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Abstract

In this paper, we study large-scale convex optimization algorithms based on the Newton
method applied to regularized generalized self-concordant losses, which include logistic regres-
sion and softmax regression. We first prove that our new simple scheme based on a sequence
of problems with decreasing regularization parameters is provably globally convergent, that
this convergence is linear with a constant factor which scales only logarithmically with the
condition number. In the parametric setting, we obtain an algorithm with the same scaling
than regular first-order methods but with an improved behavior, in particular in ill-conditioned
problems. Second, in the non parametric machine learning setting, we provide an explicit
algorithm combining the previous scheme with Nystrém projection techniques, and prove that
it achieves optimal generalization bounds with a time complexity of order O(ndf) ), a memory
complexity of order O(dff\) and no dependence on the condition number, generalizing the
results known for least-squares regression. Here n is the number of observations and df y is
the associated degrees of freedom. In particular, this is the first large-scale algorithm to solve
logistic and softmax regressions in the non-parametric setting with large condition numbers
and theoretical guarantees.

1 Introduction

Minimization algorithms constitute a crucial algorithmic part of many machine learning methods,
with algorithms available for a variety of situations [10]. In this paper, we focus on finite sum
problems of the form

A n
min f3(2) = (o) + 5ol with £(2) = 3" fifa),
=1

x€EH

where H is a Euclidean or a Hilbert space, and each function is convex and smooth. The running-
time of minimization algorithms classically depends on the number of functions n, the explicit
(for Euclidean spaces) or implicit (for Hilbert spaces) dimension d of the search space, and the
condition number of the problem, which is upper bounded by x = L/\, where L characterizes the
smoothness of the functions f;, and )\ the regularization parameter.

In the last few years, there has been a strong focus on problems with large n and d, leading
to first-order (i.e., gradient-based) stochastic algorithms, culminating in a sequence of linearly
convergent algorithms whose running time is favorable in n and d, but scale at best in \/x [15, 21,
14, 4]. However, modern problems lead to objective functions with very large condition numbers,
i.e., in many learning problems, the regularization parameter that is optimal for test predictive



performance may be so small that the scaling above in /k is not practical anymore (see examples
in Sect. 5).

These ill-conditioned problems are good candidates for second-order methods (i.e., that use
the Hessians of the objective functions) such as Newton method. These methods are traditionally
discarded within machine learning for several reasons: (1) they are usually adapted to high precision
results which are not necessary for generalization to unseen data for machine learning problems [9],
(2) computing the Newton step Ay (x) = V2f\(z) "'V fr(z) requires to form the Hessian and
solve the associated linear system, leading to complexity which is at least quadratic in d, and
thus prohibitive for large d, and (3) the global convergence properties are not applicable, unless
the function is very special, i.e., self-concordant [23] (which includes only few classical learning
problems), so they often are only shown to converge in a small area around the optimal .

In this paper, we argue that the three reasons above for not using Newton method can be
circumvented to obtain competitive algorithms: (1) high absolute precisions are indeed not needed
for machine learning, but faced with strongly ill-conditioned problems, even a low-precision
solution requires second-order schemes; (2) many approximate Newton steps have been designed
for approximating the solution of the large linear system [1, 27, 24, 8]; (3) we propose a novel
second-order method which is globally convergent and which is based on performing approximate
Newton methods for a certain class of so-called generalized self-concordant functions which
includes logistic regression [6]. For these functions, the conditioning of the problem is also
characterized by a more local quantity: r, = R?/\, where R characterizes the local evolution of
Hessians. This leads to second-order algorithms which are competitive with first-order algorithms
for well-conditioned problems, while being superior for ill-conditioned problems which are common
in practice.

Contributions. We make the following contributions:

(a) We describe a global second-order method for the minimization of f, which relies only
on computing approximate Newton steps of the functions f,, i > X. The number of such
steps will be of order O(clog k¢ + log %) where ¢ is the desired precision, and c is an explicit
constant. In the parametric setting (H = R%), ¢ which can be as bad as \/k¢ in the worst-case
but much smaller in theory and practice. Moreover in the non-parametric/kernel machine
learning setting (# infinite dimensional), ¢ does not depend on the local condition number .

(b) Together with the appropriate quadratic solver to compute approximate Newton steps, we
obtain an algorithm with the same scaling as regular first-order methods but with an improved
behavior, in particular in ill-conditioned problems.

(¢) In the non-parametric/kernel machine learning setting we provide an explicit algorithm com-
bining the previous scheme with Nystrom projections techniques. We prove that it achieves
optimal generalization bounds with O(ndf ) in time and O(df3 ) in memory, where n is the
number of observations and df, is the associated degrees of freedom. In particular, this is
the first large-scale algorithm to solve logistic and softmax regression in the non-parametric
setting with large condition numbers and theoretical guarantees.

1.1 Comparison to related work

We consider two cases for H and the functions f; that are common in machine learning: H = R¢
with linear (in the parameter) models with explicit feature maps, and H infinite-dimensional,
corresponding in machine learning to learning with kernels [32]. Moreover in this section we
first consider the quadratic case, for example the squared loss in machine learning (i.e., f;(z) =



%(a:Tzi — ;)2 for some z; € H,y; € R). We first need to introduce the Hessian of the problem,

for any A > 0, define
H(z) := V*f(2), H,(z) := V2fi(z) = H(z) + I,

in particular we denote by H (and analogously H ) the Hessian at optimum (which in case of
squared loss corresponds to the covariance matrix of the inputs).

Quadratic problems and H = R? (ridge regression). The problem then consists in solving
a (ill-conditioned) positive semi-definite symmetric linear system of dimension d x d. Methods
based on randomized linear algebra, sketching and suitable subsampling [17, 18, 11] are able to
find the solution with precision ¢ in time that is O((nd + min(n, d)3) log(L/Xe)), so essentially
independently of the condition number, because of the logarithmic complexity in .

Quadratic problems and 7 infinite-dimensional (kernel ridge regression). Here the problem
corresponds to solving a (ill-conditioned) infinite-dimensional linear system in a reproducing kernel
Hilbert space [32]. Since however the sum defining f is finite, the problem can be projected on a
subspace of dimension at most n [5], leading to a linear system of dimension n X n. Solving it
with the techniques above would lead to a complexity of the order O(n?), which is not feasible
on massive learning problems (e.g., n =~ 107). Interestingly these problems are usually approxi-
mately low-rank, with the rank represented by the so called effective-dimension df 5 [13], counting
essentially the eigenvalues of the problem larger than A,

dfy = Tr(HH, ). (1)

Note that df  is bounded by min{n, L/A} and in many cases df \ < min(n, L/)). Using suitable
projection techniques, like Nystrom [34] or random features [26] it is possible to further reduce
the problem to dimension df), for a total cost to find the solution of O(ndf3). Finally recent
methods [29], combining suitable projection methods with refined preconditioning techniques, are
able to find the solution with precision compatible with the optimal statistical learning error [13] in
time that is O(ndfy log(L/\)), so being essentially independent of the condition number of the
problem.

Convex problems and explicit features (logistic regression). When the loss function is self-
concordant it is possible to leverage the fast techniques for linear systems in approximate Newton
algorithms [24] (see more in Sec. 2), to achieve the solution in essentially O(nd + min(n, d)?)
time, modulo logarithmic terms. However only few loss functions of interest are self-concordant,
in particular the widely used logistic and soft-max losses are not self-concordant, but generalized-
self-concordant [6]. In such cases we need to use (accelerated/stochastic) first order optimization
methods to enter in the quadratic convergence region of Newton methods [2], which leads to a
solution in O(dn + d+/nL/X + min(n, d)3) time, which does not present any improvement on a
simple accelerated first-order method. With \ that could be as small as 10! in modern machine
learning problems, this makes this kind of approaches expensive from a computational viewpoint
for ill-conditioned problems. For such problems, the algorithm we propose achieves instead a
complexity of essentially O((nd + min(n,d)?) log(R?/Xe)) (see Thm. 1).

Convex problems and 7{ infinite-dimensional (kernel logistic regression). Analogously to the
case above, it is not possible to use Newton methods profitably as global optimizers on losses that
are not self-concordant as we see in Sec. 3. In such cases by combining projecting techniques
developped in Sec. 4 and accelerated first-order optimization methods, it is possible to find a



solution in O(ndfy+dfy/nL/\) time. This can still be prohibitive in the very small regularization
scenario, since it strongly depends on the condition number L/\. In Sec. 4 we suitably combine our

optimization algorithm with projection techniques achieving optimal statistical learning error [22]
in essentially O(ndf, log(R2/\)).

First-order algorithms for finite sums. In dimension d, accelerated algorithms for strongly-
convex smooth (not necessarily self-concordant) finite sums, such as K-SVRG [4], have a running
time proportional O((n + y/nL/A)d). This can be improved with preconditioning to O((n +
\/dL/\)d) for large n [2]. Quasi-Newton methods can also be used [20], but typically without the
guarantees that we provide in this paper (which are logarithmic in the condition number in natural
scenarios).

2 Background: Newton methods and generalized self concordance

In this section we recall the definition of generalized self concordant functions, motivate it with
examples and recall basic facts about Newton and approximate Newton methods. We start by
introducing the definition of generalized self-concordance, that here is an extension of the one
in [6].

Definition 1 (generalized self-concordant (GSC) function). Let H be a Hilbert space. We say that
f is a generalized self-concordant function on G C H, when G is a bounded subset of H and f is a
convex and three times differentiable mapping on ‘H such that

Vo € H, Vh,k € H, VO f(z)[h, k, k] < sup,eg |g - h| V2 f(x)[k, k).

We will usually denote by R the quantity sup,cg [|g|| < oo and often omit G when it is clear
from the context (for simplicity think of G as the ball in / centered in zero and with radius
R > 0, then sup,eg |g - h| = R||h]|). Many interesting loss functions in machine learning are
generalized-self-concordant but not self-concordant as recalled in the next example.

Example 1 (Application to finite-sum minimization). The following loss functions are generalized
self-concordant functions, but not self-concordant:
(a) Logistic regression: f;(z) = log(1 + exp(—y,w, x)), where z,w; € R? and y; € {—1,1}.

. k
(b) Softmax regression: f;(x) = log (ijl exp(ijwZ-)) - w;
y; € {1,...,k} and xz; denotes the j-th column of x.

w;, where now x € R gnd

(c) Generalized linear models with bounded features (see details in [7, Sec. 2.1]), which include
conditional random fields [33].

(d) Robust regression: f;(x) = ¢(y; — w; ) with p(u) = log(e* + e™*).
Newton method (NM). Given xy € H, the Newton method consists in doing the following
update:

Tey1 = Tt — Ax(xe), Ax(my) := H;l(xt)vfk(xt)- 2

The quantity Ay (z) := H; ! (z)V f\(z) is called the Newton step at point x, and z — A, () is the
minimizer of the second order approximation of fy around x. Newton methods enjoy the following
key property: if xg is close enough to the optimum, the convergence to the optimum is quadratic
and the number of iterations required to a given precision is independent of the condition number
of the problem [12].



However Newton methods have two main limitations: (a) the region of quadratic convergence
can be quite small and reaching the region can be computationally expensive, since it is usually
done via first order methods [2] that converge linearly depending on the condition number of the
problem, (b) the cost of computing the Hessian can be really expensive when n, d are large, and
also (c) the cost of computing Ay (x;) can be really prohibitive. In the rest of the section we recall
some ways to deal with (b) and (c). Our main result of Sec. 3 is to provide globalization scheme for
the Newton method to tackle problem (a), which is easily integrable with approximate techniques
to deal with (b) ans (c), to make second-order technique competitive.

Approximate Newton methods (ANM) and approximate solutions to linear systems. We
have seen that computing exactly the Newton increment Ay (z;), which corresponds essentially
to the solution of a linear system, can be too expensive when n, d are large. A natural idea is to
approximate the Newton iteration, leading to approximate Newton methods,

Ti41 = T — E,\(l’t), AA ~ A,\(l’t)- 3)

In this paper, more generally we consider any technique to compute A A(x¢) that provides a relative
approximation [16] of Ay (z;) defined as follows.

Definition 2 (relative approximation). Let p < 1, let A be an invertible positive definite Her-
mitian operator on H and b in H. We denote by LinApprox(A, b, p) the set of all p-relative
approximations of z* = A~'b, i.e.,, LinApprox(A, b, p) = {z € H | ||z — 2*||a < pllz*|la}-

Sketching and subsampling for approximate Newton methods. Many techniques for approxi-
mating linear systems have been used to compute A, in particular sketching of the Hessian matrix
via fast transforms and subsampling (see [25, 8, 2] and references therein). Assuming for simplicity
that f; = &-(w;x), with /; : R — R and w; € H, we have that
2

H(r) = £ Y 647 (w] 2)wiw] = VTV, 4)
with V, € R™*¢ = D,W, where D, € R™ " is a diagonal matrix defined as (D,); =
(61(2) (w; z))1/? and W € R™*? defined as W = (wy, ..., w,) .

_ Both sketching and subsampling methods approximate z* = Hy(2) 'V f\(z) with Z =
H) (z)" 'V f\(x), in particular, in the case of subsampling H(z) = Z?Zl pjwi; wg where @ <

min(n, d), (p;)}_, are suitable weights and (ij)?zl are indices selected at random from {1,...,n}

with suitable probabilities. Sketching methods instead use ﬁ(m) = YN/IT V., with V, = QV,, with
Q) € R2*™ a structured matrix such that computing ‘71 has a cost in the order of O(ndlogn); to
this end usually 2 is based on fast Fourier or Hadamard transforms [25]. Note that essentially all
the techniques used in approximate Newton methods guarantee relative approximation. In particular
we have the following results fron the literature (see Lemmas 28 and 29 in Appendix I and [25],
Lemma 2 for more details).

Lemma 1. Let z,b € H and assume that 61(2) < afora > 0. With probability 1 — § the following

methods output an element in LinApprox(H) (z), b, p), in O(Q%*d + Q> + ¢) time, O(Q? + d)

space:

(a) Subsampling with uniform sampling (see [27, 28]), where Q@ = O(p~2a/)log %) and

c=0(1).

(b) Subsampling with approximate leverage scores [27, 3, 28]), where Q = O(p~2dfy1log 1/Ad),c =
O(min(n, a/N\)dfx>) and dfy = Te(WTW (W TW + X/al)~1) [30]. Note that df < min(n, d).

(c) Sketching with fast Hadamard transform [25], where Q = O(p~2dfyloga/\5),c = O(ndlogn).



3 Globally convergent scheme for ANM algorithms on GSC func-
tions

The algorithm is based on the observation that when f is generalized self concordant, there exists
a region where ¢ steps of ANM converge as fast as 2. Our idea is to start from a very large
regularization parameter Ao, such that we are sure that z is in the convergence region and perform
some steps of ANM such that the solution enters in the convergence region of fy,, with A\; = g
with ¢ < 1, and to iterate this procedure until we enter the convergence region of fy. First we
define the region of interest and characterize the behavior of NM and ANM in the region, then we
analyze the globalization scheme.

Preliminary results: the Dikin ellipsoid. We consider the following region that we prove to
be contained in the region of quadratic convergence for the Newton method and that will be
useful to build the globalization scheme. Let ¢, R > 0 and f) be generalized self-concordant with
coefficient R, we call Dikin ellipsoid and denote by D (c) the region

Di(c) == {z | va(z) < C\/X/R}, with vy (x) :== \|Vf)\(:v)\|H;1(m),

where vy () is usually called the Newton decrement and ||z|| o stands for || A2z

Lemma 2. Let A > 0,c < 1/7, let f\ be generalized self-concordant and x© € Dy(c). Then, we
have: tvy(z)? < fa(z) — fr(z) < va(z)% Moreover Newton method starting from xo has
quadratic convergence, i.e., let x; be obtained via t € N steps of Newton method in Eq. (2), then
va(z¢) < 27 @Dy (x0). Finally, approximate Newton methods starting from xo have a linear
convergence rate, i.e., let x; given by Eq. (3), with A, € LinApprox(Hy(z;), V fa(z¢), p) and
p < 1/7, then vy(x) < 27 v (o).

This result is proved in Lemma 11 in Appendix B.3. The crucial aspect of the result above is
that when xg € D (c), the convergence of the approximate Newton method is linear and does not
depend on the condition number of the problem. However D (c) itself can be very small depending
on v/A/R. In the next subsection we see how to enter in Dy (c) in an efficient way.

Entering the Dikin ellipsoid using a second-order scheme. The lemma above shows that D (c)
is a good region where to use the approximate Newton algorithm on GSC functions. However
the region itself is quite small, since it depends on v/A /R. Some other globalization schemes
arrive to regions of interest by first-order methods or back-tracking schemes [2, 1]. However
such approaches require a number of steps that is usually proportional to y/L/A making them
non-beneficial in machine learning contexts. Here instead we consider the following simple scheme
where ANM, ( fy, x, t) is the result of a p-relative approximate Newton method performing ¢ steps
of optimization starting from x.

Proposed Globalization Scheme

Phase I : Getting in the Dikin ellispoid of f

Start with xg € H, o > 0,¢,T € N and (qx)ken € (0,1].
Fork ¢ N
Th+1 < ANMp(f,uk » Ly t)

HE4+1 < Qr41/k
Stop when pp 1 < A and set x4 < T

Phase Il : reach a certain precision starting from inside the Dikin ellipsoid

Return Z <— ANM,(f), Ziqst, 1)




The main ingredient to guarantee the scheme to work is the following lemma (see Lemma 13 in
Appendix C.1 for a proof).

Lemma 3. Let 1 > 0,c < landx € H. Let s = 1 + R||z||/c, then for g € [1 —2/(3s),1)

D,.(c/3) € Dypu(c).

Now we are ready to show that we can guarantee the loop invariant ), € D, (c). Indeed assume
that x,_1 € Dy, _, (c) we have that v, | (73_1) < ¢/fig—1/R. By taking t = 2,p = 1/7, and
performing xj, = ANM,(fy, ,,ZTk—1,t), by Lemma 2 we have v,,, ,(xx) < 1/4v,, ,(zr—1) <
c/4 \/pk—1/R.ie., x}, € Dy, (c/4). If g is large enough, this implies that z3, € Dy, _, (c) =
Dy, (c), by Lemma 3. Now we are ready to state our main theorem of this section.

Fully adaptive method. The scheme presented above converges with the following parameters.

