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MIXED FINITE ELEMENT DISCRETIZATIONS OF ACOUSTIC
HELMHOLTZ PROBLEMS WITH HIGH WAVENUMBERS

T. CHAUMONT-FRELET
UNIVERSITE COTE D’AZUR, INRIA, CNRS, LABORATOIRE J.A. DIEUDONNE

ABSTRACT. We study the acoustic Helmholtz equation with impedance boundary conditions
formulated in terms of velocity, and analyze the stability and convergence properties of lowest-
order Raviart-Thomas finite element discretizations. We focus on the high-wavenumber regime,
where such discretizations suffer from the so-called “pollution effect”, and lack stability unless
the mesh is sufficiently refined. We provide wavenumber-explicit mesh refinement conditions
to ensure the well-posedness and stability of discrete scheme, as well as wavenumber-explicit
error estimates. Our key result is that the condition “k2h is sufficiently small”, where k and
h respectively denote the wavenumber and the mesh size, is sufficient to ensure the stability of
the scheme. We also present numerical experiments that illustrate the theory and show that
the derived stability condition is actually necessary.

KEY WORDS. Helmholtz problems; Mixed finite elements; Pollution effect.

1. INTRODUCTION

We consider a convex polytopal domain  C R?, with d = 2 or 3. 91 is the boundary of Q and
n is the unit vector normal to 02 pointing outward 2. Given a wavenumber k£ > 0 and a load
term f:Q — C3, we consider the problem to find u : 2 — C? such that
(11) —k>u—-VV.-u = f inQ,

’ V-u—iku-n = 0 on 0.

Here, () represents a volume occupied by a fluid, and boundary value problem modelizes
the propagation of (small) acoustic waves in the fluid (see [7] for instance). Specifically, (1.1))
is usually called the velocity formulation of the acoustic Helmholtz equation [11l [12], since u
represents the velocity of the fluid particles. The “impedance” (also known as “absorbing” in
this setting) boundary condition is an approximation of the Sommerfeld radiation condition and
prevent the propagation of incoming waves from the exterior to the interior of the computational
domain [12] [I3].

When the right-hand side is irrotational and vanishes close to 02, we have f = V f for some
f:Q — C, and the pressure formulation, that consists in finding p : 2 — C such that

—k2p—Ap = f inQ,
{ Vp-n—ikp = 0 on 0,

can be employed instead of . In this case, p represents the fluid pressure, and we have u = Vp.

The pressure formulation is usually preferred to the velocity formulation, since it only involves a
scalar unknown, that is easier to discretize. However, such formulation is not always available. This
is for instance the case if the load-term exhibits a non-vanishing rotation, or if more elaborated
physical phenomena are modelized into the boundary value problem [I11 [I6, 26, 3T]. Another
attractive feature of the velocity formulation is that it generally delivers a divergence-conforming
discrete field uy,, without resorting to any post-processing [23, [25].

Although alternative technologies are available [8] 29], we focus on finite element approxima-
tions in this work [0 22]. The discretization of velocity formulation requires the use of
Raviart-Thomas finite elements [23] [25], while the pressure formulation is usually approximated
using Lagrange finite elements (see [6 [22] for instance). Although approximations of the pres-
sure formulation have been thoroughly analyzed in the literature in the high-wavenumber regime
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[2, Bl [, 20, 21], much less is known for the discretization of the velocity formulation. For the
pressure formulation, it is now well-established that finite element schemes are affected by the
“pollution effect”: the finite element solution is not quasi-optimal, unless the mesh is sufficiently
refined. This effect is more important when the wavenumber is large, leading to strong mesh
size restrictions in the high-wavenumber regime. Specifically [20, 21], the quantity k%h must be
sufficiently small to ensure the stability of the discrete scheme.

The purpose of the present work is to extend the stability condition “k?h is sufficiently small”
to the velocity formulation discretized with Raviart-Thomas elements. Surprisingly, consequent
complications arise compared to the pressure formulation. On the one hand, the analysis of the
continuous problem is tedious, partly because mixed finite elements require a sharp regularity
analysis, but mostly because the impedance boundary condition in , is not “natural” for the
Sobolev space H (div, ) (we also refer to [22, Chapter 3.8] for a similar situation in H (curl, ©2)).
On the other hand, the stability proof employs a duality technique known as the “Aubin-Nitsche”
trick [20, 21, 27]. This technique is well established for Lagrange finite elements, and while its
application to mixed finite elements is possible, it presents some difficulties [5] [15], 32].

Here, we carefully establish that the condition “k?h is small” is sufficient to ensure the well-
posedness and stability of the discrete scheme. Furthermore, we present numerical experiments
showing that this condition is actually necessary, thereby indicating that our stability condition
is sharp.

We also provide a comparison of the pressure and velocity formulations on a two-dimensional
scattering benchmark. This comparison suggests that the velocity formulation is a competitive
alternative to the pressure formulation in terms of computational costs, with the advantage of
producing a divergence-conforming velocity field.

Our work is organized as follows: in Section 2] we introduce the notation we employ. Section [3]is
devoted to the analysis of at the continuous level. We consider finite element discretizations
in Section [l where we established our key stability and convergence results. Numerical experiments
are presented in Section [§] and we draw our conclusions in Section [6]

2. NOTATION

As we are especially interested in the discretization of when the wavenumber is high, we
assume that k > kg > 0 for given fixed minimal value kq. As detailed hereafter, the constants in
the estimates are allowed to depend on kg. It means that our results are meaningful for the high
wavenumber cases, but that the constants can blow up in the low wavenumber limit as k£ tends to
0.

In Section {4} we will introduce a small parameter h > 0 as well as a number 8 € (0,1) that
describe the size and the regularity of the finite element meshes (see for more details). Then,
we employ the notation A < B if A, B € R are two numbers such that there exists a constant
C > 0 that is independent of A, B, k, h such that A < C'B. We mention that the constant C' is
allowed to depend on Q, kg and 3. We also note A = B if B < A.

