2) = 2,b(2) = 3 and s(2) = 17, and whose coordinates are (2 = (2 33 =1, o =(F 3 =CF 30 =CF 3 =
—1,and ¢} 5 =(F ;= 1. r(2) is the largest even integer such that 2r(2) + 3 < 16, that is r(2) = 6.

_>
Thus, we can do a cascade of 7 sequences ( 2[ I, translated by 2, and in doing so we get ¥6 = Z?:o ¢ 2p—

2j]. We have ¢S = ¢5_,5 =1, 1/) =S 5 =S 4 = 1/12 42 = —1, and 5 22 = =S 93 = 1. We also
have 12 values —1 namely: wG 2 9 = p 11 = g 13 = S 15 —wg 14 and wp 31 = wg 30 = wg 30 =

Y8 5y = U 36 = ]_3s, Wthh can be written on the form p — x,, and p — 45 + z,, with 2o = 7,2, =
9,29 = 11,23 = 13,24 = 15,25 = 14. We have 12 values 1 namely: ¢S_;4 = wg_n = 1/12_18 = %?—19 =
1/’2 20 = 1/}2 o1 and Yp oy = Y o5 = Yy o6 = Yp_o7 = Yp_ss = Yp_9, which can be written on the
form p — y,, and p 45 + ym with yg = 16,41 = 17,92 = 18,y3 = 19,y4 = 20,y5 = 21. Finally, the blue
cascade (3[p] = i + Zm -0 AUp =, p+1 =25k + 1) 4 p, Yo — ] satisfies the Nice property with
a(3) =3,b(3) =5 and s(3) = 23.

Then r(3), the largest even integer such that 3r(2) + 5 < 22, satisfies r(3) = 4. Applying the claim we
get the green cascade ¢ *[p], which satisfies the Nice property with a(4) = 5,b(4) = 8 and s(4) = 29. Then
r(4), the largest even integer such that 5r(4) 4+ 8 < 28, satisfies r(4) = 2. We apply once again the claim and
in doing so we get the grey cascade (¢ °[p], which satisfies the Nice property with a(5) = 8,b(5) = 13 and
s(5) = 34. We can apply the claim again as r(5), the largest even integer such that 8r(5) + 13 < 33, satisfies
r(5) = 2. Doing so, we get a cascade ?6 [p] which satisfies the Nice property with a(6) = 13,b(6) = 21 and
5(6) = 42.

Proof. (End of the proof of Theorem At this stage we have built a sequence ?Q[p] which satisfies
the Nice Property with a(2) = 2, b(2) = 3 and s(2) = ¢t + 1. Since h(2) = 4, it is 4-balanced. Furthermore,
it contains (¢ — 2) 4-deviations (See Claim 23)). Then, for some well-chosen K (to be defined later) we can
apply K — 2 times the main construction (Claim [25)) to construct a sequence ¢ K [p] which satisfies the Nice
Property with parameters a(K), b(K) and s(K) and is h(K)-balanced.

On one hand since we want to upper bound the number of vertices, we need to upper bound a(K), b(K)
and s(K). We have a(K) = b(K —1), b(K) =b(K —1)+a(K —1) = b(K —1)+b(K —2) and so, we recognize
the Fibonacci recurrence relation. The jth Fibonacci number F'(j) satisfies:

L1 <1+\/5>J (1—\/5>]
F@) =— -
NG 2 2
Then, as a(2) =2 = F(3) and b(2) = 3 = F(4), we get a(K) = F(K + 1) and b(K) = F(K + 2). In fact in
what follows we will only use that a(K) < 2K-1 and b(K) < 2K. We have s(K + 1) = s(K) + a(K)r(K)/2;
but a(K)r(K) < s(K) —1—b(K) < s(K) —1 and so, s(K + 1) < (3/2) x s(K). Therefore, we prove by
induction that s(K) < s(2)(3/2)%=2 = (t + 1)(3/2)% 2.