Theorem 1. Let ¢ > 0. Set ugp = TR||Vf(0)||, zo = 0, and perform the globalization scheme

1/3+7R - .
above for p < 1/7,t = 2, and g, = {J;Tm, T = [logo \/1 V (Ae"1/R2)]. Then denoting
by K the number of steps performed in the Phase I, we have

@)= @) <6 K< [B+11R[23])1og(TR[V f(0)[I/A)] -

Note that the theorem above (proven in Appendix C.3) guarantees a solution with error e
with K steps of ANM each performing 2 iterations of approximate linear system solving, plus a
final step of ANM which performs 7" iterations of approximate linear system solving. In case of
filx) = &(wg—m), with 4; : R — R, w; € H with EZ(Q) < a, for a > 0, the final runtime cost of
the proposed scheme to achieve precision ¢, when combined with of the methods for approximate
linear system solving from Lemma 1 (i.e. sketching), is O(Q? + d) in memory and

O((ndlogn +dQ* + Q%) <RH:(:§\H log§ + log i)) intime, Q = O(d?,\ log %)7

Re
where dfy, defined in Lemma 1, measures the effective dimension of the correlation matrix W W
with W = (w1, ...,w,)" € R4, corresponding essentially to the number of eigenvalues of

W TW larger than \/a. In particular note that dfy < min(n, d, rank(W), ab?/\), with b :=
max; ||w;||, and usually way smaller than such quantities.

Remark 1. The proposed method does not depend on the condition number of the problem L]\,
but on the term R||x%|| which can be in the order of R/\/X in the worst case, but usually way
smaller. For example, it is possible to prove that this term is bounded by an absolute constant not
depending on ), if at least one minimum for f exists. In the appendix (see Proposition 7), we show
a variant of this adaptive method which can leverage the regularity of the solution with respect to
the Hessian, i.e., depending on the smaller quantity Rv/A Hx’;\HHgl(lﬂ; ) instead of R||z% |-

Finally note that it is possible to use g = ¢ fixed for all the iterations and way smaller than the
one in Thm. 1, depending on some regularity properties of H (see Proposition 8 in Appendix C.2).

4 Application to the non-parametric setting: Kernel methods

In supervised learning the goal is to predict well on future data, given the observed training dataset.
Let X be the input space and ) C RP be the output space. We consider a probability distribution P
over X x ) generating the data and the goal is to estimate g* : X — ) solving the problem

g" =argminL(g), L(g)=E[l(g9(z),y)], 5
gX—=)Y



for a given loss function ¢ : ) x ) — R. Note that P is not known, and accessible only via the
dataset (z;,y;)" 1, with n € N, independently sampled from P. A prototypical estimator for g* is
the regularized minimizer of the empirical risk E(g) = L5 U(g(x;),y:) over a suitable space
of functions G. Given ¢ : X — H a common choice is to select G as the set of linear functions
of (), that is, G = {wT¢(-) | w € H}. Then the regularized minimizer of £, denoted by g,

corresponds to
ga(z) = 0y p(x), Wy = al“gn?ﬂ{in L3 filw) + Mwl?, fi(w) = LwT ¢(x:), y:).  (6)
we

Learning theory guarantees how fast g converges to the best possible estimator g* with respect
to the number of observed examples, in terms of the so called excess risk L(gy) — L(g*). The
following theorem recovers the minimax optimal learning rates for squared loss and extend them to
any generalized self-concordant loss function.

Note on df . In this section, we always denote with df  the effective dimension of the problem
in Eq. (5). When the loss belongs to the family of generalized linear models (see Example 1) and
if the model is well-specified, then df ) is defined exactly as in Eq. (1) otherwise we need a more
refined definition (see [22] or Eq. (29) in Appendix D).

Theorem 2 (from [22], Thm. 4). Let A > 0,6 € (0,1]. Let ¢ be generalized self-concordant
with parameter R > 0 and sup,¢c x ||¢(z)|| < C < oco. Assume that there exists g* minimizing L.
Then there exists ¢y not depending on n, \,0,dfy, C, g*, such that if \/dfy/n,by < )\1/2/R, and
n > C/Xlog(6~1C/\) the following holds with probability 1 — §:

~ . df .
L(G3) = £(g7) < co 52 +53) og(1/6), by = Allg” 1 ™
Under standard regularity assumptions of the learning problems [22], i.e., (a) the capacity
condition 0;(H(g*)) < Cj~%, fora > 1,C > 0 (i.e., a decay of eigenvalues o;(H(g*)) of the

Hessian at the optimum), and (b) the source condition g* = H(g*)"v, withv € H and r > 0 (i.e.,

the control of the optimal ¢g* for a specific Hessian-dependent norm), we have that df , < C/A~1/@
and b? < C”\1+27 Jeading to the following optimal learning rate,
A
L(@Gy) — L(g") < cin” Tratsra log(1/5), when A =n etz ®)

Now we propose an algorithmic scheme to compute efficiently an approximation of g that achieves
the same optimal learning rates. First we need to introduce the technique we are going to use.

Nystrom projection. It consists in suitably selecting {Z1,...,Zn} C {z1,...,2n}, with M <
n and computing gy, i.e., the solution of Eq. (6) over Hys = span{¢(Z1),...,$(Za)} instead
of . In this case the problem can be reformulated as a problem in R as

_ _ - _ 1 o -
gM = @L)\T lv(x), ap = argrr]lénf,\(a), f(a) = ﬁ Zfz(a) + )‘”aH2a 9
a€cR i=1

where f;(a) = l(v(z;) ' T, ;) and v(z) € RM, v(x) = (k(z,71),...,k(z,Zp)) with
k(z,2") = ¢(2) " ¢(a') the associated positive-definite kernel [32], while T is the upper triangular
matrix such that K = TTT, with K € RM*M with K;; = k(Z;,Z;). In the next theorem we
characterize the sufficient M to achieve minimax optimal rates, for two standard techniques of
choosing the Nystrom points {Z1, ..., %}



Theorem 3 (Optimal rates for learning with Nystrom). Let A > 0,6 € (0, 1]. Assume the conditions
of Thm. 2. Then the excess risk of gar,x is bounded with prob. 1 — 26 as in Eq. (7) (with ¢y x 1),
when

(1) Uniform Nystrém method [28, 29] is used and M > C1/X log(Ca/\9).

(2) Approximate leverage score method [3, 28, 29] is used and M > Cj dfy log(C4/\6).
Here C,C, Co, Cy do not depend on X\, n, M, dfy, 6.

Thm. 3 generalizes results for learning with Nystrom and squared loss [28], to GSC losses. It is
proved in Thm. 6, in Appendix D.4. As in [28], Thm. 3 shows that Nystrom is a valid technique
for dimensionality reduction. Indeed it is essentially possible to project the learning problem on a
subspace H s of dimension M = O(c/\) or even as small as M = O(df)) and still achieve the
optimal rates of Thm. 2. Now we are ready to introduce our algorithm.

Proposed algorithm. The algorithm conceptually consists in (a) performing a projection step
with Nystrom, and (b) solving the resulting optimization problem with the globalization scheme
proposed in Sec. 3 based on ANM in Eq. (3). In particular, we want to avoid to apply explicitly
T~! to each v(x;) in Eq. (9), which would require O(nM?) time. Then we will use the following
approximation technique based only on matrix vector products, so we can just apply T~ to o at
each iteration, with a total cost proportional only to O(nM + M?) per iteration. Given o, V f) (c),
we approximate z* = Hy(a) ™1V f\ (), where H), is the Hessian of f)(«), with Z defined as

7 = prec-conj-grad,(Hy(a), Vi(a)),

where prec-conj—grad,; corresponds to performing ¢ steps of preconditioned conjugate gradi-
ent [19] with preconditioner computed using a subsampling approach for the Hessian among the
ones presented in Sec. 2, in the paragraph starting with Eq. (4). The pseudocode for the whole
procedure is presented in Alg. 1, Appendix E. This technique of approximate linear system solving
has been studied in [29] in the context of empirical risk minimization for squared loss.

Lemma 4 ([29]). Let A > 0,a,b € RM. The previous method, applied with t = O(log1/p),
outputs an element of LinApprox(H (), b, p), with probability 1 — & with complexity O((nM +
M?2Q + M3 + ¢)t) in time and O(M? + n) in space, with Q = O(C1 /X 1og(C1/Ad)),c = O(1)
if uniform sub-sampling is used or Q = O(Cadfylog(C1/N6)),c = O(df3 min(n, 1)) if sub-
sampling with leverage scores is used [30].

A more complete version of this lemma is shown in Proposition 12 in Appendix D.5.1. We
conclude this section with a result proving the learning properties of the proposed algorithm.

Theorem 4 (Optimal rates for the proposed algorithms). Let A > 0 and ¢ < \/R2. Under the
hypotheses of Thn. 3, if we set M as in Thm. 3, () as in Lemma 4 and setting the globalization
scheme as in Thm. 1, then the proposed algorithm (Alg. I, Appendix E) finishes in a finite number of
newton steps Nys = O(R||g*||log(C/A) +1og(C/€)). Let gg.a,x be the solution of Eq. (9). With
high probability, the excess risk of g v, satisfies Eq. (7), with an additional term of order e.

The theorem above (see Proposition 14, Appendix D.6 for exacts quantifications) shows that the
proposed algorithm is able to achieve the same learning rates of plain empirical risk minimization as
in Thm. 2. The total complexity of the procedure, including the cost of computing the preconditioner,
the selection of the Nystrom points via approximate leverage scores and also the computation of
the leverage scores [30] is then

O (R||g*|| log(R?*/A) (n dfylog(CA™'67 1) ex + + dff log?(CA™'6™1) 4+ min(n, C/)) df}))
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Figure 1: Training error as as function of time for our algorithm vs. KSVRG. (left) SUSY, (right)
HIGGS dataset.

in time and O(df3 log?(CA~1671)) in space, where cx is the cost of computing the inner product
k(x,2') (in the kernel setting assumed when the input space X is X = RP itis ¢ = O(p)). As
noted in [30], under the standard regularity assumptions on the learning problem we have seen
above [22], we have df%\ < dfy/A < n when the optimal ) is chosen. So the total computational
complexity is

O (Rlog(R?*/\) log®(CA™1671Y) |lg*|| - m - dfy - ¢x) intime, O(df3-log?(CA™1671)) in space.
A

First note, the fact that due to the statistical properties of the problem the complexity does not depend
even implicitly on 1/C'/\, but only on log(C/)), so the algorithm runs in essentially O(ndf)),
compared to O(df/nC/\) of the accelerated first-order methods we develop in Appendix F and
the O(ndfy+/C/)\) of other Newton schemes (see Sec. 1.1). To our knowledge, this is the first
algorithm to achieve optimal statistical learning rates for generalized self-concordant losses and
with complexity only 6(ndf ). This generalizes similar results for squared loss [29, 30].

5 Experiments

We compared the performances of our algorithm for kernel logistic regression on two large scale
classification datasets (n ~ 107), HIGGS and SUSY. We implemented the algorithm in pytorch and
performed the computations on 1 Tesla P100-PCIE-16GB GPU. For SUSY (n = 5 x 105, p = 18):
we used Gaussian kernel with k(z,2') = e le='1?/(20*) with ¢ = 5 as in [29]; M = 10*
Nystrom centers and a subsampling (Q = M for the preconditioner, both obtained with uniform
sampling. Analogously for HIGGS (n = 1.1 x 107, p = 28): data preprocessed as in [29], we used
a Gaussian kernel with 0 = 4and M =5 x 10° and Q = M, using again uniform sampling. To
find reasonable A for supervised learning applications, we cross-validated A finding the minimum
test error at A = 1078 for SUSY and A = 10~ for HIGGS (see Figs. 2 and 3 in Appendix F) for
such values our algorithm and the competitor achieve an error of 19% on the test set for SUSY,
comparable to the state of the art (19.3% [29]) and analogously for HIGGS (see Appendix F). We
then used such \’s as regularization parameters and compared our algorithm with a well known
accelerated stochastic gradient technique Katyusha SVRG (KSVRG) [4], which we have tailored
to our problem using mini batches. In Fig. 1 we show the convergence of the training error with
respect to time, of our algorithm compared to KSVRG. It is possible to note our algorithm is order
of magnitude faster in achieving convergence, validating empirically the fact that the proposed
algorithm scales as O(ndf)) in learning settings, while accelerated first order methods go as
O((n+ /nL/\)df)).
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Organization of the Appendix

A. Main results on generalized self-concordant functions

Notation, definitions and basic results concerning generalized self-concordant functions.

B. Results on approximate Newton methods

Here the interaction between Dikin ellipsoid, approximate Newton method and generalized
self-concordant functions is studied. The results needed in the main paper are all concentrated
in Appendix B.3. In particular the results in Lemma 2 are proven in a more general form in
Lemma 11.

C. Proof of bounds for the globalization scheme

Here we leverage the results of the previous two sections to analyze the globalization scheme

C.1. Main technical lemmas
In this section the results of inclusions of Dikin ellipsoids Lemma 3 is proven.

C.2. Proof of main theorems
In particular here a general version of Thm. 1 is proven. Moreover Remark 1 is proven
in Proposition 7, while the fixed scheme to choose (g )xen in Proposition 8.

C.3. Proof of Thm. 1
Finally here we prove the properties of globalization schemes presented in Thm. 1.

D. Non-parametric learning with generalized self-concordant functions

In this section some basic results about Non-parametric learning with generalized self-
concordant functions are recalled and the main results of Sec. 4 are proven.

D.1. General setting and assumptions, statistical result for regularized ERM.
In particular here more details about the generalization properties of empirical risk
minimization and the optimal rates in Thm. 2 are recalled.

D.2. Reducing the dimension : projecting on a subspace using Nystrom sub-sampling.

D.3. Sub-sampling techniques.
Here the basics of uniform sub-sampling and sub-sampling with approximate leverage
scores is recalled.

D.4. Selecting the M Nystrom points
Here Thm. 3 is proven in a more general version in Thm. 6.

D.5 Performing the globalization scheme to approximate 3,
Here, a general scheme is proposed to solve the projected problem approximately using
the globalisation scheme.

D.5.1. Performing approximate Newton steps
In this section, we describe the way of computing approximate Newton steps. A
generalized version of Lemma 4 is proven in Proposition 12.

D.5.2. Applying the globalization scheme to control 7y, »(/3) In this section, we com-
pletely analyse the approximating of 3, from an optimization point of view, in
Proposition 13.

D.6. Final algorithm and results
Here the proof of Thm. 4 is provided, depending on the results of previous subsections.
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E. Algorithm

Here the pseudocode for the algorithm presented in Sec. 4 and analyzed in Thm. 7.

F. Experiments

Here more details about the experiments are provided.

G. Solving a projected problem to reduce dimension

More details about the problem of randomized projections are provided.

G.2. Relating the projected to the original problem In particular here results to relate
ERM with the projected ERM in terms of excess risk are provided for generalized
self-concordant functions.

H. Relations between statistical problems and empirical problem.
Here we provide results to relate excess expected risk with excess empirical risk for general-
ized self-concordant functions.
I. Multiplicative approximations for Hermitian operators

Here some general analytic results on multiplicative approximations for Hermitian operators
are derived. Moreover they are used to provide a simplified proof for the results in Lemma 1.
See in particular Lemmas 28 and 29 and [25], Lemma 2.

A Main results on generalized self-concordant functions

In this section, we start by introducing a few notations. We define the key notion of generalized self-
concordance in Appendix A.1, and present the main results concerning generalized self-concordant
functions. In Appendix A.2, we describe how generalized self-concordance behaves with respect to
an expectation or to certain relaxations.

Notations Let A > 0 and A be a bounded positive semidefinite Hermitian operator on H, we
denote by I, the identity operator and

lz]la = |A" 2], (10)
Ay = A+)L (11)

Let f be a twice differentiable convex function on a Hilbert space . We adopt the following
notation for the Hessian of f:

Vo € H, Hy(z) == V?f(z) € L(H).

For any A > 0, we define the A-regularization of f:

fro=FH 2012
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£ is A-strongly convex and has a unique minimizer which we denote with a:*”\. Moreover, define
Vo € H, Hy\(z) :== V2 fa(z) = Hy(2) + AL, via(z) = HVf)\(a:)HH;k(x).

The quantity v¢ 5 () is called the Newton decrement at point = and will play a significant role.
When the function f is clear from the context, we will omit the subscripts with f and use
H, H Ay U)eees

A.1 Definitions and results on generalized self concordant functions

In this section, we introduce the main definitions and results for self-concordant functions. These
results are mainly the same as in appendix B of [22].

Definition 3 (generalized self-concordant function). Let H be a Hilbert space. Formally, a
generalized self-concordant function on H is a couple (f,G) where:

i G is a bounded subset of H; we will usually denote ||G|| or R the quantity sup ¢ ||g| < ooy

ii fisaconvex and three times differentiable mapping on H such that

Vo e H, Yh,k e H, VO f(x)[h, k, k] <suplg-h| V2f(x)[k, k].
geg

To make notations lighter, we will often omit G from the notations and simply say that f stands
both for the mapping and the couple (f,G).

Definition 4 (Definitions). Let f be a generalized self concordant function. We define the following
quantities.

o Vh € H, ty(h) :=supyqgl|h-g

il

o Vz e H, VA>0, rya(z):=

1 .
s
SungQ ”gIIH;i(I)

o Vc >0, VA>0, Dya(c) :=={z : vpa(x) <crpa(x)}

We also define the following functions :

el —t—1 l1—et el —1
P(t) = ——5— o) = ;o) = : (12)
t t t
Note that v, ¢ are increasing functions and that ¢ is a decreasing function. Moreover o) _ ot

> (1)
Once again, if f is clear, we will often omit the reference to f in the quantities above, keeping only

t,ry, Dy...

We condense results obtained in [22] under a slightly different form. The proofs, however, are
exactly the case. While in that paper, we only deal with the regularized case, the proof technique is
exactly the same to obtain Proposition 1. Proposition 2 is proved explicitly in Proposition 4 of [22]
and Lemma 5 is proved in Proposition 5.

Omitting the subscript f, we get the following results.

Proposition 1 (Bounds for the non-regularized function f). Let f be a generalized self-concordant
function. Then the following bounds hold (we omit f in the subscripts):

Vo e H, Vhe 1, e *WH(z) < H(z 4+ h) < {"WH(2), (13)
Va,h € 1, YA >0, [[Vf (@ + h) = V@)llgo o) < StR)hlm, @), (14)
Vo, h € H, p(=t(h) ||kl < f(z+h) = f(@) = VI (z).h <) |hlfw.  15)
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We get the analoguous bounds in the regularized case.