We denote by {F; };V:l the set of faces of 9Q2. For each F; we employ the notation H; to denote
the hyperplane containing F;. We note that H; can clearly be identified with Re-1,

We close this section with the notation we employ for functional spaces, we shall only give a
brief description and refer the reader to [II, [I7, [30] for precise definitions.

For m € N and b = d — 1 or d, we denote by C™(R?), the space of u : R® — C that admits
continuous classical derivatives up to order m. If Y C R®, C™(U) denotes the restriction to U of
functions in C™(R®). C™(U) is equipped with its usual norm || - ||;n.002- In addition we employ

that notation C>°(U) = (,,cny C™(U). D(U) is the space of function C>°(U) that have compact
support in U. It is equipped with its usual topology. The space of distributions D’(U/) is the
topological dual of D(U). We denote by (-, -)z the duality pairing between D'(U) and D(U).

We further denote by L?(U) the space of (equivalence classes of) functions u : & — C that are
square integrable with respect to the Lebesgue measure of R®. We denote by || -|/o and (-, )y the
usual norm and inner products of L?(U). Since € is a Lipschitz domain, we can also define the
space L2(0Q) of functions u : 9Q — C that are square-integrable for the surface measure of 2. For
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s > 0, we denote by H*®(U) the standard Sobolev space of fractional order s. It is equipped with
its standard norm and semi-norm || - |5 and | - |5z Since € has a Lipschitz boundary (see [17]
Definition 3.4] with k& = 0), we can also define the space H*(99) for 0 < s < 1. We also point out
that since each face F; can be seen as a subset of R9~!, the Sobolev spaces H*(F;) can be defined
for all s > 0. A similar remark holds for the planes ;.

We further point out (see [30, Chapter 36] and [I7, Theorem 1.5]) that since {2 has a Lipschitz
boundary, for 0 < s < 1, the space H™%((Q) is equivalently defined by real interpolation between
H™(Q) and H™T1(Q). As a result, for all v € H™ (), we have

(2.1) [oll7ss. S M0l alvllng o

If G(2) is any of the aforementioned spaces, G(2) denotes the space of vector-valued (with
values in C%) functions that are component-wide G(Q). We use the same notations for the norm
and inner product of G(Q) and G(Q).

We further require Sobolev spaces of vectorial functions that are related with the divergence
and rotation operators, as discussed in [I7]. If v € L*(Q) we denote by V- f and V x f its diver-
gence and rotational defined in the distributional sense. We employ the notations H (div, 2) and

H (curl, Q) for the usual Sobolev space of L*(Q) with square integrable divergence and rotational.
Finally, H(div, Q) and H(curl, 2) denote the closure of D(Q2) in H (div,2) and H (curl, Q).

3. ANALYSIS OF THE CONTINUOUS PROBLEM

We first set a convenient functional setting to recast (L.1)) in a variational form. If u € C*(Q)
is a classical solution to (|1.1]), integration by parts shows that for any v € C 1(Q), we have

(3.1) — k2 (u,v)q —ik(u-n,v-n)sg + (V- -u,V-v)q = (f,v)q.

Reciprocally, standard arguments based on integration by parts show that if u € C’Q(Q) satisfies
for all v € C'(Q2), then u is a classical solution to problem (L.I)).

The boundary integral in motivates the introduction of a dedicated functional space as
the normal traces of functions in H (div, §2) are not sufficiently regular. A similar situation for the
H (curl, Q) is described in [22, Chapter 3.8], and we follow the same approach. We thus introduce
the norm

[vl% = k*[[0]§ . + kllv - nlf o0 + IV - Il o

for all v € C*(Q), and define the Hilbert space X as the closure of C*(Q) in L?*(Q) with respect
to the || - || x-norm. We use the notation X’ to denote the topological dual of X. Classically, by
Riesz representation theorem, we identify LQ(Q) with its dual, and obtain the “Gelfand triplet”
X C L*(Q) C X'. We refer the reader to [22, Chapter 2] for more informations.

We are now able to define the sesquilinear form

b(u,v) = —k*(u,v)q —ik(u-n,v-n)sg + (V- -4, V-v)q, VYu,veX.
Elementary computations show that b is continuous with
(3-2) b(w, v)| S [luflxllv]x.

We first focus on proving an inf-sup condition for the sesquilinear form b, that we establish in
Theorem As a direct consequence of this inf-sup condition, we obtain the existence and
uniqueness of a weak solution to in the space X for every (generalized) right-hand side in
X', Such solution is also a generalized solution to . We start by establishing a useful result
in Lemma 311

Lemma 3.1. For every u € X, there exists a unique element p € H'(Q) such that

(3.3) —k%p— Ap -V-u inQ,
' Vp-n+ikp = 0 on Of).

Furthermore, we have Vp € X with
(3.4) [Vpllx S KV -u

0,95
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and it holds that
(3.5) b(u, Vp) = ||V - ulff o
Proof. Since —V -u € L?(Q) the existence and uniqueness of p € H!(2) follows from the standard

theory of the Helmholtz equation [19]. In addition, as Q is convex, Proposition 3.3 of [19] shows
that

(3.6) klpllo.o +Ipho SV - u

lo.q-
In addition, since Ap = V - u — k?p, we also have Vp € H(div,) with
(3.7) IV - (VD)o SEIV - ulloq-

Finally, since Vp-n = —ikp, we have Vp-n € HY/?(9Q) C L?>(0Q) and Vp € X. Furthermore,
applying trace Theorem 1.5.1.10 from [I§], we have

Ipl5.00 S Ellpliga +E ol S EHIV - ullf g
and therefore
(3.8) EV2Vp-nllosa S K plose S K2V - u

Then, (3.4]) follows from (3.6)), (3.7) and (3.8).