Recall that we should have p > 2s(K) — 1. Hence, we choose p = 2s(K). Furthermore by induction
we have that h(K) = K + 2. Thus, by Proposition it suffices to start with a partition containing
at least K 4 2 groups of each size i, 1 < i < p. It is easy to obtain such a starting partition from the
initial partition — which consists of n groups of size 1 — by doing a sequence of 1-deviations of size
(K + 2)p(p — 1)/2; indeed we can create a group of any size ¢ with (i — 1) 1-deviations. Therefore, we will
take n = (K + 2)p(p — 1)/2 = (K + 2)s(K)(2s(K) — 1). By using the inequality s(K) < (t+1)(3/2)%~2 we
get that:

n = O(t*K(3/2)*K). (1)

On the other hand, we have to lower bound the number of deviations. By construction we have, for any
value k, ¢ k“[ | contains r(k) 4+ 1 sequences C [p]. Furthermore, Z) [p] contains (¢ — 2) 4-deviations. As
a result, ¢ X[p] contains t(t — 2) [[r—,' (r(k) + 1) 4-deviations.

We also recall that, for any & S K, r(k) is the largest even integer r such that ra(k) + b(k) < s(k) — 1.

In particular, r(k) > LWJ — 1. By using the facts that b(k) + 1 < 2a(k), s(k) > s(2) — 1 =t, and
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a(k) < a(K) < 2571 we get (k) > 5= — 3. Then 5 (k) + 1) > (5= —2)*~? and the number D
of deviations satisfies:

D::§z<ﬁ(2;_1-mﬁ”2>. )

We have now to choose K as a function of ¢. In order for the number of deviations (given by Equation (2]))
to increase we need that 25~! is small compared to ¢, that is, K < log,(t). However in view of Equation
we want to choose the largest possible K. Therefore, a good choice is K = log,(t)/2.

On one hand, we get by Equation [I| that n = O(t?log,(t)(3/2)'82(®)). Let f(t) = t?log,(t)(3/2)'s2();
then log, (f(t)) = 21og,(t) +1logy(log, (t)) +1ogy (t) (logs (3) —logs(2)). By using that log,(3) —log,(2) < 0.585
and the fact that for ¢ large enough log,(log,(t)) < 0.014log,(t), we get for ¢ large enough log,(f(t)) <
2.6log,(t)) or equivalently f(t) < t25. As a result, n = O(t%:%).

On the other hand we get by Equation [2} D = Q((tl/z)logz(t)/Q) = Q(t'°e2(1/4) " Therefore, D =

Q(ncto92(M) with ¢ = 4X(2 57 ~ 1/27, thereby proving Theorem |1 O

5.2 Case k = 3. Proof of Theorem [16]

The proof uses the same idea that for £ = 4 but is simpler as we can only do a limited iteration of cascades,
which use a lot of 3-deviations ~[p] (the only 3-deviation which does not increase the global utility). For
completeness, we recall here the definition of v[p].

Definition of ~[p]: Consider a partition P containing at least 3 groups of size p — 1 and a group of size
p— 3. In the 3-deviation y[p] one vertex in each of the 3 groups of size p — 1 moves to the group of size p — 3
to form a new group of size p.

Let P be the partition consisting of 3 groups of size 3 and one group of size 1. We have Q(P) = Q =
(3,3,3,1) (we omit the 0s). Apply the 3-deviation y[4] where one vertex of each group of size 3 joins the
group of size 1; it leads to the partition P’ with integer partition Q' = (4,2,2,2). Note that Q and Q" have
the same total utility 18.

Thus, after this 3-deviation we get a new partition P’ with one more group of size p, 3 less groups of size
p—1, 3 more groups of size p— 2, and one less group of size p— 3. This is expressed by the coordinates of the
associated difference vector (where we omit the bracket [p] for ease of reading). Note that such a deviation
is valid only if there are 3 groups of size p — 1 and one group of size p — 3.

Difference vector 7 [p]: The difference vector 7 [p] has the following coordinates: Y = L1 =
—3,7p—2 = 3,v—3 = —1, and y; = 0 for all other values of j. See Table@

Yo Tp—1  Tp—2 Vp-3 .
.01 -3 3 1 0...