Proposition 2 (Bounds for the regularized function f)). Let f be a generalized self-concordant
Sfunction and X\ > 0 be a regularizer. Then the following bounds hold:

Vo, h € H, e *MH,(2) < Hy(z + h) < {WH, (), (16)
Va,h € 1, o(t(h))lIhlle, @) < IVEA(@ +R) = V@) g1 < o) 1hla @, A7)

Va, b€ H, (=t |1Blfs, ) < Sra(@ + ) — fa(@) = VA().h <o)k, @) (18)

Corollary 1. Let f be a G generalized self-concordant function and \ > 0 be a regularizer, and
x} the unique minimizer of f. Then the following bounds hold for any x € H.:

otz — 23)llz - 2o, @) < IVA@) g0 < ot —23)le - 2o @, (19

vx(z)

Y(=t(e =2z - 23l @) < A@) = A@R) <t —2})llz - 23l @ Q0
Moreover, we have the following localization lemma.

Lemma 5 (localization). Let X\ > 0 be fixed. If ”A )) < 1, then

(o — ) ( ;“ ) @1

In particular, this shows :
Ve<1, VA> 0, x € Dy(c) = t(z —a}) < —log(1 —c).

We now state a Lemma which shows that the difference to the optimum in function values is
equivalent to the squared newton decrement in a small Dikin ellipsoid. We will use this result in the
main paper.

Lemma 6 (Equivalence of norms). Let A > 0 and x € D(2). Then the following holds:

1

ZV)\@?)Q < falz) = falay) < mala)”

Proof.Apply Lemma 5 knowing x € D,\(%) to get t(x — x%) < log(7/6). Then apply Eq. (18)
and Eq. (17) to get:

Aa(@) = fa(@}) < vt —aX) 2 — 23l @)
< T Y(t(e — 2})lle — 2313, 0

AT - 7)), 2.

S T gt — o))

Replacing with the bound above, we get

VA >0, Vx € D)\( ) f)\( ) f)\(l';) < I/)\(.’E)Z.

For the lower bound, proceed in exactly the same way.
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A.2 Comparison between generalized self-concordant functions

The following result is straightforward.

Lemma 7 (Comparison between generalized self concordant functions). Let G C Go C H be two
bounded subsets. If (f,G1) is generalized self-concordant, then (f,G2) is also generalized self
concordant. Moreover,

Ve € H, VA > 0, I’(f7gl)7)\(l') > r(f7g2)7)\(m).

In particular, we will often use the following fact. If (f, G) is generalized self concordant, and
G is bounded by R, then (f, By (R)) is also generalized self concordant. Moreover,

A+ )\min(H (l‘)) \/X
r(vaH(R)),A(x) = \/ R ! P "

We now state a result which shows that, given a family of generalized self-concordant functions,
the expectancy of that family is also generalized self-concordant. This can be seen as a reformulation
of Proposition 2 of [22].

Proposition 3 (Expectation). Let Z be a polish space equipped with its Borel sigma-algebra, and
H be a Hilbert space. Let ((f.,G.)).cz be a family of generalized self-concordant functions such
that the mapping (z,x) — f.(x) is measurable.

Assume we are given a random variable Z on Z, whose support we denote supp(Z) such that

e the random variables || f7(0)||, ||V fz(0)||, Tr(V? f2(0)) are are bounded;

o G = UzESupp(Z) G. is a bounded subset of H.

Then the mapping f : x € H — E[fz(x)] is well defined, (f,G) is generalized self-concordant,
and we can differentiate under the expectation.

Corollary 2. Let n € N and (f;, G;)1<i<n be a family of generalized self concordant functions.
Define

flz) = %Zfi(x), g=Jg.
i=1 =1

Then (f,G) is generalized self-concordant.
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B Results on approximate Newton methods

In this section, we assume we are given a generalized self-concordant function f in the sense of
Appendix A. As f will be fixed throughout this part, we will omit it from the notations. Recall the
definitions from Definition 4:

1
va(z) = |IVHi(@)|ix-1/0y —— :=sup||g||lsy-1 ,D)\CZ:{II gc}.
(@)= IVl 0 55 = 508 ol o DA N
Define the following quantities :

o the true Newton step at point = for the A-regularized problem:

Ay(x) = H;l(x)VfA(x).

e the renormalized Newton decrement vy (z):

ﬁ/\(x) =

Moreover, note that a direct application of Eq. (16) yields the following equation which relates
the radii at different points:

VYA >0, Vo e M, Vhe H, e "Wy (@) < ra(z+ h) < Py (). (22)

In this appendix, we develop a complete analysis of so-called approximate Newton methods in
the case of generalized self-concordant losses. By "approximate Newton method", we mean that
instead of performing the classical update z; 1 = x; — Ay (x¢), we perform an update of the form
Tigl = Tt — A, where A, is an approximation of the real Newton step. We will characterize this
approximation by measuring its distance to the real Newton step using two parameters p and €q:

1A¢ = Ax(@o)]| < pralae) + €o-

We start by presenting a few technical results in Appendix B.1. Then prove that an approximate
Newton method has linear convergence guarantees in the right Dikin ellipsoid in a very detailed
way in Appendix B.2. In Appendix B.3, we adapt these results to a certain way of computing
approximate Newton steps, which will be the one we use in the core of the paper. In Appendix B.4,
we mention ways to reduce the computational burden of these methods by showing that since all
Hessians are equivalent in Dikin ellipsoids, one can actually sketch the Hessian at one given point
in that ellipsoid instead of re-sketching it at each Newton step. For the sake of simplicity, this is not
mentioned in the core paper, but works very well in practice.

B.1 Main technical results

We start with a technical decomposition of the Newton decrement at point x — A for a given
AecH.

Lemma 8 (Technical decomposition). Let A > 0, v € H be fixed. Assume we perform a step of the
form x — A for a certain A € H. Define

§ = || A = Ax(2) |, (2) 5=
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The following holds:

ia(z = B) < e [g(i(2) + ) (7 (x) +9) +3) 23)
(@ = Ba(@)) < A [0 () + 8) (7a(2) + 8 (va(w) +8) + 9] . (24)

Proof.
Note that by definition, V f)(z) = Hy(x)Ax(x). Hence

IV @ = D)l 10y = IV @ = B) = V(@) + Ha(@) A (@) g2 )
< VA = B) = V@) + Ha (@)A1
+ [ (2) (A (@) = B) g1

1 o~ ~
_ H/ [ (2 — sA) — Hy(2))Ads g1 +0
0

1 ~ _ o~
< / I () EE (2 — sAYH Y2 (2) — ds 1A g, o) + 6.

Now using Eq. (16), one has HH;lﬂ(x)H)\(x - sﬁ)HIl/Q(:c) ~1I| < estA) _ 1, whose

integral on s is ¥ (t(A))t(A) where v is defined in Definition 4. Morever, bounding

1Ak, () < 1A = A (@) |, ) + [AN@) |11,y ) = 8 + va(2),
it holds B B B
IV @ = B)llg 10y < WEHA)HA) (1 (@) +6) + 0.

1. Now note that using Eq. (16), it holds : v (z — A) < et(d)/2 IV Az —A) HH—l(m) and hence
A

vA(@ = B) < B2 (p(eR)A) (va(@) +6) + ) . (25)

2. Moreover, using Eq. (22),

i@ = 8) < &) (Y(eA)HA) (7 () +8) +3). (26)

Noting that

< 18w

t(A) < < a(z) +9,
r)\(m)

and bounding Eq. (25) simply by taking etfB)/2 L tB) we get the two bounds in the lemma.

We now place ourselves in the case where we are given an approximation of the Newton step of
the following form. Assume A and x are fixed, and that we approximate A (z) with A such that
there exists p > 0 and €y > 0 such that it holds:

1A = Ax(@) |1, @) < pa(2) + €0

We define/prove the three different following regimes.
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) and \ > 0 be fixed. Let

/=

Lemma 9 (3 regimes). Let x € D) (

- € 1
€0 =2 0s.t. £ := 0 <.

0<p< <
p n(z) 21

| =

Let A be an approximation of the Newton steps satisfying |A — Ay (z) 1, () < pva(T) + €0. We
have the three following possible regimes.

o Ifvy(z) = pand vy(x)? > &o, then we are in the quadratic regime, i.c.

100\ (z — Ax(z)) _ <10ﬁ,\(x)
3 = 3

2
) un(m — Ay () < 1—3()§>\(:c)1/>\(x).

o Ifp > vy(x) and pvy(x) = €, then we are in the linear regime, i.e.

10

< Al — Ax(z)) < (12”> (?mm) , ua(z — Ay(@)) < ?Z,\(x)y)\(a:).

o Ifey = \(x)?, p Un(x), then we have reached the maximal precision of our approximation,
and simply have

5)\(1' - A,\(x)) § 320 S s V)\<1' - &)\(.’L')) § 360.

|

Proof.Using the previous lemma,
(e = Ay () < MFIPETO (14 p)a(@) + @) (L + p)oa(x) + @) + pia() + &)
< Oi(a(@), p, €0) Dalx)? + Da(Ba(@), p, €0) pia(x) + Oa(a(2), p, €) <.
and
va(z — Ax(@)) < O1(B(2), p, &) Da(z)va(z) + Do (), p, €0) pral@) + Os(a (@), p, €0) €o.
Here, we have defined :
Oh (7, p, &) = 70 ((1 4 p)7 + &) (14 ),
Oa(7, p, €) = eI HP7He0,
Os(7, p, &) := IO [24((1 4 p)o + &) (1 + p)T + 1]
Now assume ¢y < %, a(z),p < % Replacing these values in the functions above bounds [, (o
and U3, and using the case distinction, we get the result.
B.2 General analysis of an approximate Newton method

The following proposition describes the behavior of an approximate newton method where p and ¢
are fixed a priori.

Proposition 4 (General approximate Newton scheme results). Lef ¢ < % be fixed and o € D (c)
be a given starting point.
Let p < % and €q such that eg < 5 ry(zo).
Define the following approximate Newton scheme :
Vt 20, o1 = 24 — Ay, A — Ax(ze) le1y (@) < pA(21) + €0.

The following guarantees hold.
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o Vt >0, z; € Dy(c).

o Lett. = Llog2 logy %pJ + 1

107 12
vt < te, 107 (@) < max ( €0 22t> ,

3 r,\(xo)’
Vi >t 7105’\(%) < max 12¢0 & e
= Ley 3 ~ r)\(.f[,‘o) 9 3 .

o We can bound the relative decrease for both the Newton decrement and the renormalized
Newton decrement:

1\¥! 18¢ 1\21
Vt < te, va(z) < max (360, <2> VA(fUO)) , Un(7¢) < max ( o <2) %(l‘o)) ;

5ra(7o)
100 {tetl N 18 100\ Ftet!
Vi > te, va(20) < max (360, (%) vt ) mate < mae (S50 (B2) T ) )
Proof.Start by noting, using Eq. (22),
1 6 7
Vz € Dy (7) L e< “2(5“’), =1 (0) < (@) < grale). 27
In particular, this holds for any = € Dy(c), ¢ < % Thus,
1 €0 C €0 c
Ve< -, Vg€ D , <- = VxeD , < -
¢ 7 0 A(©) ra(zog) 4 v A(©) ran(z) 3

1. Proving the first point is simple by induction. Indeed, assume vy (z;) < c. We can apply
Lemma 9 since the conditions on € and p guarantee that the conditions of this lemma are satisfied.

If we are in either the linear or quadratic regime, the fact that %p, 10”3(%) < 3V show that
Un(zr41) < 39oa(z) < c

If we are in the last case, V) (z41) < rf(?t) <c

2. Let us prove the second bullet point by induction. First, Assume the property holds at ¢. By the
previous point, the hypothesis of Lemma 9 are satisfied at x; with p and €. Assume we are in the
limiting case; we easily show that in this case,

10;A($t+1) < E €0 3560
3 = 3 r,\(:ct) = 3I’)\(330).

Here, the last inequality comes from Eq. (27). If we are not in the limiting case, let us distinguish
between the two following cases.

Ift<t.—1,
- - - - t
10V)\($t+1) < 10V)\(ajt) max 10V)\(xt) 107p < max 3560 10V)\(.73t) max } 2 %
3 =3 3 73 )° 3ra(zg)’ 3 2) 73 ’
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where the last inequality comes from using the induction hypothesis and the fact that 10%(”) <1

Using once again the induction hypotheses and the fact that ¢ < Llog2 logy %J which implies

t
% < (%)2 , we finally get

~ t+1
W) o 356 (1 2
3 = 3ra(zo)’ \ 2 '

The fact that the second property holds for ¢ = t.. is trivial Now consider the case where ¢ > ..
Using the same technique as before but noting that in this case

1073 () _ 35¢p  [10p\ Tttt 35¢p  10p
————— <max | -———, | — <max | ——7—,— |,
3 30\(3;‘0) 3 3r>\(x0) 3

We easily use Lemma 9 to reach the desired conclusion.

3. Lett < t.. Then using Lemma 9, we have

10p 107
Vs < t, vy(zs41) < max (360, max(Tp, V/\S(m)w(xs)) :
Using the fact that for any s < ¢, %(ms) < max(3i5(?0), (%)25):

. 1 1\
Vs < t, va(Tar1) < max <3eo, LI (1 (2) mm)) .

va(®s)
(2o

Now using the fact that for any s < t, 7y (zs) < %, we see that

77
10p (1

) < %UA(xS) < %and hence
< 3€g. Moreover, since s < t < t,, max(=32, (5)25) = (%)25. Thus:

35¢p Va(s)
3 ra(zo)

1\%
Vs < t, vp(Ts41) < max (360, <2> I/)\(l‘s)> .

Combining these results yields :

1\ 2t
Ux(Z¢41) < max (3607 <2> y/\(xo)) .

This shows the first equation, that is :

1 2t—1
Vt < te, va(rr) < max (360, <2> VA(éUO)) :

The case for ¢ > t. is completely analogous. We can also reproduce the same proof to get the same
bounds for 7, since the bounds in Lemma 9 are the same for both.

B.3 Main results in the paper

In the main paper, we mention two types of Newton method. First, we present a result of conver-
gence on the full Newton method :

23



Lemma 10 (Quadratic convergence of the full Newton method). Let c < % and xy € Dy (c). Define
Tip1 = xp — A ().
Then this scheme converges quadratically, i.e.:

Vi e N, vala) D)
1%

Thus :
o Vt € N, z; € Dy(c).

e Forany€ < cthenVt > [logy (14 1logy £) ], @y € DA(S).

e Foranye >0, Vt > [logz (1 + log, Lf?)ﬂ s va(ze) < Ve, fa(z) — fa(z}) < e

o If we perform the Newton method and return the first xy such that vy(x;) < /€, then we
have performed at most 1 + [logQ (1 + log, V*\(/{O) >-| Newton steps computations.

3
Proof.
A full Newton method is an approximate Newton method where p,e9 = 0. Thus apply
Proposition 4; note that in this case t. = +o00. The last point shows that if ¢ < %, and if we perform
the Newton method with a full Newton step, then

VE >0, a(zy) <27 Do), Da(m) < 27 Doy (ao).

This shows the quadratic convergence, and the first two points directly follow. For the third point,
the result for vy (x;) directly follows from the previous equation, and the one on function values is
a direct consequence of Lemma 6 and the fact that z; € D (1/7).

For the last point, note that we have access to v4(x;) = V fi(x¢) - Ax(z¢). Moreover, the bound
on t is given in the point before, and since one has to compute A (z) for 0 < s < ¢, there are at
most ¢ + 1 computations.

In the main paper, we compute approximate Newton steps by considering methods which
naturally yield only a relative error p and no absolute error ¢y. Indeed, we take the following
notation.

Approximate solutions to linear problems. Let A be a positive definite Hermitian operator on
‘H, bin H, and a wanted relative precision p.

We say that x is a p-relative approximation to the linear problem Ax = b and write z €
LinApprox(A, b, p) if the following holds:

1A — zf|a < pllblla-2 = P A™"b]lA.
Note that if z € LinApprox(A, b, p) for p < 1, then
(1=p)blla—r <z-b< 1+ p)[blla—-

The following lemma shows that if, instead of computing the exact Newton step, we compute a
relative approximation of the Newton step belonging to LinApprox(Hy(z), V fA(x), p) for a given
p < 1, then one has linear convergence. Moreover, we show that we can still perform a method
which automatically stops.
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Proposition 5 (relative approximate Newton method). Let A > 0, p < %, c < % and a starting
point xg € Dy(c). Assume we perform the following Newton scheme :

VE 20, zpp1 = x4 — zu A e LinApprox(Hx(zt), V fa(2¢), p).-
Then the scheme converges linearly, i.e.

va(z) Un(z)

Vit €N,

Thus,
o Vit €N, z; € Dy(c).

e Forany¢ < cthenVt > [logy £|, @ € DA(C).

Foranye > 0, %t > [logy 20| | vy(a) < VE, fa(@) — falay) <

If we perform the method and return the first x; such that x; - Kt < gs, then we have
performed at most 2 + LlogQ <\/g L\g’)” approximate Newton steps computations, and

we guarantee vx(r1) < Ve, fa(x) — fa(z}) <e

Proof.Apply Proposition 4 with ¢g = 0 and p = %, since if p < %, then a fortiori the

approximation satisfies the condition for p = % Then the last point clearly states that

va(ze) va(ze) (10>t —t
vt e N, 2% P < (=) <2t
va(zo) Ua(o) 21

From this, using Lemma 6 for the third point, we easily prove the first three points. B
For the last point, note that since A; € LinApprox(Hy(z¢), V fx(x¢), p), we have V f(z;) - Ay =

va(ze)? + V() - (Zt - H;l(:nt)VfA(xt)). Now bound

V) - (A= B @)V () | < oalen) 180 = B @)V (@0l ) < o),

Thus : B
(1= p)wa(e)® < Vhalwe) - A < (1+ p)walan)®.

Since p = %, we see that if V fy(x¢) - &5 < gs, then vy (z4)? < . Moreover, since we stop at the
first t where V f(z) - A < %5, then if ¢ denotes the time at which we stop,

6 ~ 8
?5 < Via(@i—1) - A1 < §V>\($Ut—1)2 == V,\(Uct—l)2 Z

€.