On the other hand, since Vp € X, we can prove (3.5)) by integration by parts. Indeed, recalling
that p is solution to (3.3)), we have

b(u,Vp) = —k*(u,Vp)g —ik(u-n,Vp-n)sqg + (V-u, Ap)a
= —k*(u-n,p)ag +k*(V -u,p) —ik(u-n,Vp-n)oq + (V -u, Ap)g
= (V- -u,E’p+ Ap)g —ik(u-n, Vp - n+ikp)ag
= [V U||(2),Q~

0.0 SKIV - uloq-

We are now ready to establish our first main result.

Theorem 3.1. For u € X, we introduce u* = 2Vp — (1 + i)u € X, where Vp € X is defined
following Lemma|3.1]. Then, we have

(3.9 Reb(u,u*) = HuHQX,
and
(3.10) [u*lle < kllullx.

In particular, it follows that

b 1
(3.11) inf wp  Rebwy) 1
weX\{0} pex\ [0} [ullxllv]lx ~ K

Therefore, for every 1 € X', there ewists a unique element u € X such that b(u,v)
allv e X, and we have

(3.12) lullx S Kl 2

Proof. Let u € X and define u* € X as above. Equality (3.9) follows from simple computations.
Indeed, we have

Reb(u,u*) = 2Reb(u,Vp)—Re{(1—1i)b(u,u)}
2Reb(u, Vp) — Reb(u,u) — Im b(u, u)
20V - ullg o + K ullf o = IV - ull§ o + Kllu - 7[lf o0

Y(v) for

= |lul%.

In addition, (3.10)) is a direct consequence of (3.4). To prove (3.11), we observe that (3.9) and
(3.10) imply that

1
Reb(u,u®) 2 ~lullxllu’||.
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Assuming that uw # 0, (3.9) ensures that u* # 0, so that for all w € & \ {0}, we have

Reb(u,u*) Reb(u,u*)
sup > e
vea{oy lullxllvllx — [lullx(lux
and we obtain (3.11)) by taking the infinimum over u € X \ {0}.
Let us now assume that v € X satisfies b(u, v) = 0 for all u € X. Then, in particular, we have
b(w,v) =0 for all w € X. Thus, we have

b(v,u) =b(w,v) =0, YuelX,
and inf-sup condition (3.11)) ensures that v = © = 0. Recalling (3.2), b is continuous with a
continuity constant that is independent of k. As a result, the Babuska-Brezzi Theorem (see [22]

Theorem 2.22] for instance) implies that for each 1 € X, there exists a unique u € X such that
b(u,v) = ¥P(v) for all v € X, and that w satisfies (3.12)). O

1
k_?

In the remaining of this section, we refine Theorem by assuming more regularity on the
right-hand side 1 € X’. We start in Theorem [3.2| with improved regularity results for w in V - u
in €.

Theorem 3.2. For all f € L*(2), there exists a unique w € X such that b(u,v) = (f,v)q for
all v € X, and we have

(3.13) lullx < [ £ oo
Furthermore, V -u € H'(Q), and we have

(3.14) IV -ulio S EIfloe-

In addition, if we assume that f € H(curl,Q), then u € H'(Q) with
(3.15) [ulio S [ Fllo.e +E72V % fllo.o-

Proof. We define the anti-linear form 1 : X 3 v — (f,v)q € C. Since we have

()| = (£, 0)] < [ flloclvloe <k flloalvlx,
for every v € X, 9 € X' with ||| x < k(| flo,o- Thus, u is uniquely defined as the element of

X satisfying b(u,v) = 1 (v), and (3.13) follows from ([3.12).

Consider a test function ¢ € D(2). We have
~(VV-u,9)a = (V-u, V- d)a =bu,¢) + k*(u,d)a = (f + k*u, d)q,
so that VV -u = —f — k*u € L*(Q). Hence, V -u € H*(Q) and follows from since
IV ulie = [VV-uloge < Ifloe + £ uloo < Elfloeo-
On the other hand, for every ¢ € D(Q2), we have
KV xu, ¢ = —k*(u,V x ¢)a =b(u,V x ¢) = (£, V x ¢)a = (V x f,¢)a,
so that V x u = —k~2V x f. In addition, if v € C*(Q), we have

(f,v)q = blu,v) = —k*(u,v)q —ik(u-n,v-n)gq + (V -u,V - v)q,
= (—k*u—VV - -u,v)q+ (V- -u—iku-n,v-n)oq
=(f,v)a+ (V -u—iku-n,v-n)sq,
so that iku -m = V -u on 9. Since V -u € H'(Q) it follows that u - n € HY/?(99Q) with
lw-nllij2,00 = k7Y - ullyjpo SEHV - ulie S 1 floe-
In addition, we can define n € H'() as the unique solution to

n—An = 0 in Q,
Vn-n = w-n on .

Since  is a convex polytop and u - n € H'/2(9Q), according to Theorem 23.3 of [I0], we have
n € H*(Q) with [|n]l2,0 S [lu-nli/200 S |[flloe. Let v = u — Vn, since Vi € H'(Q) and
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v-n =0 on 09, we have v € Hy(div, Q) N H(curl,Q). Then, Theorem 3.9 of [I7] states that
v e HY(Q), with

IV - vllo,0 + [V x vllo.0

IV -u— Anlloo+ |V x ulloa
IV - ullo,0 + [nll2.0 + [V x ullo,0
[ £llo.0 +E72V % fllo,o-

Recalling that u = v + V1, since Vg € H'(Q) with || V7|10 < [|fllo.q, estimate (3.15) follows
from (3.16)). O

We close this section with two Theorems that are concerned with improved regularity of u - n
on 0. Specifically, we establish in both cases that u-n € H'(F;) for every face F; C 952. We
remark that this does not happen under the sole assumption that f € H(curl,2). In Theorem 3.3
we make the assumption that f € H'/? (Q) with V x f = 0. This assumption is rather technical,
but is crucial in the error analysis when using duality arguments. On the other hand, Theorem
is established under the more practical assumption that f € H(curl,Q) with supp f CcC Q.
This is a reasonable assumption from the application point of view, where the boundary 0} is
artificial and used to approximate the Sommerfeld radiation condition. As a result, 952 is usually
placed “sufficiently” far away from the source term to deliver an accurate approximation of the
radiation condition 12 [13].