Table 9: Difference vector of «[p)].

The cascade 7'[p,t]: Like for k = 4, we do a cascade consisting of ¢ ordered 3—deviations ~[pl, 'y[p -
1,9[p—2],...,7v[p — t + 1]. We will denote this cascade by its difference vector 7![p, 1] = 7[}9 — 1.

The reader can follow the construction in Table [10| with ¢ = 5. The coordinates of 71[[) t are given in
Claim [26] and Table [T1} We note that there are a lot of cancellations and only 6 non-zero coordlnates

p p—1 p—-2 p-3 p—4 p-5 p—-6 p—-7 p—8 p—9 p—10 p—-11 p—-12 p-13
~p] 1 -3 3 -1
Fp—1] 1 -3 3 -1
-2 1 -3 3 -1
~lp -3 1 -3 3 -1
Fp — 4] 1 -3 3 -1
Fip,5] |1 -2 1 0 0 -1 2 -1 0 0 0 0

Table 10: Computation of v![p, 5].
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Claim 26. For 3 <t < p — 3, the coordinates of the cascade 7 '[p,t] = Zf;é Flp — 4] satisfy: vy =1,
Yoo1 = =2 Yoo =1L s = =1, By =2, Ypt-o = —1, and 7} = 0 for all the other values of j.
Furthermore, this cascade is 3-balanced (see Table .

T T T 1 1 1
’7p prfl pr72 P)/pft P)/pftfl 7p7t72

.01 -2 1 0.0 -1 2 -1 0...

Table 11: Difference vector v![p, t].

Proof. We have %1 = Zﬁ;é 7v;lp—1]. For a given j, v;[p—i] = 0 except for the following values of 7 such that
0<i<t—1:i=p—j wherey;[j] =1;i=p—j—1 wherey;[j +1] = —3; i = p—j — 2 where v;[j +2] = 3;
i = p—j—3 where v;[j +3] = —1 (in the table it corresponds to the consecutive non-zero values in a column
which are at most 4). Therefore, for j > p: 7; =0; 711) =1 711,,1 =-3+1=-2 7;72 =3-3+1=1,; for
p—3>j3>p—t+1, ’y;fj =—-143-34+1=0; ’y;_t =—-143-3=-1; ’y;_t_l =—-1+3=2; ’y;_t_Q =-1
and, for j <p—1t—2, ’yjl- = 0. Finally we note that the coordinates of any subsequence of the cascade, i.e.
the coordinates of 71[]9, r], are all at least —1 except ’y},_l: which is —3 when r = 1 and then —2, thereby
proving that the cascade is 3-balanced. o

In our example we can do the cascade until ¢ = p — 3. However, it is better to choose ¢ smaller (we
will see below that a good value for ¢ should satisfy p — 4t + 3 > 0) and repeat the previous cascade but
translated (i.e., we do a cascade of cascades). More precisely, we now do the following sequence of t — 1
cascades 7 2[p,t — 1] = Z:;g Lp —i,t]. Altogether we have a sequence of t(t — 1) 3-deviations.

In the example (see Table , we choose t = 5 and after having done 71[19, 5] we do 71[]) - 1,5],
Fp—2,5] and 71[p — 3,5]. We can see again a phenomenon of cancelation as the coordinate v2_, of this
cascade of cascades equals 0. Similarly the coordinates 73_3 7;_7 and 75_8 of this cascade of cascades equal
0. This cancelation stays for all the other deviations. In the general case there are a lot of cancelations and
in fact, as shown in the next Claim 72 [p,t — 1] has only 6 non-zero coordinates.