>~ w

Since vy (z;-1)% < 272Dy, (20)?, this implies in turn that t — 1 < log, <\/§L\/§O)) Thus,
va(2o)

necessarily, t < 1 + [logQ ( \/g T)J , and since we compute approximate Newton steps for
s =0, ..., t, we finally have that the number of approximate Newton steps is bounded by

2+ \\logQ <\/§W\(;;O))J .

Last but not least, we summarize all these theorem in the following simple result.
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Lemma 11. Let A > 0,c < 1/7, let f) be generalized self-concordant and x € Dy (c). Then,
we have: tuv\(z)? < fia(z) — fa(2}) < va(z): Moreover Newton method starting from
has quadratic convergence, i.e., Let x; be obtained viat € N steps of Newton method Eq. (2),
then vy(zy) < 2-(2'=1)p, (x0). Finally, Approximate Newton methods starting from x( have linear
convergence, i.e., let 7, given by Eq. (3), with Ay € LinApprox(H, (z,), V f\(x1), p) and p < 17,
then vy(xy) < 27wy (mp).

Proof.The three points are obtained in the following lemmas, assuming x € D(1/7).
e For 1) (2)? < falz) — fr(2%) < va(z)% see Lemma 6 in Appendix A.1.
e The convergence rate of the full Newton method starting in D (1/7) is obtained in Lemma 10.
e The convergence rate of the approximate Newton method starting in D (1/7) is obtained in
Proposition 5.
B.4 Sketching the Hessian only once in each Dikin ellispoid

In this section, we provide a lemma which shows in essence that if we are in a small Dikin
ellipsoid, then we can keep the Hessian of the starting point and compute approximations to
H ' (20)V f1(2¢); they will be good approximations to H} ' (z;)V f)(z:) as well.

Lemma 12. Let ¢ < 1 and xo € Dy(c) be fixed.
Let H be an approximation of the Hessian at xq, approximation wich we quantify with

ti= |[H, (o) (Ha (o) — H) H; 2 (a0)].

Assume
14+t <2(1-c)
Letb € H. If& € LinApprox(fI,\, b, p), then

p—1DA—=c)2+(1+1)
2(1—c)2—(1+1)

Vz € Dy(c), A € LinApprox(H,(z),b, p), p =

In particular, if ¢ < %, zo € Dy(c),

Ly,

~ 1
Va € Dy(c), Vb € H, A € LinApprox(H)(xo), b, — -

20) — A € LinApprox(H,(z), b,

Proof.First, start with a general theoretical result.

1. Let A and B be two positive semi-definite hermitian operators. Let A > 0, b € H and
A € LinApprox(B,, b, p). Decompose

|A3'D — Alla, < AL =B b]la, + B30 — Alla,
1/2 — — 1/2 1/25—1/2 — X
<IAYZ AT =BIHAY?| bl 40 + | ABL 2] B0 — Alls,.

Now using the fact that A} — B;' =B (B — A)A !,

1/2 _ _ 1/2 —1/2 —1/2 1/24+ — 1/2
IAY2 (AT = ByHAY? < A 2B - A)A 2 1A B A
—1/2 —1/2 1/2—1/2
= |A 2B — A)A VP |AY B2,
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Moreover, B
B0~ Alls, < Allbllg 1 < |A2B12| 16 -

Putting things together, and noting that from Lemma 21, ||AY/2B~1/2||2 <

1
1AL 2 B-a)AT
as soon as ||A;1/2(B — A)A;l/QH < 1,itholds :

~ —1/2 —1/2
AT B - A)AL?

Ae LinApprox(Ay,b, p), p —yp YOI
L [A2(B - M)A

The aim is now to apply this lemma to A = H(z) and B = H.

2. Letx,xg € Dy(c). Using Lemma 22, we see that
1+ [H; 2 (@) (H - H(2)H, ()] < (1+ (1 + [[Hy Y (2)(H(zo) — H(2))H, /().
Using Eq. (16), it holds:
(e~t@ma0) — )T < 1 ?(2)(H(zo) — H(2))H; *(2) < (e~ — 1)L
Thus,
1L (@) (H () — H(2)H, ?(2)]] < max(1 — ¢ H@a0) etlome0) 1) = etlemzo) g,

Finally, using the fact that 2o, z € D (c) for ¢ < 1, we have that t(z — 2¢) < 2log 1. Hence

1+ [H, 2 (2)(H(zo) — H(z))H, *(2)|| <

Thus,
1+t

(1—c)?

IH, (@) (H — H(z)H, " (2)]| <

The result then follows.
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C Proof of bounds for the globalization scheme

In this section, we prove that the scheme of decreasing p towards A converges.

C.1 Main technical lemmas

Lemma 13 (Next p). Let > 0, ¢ < 1.

Ry/pl|zll g1
c Vi Vi st — "
< - X ~(z) < ¢ +— = P .
VM(IE) S 3R — V'u(l') xC R’ 1% qHu, q R\/ﬁ”x”Hﬁl(x)
Cc
] 1, ul\wllH(El)(m)
~ 3 cry(x
— ~ . — > M
z €Dy (3) — z€D(e),  fi=am g2 Aol
cru(z)
Proof.For any 11 < p,
> () ”Vfﬁ(l')uﬂgl(x)
vo\xr) =
g ()
IV Fu(@) = (= )@l
- ()
B IVE@I <u B 1) Il o)
H r#(x) H FH(IE)
Hence, if 7/, (x) < §, a condition to obtain ;(x) < c is the following :

1 (c ) _ c/3+t ||Mx||H;1(z)
|5 +t) < o pz t= :
7\3 + ct+aulz) e pn>p p— @)

This yields the second point of the lemma. The analysis is completely analoguous for the first.

Lemma 14 (Useful bounds for q). Let pn > 0. Then the following hold:

HHQUHH;I(;B)
—F— <R —1,y < Rz
o VAllzlg1 ) < Rz

Moreover, we can bound all of these quantities using 7, :

Vo € H,

e Foranyc <1,z € H, ifv € D,(c/3), then the following holds:

MHJ«”HH;l(@ 1 ( 1 ) 1 HWCZHH;l(a:;;)

cru(z) T3 +1—c/3 +1—c/3 cru(zy)

o Foranyc< 1,z € H, if R%x) < 5, then the following hold:

R\/ﬁHx”H;l(I) <(1+ 1 l—i- 1 R\/ﬁummngl(m;)
c = 1-¢/3) 3 1-¢/3 c '

Likewise, we show :

R Rz}, 1—
bl P04 25 g1 - /3,
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Proof.The first bound is obvious. Moreover, the fact that v,(z) < § implies that t(z — z7,) <

log ﬁ Thus, we get the classical bounds on the Hessian using Eq. (13):
e T H(z) < H(z)) < e "W H(a).

1. Bound on u||x||H;1(z). Using Eqgs. (16) and (17),

Hllellgs oy = [V Fu(@) = V(@) + VFh) = V k) e

1
< vule) + /0 1L, (2) P H (@) (@ — 2) || dt + [V () [, (2 70 = b+ (1= b))

Now bound [ EL,(z)~/2H(z;)(x — z})|| < ||, (2) /2 H,(20)Y2]| | — 2 |s1(0,) and use
Eq. (16) and Eq. (13) to get:

[y (2) 72 H () (2 — ap)l| < e 7 o — g

Integrating this yields:

1
/0 L ()~ () (@ — )| dt < Slt(e — 7)) [lz — ) llme) < e vu(@).

Where the last inequality is obtained using the bounds between gradient and hessian distance
Eq. (17). Finally, using the bound on t(x — z7,),

1 1 *

2. Bound on R||x||. Start by decomposing

Rzl < Ry || + Rllz — 2]

Now bound

Bllz =zl < —Zlle = il @)-

N

Using Eq. (16), ||z — 2} ||f, () < ¢(—log(1 — ¢/3))v,(z). Hence:

— Ry, (z)
R||z|| < R||z%|| + ¢(—log(1l — ¢/3)) —=2.
2]l < Rl ]l + &(—log(1 —¢/3)) i
3. Now assume = € D,,(c/3). Using the bound on ,u||:1:HH;1(m), and noting that
1 < et(x—x;)/2;’
ru() ru(x,)
o ] )
H||T -1 z ux -1 *
Hu<><1<1+ 1 >+ 1 plleg (eg)
cru(x) 3 1—-¢/3 1—c/3 cru(z})
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Ruy(x)
VI

1 Ry, () [ 1 R“HxZHH‘l(x*)
B < (1 H n A\
R\/EHSL‘HHul(m) < + 1—C/3> \/,E + 1—C/3 \/,H

1 C 1
<(1+4—) = *Nleg=1 ey
( +1—c/3> 3+ 1—c/3R\/ﬁ”xﬂ”Hu1<%)

Ry/pllxll g 0 (14 1 1+ 1 R\/ﬁHx;HHﬁl(xlj)
c h 1-¢/3)3 1—c¢/3 c '

Likewise, we show :

4. Now assume < . We know that in particular, z € D,(c/3) and hence:

<
3.

Hence

Rlz|l  Bllzall %g(_bg(l —¢/3)).

C c
We can get the following simpler bounds:

Corollary 3 (Application to ¢ = %). Applying Lemma 14 to c = % we get the following bounds.
Let 1 > 0.

e Forany x € H, if v € D,(c/3), then the following holds:

7HH33||H;1(;,3) 8”N33;||H;1(x;)
ru(z) h ru(z})
o Ry ()

o Foranyc<1l,z € H, if

i < §, then the following hold:

TRl g gy <1+ SR\/,EHQ?ZHH;l(x;)'

Likewise, we show :

TR||z|| < TR|2% + 1.

il
C.2 Proof of main theorems

In this section, we bound the number of iterations of our scheme in different cases.
Recall the proposed globalization scheme in the paper, where ANM,( f, x, t) is a method per-
forming ¢ successive p-relative approximate Newton steps of f starting at x.

Proposed Globalization Scheme
Phase I : Getting in the Dikin ellispoid of f

Start with xg € H, puo > 0, ¢, T € Nand (g )ren € (0, 1].
Fork e N
Tyt < ANMp(fup, Tk, t)

ME+1 < Qe 1Mk
Stop when p;+1 < A and set g4 <— Tk

Phase 11 : reach a certain precision starting from inside the Dikin ellipsoid

Return Z <— ANM,(f), Ziqst, T)
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Adaptive methods We start by presenting an adaptive way to select pix1 from gy, with theoret-
ical guarantees. The main result is the following.

Proposition 6 (Adaptive, simple version). Assume that we perform phase I starting at xq such that

RVMO (ZL‘O) <
Ho

EN T

Assume that at each step k, we compute x4 using t = 2 iterations of the p-relative approximate
Newton method. Then if at each iteration, we set :

3 + TRz

HE+1 = Gk+1 Mk, dk+1 "= =51 -
+ * * 1+ TR||zps1 ]|

Then for all k > 0, the following holds:

Ryy (@) _ 1
L V>0, == <7

2. The decreasing parameter qj1 is bounded above before reaching K :

4 TRJap, | _ 4+ TR]ay]

2+ TRz}, || S 24+ TR

vk < Ka qk+1 <

3. K isfinite,

IOg % * Ho
& T7R|2y|
RV)\(IEK+1) l
and — < %
Proof.

Let us prove the three points one by one.

1. This is easily proved by induction, the keys to the induction hypothesis being:

e Using the induction hypothesis, we have z;, € D,,, (c) and hence, using Proposition 5 shows

V/»Lk (33k+1) <

that after two iterations of the approximate Newton scheme, — T S % which implies
kg

RVuk(l"kJrl) C

ik =3

e Now using Lemma 13, we see that that since

_ Rl|zg4]] S iy MkakHHHlkl(wkH)
— = )

TRl .

the hypothesis hold to guarantee the bound for gy 1, hence

RyﬂkJrl (xk:-i-l) <c

v Hk+1
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2. Using the second bullet point of Cor. 3, we see that the previous point implies

4/3 + 7TR||z

Pl
Vk >0, TR < TR||z* 1 = < Hk

il

Now using the fact that for any k < K, y15 > A, we can use the simple fact that ||z} [| > ||z}, || to
get the desired bound for gy 1.

3. Using the previous point clearly shows the following bound :

k
3+ TR||z}] ,
2+ TR ) M

As this clearly converges to 0 when k goes to infinity, K is necessarily finite. Applying this for

k = K, we see that :
4 * K
2 < e < 3 + 7RH$>\H 110
= = 2+7R||1‘§\|| '

log 52
2+7R[=y || -

T oRIa*
$+7RII4 |

The final bound is obtained noting that

This shows that K <

2+ 7R||z%]| 1 21
——L ] -, t =24+ = R|zX],
3 + 7R3l t 3 Flll

and using the classical bound:
— . <t+ L
log(1 + %)

Finally, the fact that % < cis just a consequence of the fact that pp 1 < A < px and
thus that A = qux with ¢ > gi 41, which is shown to satisfy the condition in Lemma 13. Hence,

the lemma holds not only for px 1 but also for A.

Remark 2 (110). In the previous proposition, we assume start at xg, (1o such that

RVMO ("L‘O) <
Ho

EN T

A simple way to have such a pair is simply to select :
zo =0, po = TR[Vf(0)]],

Ry (o) _ IV Oluzto) _ rivso)
N/ Vo S

Alternatively, if one can approximately compute HJ:||H_1( 1)» one can propose the following
: . "
variant, whose proof is completely analogous.

since

Proposition 7 (Adaptive, small variant version). Assume that we perform phase I starting at xq

such that
Ry, (z) <
Ho
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Then if at each iteration, we set :

7 . 1
thr1 = 7\/;3\//%\/961@“ “Sk+1,8k+1 € LinApprox(Hy,, (Tg41), Try1, ;),
and .
_y ot = 5+ e+t
HE+1 k+1 Mk, k41 - 1t T tk;+1'

Then for all k > 0, the following holds:

Rvy, (1) 1
1. Vk>0, \/’;Tk < 7

2. The decreasing parameter qy1 is bounded above before reaching K :

§ OBVl ey 4 108 )|
#o>u>A3+10R\f”$p”}1—1($*) 3+ 10R| 2}

Q1 <

3. K isfinite,
K < ) +15 sup Ry/plla) |y ) log@,
2 ASp<po ’ A

Rl/k (CCK+1) < l
VA ST
Proof.The main thing to note is that because of the properties of %-approximations, if spy1 €
LinApprox(Hy, (€x+1), Tr+1, %),

and

1
< Tpgr - Sk < (14 )kaerlH

1 2
(1= ?)”xk+l”H;1 i (@rg1)”

k (karl)

7 4
”xk-HHH_l (@hs1) < \/;m < \/;||xk+1”H;kl(ﬂfk+1)

Hence, tj,11 = TR\/fig|| w41 HH ) » and we can apply Lemma 13 to get the first point.
To get the second point, we bound tr+1 above :

e < T ARV g

Hence,

Now use Cor. 3 to find:

4 *
tht1 S \/; (1 + 8R\/ Mk”mukHH;kl(xﬁk)) 2+ 10RV Hx ”H ah, )

Thus,
3 T+ 10R\ /1 HQCMHH )
Qk+1 X
3+ 10R /1 qukHH k)

Note that as long as k > K

FH10RVA T g 0n) T+ 10R]27
Qk+1 S SUp ) < o
WoR 3+ 1ORil5 r,(y)  3F 0R] 3]

This guarantees convergence.

For the last point, the proof is exactly the same as in the previous proposition.
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General non-adaptive result. As mentioned in the core of the article, in practice, we do not
select g1 at each iteration using a safe adaptative value, but rather decrease p;+1 = qui with a
constant g, which we see as a parameter to tune. The following result shows that for ¢ large enough,
this is justified, and that the lower bound we get for ¢ depends on the radius of the Dikin ellipsoid
ru(z), instead of % in the previous bounds, which is somewhat finer and shows that if the data is
structured such that this radius is very big, then ¢ might actually be very small.

Proposition 8 (Fixed q). Assume that we perform phase I starting at xq such that

1

xo € DMO(?)

Assume we perform the method with a fixed qi41 = q, satisfying

*
/"‘”‘T;L"H;l(z;:)

oI~

St Mo,y
2+ 8W
Then for all k < K + 1, the following holds:
1. =z € DM(%).
2. K isfinite, .
K < 17_(1 log %,

and v +1 € Dy(1).

Proof.Let us prove the two points.

1. Let us prove the result by induction. The initialization is trivial. Now assume x;, € D, (%)
Performing two iterations of the approximate Newton method guarantees that

1

T

Tht1 € Duk(

as show in Proposition 5. Now using Lemma 13, we see that z 1 € Dy, (%) provided that

7uk||xk+1 ”H;l (lk-‘rl)
k

Fug, (Tk41)
Tokllze1lly

_l’_

SN

i @py1)
Fug (Tht1)

1+

Now using Cor. 3, we get that

8pure |27 1 gr= 1 (e
2 o ‘ *“’“(x“’“) <1+8 sup L
ruk(xuk) ALp<po rlt(xu)

Tl en g1 pllaglleg o)

Mo, (xk+1)

Hence the result.

2. This point just follows. Note that we have used the bound IO; T < l%q.
q
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C.3 Proof of Thm. 1

Using Remark 2, the fact that o = 0 and pop = 7TR||V f(0)||, as well as the hypotheses of the
theorem, allow to apply Proposition 6, and show that the number of steps K performed in the first
phase is bounded :

K < [(3+ 11R[|zX]) log(TRIIV £ (0)[|/A)] -

Moreover, this proposition also shows that Rvy(x4st)/ V< % Hence, we can use Proposition 5,
and hence, as soon as

et V)\(:L'last)
t>T= {logQ —‘ > [logQ ,
R? Ve

vA(#) < VE and f5(2) — fa(a}) < = 0
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D Non-parametric learning with generalized self-concordant func-
tions

In this section, the aim is to provide a fast algorithm in the case of Kernel methods which achieves
the optimal statistical guarantees.

D.1 General setting and assumptions, statistical result for regularized ERM.

In this section, we consider the supervised learning problem of learning a predictor f : X — ) from
training samples (z;, ¥;)1<i<n Which we assume to be realisations from a certain random variable
Z = (X,Y) € Z =X x ) whose distribution is p. In what follows, for simplification purposes,
we assume ) = R; however, this analysis can easily be adapted (although with heavier notations)
to the setting where )) = R, Our aim is to compute the predictor of minimal generalization error

inf L(f):=E,-,|¢ , 28

inf L(f) = Eary [6:(f(2)] (28)

where H is a space of candidate solutions and ¢, : R — R is a loss function comparing the
prediction f(z) to the objective y.