[v[1,0

S
S
S
S

(3.16)

Theorem 3.3. Let f € H1/2(Q) with V x f = 0. There exists a unique uw € X such that
b(u,v) = (f,v) for allv € X. In addition, for all faces F; we have u-n € H'(F;) with

(3.17) lw-nlr, SE 20 + &2 oo

Proof. The existence and uniqueness of u € X follows from Theorem [3:2 In addition, since

V x f =0, estimates (3.13) and (3.15)) show that
lulloe S E  Iflogo:  lulie < 1flloo-
Recalling property (2.1) of the interpolation norm || - [|1 /2,0, we have
lulli/2,0 S k71/2||f||0,9-

On the other hand, we recall that VV - u = —f — k?u € H1/2(Q) in the sense of distributions,
so that V -u € H3/2(Q) with

IV ulspa S I Flyze + Ellullyze S I Flyze + £ floo.
As a result, recalling (3.13]), we have
(3.18) IV -ulz20 S I flliy2a+ k3/2||f||0,sz-

Since ) is a convex polytop, its boundary is Lipschitz, and we can use Theorem 1.4.3.1 of [I8],
which states that that V - u admits an extension P(V - u) € H3/2(R?) with

(3.19) [P(V - U)||3/2,Rd NIAE u||3/2,9~
But then, Lemma 16.1 of [30] states that for all j € {1,..., Nz}, P(V -u) € H'(H;) with
(3.20) 1PV w13, S NPV - u)lls/2pa-

Finally, since P(V -u) = V -u on F;, we have V -u € H'(F;), and it follows from (3.18), (3.19)
and (3.20) that

IV -ullr7 S fllyee + k3/2\|f 0,0
Then, (3.17)) follows since iku -n =V - u on S O
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Theorem 3.4. Assume that f € H(curl, Q) with supp f CC Q. There exists a unique u € X such
that b(u,v) = (f,v) for all v € X. In addition, for all faces F; of Q, we have u-n € H'(F;)
with

(3.21) fu-nliz, S 2 (B2 flloq + 2V x flog)
where £ = dist(0S2, supp f).

Proof. Since supp f CC €, there exists a set U C R? with a C* boundary I" such that supp f CC
U cC Q. We introduce the notation = Q\ U. We observe that 9Q = 9Q UT. Since f vanishes
on SN), we have VV - u = —k2u on (0. Recalling Theorem and in particular , we have
w e H*(Q) and it follows that V - u € H2() with

IV ulyg =Kl 5 < Flulie S FIfloe + IV % flog.
Also, recalling (3.13]) and ( -, we have

IV -ully g S Kl flloo;

and
IV -ullyg SIV-uly g+ 1V -ulg S K fllog + IV X flloo-

There exists a cutoff function x € Coo( Q) such that x = 1 on 9 and x = 0 in U. Furthermore,
we can choose x such that ||x||;,00,0 S J. We introduce the function v = xV - u. Since

V-ue H2(Q) and x =0 on U = Q\ Q, we see that v € H2(Q) with
[vlne S IXl1soallV - ull, 5 < €7kl fllog.

and
[vll2.0 S lxll2,000IV - ullyg S 72 (K flloo + 1V x Fllog) -

Recalling that H>/2(Q) can be defined by interpolation between H'(Q2) and H?( . 2.1)) yields

lol3ee S Ivlellvlze
S I loal 2 (k£ o0 + IV x Floe)
S (K )
S CHEIFR e+ RV < IR e)
so that
(3.22) lollgam S €% (K21 £lo.0 + k219 X Fllo)

Then, we conclude as in Theorem [3.3] Since Q has a Lipschitz boundary Theorem 1.4.3.1 of
[18] states that that v admits an extension Pv € H?/?(R?) with

(3.23) ||PUH3/2,JRd < ||UH3/2,Qv
and Lemma 16.1 of [30] shows that for all j € {1,..., Nz}, Pv € H'(H;) with
(3.24) [Pl S 1Pvlls/2,me-

Finally, since Pv =v = V - u on F;, we have V - u € H'(F;), and it follows from (3.22), (3.23)
and (3.24) that

Then, we obtain (3.21) since V - u = iku - n on S. O

IV - wllyz, 62 (B2 flloq + k7
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4. FINITE ELEMENT DISCRETIZATIONS

In this section, we consider a fixed right-hand side 9 € X’ and denote by u the unique element of
X such that b(u, v) = ¥(v) for all v € X. We analyze the approximation of u by Raviart-Thomas
finite elements [23] 25]. Since 2 is a polytop it is possible to mesh the domain with simplexes
(triangle or tetrahedra depending on d). Thus, we consider a family of simplicial meshes (75)r>0
of ) that is shape regular in the sense of [6]. Specifically, we assume that there exists a constant
B € (0,1) such that for all A > 0, and for all K € T, we have

: p(K)
(4.1) diam(K) < h, Tam(K)

where diam(K) is the diameter of K and p(K) is the diameter of the largest ball contained in K.
We also denote by Fj, the set of faces of the mesh 7,. We associate with each mesh 7; two finite
element spaces. On the one hand, the H (div, ) conforming space of lowest order Raviart-Thomas
elements defined in [23] as

X, ={v, € H(div,Q) |vp|x € RVK €T}, R={v:z—>a+bzx, acC? beC}.

>,

On the other hand, we also require the H(curl, §2) conforming space of lowest order Nédélec edge
elements that are defined in [23] as

Wy ={vy € Ho(cwl,Q) |vp|xk e NVK €T}, N={v:ex—sa+bxwz, abecC’}.

We use the space X'}, to build the discretization to , while we employ the space Wy, as a tool
in the stability and error analysis. We note that X;, C X and that V x W), C X},.