p p—1 p—-2 p-3 p—-4 p-5 p—6 p—7 p—8 p—9 p—-10 p—-11 p—-12 p-—13
b, 5] 1 -2 1 0 0 -1 2 -1
Flp 1,5 1 -2 1 0 0 -1 2 -1
Flp —2,5] 1 -2 1 0 0 -1 2 -1
Fp - 3,5 1 -2 1 0 0 -1 2 -1
2[p, 4] 1 -1 0 0 -1 0 1 0 0 1 -1
F2p—1,4] 1 -1 0 0 -1 0 1 0 0 1 -1
72p - 2,4] 1 -1 0 0 -1 0 1 0 0 1 -1
3[p, 3] 1 0 0 -1 -1 -1 0 1 1 1 0 0 -1
alp-3,p—12,4 |0 0 0 1 0 0 0 -1 -1 0 0 0 1
73[p, 3] 1 0 0 0 -1 -1 0 0 0 1 0 0 0
73p—1,3] 1 0 0 0 -1 -1 0 0 0 1 0 0
73p—2,3] 1 0 0 0 -1 -1 0 0 0 1 0
73[p—3,3] 1 0 0 0 -1 -1 0 0 0 1 0
73p —4,3] 1 0 0 0 -1 -1 0 0 0 1
7ip, 5] 11 1 1 0 -2 -2 -2 -2 0 1 1 1 1

Table 12: Example of cascade of cascades.

Claim 27. For3<t< %, the coordinates of the cascade 72[p,t —1] = Ef;g Yp —i,t] satisfy: 72 =1,
Yoor ==Ly =Ly =1 v = L g = —1 and vF = 0 for all the other values of j.
Furthermore this cascade is 3-balanced.

Proof. We have ,sz = Zf;g ’yjl[pfi,t]. By using the values of fy}[pfi,t] given in Claim we get that: for
i>p =0 =Ly =1-2=—1forp—2>j>p—t+2,7]=1-24+1=0;7 ., =1-2=—1;
’yf,,t =-140+4+1= 0; 712,471 =2-1=1forp—t—22>352>p—2t+2 ’y]z =—-14+2-1=0;
Vo-ot41 = —1+2=1; 77 o = —1and for j <p—2t, 7} = 0.
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p) P) P P) p) P
Yo Vp—1 o Tp—t41 Yp—t—1 - Tp—2t+1  Vp—2¢

0 1 -1 0 -1 0 1 0 1 -1 0

Table 13: Difference vector v2[p,t — 2].

Here again we can see that after any number r of 3-deviations the coordinates of the sequence are

always at least —3. Indeed a subsequence either consists of a cascade 72[p,r] = Z:;g Hp —i,t] for some
7,1 <r <t—1, which has coordinates all greater than —2]; or of a cascade 7 2[p,r] = Z:;(? Hp —1i,t] for

some r,1 < r <t — 1, plus a subsequence Z;/:O 7[]) — 7 — j]. The coordinates of the last subsequence are
greater than —1 except the p — r — 1 coordinate equal to —3 if 7’ = 0 and —2 otherwise. But the p —r — 1
coordinate of 72[1), r] is 1 and all the coordinates of the considered subsequence are greater than —3. o

We can now repeat the cascade of translated cascades 72 [p,t — 1]. More precisely, we now do the fol-
lowing sequence of ¢ — 2 cascades 73 [p,t — 2] = Zf;g 2[p —i,t — 1]. Altogether we have a sequence of
t(t — 1)(t — 2) 3-deviations. In the example (see Table , after having done 72[p,4] we do 72[p — 1,4]
and 72[]) — 2,4]. We can again see a phenomenon of cancelation as the coordinate 71?;71 of this cascade of
cascades equals 0. Similarly the coordinates 73_2,73_10 and 73_11 of this cascade of cascades equal 0. In
the general case there are a lot of cancelations. In fact, as shown in the next Claim 73[17, t — 2] has only

8 non-zero coordinates.

Claim 28. For 3 <t < p—'gz, the coordinates of the cascade 73[p,t — 2] = Zf;g’ 2[p —i,t — 1] satisfy:
Yo =1 Yo = Vooti1 = Voot = — L Vo—2i43 = Yotz = Vo—2041 = L Vp_si13 = —1, and 43 =0 for all
the other values of j. Furthermore this cascade is 4-balanced.

e U e "Yg—t+2 ’Yg—t+1 ’YS—t 7;2;—2t+3 71%—21‘,-5-2 7;2;—2t+1 7;2;—3t+3
0O 1 o0 -1 -1 -1 0 1 1 1 0 -1 0

Table 14: Difference vector v3[p, t — 2].