Kernel methods. Kernel methods consider a space of functions H x implicitly constructed from
a symmetric positive semi-definite Kernel K : X x X — and whose basic functions are the
K, :t € X = K(,t) and the linear combinations of such functions f = 377" | a; K.

It is endowed with a scalar product such that : V1,29 € X, K,, - K, = K(x1,22), and as a
consequence, H i satisfies the self-reprocucing property:

Ve e X, erﬂa f(x):<faKz>’H

In order to find a good predictor for Eq. (28), the following estimator, called the regularized ERM
estimator, is often computed:

n

Fu = argminTa(f) ==+ 3 £ (7)) + 5 1B

n
fen i=1

The properties of this estimator have been studied in [13] for the square loss and [22] for
generalized self-concordant functions. In Appendix H, we recall the full setting of [22], and extend
it to include the statistical properties of the projected problem.

Assumptions In this section, we will make the following assumptions, which are reformulations
of the assumptions of [22], which we recall in Appendix H, in order to have the statistical properties
of the regularized ERM. First, we assume that the (x;, y;) are i.i.d. samples.

Assumption 1 (i.i.d. data). The samples (z;)1<i<n = (T4, Yi)1<i<n € Z" are independently and
identically distributed according to p.

In the case where ) = R, we make the following assumptiqps on the loss, which leads to the
self concordance of the mappings f +— £.(f(z)) and that of L, L...

Assumption 2 (Technical assumptions). The mapping (z,t) € Z x R +— £,(t) is measurable.
Moreover,
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e there exists Ry < oo such that for all z € supp(Z),

vt e R, [(9(1)] < RetZ(t),

e the random variables |(z(0)|, |¢',(0)], [¢7(0)| are are bounded;
e The kernel is bounded, i.e. Vx € supp(X), K(x,z) < k2 for a certain k.

Using these assumptions, we see that the following properties are satisfied. Define L, (f) :=
2,(f(x)). Then the L, satisfy the following properties:

e Forany z € Z, (L,,{R/K}) is a generalized self concordant function in the sense of
Definition 4.

e The mapping (z, f) € Z x H — L,(f) is measurable;

e the random variables || Lz (0)]], | VLz(0)|, Tr(V2L(0)) are bounded by |¢z(0)|, x|¢,(0)],
K217 (0)];

o G:={R/K; : z € supp(Z)} is a bounded subset of #, bounded by R = Ryx.

This shows that Assumption 7 and Assumption 8 are satisfied by the L, and hence, using Propo-
sition 16 in the next appendix, L is well-defined, generalized self concordant with G. Moreover, the

empirical loss
~ 1 Z
L = E : LZ“

is also generalized self-concordant with G = {ReK,, : 1<i<n}

Finally, as in Appendix H, we make an assumption on the regularity of the problem; namely,
we assume that a solution to the learning problem exists in .

Assumption 3 (Existence of a minimizer). There exists f* € H such that L(f*) = inf yeyy L(f).

We adopt all the notations from Appendix H, doing the distinction between expected an
empirical problems by adding a~ over the quantities related to the empirical problem. We continue
using the standard notations for L: for any f € H and A > 0,

L) = LN+ SUIP Talh) = L)+ 2151

H(f)=V2L(f),  H\(f) = V2LA(f) = H(f) + AL

H(f) = V2L(f),  Hy(f) = V2La(f) = H(f) + AL

Recall that we have defined the regularized ERM f)\ as the minimizer of L A
Define the following bounds on the second order derivatives :

VfeH, by(f)= sup L(f(z)).

zesupp(Z)
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Statistical properties of the estimator The statistical properties of the estimator f)\ have been
studied in [22] in the case of generalized self concordance, an are reported in the main lines in
Appendix H. The statistical rates of this estimator and the optimal choice of )\ is determined by two
parameters, defined in Proposition 17 and which we adapt to the Kernel problem here.

o the bias by = |[H,(f*) "2V L\(f)|| = AHf*‘|H71/2(f*)’ which characterizes the regular-
A

ity of the optimum. The faster by decreases to zero, the more regular f* is.

e the effective dimension
dfy = E |[HA(/) 2V Lo (7)) (29)

This quantity characterizes the size of the space H with respect to the problem; the slower it
explodes as A goes to zero, the smaller the size of .

For more complete explanations on the meaning of these quantities, we refer to [22].

Moreover, as mentioned in Proposition 17, one can define

B*
Bi:= sup [IVL.(f)[, Bs:= sup Tr(V2L.(f*)), @ = —L, b5 = bao(f*). (30)
z€supp(Z) z€supp(”2) \/ 82

We assume the following regularity condition on the minimizer f*, in order to get statistical
bounds.

Assumption 4 (Source condition). There exists v > 0 and g € H such that f* = H\(f*)g. This
implies the following decrease rate of the bias:

by <LAYZ L= g|lu

This is a stronger assumption than the existence of the minimizer as > 0 is crucial for our
analysis.

We also quantify the effective dimension dfy : (however, since it always holds for o = 1, this
is not, strictly speaking, an additional assumption).

Assumption 5 (Effective dimension). The effective dimension decreases as df y < QA~1/<.

If these two assumptions hold, define :

B o' (1 +2r)a
T1ta(l+2r)y T 1tall+2n)

Under these assumptions, one can obtain the following statistical rates (which can be found in
[22] or in Cor. 4).

B

Proposition 9. Let § € (0,1/2]. Under Assumptions 1 to 5, whenn > N and A\ = (Co/n)P, then
with probability at least 1 — 26,

~ 2
L(R) — LUf") < Cun~Tlog 2

with Cy = 256(Q/L)?, Cy = 8(256)Y (QY L'=7)2 and N defined in [22], and satisfying N =
O(poly(BT, B3, L, Q, R, log(1/4))).
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D.2 Reducing the dimension : projecting on a subspace using Nystrom sub-sampling.

Computations Using a representer theorem, one of the key properties of Kernel spaces is that,
owing to the reproducing property,

A€ Hy = {Zn:ozini s (o) € R”} _

i=1

This means that solving the regularized empirical problem can be turned into a finite dimensional
problem in a. Indeed f\ = Y ! ; & K,, where a = ()1<i<n is the solution to the following
problem:

1 A
a = arg min E Zle (ozTKmei) + EOZTKTmOé, K, = (K(:L’l, ffj))lgi,jgn e R,
acRr T

The previous problem is usually too costly to solve directly for large values of n, both in
time and memory, because of the operations involving K,,,,. A solution consists in looking for
a solution in a smaller dimensional sub-space Hj; constructed from sub-samples of the data

{il, ,f]\/[} C {1’1,...,:1,'”} :
M
Ha =4 > Kz : aeRY
j=1

In this case, the minimizer fM7,\ = argming ey, E,\(f) can be written fM7,\ = Z;\il a; Kz
where ¢ is the solution to the following problem:

3

1 & A
& = argmin — Zfzz' (aTKMnei) + Za'Kyuma,
aceRM n i=1 2

where

Kov = (K(wiafj))ll@'%» Kum =K, K = (K(3, %)) 1<ij<m -
<j<

Let T be an upper triangular matrix such that TTT = K ;5. One can re-parametrize the
previous problem in the following way. For any 3 € R, define f3 = zjj‘il [TT8]; Kz ;- This

implies in particular that || f||% = ||3||ga. Then fM’)\ = fBas.\» Where

n
ﬁM,)\ = arg min EJVL)\(B) = l ZEZL(GZTKHMTTﬁ) + i”BHQ
BERM n = 2

Using the properties the £., one easily shows that 3 — €., (e, K,/ TT3) is {R/T~ " Kane; }
generalized self concordant, and |[R, T~ " K yse:|| < Rov/K (2, ;). Thus, L M 1s also generalized
self-concordant, and the associated G, M 1s bounded by R = Ryx. We will therefore be able to apply
the second order scheme we have presented in this paper to approximately compute 3y x.

Statistics Let Uy /() denote the Newton decrement of L A, at point 3 and P, denote the
orthogonal projection on H 7. Then the following statistical result shows that provided /3 is a good
enough approximation of the optimum, and provided # ) is large enough, then fjz has the same
generalization error as the empirical risk minimizer J?A

Recall the following result proved in Proposition 19 in Appendix H.3.
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Proposition 10 (Behavior of an approximation to the projected problem). Suppose that Assump-
tions 1 to 3 are satisfied. Letn € N, § € (0,1/2], 0 < X < B3. Whenever

a -~ dfr v (Q)? 9 \l/2 \L/2
> Ay =2 log —12 c\/AI 5S TR GbhsTR
n . 3 og v 7 1 o Og(S R 5 1PX R )
if
) \/i R )\1/2
[2(7) X = Pan)ll® < Mg 1267 (8) <

480 R’

the following holds, with probability at least 1 — 2.

dfy v (Q*)2

* 2 -~ *
L(fs) — L(f*) < K1 b3 + Ko log 5 + Ky Daa(B),  Rlfs— frlln < 10,

where K1 < 6.0e4, Ky < 6.0e6 and K3 < 810, Cy is defined in Lemma 19, and the other
constants are defined in Thm. 8.

In particular, if we apply the previous result for a fixed A, the following theorem holds (for a
proof, see Appendix H.4).

Theorem 5 (Quantitative result with source r > 0). Suppose that Assumptions I to 5 are satisfied.
Letn > Nandd € (0,3]. If A = <(%)2 %) CEEOT and if
V2

H1/2 *I_P 2< V-
[H2(5)(@ = Pal® < Mg

vua(B) £ Q7 LI =/2,

then with probability at least 1 — 29,

L(fs) ~ L) <K (@ L) Lo

where N is defined in Eq. (41) and K < 7.0€6.

R\ fg — f*Il < 10,

The proof of the previous result is quite technical and can be found in Appendix H, in Thm. 9.

D.3 A note on sub-sampling techniques

Let Z be a random variable on a Polish space Z and (v, ).cz be a family of vectors in # such that
|[v]| oo (2) 1= SUD.cqupp(2) lVz]| < 0o is bounded. Assume that 21, ..., z,, are i.i.d. samples from
Z.

Define the following trace class Hermitian operators:

~ 1
A:E[Uz(X)Uz],A:E Uy @ Uy,
i=1
Define
NAN) =Tr(AT'A),  NAO) = sup A0 31
z€supp(Z)
We typically have:

2

V|| T,00

NAO) S NEM) < W

We define define the leverage scores associated to the points z; and A:

V1 <i<n, V>0, 1) = |A; 0.,)? = n ((Gon + tn1) " Goy) 32)

i’
where G, = (v, - (o )1<i,j<n denotes the Gram matrix associated to the family v.,.
As in [28], definition 1 we have
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Definition 5 (g-approximate leverage scores). given to, a family (I (t))1<i<y is said to be a family
of q-approximate leverage scores with respect to A if

1 ~
V1 <i<n, Vit =tg, — 121 <IA@1) < qIA1).
q

3 (2

We say that a subset of m points {Z1, ..., 2, } C {2z : 1 <i<n}is:

e Sampled using g-approximate leverage scores for ¢ if the z; = z;; where the i; are m i.i.d.
()

ST AG): In that case, we define
i=1"%

samples from {1, ..., n} using the probability vector p; =

A .1 1

Am = ;lel Wijvgj & Ug]..

e Sampled uniformly if the {i; : 1 < j < m} is a uniformly chosen subset of {1,...,n} of
size m. In this case, we define A, := % Z;”zl vz, ® 3.

In Appendix 1.1, we present technical lemmas which allow us to show that if m is large enough,
the following hold:

e ||A,(I-P,,)|> < 3n, where P,, is the orthogonal projection on the subspace induced by
the Uz,

~

e A, \isequivalent to A 2

Remark 3 (cost of computing g-approximate leverage scores). In [30], one can show that
the complexity of computing q-approximate leverage scores can be achieved in : Csapp =
O(¢*>NA(N)? min(n, 1/X)) time (where a unit of time is a scalar product evaluation) and O (N2 (\)%+
n) in memory.

D.4 Selecting the M/ Nystrom points

In order for Thm. 5 to hold, we must subsample the M points such as to guarantee |[H'/2(f*)(I —
Pu)l* < %-

Since we must sub-sample the M points a priori, i.e. before performing the method, it is
necessary to have sub-sampling schemes which do not depend heavily on the point. Define the
covariance operator:

Y=E[Kx ®Kx].
Since H(f*) = E {7 (f(X)) Kx ® Kx], it is easy to see that H(f*) < b33. Note that for X,
since X = % Yoy Ka, @ Ky, the leverage scores have the following form:

V1 <i<n, IZ2(t) = n (Knn + AnI) "' Kpp)

Proposition 11 (Selecting Nystrom points). Letr § > 0. Let n = min(|| X|| A2 )). Assume

» 1440(b3 V1
the samples {Z1, ..., Zpr} are obtained with one of the following.

IL.n>2M> (10 + 160N£(n)) log 877%2 using uniform sampling;

2. M > (6 + 486>\ 2:(n)) log 87%2 using q-approximate leverage scores with respect to 3 for
t=mntyV 197 log 2"—5 <mnz 405K2 V 67K2 log %.

n

Then it holds, with probability at least 1 — 9.

V2

|Z/2X =Pl < 3p = [H2 (/)= Pan)|* <A
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Proof.The proof is a direct application of the lemmas in Appendix I.1. Indeed, note that since
Y = E[Kx ® Kx], then we can apply the results with Z < X and v, < K. Indeed, we have
the bound from Assumption 2:
sup | Kall? < 2.
z€supp(X)
We can now combine Proposition 11 and Proposition 10 to obtain the following statistical
bounds for the optimizer of the projected Nystrom problem [/ .

Theorem 6. Suppose that Assumptions 1 to 3 are satisfied. Letn € N, 6 € (0,1/2], 0 < A <
B% A 720v/2(b% V 1)||X|. Assume

B . 8?B} dfy vV (Q0)2 . 2 \/2 A1/2
> A =21 172 C\/l - < — Ciby < —
n 1 \ og o 1 og 5 R’ 1PA R’
Letn = W\t{gvl)' Assume the samples {1, ..., Ty} are obtained with one of the following.
2

1.n> M > (10 + 160NZ(n)) log 87%2 using uniform sampling;
2. M > (6 + 486> N 2:(77)) log 87%2 using q-approximate leverage scores with respect to 3 for
t=mn,toV 10 log 55 <m,n > 405K2 V 67k2 log %.

n

The following holds, with probability at least 1 — 3.

. dfy v (Q)?2 . 2 .
L(fn) — LU < Ka B4 Ko Q000 2 pigy i < i 410,

where K1 < 6.0e4, Ko < 6.0e6 and Kg < 810, C; is defined in Lemma 19, and the other constants
are defined in Thm. 8.

Proof.This is simply a reformulation of Proposition 10, noting that 77 x(5ar,x) = 0 and that
Proposition 11 implies the condition on the Hessian at the optimum.
Provided source condition holds with r > 0, the conditions of this theorem are not void.

D.5 Performing the globalization scheme to approximate 3,/

In order to apply Proposition 10, one needs to control Vs x(f3).
We will apply our general scheme to Ly y in order to obtain such a control.

D.5.1 Performing approximate Newton steps
The key element in the globalization scheme is to be able to compute %—approximate Newton steps.

Note that at a given point 3 and for a given x> 0 the Hessian is of the form :

~ 1
HMML(B) = ETﬁTKMnDn(B)KnMTil + ,UIMa

where D,, () = diag((d;(5))1<i<n) is a diagonal matrix whose elements are given by d;(f) =
ggl (eiTKnMTflﬁ).
Note that we can always write

Buu(B) = S wBusld) +uL, wi(8) = VAT Kapner
=1

The gradient can be put in the following form:
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~ 1 _
VLinu(B) = ﬁT TKumv + pB, v = (0, (] KnntT™'8))1<i<n-

Computing the gradient at one point therefore costs O(nM -+ M?), this being the cost of
computing K,,»; times a vector costs O(nM) and computing T~! times a vector takes O(M?)
since T is triangular. Moreover, the cost in memory is O(M? 4+ n), M? being needed for the saving
of T and n for the saving of the gradient; K, 5, times a vector can also be done in O(n) memory,
provided we compute it by blocks.

On the other hand, computing the full Hessian matrix would cost nM? operations, which is
un-tractable. However, computing a Hessian vector product can be done in O(nM + M?) time, as
for the gradient, which suggest using an iterative solver with preconditioning.

Computing = € LinApprox(A,b, p) through pre-conditioned conjugate gradient descent.
Assume we wish to solve the problem Az = b where A € RM*M is a positive definite matrix
and b is a vector of RM . If one uses the conjugate gradient method starting from zero, then if z;,
denotes the k-the iterate of the conjugate gradient algorithm, Theorem 6.6 in [31] shows that

/Cond(A) —1\"
/Cond(A) +1
Amax(A)

where Cond(A) is the condition number of the matrix A, namely the ratio 5° A this
convergence can be very slow. The idea of preconditioning is to compute an approximation matrix
A such that

xy, € LinApprox(A, b, p), p=2 <

1~ 3~
-A<A=<-A. 33
2 - T2 (33)

We then compute B a triangular matrix such that B'B = A using a cholesky decomposition,
which can be done in O(M 3), and note that B-TAB~! is very well conditioned; indeed, its
condition number is bounded by 3.

Perform a conjugate gradient method to solve the pre-conditioned problem B~ TAB~ !z =
B~ "b, and denote with z, the 7-th iteration of this method. Then using the bound on the condition
number, we find

— ]_ T
Zr € LinApprox(B*TABfl,B*Tb, 0), p=2 <\/§ ) ,

V3+1

which in turn implies that by setting 2, := B~ 1z,

1\’
x; € LinApprox(A,b,p), p =2 (\/g ) .

V3+1
This shows that after at most 7 = 3 iterations, provided A satisfies Eq. (33), . € LinApprox(A, b, %)
The cost of this method is therefore O(M? + nM) in time, and O(n + M?) due to the computing

of the preconditioner and computing matrix vector products by block. This does not include the
cost of finding a suitable A.
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Computing a suitable approximation of H m,u(B) To compute a good pre-conditioner, we will
subsample () points i1, ..., i¢ points from {1, ..., n}, and sketch the Hessian using these () points.