Our analysis requires two different interpolation operators. On the one hand, the standard
Raviart-Thomas interpolant Zj, : H'(Q) — X} is defined by face-wise L? projection, and for
v € H'(Q) we have

1
(Zpv) nplp=— | v-np, VFE€F,.
\F| Jp

As shown in Theorem 5.25 of [22], we have the following standard interpolation error estimates.
For all v € H*(Q), it holds that

(4.2) [v —Zpvlloe < hlv,e.
If in addition, V - v € H'(Q), we also have
(4.3) IV - (v—Zpv)|o,o ShV v

We also establish a useful result concerning the approximation properties of Zj, on the boundary
0 in Lemma 411

Lemma 4.1. Let v € H'(Q). Ifv-n € H'(F;) for all j € {1,..., Nz}, we have

1/2

(4.4) (v = Zno) -nlloon Sh| D |v-n

Jj=1

2
LF;

Proof. Let v € H'(Q) such that v-n € H'(F;) for all j € {1,..., Nz}. We denote by F** the
set of faces ' € Fj, such that F' C 0f2. Note that since F' C F; for a single face F; of 92, we have
v-n € H'(F). By definition of Z,, on each F' € F**, we have

1
(Tho) - nlp = W/F” ‘€ Py(F),

where Py (F') stands for the space of constant functions on F. Specifically, we see that (Zpv) - n
is the orthogonal projection of v -m in Py(F) for the L?(F) inner product. We recall that since F
is convex with diam F' < h. Then, as shown in [24], Poincaré-Wirtinger inequality yields that

[v-n— (Znv-n)llor S hlv-nl|ir,

and (4.4) follows by summation over all faces F' € Fp*t. O
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We remark that the L?(F)-projection of the normal trace of v over F € Tj, is involved in
the definition of Z,v, so that this operator is still well-defined if we only have v € HY/?T5(0Q)
with € > 0, but not if ¢ = 0. A key point of our analysis is the approximation of a function
that precisely lies in H 1/2 (©). This motivate the introduction of a second “quasi-interpolation”
operator, that is well-defined as soon as the interpolated function is in LQ(Q). We thus consider a
quasi-interpolation operator 7, : L*(Q) — X, following [14, 28]. As a particular case of Theorem
5 and Corollary 6 of [28] if v € H*(Q) for some s € (0, 1], we haveﬂ

(4.5) lv = mnvlloa S h°vls.a.

Actually, we will also need a special quasi-interpolation operator for functions in X of the form
V X w for some w € Hy(curl, ). As a result (recall that V x W), C X},), following [14] 28], we
introduce quasi-interpolation operator P, : L? () = W,. The operators 7, and Pj, commute,
so that for all v € Hq(curl, ), we have

(4.6) 7 (V xv) =V x (Ppv).

To the best of the author’s knowledge, the quasi-interpolation 7r;, does not exhibit special ap-
proximation properties like (4.4) on the boundary. This is the reason why we introduce two
interpolation operators, as lso plays an important role in the upcoming analysis.

From now on, we assume that w, is an element of X, satisfying b(up,vy) = ¥ (vy) for all
vy € X}, Note that we do not know a priori that such a uy, exists. Our analysis closely follows the
“Schatz argument” employed for the pressure formulation [20, 21}, 27]. However, special arguments
are required to take advantage of this duality technique with mixed finite elements [5] [15, [32]. Also,
in addition to the arguments from [5] [15] [32] that are established for “Dirichlet-like” boundary
conditions, extra care is taken to analyze the impedance boundary conditions.

Following [5], the Helmholtz-Hodge decomposition of the error vector will be a central tool
in the following. According to Corollary 3.4 of [I7], there exist an element g € H(div, ) with
V x g=0 and a w € Hy(curl, Q) such that

(4.7 u—u,=q+V Xw.

In addition, since wpu, = uy, commutativity property shows that

(4.8) Tpu —up = 7hq + V X (Prw).

We also note that Helmholtz-Hodge decomposition is orthogonal. Specifically, we have
(4.9) (g, Vx¢)=0, (Vxw,p)=0

for all ¢ € Hy(curl,Q) and p € H(div,Q) with V x p = 0.
We start our analysis with a result concerning the regularity of q.

Lemma 4.2. We have q € Hl/Z(Q). In addition, it holds that
(4.10) lallije0 S & |lw — up 2.
Proof. Let us first introduce p € H'(2) as the weak solution to

—Ap = V-(u—wup) inQ,
p = 0 on 0f).

Since  is convex [18], standard regularity results for the Laplace operator imply that p € H?(Q)
and provide the estimate

(4.11) VDl < llpllzo STV - (w—un)loq-
In addition, by integrating by parts with p, we see that
IVplg.a=(~2p,p)a = (V- (u—un),pla = (u—us, Vp)a,
so that
(4.12) 1Vplloo S llu —unlloo

LThe result is actually stated for s = 1, but the general case easily follows by interpolation. See also [14].
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As a result, recalling interpolation property (2.1)) of the || - ||; /2, o-norm, a direct application of

(4.11) and (4.12)) shows that

(413) [Vpl3 20 S lu—unloelV - (u —un)llos
S Kllu —unllg o + 57V - (w0 — un)

B0 Sk lu—unl%
In addition, since Vp € H'(Q) we have Vp-n € L?(99). By applying trace Theorem 1.5.1.10 of
[18] to each component of Vp, we see that
(4.14) VD500 S 1VPIG 00 S kIVPIG o+, VR0 S k7 lu — unl%.
Letting n = g — Vp € L*(Q), we see that

V-n=V.-q—Ap=0, Vxn=Vxq=0.