Proof. We have 7} = S vilp — i,t — 1]. By using the values of 77[p — 4,t — 1] given in Claim we
get that: for j > p, 'yjz = 0; 72: Lyforp—1>45>p—t+ 3, 'y]‘?’ =—-14+1=0; 737“2 =0-1=-1;
7§_t+1 =-140=—1; ’yg_t =0-1=—-1;forp—t—12>j5>p—2t+4, ’y? =140-1=0; 7§_2t+3 =1+0=1;
Voot =0+1 =179 5 =14+0=1;forp—2t > j > p=3t+4, 7} = —1+1=0; 75 3.3 =0-1=—1;
and for j < p — 3t + 3, 7]?»’ =0.

Here again a careful but tedious analysis of all the subsequence of deviations indicates that all their
coordinates are at least —3. However, by using Lemma we can easily prove that this sequence is 4-
balanced. In fact, we will prove by induction that Y., 7 ?[p — i,t — 1] is 4-balanced for any r < ¢ — 3.
That is true for 7 = 0, as 72[p,t — 1] is 3-balanced. Suppose that >7_, 72[p — i,t — 1] is 4-balanced for
some r < ¢t — 3. We apply Lemma [20| with T = S o V2p—i,t—1]and 2= F2p—r—1,t —1]. By
our induction hypothesis, we have h; = 4. Furthermore, all the coefficients of ®' are greater than —1 by
Claim ﬁ when r = 0 or Claim [28 when 7 > 0. Therefore, min; ®! = —1. Finally B2 is 3-balanced and
Z:i& 2[p —i,t — 1] is also max(4,3 + 1) = 4-balanced. By induction 73[p,t — 2] is 4-balanced. o

Again we can repeat t times the cascades 73[p7t — 2] for creating a sequence of cascades that we call
Fip,t] = Zf;é 3[p —i,t — 2]. This is enough to prove Theorem Nevertheless, in order to reduce the
number of non-zero coordinates to four, we will complete our construction with some trick already used in
the previous subsection (Case k = 4); namely, we will complete 73[17, t — 2] with a sequence of 1-deviations.
Note that in doing so, we improve the ratio between the number of 3-deviations and the number of vertices.
Thus, after having done 73[p, t — 2], we apply the cascade a![p —t+2,p— 3t +3,¢ —1] (see Claim . Let
73 [p,t — 2] be the sequence we obtain. As shown in Claim it only has 4 non-zero coordinates.
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Claim 29. For 3 <t < (p+2)/3 the coordinates of 73[p,t—2] = 73[p,t— 2]+ dlp—t+2,p—3t+3,t—1]
satisfy: 70 = 1,75 =75 = =175 5.1 =1, and 7']3 =0 for all the other values of j. Furthermore it is
4-balanced.

Proof. Compared to 73[1), t — 2] only 4 coordinates have been changed. We get TS_HQ = ’yg_H_Q + azl)_t+2 =
-1+1=0, 75’72t+3 = 7372t+2 =1-1=0and T573t+3 = —1+1 = 0. All the other coordinates remain

ﬁ
’ge same. To prove that ?S[p,t — 2] is 4-balanced, We_a>pply Lemma with @1 = 73[p,t — 2] and
B2 =3 p—t+2,p—3t+3,t—1]. We have proved that &' is 4-balanced and by Claim [28 min; &} = —1.
Furthermore, @2 is 1-balanced. Hence, 73[p,t — 2] is max(4,1 4 1) = 4-balanced. o

Now we can do t cascades of 73 in order to obtain the cascade 74[p,t] = Y120 73[p —i,t — 2].

Claim 30. For 3 <t < (p+ 3)/4 the coordinates of 7*[p,t] = Zf;é T3[p — it — 2] satisfy: forp > j >
p—t+2, T;»l =1, forp—t>j>p—2t+2, TJ‘»l =—-2;forp—2t>j>p—3t+2, 7;1 =1; ande =0 for all
the other values of j. Furthermore it is 6-balanced.