Proposition 12 (Computing approximate newton steps). Let 6 > 0. Let 3 € RM and w= A

and assume %1 oggs < Aandn > > 405bo(f5)K? V 67bo(fs)k? log 12b2(fﬁ) . Let i =
min(u, |H(f3)||). Assume one of the followmg propetrties is satisfied

1. Q> (10 + 160NH(fﬁ)( )) log m with uniform sampling of the {i1, ...,iq}. We set
Dq = diag(¢Z, (fs(xi;)))1<j<q

2.Q > (6+ 486q2/\/ H(fs) (f1 )) log M using q-approximate leverage scores associated to

5” (fa(ziy))
H(f3) fort = fi. We set Dg = diag (pz]> , where the p;, are the probabilities computed

from the leverage scores.

Assume we use a pre-conditioner B such that

1 B 3
B'B= @T TKyoDoKouT ™! + plyr, Kon = (K(2i;, %)) 1<

If we perform 7 = log(p/2)/log((v/3 + 1)/\/3 — 1) iterations of the conjugate gradient
descent on the pre-conditioned Newton system using B as a preconditioner, then with probability
at least 1 — 8, this procedure is returns A € LlnApprOX(HM A(B), VL A(B),p), and the
computational time is of order O(T(Mn + M?Q + M3 + Csanp)), and the memory requirements
can be reduced to O(M?+n). Here c samp Stands for the complexity of computing Nystrom leverage
scores, and we have using Remark 3 or [30], Csamp = O(1) if uniform sampling is used, and
Csamp = OWNHBUs) ()2 /N) if Nystrom sub-sampling is used. Note that for T = 3, we get p = %

Proof.Start by defining the following operators:

o Kp:feH— (f(zi))ici<n € R™;
o Ky:feM— (f(&)hcjem € RM;

e V =K}, T where T is an upper triangular matrix such that T'T =Ky = Ky Ky,

Note that K,V = K, T L.
Now note that

n

Vi H()=El.on],  H()= Yu,ou, = V@)K

i=1
Since for any f € H, ﬁ(f) = LK Dy (f) Ky, where Dy, (f) = diag(¢7 (f(zi))), we see that

Hys () = VH(f3)V + il

Thus, we can apply the last lemma of Appendix I.1, using the fact that ||v,[|? < ba(f)x?2, to get
that in both cases of the proposition, under the corresponding assumptions, we have

1
2

3

1 _ ~ 1_ -
<QT "KugDoKouT 1+uIM> = Huu(B) = 5 <QT "KugDoKouT 1+uIM>.

The rest of the proposition follows from the previous discussion.
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D.5.2 Applying the globalization scheme to control 7y \ ()

In order to apply Proposition 12 to each point 3 in our method, we need to have a globalized version
of the condition of this proposition.
First, we start by localizing the different values of 5 we will visit throughout the algorithm.

Definition 6 (path of regularized solutions). Let A > 0, ¢ > 0. Define the path of regularized
solutions

TV = By + = A} (34)

And the € approximation of this path :
T = {e eRM : 4(8,T¥) < 5} . (35)

Note that we always have fy C Bgrm (|| Baral]). We now state a lemma proving that all the
values visited during the algorithm will lie in an approximation of this path.

Lemma 15. Define Let 3 € RM such that Upy ,(8) < “71 }/2 for some . > \. Then the following
holds:

B e FM

6

R

Proof.Bound

R 1 RO (B)
s = Al < WHB — Bupllg,, s < S(trr (B = Bary)) Ml;;

Just apply Eq. (17) to obtain R||3 — Basul| < &.
We now introduce the following quantities which will allow to control the number of sub-
samples throughout the whole algorithm.

Definition 7. Define

o by: = SWpgepar ba(f3).

o V() =supypn  NHUD(),

° N?O()\) = supﬂefMl/ ./\/‘olg(fﬁ)()\).

A1/6R
o TH] = miny e [H(7)|
Proposition 13 (Performance of the globalization scheme). Leze > 0, § > 0, A = min(\, |[HJ|).

Assume 19b2” log g5 < X and n > 405byk? V 67bok? log 12b2“

Assume we perform the globalization scheme with the parameters in Thm. 1, where in order to
compute any p approximation of a regularized Newton step, we use a conjugate gradient descent
on the pre-conditioned system, where the pre-conditioner is computed as in Proposition 12 using

7H ~
1.Q > (10 + 160/\/00()\)) log 8b2“ lfusmg uniform sampling
2.0 > (6 + 486q2NH(~)> log

lf using Nystrom leverage scores

Recall that t denotes the number of approximate Newton steps performed at for each p in Phase
I and T denotes the number of approximate Newton steps performed in Phase I, and that using
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Thm. 1, t = 2 and t = [logy \/1V (Ae=1/R2)]. Moreover, recall that K denotes the number of
steps performed in Phase I. Define

Nue = 2| (34 1R Basa ) oo (TRIV s (0)]1/3)| + Moz +/TV (e 1721,
Then with probability at least (1 — §)Vns :

e The method presented in Proposition 12 returns a 1/7- approximate Newton step at each
time it is called in the algorithm.

e If 3 denotes the result of the method, Ups x(5) < /e

o The number of approximate Newton steps computed during the algorithm is bounded by N, s;
the complexity of the method is therefore of order O(Nps(M? max(M, Q)+nM +Csamp(N)))
in time and O(MQ + M? + n) in memory, where Csamp()) is a bound on the complexity
associated to the computing of leverage scores (see [30] for details).

The algorithm is detailed in Appendix E, in algorithm 1. Note however that the notations are
those of the main paper, which are slightly different from the ones used here.

Proof.If we take the globalization scheme, using the parameters of Thm. 1. Assume that all
previous approxnnate Newton steps have been computed in a good way. Then the 8 at which
we are belongs to M M1 /6R" Thus, the hypotheses of this proposition imply that the hypothesis of
Proposition 12 are satlsﬁed and hence, up to a (1 — &) probability factor, we can assume that the
next approximate Newton step is performed correctly, continuing the globalization scheme in the
right way. Thus, the globalization scheme converges as in Thm. 1.

D.6 Statistical properties of the algorithm

The following theorem describes the computational and statistical behavior of our algorithm.

Proposition 14 (Behavior of an approximation to the projected problem). Suppose that Assump-
tions 1 to 3 are satisfied.

LetnEN,€>O,5E(0,1/2],0<)x<[§* ~

Define \ = min()\ ||HH) and assume 19%“2 log g5 < A n = 405bgk? V 67byk? log %, and

AN 21 B2 . Assume

dfa v (Q9)2 . 2 A2 AL/2 )\1/2
C\/l - < —, Ciby € —, 126
1 0g 5 R 1D R Ve <
Assume that the M points Z1,...,T ) are obtained through Nystrom sub-sampling using n =
|2 A W\bf*\/l) with either
1. M > (10 + 160/\/020:(7))) log lfusmg uniform sampling;

2. M > (6 + 486¢°N E(7))) Iog lf using q-approximate leverage scores for n, associated to
the co-variance operator 3..

Assume we perform the globalization scheme as in Proposition 13, i.e. with the parameters in
Thm. 1, where in order to compute any p approximation of a regularized Newton step, we use a
conjugate gradient descent on the pre-conditioned system, where the pre-conditioner is computed
as in Proposition 12 using

1.Q > (10 + 160N§(5\)> log 8b2” if using uniform sampling
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Ad
Let Ny be defined as in Proposition 13. Recall N, is an upper bound for the number of

approximate Newton steps performed in the algorithm. One can bound

E 1/2
N <2 {@13 LR ) log, m”VM(O)'J + {logQ H -

2.Q > (6 + 486q2./vH(5\)> log 8bpr if using Nystrom leverage scores

A

Moreover, with probability at least 1 — (Nps + 2)0, the following holds:

L(fs) = L(f*) < K1 b3 + Kz

where K; < 6.0e4, Ko < 6.0e6 and Ks < 810, Cy is defined in Lemma 19, and the other
constants are defined in Thm. 8.

dfy v (Q*)? 2
n )

Proof.This is a simple combination between Propositions 10, 11 and 13. To bound the number
of Newton steps Ny, one simply uses the fact that under the conditions of the theorem, R|[Sys | <
10 + RJ| f*].

Remark 4 (Complexity). Let L = byk?. The complexity of the previous method using leverage
scores computed for X for the Nystrom projections and for H( f3) for choosing the Q) points at the
different stages is the following. The total complexity in time will be of order :

0 (Nm (n/\/ﬁ()\) log(ZLA~1671) + BaN S ()3 log® (LA™~ 1) + L/A baA’ z(A)2)) .
The memory complexity can be bounded by
OGN T (A2 log2(LA1671) + n).
Here, we use the fact that H < Bg 3.

We can now write down the previous proposition by classifying problems using Assumptions 4
and 5 and in order to get optimal rates.

Theorem 7 (Performance of the scheme using pre-conditioning). Let § > 0. Assume Assumptions 1

&
2 1\ a(i+2r)+1
E .

to 5 are satisfied. Letn > N, where N is characterized in the proof, A = ((%)

Assume that the M points 21, ...,T ) are obtained through Nystrom sub-sampling using n =

A2
1440(b3 V1)

1. M > (10 + 160/\/020:(7))) log 87%2 if using uniform sampling;
2. M > (6 + 486¢°N 2:(n)) log 87%2 if using q-approximate leverage scores for n, associated to
the co-variance operator 3..

Assume we perform the globalization scheme as in Proposition 13, i.e. with the parameters in
Thm. 1, where in order to compute any p approximation of a regularized Newton step, we use a
conjugate gradient descent on the pre-conditioned system, where the pre-conditioner is computed
as in Proposition 12 using

1.Q > (10 + 160N§(A)> log ngfz if using uniform sampling
2.Q > (6 + 486q2NH()\)> log 85)\2;2 if using Nystrom leverage scores

Let Ny be defined as in Proposition 13. Recall N, is an upper bound for the number of
approximate Newton steps performed in the algorithm. One can bound

, with either

R 2
Nos < (227 + 22R| ) ([logz (TRIVEn(O)])] + {bgz Z‘H + [logz Rﬂ) :

Moreover, with probability at least 1 — (Nps + 2)0, the following holds:

47



e all of the approximate Newton methods yield %—approximate Newton steps

o The scheme finishes, and the number of approximate Newton steps is bounded by N, s. The
total complexity of the method is therefore

O((nM + M? + M?Q + Coump) Nys) in time O(n + M?) in memory.

o The returned (3 is statistically optimal :

L(fs) - L(f*) < K (Q7 L) ni,y 1og§,

where K is defined in Thm. 5.
Proof.The proof consists mainly of combining Propositions 11 and 13 and Thm. 5.
Recall that we set A = (Q—2l> m.

L2 n

1. Start by defining N such that :
o N > N where N is defined in Thm. 5;

e Vn > N, A < |[HJ|. This is possible as m is a strictly positive exponent.

< 10b 2 . . . L
° Vn > N, 19”% log 55 < A; this is possible as soon as m < 1,1i.e. this is satisfied
since > 0;

N > 405by V 1 52V 67by V 1 52 log 1202¥1 12
o Vn> N, ngug 13-

We see that such a N can be defined explicitly.

2. Combining the assumptions on N with the ones on M, we see that all the assumptions of
Proposition 11 are satisfied and thus that with probability at least 1 — §, all the hypotheses for
Thm. 5 are satisfied except the bound on Dy (/5).

3. Applying Proposition 13, taking v/ = Q7 L'™"n~7/2 and A = (%2%) SR we see that

under these hypotheses,
- nl2\ a2t 1 /nl2) arzni
1o (TRIVEMO)] (‘g ) f1oes ( 7z () .

Now we can bound this harshly:

Ny =2 \‘(3 + 11RHBM,>\

R 2
Nos < (7+ 22R| Barall <(10g2 (TRIVLM(O)]) | + [logQ TcL:H * {ng P}L-D '

Now bounding R||Bas,x|| < 10 + R|| f*||, we get

~ L2
Nyps < (227 + 22R|| f*]) ([logQ (7R||VLM(O)H)-| + Pogz %J + [10%2 RILD '

4. Finally, we use a union bound to conclude.
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E Algorithm

Let Ny M € Nwith M < N. In Alg. 1, leverage—scores—sampling((zi)fil,M,k,/\)
returns a subset of (zi)fvzl of cardinality M sampled by using (approximate) leverage scores at
scale A > 0 and computed using the kernel k. An explicit example of an algorithm computing
leverage-scores—sampling isin [30]. Moreover kernel-matrix((z;)Y,, (z))M,, k)
computes the kernel matrix K € RV where K;; = k(z;, 2), with N, M € N.
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Algorithm 1 Algorithm efficient non-parametric learning for generalized self-concordant losses
with optimal statistical guarantees discussed in Sec. 4 of the main paper.

Input: (z;,y:)i=1, n € N, £ loss function, k kernel function and A > 0.
Return: estimated functiong : X — R
Parameters: Q, M, T € N, uo > 0, (¢ )ken-
Fixed parameters: ¢ = 2 from Thm. 1, 7 = 3 from Proposition 12 in Appendix D.5.1.
(i’j)}il + leverage-scores—sampling((z;)izi, M, A k)
K « kernel-matrix((z;)},, (Z;)}L,)
T < cholesky-upper-triangular(K)
define the function v(-) = (k(Z1,-), ..., k(Znm, ")) € RM
define compute-preconditioner:
Input: o € R A >0
ci — VE@ ((x;)TT ta,y;) foralli =1,...,n
define the function k' (o, ®) as k' (o, @) := co X ce X k(zo,Ts) foro,e € {1,...,n}
(hs)gf?:l + leverage-scores-sampling((i)j=1, @, \, k')
G + kernel-matrix((Z;)M,, (zn,)%,, k)
H <+« T " x G x diag((c¢},)j_;) x G x T~*
B+ choleskyfupperftriangular(%H + M)
return B

define preconditioned-conj—-grad:
Input: « € RM ;1 > 0,7 ¢ RM 7 € N,B € RM*M
P4 71,80 < ||7“H276 «~0
Fori=1,...,7
z+ uB "B lp+ % > 6(2)(v(mi)TT71a, Yi) (v(xi)TTleflp) BfTTfTU(:E,‘)
a so/(pTz)
B« B+ap
rer—az, s+ |r|?
p <1+ (s1/s0)p
Sp < S1
return 3

define appr-linear-solver:

Input: o € RM ;1 > 0,9 € RM

B <+ compute-preconditioner(a, )

u + preconditioned-conjugate-gradient(a,p, B~ g,7 = 3,B)
return B~y

define approximate—-Newton:
Input: aig € RM,,u >0,teN
Forj=1,...,t
g pajy+ £ 30 D (o(@) T g, p) T To(a)
a; < aj—1 —appr-linear-solver(a;—1,4,9)
return o
ag +— 0
Fork € N
Qpt1 ¢ approximate-Newton(ak, ik, t = 2)
Hk+1 € Qk+1Mk
Stop when ;1 < A and set aqst < i
a + approximate-Newton(wgest, A, T)
return §(-) := v(-) T 'a
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F Experiments

We present our algorithm’s performance for logistic regression on two large scale data sets :
HIGGS and SUSY. We have implemented our method using pytorch, and performed computations
on one node of a Tesla P100-PCIE-16GB GPU. Recall that in the case of logistic regression,
K(Ly) (t) =log(1 + e—yt)'

In what follows, denote with n the cardinality of the data set and d the number of features of
this data set. The error is measured in terms of classification error for both data sets. The data sets
are the following.

SUSY (n = 5 x 105, d = 18, binary classification). We always use a Gaussian Kernel with
o = 5, and will always use 10 Nystrom points.

HIGGS (n = 1.1 x 107, d = 28, binary classification). We pre-process the data by substracting
the mean and dividing by the standard deviation for each feature. We then apply a Gaussian Kernel
with o = 4.

For these data sets, we do not have a fixed test set, and thus set apart 20% of the data set at
random to be the test set, and use the rest of the 80% to train the classifier.

In practice, we perform our globally convergent scheme with the following parameters.

e We use Q = M uniform random features to compute the pre-conditioner for each approxi-
mate Newton step;

e In the first phase, we decrease u in a very fast way to A by starting at ¢+ = 1 and dividing
by 1000 after performing only a single approximate Newton step (using 2 iterations of
conjugate gradient descent);

o In the second phase, we perform 15 approximate Newton steps (each ANS is computed using
8 iterations of conjugate gradient descent).

Selection of A In the introduction, we claim that in many a learning problem, the parameter A
obtained through cross validation is often much smaller than the ones obtained in statistical bounds
which are usually of order ﬁ This leads to very ill conditioned problems.

For both data sets, we select A by computing the test loss and classification errors for different
values of A, and report the evolution of these losses as a function of the parameter A in Fig. 2 for
the HIGGS data set, and Fig. 3 for the SUSY data set. We see that the optimal A yield strongly
ill-conditioned problems.

Comparison with accelerated methods Given the M Nystrom points, our aims to minimize
Lz, From an optimization point of view, i.e. from a point of view where the aim is to minimize

Ly ), we compare our method with a large mini-batch version of Katyusha accelerated SVRG (see
[4]).

Indeed, we perform this method using batch sizes of size M ; the theoretical bounds provided in [4]
show that the algorithm has linear convergence, with a time complexity of order O(nM + M3 +

M? \/§ ) log % to reach precision . In the following plots, we compare both methods in terms of
passes and time.

By pass, we mean one of either of the following things :
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Figure 2: (Left) Classification error as a function of the regularization parameter and (Right)
test loss as a function of the regularization parameter, when performing a logistic regression with
M = 10* Nystrom features on the entire HIGGS data set; we select A = 1077,
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Figure 3: (Left) Classification error as a function of the regularization parameter and (Right)
test loss as a function of the regularization parameter, when performing a logistic regression with
M = 10* Nystrom features on the entire SUSY data set; we select A = 1075,

e a computation of the type K78 where K, ;s is a n by M Kernel Matrix; in the case of
our method, this occurs when computing function values, gradients, or evaluations of the
Hessian in the conjugate gradient method; in the case of Katyusha SVRG, this occurs when
computing a full gradient;

e n/M computations of the type K, ;T '3 where T is an upper triangular matrix, and K s
is a M x M kernel matrix, associated to one batch gradient in the case of Katyusha SVRG.

We use this notion to measure the speed of our method as they both correspond to natural
O(nM) operations, and incorporate the essential of the computing time. However, the second point
is often much slower to compute than the first, due to the solving of the triangular system. Thus,
the notion of passes is to take with precaution, as a pass for the accelerated SVRG algorithm takes
much longer to run that a pass for our method. This is confirmed by the time plots. In particular,
due to the running time of SVRG, we compare both methods for M = 5000 Nystrém points in the
case of the Higgs data set. We compare the performance of these two algorithm with respect to
the distance to the optimum in function values, in Fig. 4 for the HIGGS data set, and in Fig. 5 for
SUSY.