Since u,u, € X and V x w-n = 0 on 99, we have ¢-n = (u —uy)-n € L2(092). Thus, recalling
(E.14), we have - n € L2(99), and Theorem 2 of [9] states that 5 € HY?(Q) with

(4.15) 2.0 S 10 - nllose S lg-nlog+ 1V nlon S k2w —un 2.
Since ¢ = Vp + n, estimate (4.10) is a direct consequence of (4.13]) and (4.15]). d

Having established Lemma [4.2] we are ready to derive an Aubin-Nitsche like estimate using a
duality argument in Lemma

Lemma 4.3. We have

(4.16) Elu—uplloa < ((kh)l/2 + E2R)|u — up 2 + kllu — mhullo.q-
Proof. We first establish that
(4.17) lallo.o S (kh+ k™ 21Y2) |u — ul| .

Since g € L?*(Q), following Theorem m, there exists a unique € € X such that b(v, &) = (v, q)
for all v € X, wit

(4.18) IV - €l10 < Ellglloo-

In addition, since V x g = 0, we have £ € H*(Q) with

(4.19) €10 < llgllo.q-

Finally, recalling Lemma we have g € H'/? () and therefore, &€ - n € H'(02) with
(4.20) € -nlioo S K2 lallos +F alijzo S K lallog + &2 lu - un|x

As a direct consequence of (4.18)), (4.19) and (4.20]), we have

1€ = Znéllx < Fhllglloo + kAl — up 2
On the other hand, recalling (4.9), we have

lall§.o = (w—un, q) = blu —up, &) = b(u —up, & — Ty€)
S llu—unllx € — Znéllx
< khllu —unlxllallo.e + &~ hllu — /%

Using Young’s inequality, we obtain

lalls e < K*1?|lw — unllZe + k7" hllw — un|%,

and (4.17) follows by taking the square root.
We now establish that

(4.21) IV x wloq S llw—mruloa+ k_1/2h1/2||u —uplx-

2Theoremdoes not explicitly treat the adjoint problem, but one easily sees that £ can be equivalently defined
as the unique element of X such that b(€,v) = (q,v)q for all v € X.
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Let wp € Wy,. As in particular wy, € Ho(div,Q), recalling orthogonality property (4.9)) of the
Hodge-Helmholtz decomposition, we have

—k*(V xw,V xwp) = —k*(u—up, V xwpy) =bu—upV xw,) =0

since V X wy, € Xp. Thus (V X wp, V x w) =0 for all wy, € Wp,. Then, recalling , it holds
that
IV xwlde = (w—unV xw)
u—mpu, V X w)+(
u—7mpu, VXw)+ (mq—V X (Prw),V X w)
)+ (

u—mhu, V X w

Tht — Up, V X W)

(
(
(
( 7hq,V X w)

(u—mpu, VX w)+ (mhqg—q,V X w),

where we have also used (4.9)) in the first and last equalities (recall that V x g = 0). As a result,
we have

IV xwloge S lu—mnulloo+[lg — 7rgllo.q.
Then, estimate follows using and (4.10)), since it holds that
la —mralloo S hl/2\¢1|1/2,9 SEPRYP lu — w2
Having proved and , immediately follows since
lu = unllo.o S llgllo.o + IV x wloq-
O

We now deliver the main results of this section in Theorem Specifically, we establish the
existence and uniqueness of a finite element solution under the condition that k2h, and we show
that in this case the finite element solution is “almost” quasi-optimal.

Theorem 4.1. Under the assumption that k2h is sufficiently small, there exists a unique uj, € X,
such that b(up,vy) = ¥ (vy) for all v, € Xy, and we have

(4.22) lu —up|lx S kllu —wruloo+ inf |u—vn|x.
vREX ]
Proof. Before proving the existence and uniqueness of uy € X}, let us first establish (4.22)) for

any uy € X}, such that b(up,vp,) = ¢ (vy,) for all v, € X,
Recalling from Lemma we see that we have
k2llw — unllg o < Co(k*h? + kh)|lu — up|% + Cok?|lu — mrullo.0.
for some constant Cy that is independent of k and h. Then, we have
Reb(u —up, (1+4)(u—up)) > Jlu—unld - 26%|u - unl§ o

> {1- 2C, (k*h? + kh)} ||lu — wupl|% — 2Cok?||u — 7Thu||(2)’ﬂ.

Thus, assuming that k2h is small enough, we have 1 — 2C(k*h? + kh) > 1/2, and we have

Sl — % < Reblas — w, (14 8)( — w)) + 2008w~ myul g
that we rewrite

lw —unl% S 1b(w — wp,u —up)| + k[l — mpullf o

Then, we using Galerkin orthogonality, we have

b(w — wp, w —up)| = [b(u —up,u —vp)| S flu—unllx, u—onlx
and using Young’s inequality, we obtain

lu —unl? S K lu—mhulf o+ llu - vnl%,

for all vy, € Xp. Error estimate (4.22]) then follows by taking the infinimum over vy € X},.
We now turn to the existence and uniqueness of uj, € Xp. If ¢» = 0 € X', then u = 0 and
error estimate (4.22) shows that u;, = 0. By linearity, we see that if there exists a u;, € X}, such
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that b(up,vy) = ¥ (vy) for all vy, € Xy, then uy, is unique. Furthermore, it is clear that wy, is
defined through a finite dimensional square linear system. As a result, uniqueness of the solution
implies existence, and we obtain that there exists a unique uy, € X, such that b(up,vy) = ¥ (vp)
for all vy, € X}, O

We conclude this section with an explicit error estimate, assuming some regularity on the right-
hand side. As pointed out in Section for Theorem the assumption that f € H(curl, Q) with
supp f CC € is realistic from the application point of view.