Proof. This easily follows from the values of the coordinates of 73[p—i,t—2]. Note that Ty i1 =—1+1=0
and 7,0 9,1, =1—-1=0.

We will prove by induction that 37_, 73[p — i,t — 2] is 6-balanced for any r < t — 1. That is true for
r=0as 73[p,t— 2] is 4-balanced. Suppose that S 73[p —i,t — 2] is 6-balanced for some r < t — 2.
We apply Lemma [20| with T — S T3 — it — 2] and T2 — 73[p—r —1,t —2]. By our induction
hypothesis, we have h; = 6. Furthermore, all the coefficients of ®' are greater than —2, that follows from
Claim 29) when r = 0 and from Claim 30| when r > 0. Hence, min; ®} = —2. Finally, B2 is 4-balanced.
Hence, Z::& 73[p—i,t — 2] is also max(6,4 4 2) = 6-balanced and by induction 7*[p, ] is 6-balanced. o

Proof. (End of the proof of Theorem The cascade 74[p,t] consists of ¢ cascades 73[p — i, t — 2],
each of them consisting of a cascade 73[p —i,t — 2] and (t — 1) 1-deviations. 73[p — i,t — 2] itself consists
of t — 2 cascades 72[1) —i,t — 1], each of them consisting of ¢ — 1 cascades 71[]) —i,t — 1] each of them
consisting of ¢ 3-deviations 7 [p — i]. Thus, the cascade 7*[p, ] contains t2(t —1)(t — 2) = 0(t*) 3-deviations
(plus t(t — 1) 1-deviations, but that is negligible).

By Claim T4 [p,t] is 6-balanced. If we choose as starting partition one with 6 groups of each size
1,1 < i < p—1, then the cascade is valid. It is easy to obtain such a starting partition from the initial
partition which consists of n groups of size 1. Indeed we can create a group of any size i; for that we choose
a specific group of size 1 and sucessively move with (i — 1) 1-deviations one element of ¢ — 1 other groups of
size 1 to form a group of size i. We do it 6 times for each size i,1 < i < p — 1. Of course that is possible
only if n > 6p(p — 1)/2.

Finally, note that in order for all the coordinates in the cascade to have a meaning we must choose p and
t such that p—4t+3 > 0. Let us choose p = 4t — 3; then the number of vertices is n = 6 Zf;ol i=6p(p—1)/2
= (48t —36)(t — 1) = O(¢?).

In summary we have built a cascade which contains ©(t*) = ©(n?) 3-deviations. Therefore, L(3,n) =
Q(n?). O

6 Conclusion

Our analysis shows that, in the case of a polarized society (i.e., with only friends and enemies), even modest
cooperations between k = 4 users can surprisingly delay the convergence time of the dynamics of formation
of groups. This result was obtained by using an all new combinatorial approach for this problem that may
be of independent interest for further studies. In particular, we would find it interesting to know whether
our techniques in this paper could be applied to establish the asymptotic worst-case time of convergence for
this dynamics, for every k > 3.

From the complexity point of view, the main open question is to determine the complexity of computing
a k-stable partition for £ > 4. In particular, is this problem PLS-complete? The reduction presented
in [Ducl6a] — where it is proved that computing a 1l-stable partition is already PTIME-hard — may be
helpful in order to answer this open question.
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Finally, we intend to study several possible generalizations of the present model of group formation.
In [ABK™16|, Angel et al. introduced the more general MAX k-COLORED CLUSTERING problem, where in-
formally speaking, there are now different categories of information considered (represented by edge-colors).
A game-theoretic study of this problem remains to be done. Kleinberg and Ligett also proposed in [KL13]
to include in the model different levels of friendship and conflict, as well as the possibility for neutral inter-
actions (represented by positive, negative and zero edge-weights, respectively). In a forthcoming paper, we
study this generalization. Our main results there relate the existence of a k-stable partition, for any fixed k,
with the palette of social evaluations (= edge-weights) available.

Acknowledgments: We thank the referees of this article for their careful reading and helpful remarks.
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