Performance of our method. In Table 1, we record the performance of the following methods,
taking the X\ values we have obtained previously for the different data sets.
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Figure 4: Distance to the optimum as a function of (Left) time when performing our second order
scheme and SVRG and (Right) number of Newton steps when performing our second order scheme
to minimize the train loss on HIGGS, with 5.0 x 103 Nystrém points and A = 1077,
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Figure 5: Distance to the optimum as a function of (Left) time when performing our second order
scheme and SVRG and (Right) number of Newton steps when performing our second order scheme
to minimize the train loss on SUSY, with 1.0 x 10* Nystrém points and A = 1075,

For FALKON (see [29]), we take the parameters suggested in the paper (except for the number
of Nystrom points needed for HIGGS, as our computational capacity is limited).

Method SUSY HIGGS
c-error | M | time | c-error M time(m)
Logistic regression with Katyusha SVRG | 19.0% | 10* | 300 | 28.3 % | 5.0 x 10° 700
Logistic regression with our scheme 19.0% | 10* | 30 |27.6% 10 70
Ridge Regression with FALKON ([29]) | 19.3% | 10* | 5 | 30.4 % 10 10

Table 1: Classification error of different methods

53




G Solving a projected problem to reduce dimension

G.1 Introduction and notations

In this section, we give ourselves a generalized self-concordant function f whose associated subset
we denote with G. Once again, we will always omit the subscript f in the notations associated to f.

The aim of this section is the following. Given f and A > 0 computing an approximate solution
to

24 = argmin f(2),
zeEH

is often too costly. Instead, we look for a solution in a small subset of  which we see as the image
of a certain orthogonal projector P and which we denote Hp. Usually, this subset will be finite
dimensional and admit an easy parametrization. Thus we will compare an approximate solution to

A
rp ), = argmin f(z) = argmin f(Pz) + )
r€Hp veH 2

Denote with fp the mapping x € H +— f(Px). It is easy to see that, as f is a gen-
eralized self concordant function with G, fp is naturally a generalized self concordant with
Gp :=PG ={Pg : g € G}. Moreover, :Eik;,)\ = x}PA.

We will adopt the following notations for the quantities related to the generalized self-concordant
function fp. Essentially, we always replace fp simply by P from our definitions in appendix.

e For the regularized function :
A
Vo € H, VA> 0, fpa(z) = fp(z) + §|]a:H2.

For the Hessians

Ve eH, >0, Hp,)\(l') = pr’)\((li) = PH(Pl‘)P + AL

Vh € H, tp(h) :=ts (h) = t(Ph).
For the Newton decrement:

Ve € Hy A > 0, e () = vipa(@) = [V el (o = IPYF(P2) + Al o)

For the Dikin ellipsoid radius:
1

VA>0, Ve e H, rpp(x) :=rpa(x) = :
SUPgeg HPQHH;}P@)

For the Dikin ellipsoid:
VA > 0, Ve > 0, DP’)\(C) = DfP,)\(C).
Note that for any = € Hp, rp \(z) > r\(z).

We will now introduce the key quantities in order to compare an approximation of x}, , to an
approximation of x¥.

Definition 8 (key quantities). Define the following quantities
e Forany \ > 0, the source term sy := /\fo\”H;l(x;) = |]Vf(x3‘\)HH;1(m§);

e Given an orthogonal projector P, X > 0, and x € H, the capacity of the projector
Cp(z,\) = HH(m)l/i\(I—P)HQ‘
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G.2 Relating the projected to the original problem
Given x € Hp, our aim is to bound v (x) given vy p(x) and s).

Proposition 15. Let x € Hp. If

Then it holds :

Moreover, under these conditions,
o |lz— a3l S TATV2(up a(z) +50);
. )\HxHHF—’}/\(w) < 7VP,)\(.T) + 9s).

Proof.In this proof, we introduce the following auxiliary quantity:

1) Start by bounding t(Pz} — z3). We have

t(Px —z3) =sup|g- (I - P)z}|
geg

1
< (T = P)a |, o
o 10 Pl o
1 * * =1/2/ %\ %
< [HA(@})YA(X - PYHL ()2 [H 2 (2323
r,\(ac)\)

A (@)

= (L4 Cp(a ) =2

= (14 Cp (3, A) ma-

2) Then bound t(z} , — Px}) First, bound vp ) (Pz?):

vp A (Pz}) = [PV A(P2Y) |1, ppay)—
< VAPZY) [, pay)-1-

Using Eq. (16), we get |V fx(P2}) [, pay) -1 < et((I=P)23)/2,, (P3%). Using Eq. (19), we
can bound

vA(Pz}) < ¢(t((I - P)a})) [I(T = P)z}llm, zy) < ST = P)z})) (1 + Cp(a}, A))s
. Putting things together,

vp(Pa}) < eUTPIPIEG(((1 - P)ay)) (1+ Cp(f, A)sh.

Now
1 L waPuaype_ 1

< < -
rp)\(ij\) FA(PIX) I’>\(x>\)
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Hence,

vea(P2Y) _ 57z - ; «
PN DB By, Ty = (14 Cp(zt, )
o (P erp(t) ta A= (14 Cp(zX, M)

Since t + ef@(t) t is an increasing function whose value in 0 is 0, we find numerically that for
— . Pz .
t = %, elp(t) t < % Hence, if (1 + Cp(2},A))7a < %, then % < % Using Lemma 5,
this shows that
tp(P2} — 2p ) = t(Px} —2p ) < log?2.

3) Getting a bound for t(z — z). To do so, combine the two previous bounds with the fact that

if vp \(z) < rp’gm, then using Lemma 5 with fp, tp(z — 2p ) = t(z — zp ) < log 2. Thus, if

N 3 re (e
(14 Cole M < 5. vpa(e) < TAE)

then it holds 3
t(z —2)) < 10 + 2log 2.

4) A technical result to bound | Hy(z)~'/?Hp ,(2)!/?|| . Using the fact that Pz = z, and
Lemma 23, applied to A = H(x), we get

A (2) 7"/ *Hp A (2)/2] < 1+ /Co(x, A).

Then, one can easily bound Cp(z, \) < et@=2X)Cp (2%, \).

5) Let us now bound v, (z). First, decompose the term
(@) = VA @1y < IPYA@ g1y + 1T~ PYVF@)g10)

Since z € Hp, |PV fr(z) HH;1(m) = |[Vfpa(x) HHgl(m)’ and using the previous point, we get

HPva<x)HH;1(x) < (1 + et(x—xﬁ)/2 /Cp(m‘;,)\)> I/P)\(.’L‘).

Let us now bound the second term. We divide it into two terms :
I P)VS @)y 1y < 1T~ PY(VF(@) = V@) gy + 1T = PIVS @ g1

The second term can be bounded in the following way :

* 1 * *
1T =P)VF @l < 10 PYHY* (23) | IV F @) o) < (/1 + Co (@5, A) sn

For the first term, we proceed in the following way.
1
-1/2
I(X—P)(V/(2) ~ VF3) g1y = | /0 H, /2 (2)(1 - P)H(x,) (@ - o}) dt|

1 1
S /O (T = PYHY?(2,)|| [|HY? () (2 — )| dt

</, A) ot — X)) o — 23 [l ey

</ Cp(x, A) @20, ().
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Hence the final bound :

(1 _ /Cp(mf\,)\) 6t(z—x§)> u(z) < (1 4 etlz—23)/2 CP((L’K,)\)) vpa(2)+4/1+ Cp(z}, A) sa.

Now if Cp (23, \) < ﬁ, we see that \/Cp (23, \) etl@=a3) < %, and hence, using the bound
on t(x — z%),

va(z) < 3(vpa(x) +sy).

6) Showing the last two points . We leverage the fact that v)\(z) < 3(vp(x) + s)) and
t(z — 2%) < 3 + 2log 2.
To show the first bound, we plug in the previous results in the following equation:

1

S — N}
Sz~ )

lz = a5 S AV — 2l @) <

The last inequality is obtained using Eq. (17).
To show the second point, we use the fact that x € Hp to show that
)\H*T”H;X(x) < )\HQUHH;l(x) <Az = 2} [l @) + )\HwiHHgl(z)'

Then applying Eq. (16) and Eq. (17):
1

t(x—x%)/2
xfx’)*\)) I/)\(x)-i-e ATTSy.

Ml @ < S
We then use the previous results to conclude.

G.3 Finding a good projector
Lemma 16. If for a certain ) < X and for a certain constant C, HH}/Q(CC)(I —P)||2 < Cn, then

Cn

Cp(x,\) < 3

Proof.This is completely direct, using the fact that H'/2(z) < H,li/ 2 (z).
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H Relations between statistical problems and empirical problem.

In this section, we recall and reformulate the framework from [22].

H.1 Statistical problem and ERM estimator

Let Z be a Polish space and Z be a random variable on Z with distribution p. Let H be a separable
Hilbert space, with norm || - ||, and let (f,).cz be a family of functions on /. Our goal is to
minimize the expected risk with respect to x € H.:

inf f(a) = E[fz(x)].

z€H
Given (z;)!_, € Z", we define the empirical risk :

Fla) =23 falo)
=1

and consider the following estimator based on regularized empirical risk minimization given A > 0
(note that the minimizer is unique in this case):

~ .o - A
# = argmin fi(x) = @) + 3
TEH

where we assume the following.

Assumption 6 (i.i.d. data). The samples (z;)1<i<n are independently and identically distributed
according to p.

We make the following assumption on the family (f,) (this is a reformulation of Assumption 8
in [22])

Assumption 7 (Generalized self-concordance). For any z € Z, there exists an associated subset
G. C H such that (f.,G.) is generalized self-concordant in the sense of Definition 3.

Moreover we require the following technical assumption to guarantee that f and and its
derivatives are well defined for any x € ‘H (this is a reformulation of Assumptions 3 and 4 in [22],
and the necessary conditions to obtain Proposition 3).

Assumption 8 (Technical assumptions). The mapping (z,z) € Z x H +— f,(x) is measurable.
Moreover,

e the random variables || fz(0)||, ||V fz(0)|, Tr(V2fz(0)) are are bounded;
e G := UzEsupp(Z) G. is a bounded subset of H.

The assumptions above are usually easy to check in practice. In particular, if the support of p is
bounded, the mappings z — £, (0), V£,(0), Tr(V?£,(0)) are continuous, and z — G, is uniformly
bounded on bounded sets, then they hold.

Proposition 16. Under Assumptions 7 and 8, the function (f,G) (or simply f) is generalized self
concordant.
Moreover, under Assumption 6, define

=1

Then (f, ) (or simply f) is generalized self concordant. Moreover, note that QA CG.
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The main regularity assumption we make on our statistical problems follows (see Assumption
51in [22]).

Assumption 9 (Existence of a minimizer). There exists x* € H such that f(z*) = inf ey f(x).

Notations We adopt all the notations from Appendix A for f and f, which are generalized
self-concordant functions with associated subsets given in Proposition 16 with the following
conventions:

e For all quantities relating to f, we omit the subscript f as usual;

e For all quantities relating to f we omit the subscript fand instead put a hat over all these
quantities. For instance:

_ 1< 1
H(z) = Hy(x) = — Y V[ (2), Ta(2) =15, (2) = ) ete.
@ 7 [t (@b ) = 1) Supg€§||g”ﬁ§1(:v)

Recall the two main quantities introduced in [22] to establish the quality of our estimator fc\; (in
[22], this is a mix between Proposition 2 and Definition 3).

Proposition 17 (Bias, degrees of freedom). Suppose Assumptions 7 to 9 are satisfied. The following
key quantities are well defined:

e the bias by = ||H>\(x*)71/2Vf>\(33*)||;
o the effective dimension df y = E [HH,\(x*)_l/QVfZ(x*)”2]-

Moreover, we also introduce the following quantities :

B*
Bi:= sup [|Vf.(zY)], By := sup Tr(V2f.(z)), Q" = 1*.
z€supp(Z) z€supp(Z) \/ BQ

We can now recall the main theorem of [22] (Theorem 4), which quantifies the behavior of the
ERM estimator :

Theorem 8 (Bound for the ERM estimator). Letn € N, 6 € (0,1/2], 0 < A < B5. Whenever

By S[12B} LV (Q)2, 2
n = A17210g 5 )\15 23 \/AQ M 10g5 < I’)\(ZL‘*), 2b>\ < r/\([E*),

then with probability at least 1 — 20, it holds

. . dfy v (Q*)? 2
f(x)\) - f(w ) < Cbias bi + Cvar >\TL() log 57 (36)

where Cpias, Cyar, (11 < 414, A1, Ny < 5184,

H.2 Link between a good approximation of 7} and z*

In this paper, we provide an algorithm which can effectively compute a good approximation of 2}
(as it is a finite sum problem which can be solved). This algorithm will return a certain x € H,
whose precision with respect to the empirical problem will be characterized by vy (x). The aim
of the following lemma is to see how this approximation x behaves with respect to the statistical
problem.
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Lemma 17. Suppose the conditions for Thm. 8 are satisfied, i.e. letn € N, 6 € (0,1/2], 0 < A <

B3 and suppose

By . 8?B} dfy v (Q*)2 2
> A2 log — 12 \/A AT Jog S <y (ot

Let x be an approximation of T, characterized by its Newton decrement Uy (x). If

P\ (7) < ?A;@ D) < 2

then with probability at least 1 — 29, it holds

fla) = f(a*) < T4(F(@) — f(2") + 3005 (2)*.
Proof.Using Eq. (15),

fl@) = f@3) (V@R — Fh)ae + (@ — )l — T,z

2by <

)

r,\(x*).

1 o % 1 ~
< ITI@ ey + (9 = 330) + 5 ) o - e o

L. Let us bound ||V f(Z}) g1z,

IV F @)l gy < / [HL, 2 (@) Hi () (@ — o)) dt,
S /0 [, 2 @) HY? ()| [HY? (20) (75 — )| dt.

Now using equation Eq. (13)
H(a:t) < ett(f‘;‘faﬁ*)H(/x\a)(\)7 H(.%'t) < e(lft)t(i‘;\fx*)
Thus:
va(f;)HHgl(E;) < et(fﬁ\—x*)ﬂ H./f; _ w*”H(x*)
Finally, using equation Eq. (15)

(@ —z*)/2

(=t} — x))

IV @l oy <

= (1 —t)x) + ta*

75 (F(@) = @)

2. Let us bound the terms involving ||z — %[, z;) Note that using Eq. (17) and Eq. (16)

applied to f,

o~k 1/2 f~eNt3r—1/2 f~
e — 75 lleryay) < 1Y Z@0H, @)

This also leads to :

~ 1 1/2 ~ 1/2 -
tir —723) < HY?(Z)H Ml — 2
( ) NG [H (@) H, @) e — 23] g,
1 1/2 s E5—1/2 s Gt(%a;)ﬂ
< H2@EOR V2@
i B EURE s
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3. Putting things together In the end, we get

et(i;—x*) ey .
@) - o) < <1+ d}(_t(@_m)) (1@ - 1)
SO . otl@—73)/2 R
+ (7/)(t(l’ — &J\K)) + ;) <6t(r)\—fb,\)/2||H}\/2(;p§\)H)\ 1/2($§)HM> l/)\(:l;‘)2-

Moreover, we bound

et(@—7%)/2 Oy ()

ot — %)) =)

~

te — 7)< @ EHE -2 |7 () B ()|

4. Plugging in previous results Under the assumptions of this lemma, which include the as-
sumptions of Theorem 4. in [22], we get the following bounds.

e In [22],the assumptions of Theorem 4 imply that we can use Lemma 9, which uses Lemma 8
in which we show that with probability at least 1 — ¢,

B2 () Hy ()22 < 2.

o Still using the assumptions of Theorem 4, we see in the proof of this theorem that the

assumptions of Theorem 7 of [22] are satisfied in the case where by < 2 (; *), and thus that

t(@) — x)) < log2, t(z} —z*) < log2.

Plugging in all these bounds, we get

1 et@3—z%) cu = < 6
P ey ) SR S6

A~k 1 Sk ok 1/2 S\ X _1/2 % e/t\(l‘_a};\)/Q
Y(t(zx — —l—) et@ =22/ | HY ? (#5)H ) ||———= ] < 30.
(wiete— 720+ 3 e P e

H.3 Bounds when we solve a projected empirical problem

In this section, we place ourselves in the setting of Appendix G. In this section, we had argued that
for computational purposes, it was less costly to compute an approximate solution to a projected
problem.

In this section, we assume that we are going to project the regularized empirical problem, that
is solve approximately

N ~ A
x ~ argmin fp x(z) = f(Pz) + §||a:|]2
T€H
for a given orthogonal projection P. Recall from Appendix G that there is a natural way of
seeing fp as a generalized self concordant function. We import all the notations from this section,
keeping a ™~ over all notations to mark the fact that we are projecting f and not f.
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To quantify the quality of the approximation x, we will use the Newton decrement for the
empirical projected problem Up ) () := s, 5 ().

As we see in Proposition 15, under certain conditions, bounding 7y () amounts to bounding
two terms:

e The empirical source S := )\|]f§\||ﬁ;1(§§),

e The projected empirical Newton decrement Up » ().

1. Bounding the empirical source term s, Start by bounding the source empirical source term
using quantities we know.
Lemma 18 (Empirical source). Letn € N, § € (0,1/2], 0 < XA < B5. Whenever

B* 8D2B* dfy Vv *)2 2
> L1l )\15 ° \/Az )\n(Q) log = < ra(z%),  2by <na(z”).

The following holds, with probability at least 1 — 2.

dfy vV (Q*)? log 2
3A<8bA+80\/ AV (QY)* log§

n

Moreover, we also have the following bound :

dfy Vv (Q*)? log%

n

|75 —2*|| <3 A V2 by +8A71/2 \/

Proof.
We first decompose the source term into two terms, and then apply different bounds from [22]
to effectively bound it. We will use the following quantity :

1/2 x* y—1/2/ % RS
U= [HY 2 @)H @O VA )
It is also defined in equation (23) in [22].