Corollary 4.1. Let f € H(curl,Q) with supp f CC Q. Under the assumption that k*h is
sufficiently small, there exist a unique uw € X and a unique w, € Xy, such that b(u,v) = (f,v)
for allv € X and b(up,vy) = (f,vp) for all v, € Xp,. In addition, we have

(4.23) [ = wnllxe S €32kR (| Flloo + 52V x f
where £ = dist(92, supp f).
Proof. The existence and uniqueness of u € X and uy € X}, follows from Theorems and
In addition, and show that

lule SlIflloe + 5721V x fllog, [V -ulie S klIflloe
On the other hand, estimate from Theorem yields

1/2

Nr
Stunfs | SOV (K21 flon+ kY flog).
j=1

|O,Q) ’

It thus follows from (4.2)), (4.3) and (4.4) that

1/2

NrF
lw—Zhulx < khlulio+E72h (D u-nlf + 1|V - ul o
j=1

kh (|l fllo.0 +E2[V x fllo.0)
+ R2Re (K2 floo + kY X o)
+ h(E[fllog)
S kR (|IF)
On the other hand, yields that

Ellu — mhulloo S khlu

A

00 +k2V x flog) .

1o SEL(Fllo.o +E72V % £llo.q)-
and ((4.23)) directly follows from (4.22)). O

5. NUMERICAL EXPERIMENTS

5.1. An analytical solution. This example is designed so that the solution is a superposition of
three plane waves that exhibit different amplitudes and travelling directions inside the unit square
Q = (0,1)2. Specifically, the solution reads

3
u(x) = Zjdjeikdj'm,
j=1

where d; = (cos(jm/8),sin(jm/8)). We can easily see that

{—szu—VV-u = 0 in{,

(5.1) V-u—iku-n = g ondf,

where g € L2(99Q) is defined by

3
g(x) = iw Z](n dj —1)ethdi®,
j=1
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FIGURE 1. Real (left) and imaginary (right) parts of first component of u when
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F1GURE 2. Convergence history for k = 107 (left) and k = 207 (right)

We thus see that u satisfies b(u, v) = 1 (v) for all v € X, where 1p € X is the anti-linear mapping
P(v) = (g,v - n)sq. Figure [l| represents the first component of u for two different wavenumbers.

We consider a set of wavenumbers k ranging from 107 to 607. For each selected wavenumber,
we solve for different values of &, and record the convergence history of u; and Z,u to u in
the || - || x-norm. Figure [2] presents such convergence history for two wavenumbers.
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FIGURE 3. Asymptotic regime h*(k)

Figure [2] shows that the convergence is linear for both the interpolant and the finite element
solution, as expected. In addition, the pollution effect is clearly visible. There is a gap between
the interpolation error and the finite element error that decreases when h decreases. This gap is
more important for larger wavenumbers.

Next, we assess that the condition “k2h is small enough” is necessary to achieve quasi-optimality.
To do so, we browse the convergence history recorded for every k, and select h*(k) as the largest
mesh size such that

3
(5.2) lu—unllx < §||U—Ihu|\x,

for all h < h*(k). We arbitrarily selected the constant 3/2 in (5.2), and another constant can be
chosen, as long as it is independent of h and k. The statement “k2h is small enough” in Theorem
implies that h*(k) = k~2. As shown on Figure [3| we indeed observe that h*(k) ~ k2, which
shows that the stability condition of Theorem is sharp.

5.2. Scattering by a star-shaped obstacle. Here, we consider a more realistic example that
modelizes the scattering of a plane wave by a “sound hard” star-shaped obstacle [7]. Figure
describes the geometry of the problem. Specifically, we have
Qo= (—1,1)2, TaA =09, Q=\D,
and
1
D= {iB GRz; 2|iB1| — 5 <o < |$1}
We modelize the following physical situation: a (known) incoming plane wave p; is diffracted by

the obstacle D, generating a scattered field ps. The total field p = p; + ps satisfies the Helmholtz
equation outside the obstacle

(5.3) ~k?’p—Ap = 0 inR?\D,

’ Vp-mn = 0 ondD,
and the scattered field is subjected to the Sommerfeld radiation condition:
(5.4) Vps - % — ikps| = O(|lz|~'/?)

as |x| = +oo.
We approximate the Sommerfeld radiation condition by a first-order absorbing boundary condi-
tion to simulate Problem (5.3)-(5.4) using finite element methods [12] [13]. Specifically, we replace
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FIGURE 4. Geometry of the obstacle (left) and example of locally refined mesh (right)

(5.4) by the local boundary condition that Vps - n —ikps = 0 on I's, where the boundary I' is
artificially introduced. As a result, we introduce the problem

—k’p—Ap = 0 in €,
(5.5) Vp-n = 0 on 0D,
Vp-n—ikp = —Vp;,-n+ikp; only,

where €2 denotes the exterior region of D enclosed by I'y. We discretize ([5.5)) with Lagrange finite
elements (see [6, 22] for instance).

Another approach to approximate is to introduce the velocity 4 = Vp. Then, since
V -u=Ap=k?pin R?\ D, we obtain the equivalent formulation

—ku—-V-Vu = 0 in Q,
(5.6) u-n = 0 on 0D,
V-u—iku-n = —Ap;+ikVp,-n onTlj\.

Although formulation does not exactly fits the framework analyzed in this work because of
obstacle boundary condition, it is approximated here using Raviart-Thomas finite elements. In
the pressure formulation, we immediately obtain an approximations py and Vpj, to p and Vp in
a natural way. For the velocity formulation, we set Vpy, = uyp,, and pp, = —(1/k?)V - uy,.

To compare pressure formulation and , we perform simulations for the incoming wave
p; = exp(ikd - ) with d = (cos(7/12),sin(7/12)) for different wavenumbers k and meshes. We
employ meshes that are refined close to the corners of the obstacle, as the solution may exhibit
a singular behaviour in these area [3| [I8]. Figure |4| represents an example of such locally refined
mesh. Figure depicts the total fields (computed using a very fine mesh for comparison purposes)
for different wavenumbers.

Figures [6] and [7] depict the convergence history of the finite element solutions to the reference
solution, where we observe the expected converge rates. Figures [§ and [ show a comparison of
accuracy provided by the two discretization techniques in terms of the size of the corresponding
linear systems Ng,y and the number of non-zero element in the matrix NV,,. In these figures,
the “pressure” curves correspond to the results obtained with the pressure formulation, while the
“velocity” curves are obtained using the velocity formulation.

Interestingly, in the high wavenumber regime, Figure[9shows that if a relative accuracy of 10%
is required, the velocity formulation provides an acceptable solution with sightly less degrees of
freedom and a slightly sparser linear system than the pressure formulation.

Overall, if the quantity of interest is the velocity u = Vp, the velocity and pressure formulation
provides a comparable accuracy (for comparable linear system characteristics) in the || - ||o,q-
norm. The velocity formulation then presents the advantage that the discrete field is divergence-
conforming, without requiring a post-processing step. This experiment thus indicates that the
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FIGURE 5. Real (left) and imaginary (right) parts of the total field p when k =
107 (top) and k = 407 (bottom)

velocity formulation is viable alternative to the pressure formulation, even in simple configurations
where the pressure formulation easily applies (irrotational right-hand sides, and so on).

6. CONCLUSIONS

We analyzed the “velocity formulation” of the acoustic Helmholtz equation set in a convex
polytopal domain with impedance boundary conditions. This formulation requires the introduction
of a tailored Sobolev space X to properly handle the boundary conditions. We proved that
the problem is well-posed and derived wavenumber-explicit stability results in the X-norm, that
includes the H (div, Q)-norm and the L?(99)-norm of the normal trace.

We considered a finite element discretization of the problem based on lowest-order Raviart-
Thomas finite elements. We established that the scheme is well-posed and stable under the condi-
tion that k2h is sufficiently small, where k and h respectively stand for the wavenumber and the
mesh size. Under this condition, we showed that the finite element error is “almost” quasi-optimal,
and provided an error estimate in O(kh) assuming the right-hand side is sufficiently regular. These
stability condition and error estimate are well-known for the pressure formulation discretized with
first-order Lagrange finite elements, and we thus proved that they are also valid for the velocity
formulation.

We presented numerical experiments to illustrate our findings. These examples show that
indeed, the finite element scheme suffers from the pollution effect in the high-wavenumber regime.
In addition, a thorough investigation on the stability of the numerical scheme revealed that our
abstract analysis is sharp. Our key conclusion is thus that Raviart-Thomas discretizations are
stable if and only if k%A is sufficiently small, which extend the well-known result for Lagrange
discretizations. We also provided a quick comparison of the pressure and velocity formulations
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that indicates that the velocity formulation is a competitive alternative to the pressure formulation
in terms of computational costs.

REFERENCES

1. R.A. Adams and J.J. Fournier, Sobolev spaces, 2nd ed., Academic Press, 2003.

2. 1. Babuska and S.A. Sauter, Is the pollution effect of the FEM avoidable for the Helmholtz equation considering
high wave numbers?, SIAM J. Numer. Anal. 34 (1997), no. 6, 2392-2423.

3. T. Chaumont-Frelet and S. Nicaise, High-frequency behaviour of corner singularities in Helmholtz problems,
ESAIM Math. Model. Numer. Anal. 5 (2018), 1803-1845.

, Wavenumber explicit convergence analysis for finite element discretizations of general wave propaga-
tion problems, IMA J. Numer. Anal., accepted (2019).

5. T. Chaumont-Frelet, S. Nicaise, and D. Pardo, Finite element approzimation of electromagnetic fields using
nonfitting meshes for Geophysics, SIAM J. Numer. Anal. 56 (2018), no. 4, 2288-2321.

6. P.G. Ciarlet, The finite element method for elliptic problems, STAM, 2002.

7. D. Colton and R. Kress, Inverse acoustic and electromagnetic scattering theory, Springer, 2012.

8

9

, Integral equation methods in scattering theory, STAM, 2013.

. M. Costabel, A remark on the regularity of solutions of Mazwell’s equations on Lipschitz domains, Math.
Method Appl. Sci. 12 (1990), 365-368.

10. M. Dauge, Elliptic bounday balue problems on corner domains, Springer-Verlag, 1988.

11. A. Bonnet-Ben Dhia, E. Duclairoir, G. Legendre, and J. Mercier, Time-harmonic acoustic propagation in the
presence of a shear flow, J. Comp. Appl. Math. 204 (2007), 428—-439.

12. J. Diaz, Approches analytiques et numériques de problémes de transmission en propagation dondes en rgime
transitoire. application au couplage fluide-structure et auxr méthodes de couches parfaitement adaptées, Ph.D.
thesis, Paris 6, 2005.

13. B. Engquist and A. Majda, Absorbing boundary conditions for the numerical simulation of waves, Math. Comp.
31 (1977), no. 139, 629-651.

14. A. Ern and J.L. Guermond, Mollification in strongly Lipshitz domains with application to continuous and
discrete De Rham complezes, Comput. Meth. Appl. Math. 16 (2016), no. 1, 51-75.




18

15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.

30.
31.

T. CHAUMONT-FRELET UNIVERSITE COTE D’AZUR, INRIA, CNRS, LABORATOIRE J.A. DIEUDONNE

[rrrr T [rrrrrr T T TTT [rrrr T [rrrrrr T T TTT
i Pressure | - i Pressure |
:g» 109 ; é ;;: 10° 8 E
= i |12 i ]
T | | 2
E Velocity —— IS i )
| 107! ; é é 107! 8 E
= . |
I [ I \\\7 L i I Lo
107! 1072 1073 107! 1072 1073
h h
[ TTTTT T T 7 TTTT T T T T \H: r T T T ‘HPI“G‘SS‘UI'G‘ ‘H,
o | Pressure |G
3 = 100 E
— ol | = r B
= 107} 13 i i
c 5 1= i Velocity — :
:z i Velocity IS i i
& | 11
| _ =Y -1 |
10 1 [ - 10 - 1
= F 1B r i
: [ I \H: L b1 I | L]
107! 1072 1073 107! 1072 1073
h h
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and k = 407 (bottom)
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