1. Dividing 5 into two controllable terms . Decompose
—~ ~ 3—1/2 /~x 1/2 j~x ~
8 = N8l o) < I @OHEY @I IAE g oy
—1/2 A~k 1 2 A~k K
<2 @EE @ (I las @y + IV @l ey ) -

On the one hand, from the previous proof, we get

va(i;)HH;l(fi;) < 6t($>\ x*)/2 ||;L‘/\ — :E*”H(z*)

< (@ —2*)/2 <et($x—$*)||§f§\ _ :L';HH)\(m;\) + H$§\ o x*HHA(z*))

~ t(z}—a*) 1
@2 (e oo L )
ot@ —23) | o(t(ay — )

N
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In the last line, we use the fact that |7 — #3llm, ey < [HY2(@)H, 2@ 175 -

x} ”ﬁ“w*) and then bound it using Eq. (17) applied to f to get
A

lzy — J:AHITI)\(x;) < m||VfA(IA)Hﬁ;1(I§)

1/2, s\yy—1/2/ x -~ 4
< o(t(zs — 7)) - * ) .
< Gtet —any N @@V A T s

On the other hand, apply successively Eq. (17) to f and fusing the fact that t < t to get

IVA@E) - ) = uvmm ~ VA s )
M@ -TV2G((F, — 23) 1175 — 2%l o)
B2 (@5 — 23)) [HY 2 (@), (3] |75

(3
o(t(@} — %))

_ SHE /2,

N

N

xﬁ\HﬁA(x;)

—xX ~ N -~
Y2 ) B 2@ 19 A i e

N

Putting things together, we have :

~ 172 g 1/2 o 1 N et(@X—73)/2
< I @) (e?’t( e (1t ).

o(t(x} — 3 o(t(x} —o*

2. We now import the results from [22] . The following hypotheses imply those of Thms 4 and
7in [22] :
Letn € N, 0 € (0,1/2],0 < XA < B5. Whenever

B SCI2Bj dfy Vv (Q1)? . 2 r(z)
> A 2log L2 i Ay TRV 1002 by <
1y g i n(@)2 B eAS T

In particular, they imply that with probability at least 1 — 24 :

dfAV(Q*)? log 2 .

n >

Ay < 2by +404

1/2 5—1/2
2 (@), P @) < V2
o t(z* —xa}) <log2;
o t(z} —x}) < log2.

Hence, plugging these bounds in the previous equation, we get

dfy Vv (Q*)2 log 2
8,\<8b,\—|—80\/ AV (Q) Ogé.

n
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3. Note that in what has been done previously, we can bound :

. . 1 R dfy v (Q*)2 log 2
Hx)\_IAHHA(x;) < MVA <by+8 \/ LIy

*
[ t(z} — 2} n
Moreover,

* * 1 *
2 — 2™l (o) < Wuvmx Mgr; ooy < 2D

Hence:

dfy v (Q*)? log%
- )

7% —2*|| <3 A2 by +8A1/2 \/

2. Final bound for the projected ERM approximation In this paragraph, denote with Cp (x, \)

Lemma 19. Lern € N, 6 € (0,1/2], 0 < X < B5. Whenever

B3 2B} dfy Vv (Q*)2 2
7210g 8/\#, Cl\/)‘n(Q) log = < ry(z%), Ciby < ry(z%),

n}Al 5

V2 pa(z)  na(a)
— < — )
180" PA(®) 5 " 1%

the following holds, with probability at least 1 — 26.

Cp (.1‘*, )\) <

Here, C; = 1008.

Proof.
Proceed in the following way.

1. Itis easy to see that the conditions of this lemma imply the conditions of Thm. 8. Hence we
have, as in the previous proofs, the following:

1/2 ry—1/2
o [E ) HE ) < v
o t(z* —2}) <log2;

o t(z} —x}) < log2.

2. Letus now apply Proposition 15 to f If

A)\ 1 -~ . 1 —~ /I’\P )\(.%')
= < B C *7)‘ < Tan’® < ’ )
r,\(ﬁc\j\) 1 P(ZU,\ ) 120 VP,)\(x) 9
Then it holds :
~ - - ~ N 3
Ua(z) < 3(Upa(z) + Sy, tlx — 7)) < 0 + 2log 2. (37)

where the second bound is obtained in the proof of this proposition. Now since
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1 ok * 1
j < ef T2 Eq. (16)

NG (@)
< B2 HG P @) HL Y @3) ) sup gl Det
geG
< et@—a3)/2 \\H}\/Q(mﬁ\)ﬁglﬂ(ﬂf;)” sup |’9HH;1(x§) Gcg
g€
— et(ﬁf\i—l’ﬁ)/Z ||H}\/2(£L'*) —1/2( ) ( ) Def
(M@ =a)/2 | L2 () H 2 ()| ( 9 Eq. (16)
< 2v/2 . previous bounds
ra(z*)

In a similar way, we get ép(ﬁz\f\, \) < 2v/2Cp(z*, \). Thus, the conditions above are satisfied if
the following conditions are satisfied:

S\ V2 . V2 TP ()
< v C 7)\ < Ton ) g 77-
n(z*) 16 P(7, ) < fgp PPA) 2

Finally, note that under these conditions,
1 e/t\(x—fx)/Q 7
= < —= < .
() () ra(z*)

where we have used the previous bound and the bound on t(z — 73%).

(38)

3. Letusassume

S\ V2 V2 p(T)
<—,C A , < = .
(@) 16 p(@"A) < 550 P 2
According to Eq. (38), and to Eq. (37), if
~ N ry(z*
vp () +5) < Al(m )7
then it holds R N
/y\)\ (:1:) < r)\;l') ’ /V\)\ (I’) < r)\ (; )
We simplify this condition as :
~ ry(x* N 2ry (z*
(@) A1(26)’ SAS iées 3

4. Now using the fact that under the conditions of this lemma, those of Lemma 18 are satisfied:

dfy v (Q*)2 log 2
3A<8b,\+80\/ AV (QY)* log§

n

Thus, 5) < 156 ) holds, provided

* 2
r)\(’m*)) n 2 C% df/\ Y <Q )2 log 3)
G ra(z*)?

where C; = 1008.
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Proposition 18 (Behavior of an approximation to the projected problem). Letn € N, § € (0,1/2],
0 < XA < B3. Let v € Hp. Whenever

By  8[12B3 dfy Vv (Q*)2 2
n> Alflog /\7152, Cl\/A<Q) logg < r(z7), Ciby < (),

V2o pa(@) ()
— < : .
380" PP S T A T
The following holds, with probability at least 1 — 2.

dfy Vv (Q*)2
mn

Cp(z*,\) <

f(@) — f(@*) < Ky by + Ko

where K; < 6.0e4, Ko < 6.0e6 and K3 < 810, Cy are defined in Lemma 19, and the other
constants are defined in Thm. 8.

2 R
log 5 + Kj 1/12;.7A(:1:),

Remark 5 (Constants). We have obtained absolutely huge constants. They are (of course) totally
sub-optimal. Indeed, here, we have performed a "simple" analysis, dividing the bound into blocks:
error of the empirical risk minimization with regularization, error of the projection compared to
this empirical risk minimizer. Going back and forth from empirical to statistical, from projected to
non projected induces exponential explosion of the constants. There is a way of doing the analysis
directly by projecting the statistical problem. However, in order to relate to our previous work
[22] and avoid re-doing all of our work we discarded this. If we were to perform this more direct
analysis, we could keep the constants to a reasonable level, of order 102.

Proof.We apply Lemma 17, using the previous lemma to guarantee the conditions.

1. Under the conditions of this proposition, applying Lemma 19, the conditions of Lemma 17 are
satisfied. Thus,

flw) = f(a*) S T4(F(@) = f(2") + 3005 (2)*.
Moreover, from the previous proof,

~

Ua(z) < 3(Tp(x) +5)),

and seeing as Lemma 18 is satisfied,

dfy Vv (Q*)? log 2
- :

§)\<8b)\+80\/

This therefore yields:

dfy v (Q*)? log 2

()% < 270p () + 1726b3 + 172600 -

2. Moreover, from Thm. 8, we have

dfy v (Q*)?

2
F(@3) — fla¥) <414 b3 + 414 log 5

66



3. Putting things together, we have

dfy v (Q9)? . 2 .
dfa v (Q7)7 log — + K3 V]%)A(SC).

flz) — f(*) <Ky b3 + Ko 5

We bound the constants in the theorem.

Lemma 20. Under the conditions of the previous theorem, the following hold :

1 8
_— K —
rea(z) (@)’

* 2
o \'2||lz — a*|| < T0p s (x) + 59by + 568 w;
* 2
¢ )‘Hx”ﬁ;g(@ < T0p () + 72by + 720 w.

. A‘ImllﬁlglA(z)
In particular, W < 11.

Proof.Let us prove the three statements.

L Write £~ = sup & HPg”ﬁ;}A(z)‘ Now

1
(5220
sup | Pyl ) <supllgllg 1, <e (@—33)/
’ geg

ZSHEHQHﬁgl(@\;y
&Y

geg

Now bound

Tk ok T(p* —73* 1/2 5—1/2
Sup (19 g (o) < €T sup gllggor ) < T2 HY @) HL 2 @3) ) sup gl s )

g€y 4G sup
Finally bound
- 1
SUp [|g|| g1,y < €@ TT/2 _
966 Hy "(z}) I’)\(x*)

Now using the fact that under the previous assumptions, we have t(z* —x3), t(z} —73}) < log 2,
t(z—7%) < 1% + 2log 2 and HH}\M(m;)ﬁ;l/g(:ﬂf\)H < V/2, we get the first equation.
2. Inorder to bound A\'/?||z — 2*||, decompose
M|z — || < N2l = Z5I| + A2 — 2.

Now use Proposition 15 to bound A'/2||z — %|| < 7(Pp () + 3)). Using Lemma 18, under the
conditions above, we have

dfy v (Q*)2 log 2

n

§)\<8b>\+80\/

Hence

dfy v (Q*)? log%
- .

A2z — F5|| < Top.A(x) + 56by + 560\/

Moreover, using again Lemma 18



* 2
)\I/QHZ/E\K—JE*H <3by +8 \/deV(Q )2 lOgS'
n

Combining these two inequalities, we get:

dfy v (Q*)? log 2
- :

M2z — 2*|| < T0p A(x) 4 59by + 568\/

3. In order to bound >\H$‘|I’_\I;1A(I), use Proposition 15 to get )\HxHﬁl;,l)\ (@) S TUp A(z) + 95).

Now using Lemma 18, we have the following bound:

dfy Vv (Q*)2 log 2

o < T
)\HxHHP,l)\(x) < Top a(x) + 72by + 720\/ -

Proposition 19 (Simplification). Letn € N, 6 € (0,1/2], 0 < A < B}. Let v € Hp. Whenever

B . 82B3 dfy vV (Q9)2 . 2 VA VA
> A{—2log —12 \/A log = < —= < ==
n 1 log — Ci g5 R Ciby R
if
V2 VA
* < — < —.
Cp(27, ) S g PAW) S 567

The following holds, with probability at least 1 — 2.

fla) = fa¥) < Kib3 + Ky

where K1 < 6.0e4, Ky < 6.0e6 and Kg < 810, Cy are defined in Lemma 19, and the other
constants are defined in Thm. 8.
Moreover, in that case, R||x — x*|| < 10.

dfy v (Q*)? | 2 .

H.4 Optimal choice of ), specific source conditions

In this part, we continue to assume Assumptions 6 to 9. We present a classification of distributions
p and show that we can achieve better rates than the classical slow rates, as presented in Appendix
F of [22].

H.4.1 Classification of distributions and statistical bounds for the ERM

We use the following classification for distributions.

Definition 9 (class of distributions). Let « € [1,+oo] and r € [0,1/2].
We denote with P, the set of probability distributions p such that there exists L,Q > 0,

[ ] b)\ g L )\%,
° df)\ < Q2 )\fl/a;

where this holds for any 0 < \ < 1. For simplicity, if & = +00, we assume that Q > Q*.
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Note that given our assumptions, we always have

p € P, L=|z"], Q=Bj. (39)
We also define
2a
A= <§*> A1, 40)
such that
s Q@
< )2 L

VA< A, dfy Vv (Q ) S \ia

Interpretation of the classes

e The bias term by characterizes the regularity of the objective z*. In a sense, if r is big,
then this means x* is very regular and will be easier to estimate. The following results
reformulates this intuition.

Remark 6 (source condition). Assume there exists 0 < r < 1/2 and v € H such that
Prenz™ = H(z") v.

Then we have
1427

VAS0, by <LATZY, L=|H@) 2"

e The effective dimension df 5 characterizes the size of the space H with respect to the problem.
The higher «, the smaller the space. If H is finite dimensional for instance, o = +-00.

In this section, for any given pair (v, r) characterizing the regularity and size of the problem,
we associate
B 1 _a(l+2r)
P =TT rija "Talr) 1

In [22] (see corollary 3), explicit bounds are given for the performance of the regularized
expected risk minimizer 7} depending on which class p belongs to, i.e., as a function of v, 7.

Corollary 4. Let § € (0,1/2]. Under Assumptions 6 to 9, if p € Por withr >0, whenn > N
and \ = (Co/n)P, then with probability at least 1 — 20,

% * — 2
f(3) - f(a*) < Crnlog 5,

with Cy = 256(Q/L)?, Cy = 8(256)” (QY L1=7)2 and N defined in [22], and satisfying N =
O(poly (B}, B3, L, Q, 1?,1og(1/4))).

H.4.2 Quantitative bounds for the projected problem

In this part, the aim is to show that if we approximately solve the projected problem up to a certain
precision, then this approximation has the same statistical rates as the regularized ERM with the
good choice of \. For the sake of simplicity, we will assume that r» > 0.

In what follows, we define

2 1 1 1)\ V42
N = % (B35 A Ao A )\1)_1/5 V <2.1e41 — Alog <1.4€61 — 5A25>> , (4D
where A = BQngzﬁ, Ao = (CILRlog%)*l/r Aland \; = %
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Theorem 9 (Quantitative result with source r > 0). Let p € Py, and assume r > 0. Let § € (0, %]
Let P be an orthogonal projection, x € H. If

2 B
n>N, \= <<Q> 1) 7 Cp(x*,)\) < Q ;;P’)\(x) <Q L=y —/2

then with probability at least 1 — 29,

2

5 )
where N is defined in Eq. (41) and K < 7.0e6. Moreover, R||x — x*|| < 10.

f) ~ F@) <K (@ U)o

Proof.
Using the definition of A1, as soon as A < A1 we have df , vV (Q*)? < Q2N Ve,

Let us formulate Proposition 19 using the fact that p € P, ;..

Letn € N, € (0,1/2],0 < XA < B}, 2 € Hp. Whenever

Bs  80:B3 Q? 2 A2 AL/2
> N1=2log —12, Ciyf—— log = < S, Gy LAV < 2
n 1 \ og o 1 Al/an 0g5 R’ 1 R’

V2
480’
The following holds, with probability at least 1 — 24.

if

Cp(z*,\) < Upa(z) < LAY

2
2
(@) = f(@*) < (Ko + Kg)L2AH2T 4K, AS g%,  Rlle—a*| <10,
n

where all constants are defined in Proposition 19.

Assume that » > 0 . Define
2
Mo = (CiLRlog 5)—1/T Al
Then for any A < Ag:

1 VX

1

L)\1/2+T <

1) First, we find a simple condition to guarantee

1 2
I’,\(.%'*>2)\1/a 2 CQ Q2* log -
n )
We see that if A < Mg, thenry > C; LAY/ 24T log %. Hence, this condition is satisfied if
A < )\0’ C%L2A1+2T+1/a > C2 QQl
n

Using the fact that Co = C2, we reformulate:

)\ < )\0 LQ)\1+27"+1/O¢ > QQE
n
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2) Now fix

B
Q* 1 Q* 1
A1+2r+1/a — X — == = .
L2 n L2 n
where 8 =1/(142r+1/X) € [1/2,1).
Using our restatement of Proposition 18, we have that with probability at least 1 — 26,

2 2
L(z) — L(z*) < <K1 + K3 + Kz log 5) LA <K log 5 L2\

where we have set K = K; + K3 + Ko < 7.0e6 (see Proposition 18).
This result holds provided

B% [12B%
0<A<B§AAO/\A1,n>A17210g%. (42)

Indeed, we have shown in the previous point that the other conditions are satisfied.

3) Let us now work to guarantee the conditions in Eq. (42).

8C12B}
5 bound

. B
First, to guarantee n > AlTQ log

Bj B BgLQBnﬁ B;L% 3
A Q28 JogP 2 < Q28 e
Q" log” 5

x| 28
Then apply lemma 15 from [22] with a1 = 2A 1, ag = 16002, A = Bé%;. Since 8 > 1/2,
using the bounds in Thm. 8, we find a; < 10400 and a2 < 64, hence the following sufficient

condition:
1 1 21 1/(1_5)
> (2.1e4 Al 1.4 A= )
> (21ea i (115 ) )

Then, to guarantee the condition

)\§B§/\/\0/\)\1,

we simply need

Q2

n> F(Bgmoml)—l/ﬂ.
Hence, defining
_ Q@ 18 1 L\ Y
N—F(BQ/\)\O/\)\l) V 2.1641_BAlog 1.4661_614 5 ,

we see that as soon as n > N, Eq. (42) holds.
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I Multiplicative approximations for Hermitian operators

In this section, we put together useful tools for approximating linear operators and solving linear
systems with regularization.

In this section, A and B will always denote positive semi-definite Hermitian operators on a
Hilbert space H, and P will denote an orthogonal projection operator. Moreover, given a positive
semi-definite operator A, and A > 0, A ) will stand for the regularized operator A + AL

Lemma 21 (Equivalence of Hermitian operators). Let A and B be two semi-definite Hermitian
operators. Let X > 0. Assume you have access to

—1/2 —1/2
L= A B - A)A.

It holds :
IAYBY22 < 14 ¢ & By < (1 +)A,.

Moreover, ift < 1,
_ 1
1By 2AY?)1? < & (1-DA <By.
Proof.For the first point, simply note that :
|AS B = AL PBAAL | = T+ ALY (B - A) AT < 1t

For the second point,

J— J— — _1 — —
By 2AY21 = | (AL 2BAA ) T = ) (T A2 (B - A) A)

Moreover, we know that if ||[H|| < 1 with H a Hermitian operator, then ||(I + H)~
Hence, this yields the result.
We will now state a technical lemma which describes how combining approximation behaves.

1-[|H][*

Lemma 22 (Combination of approximations). Let N > 1. Assume we have a sequence (A;)1<i<N+1
of positive semi-definite Hermitian operators. Assume we have access, for any 1 < i < N, to the
quantity
A -l/2 -1 /2
ti o= [|A; 3" (Aipr — A A, 7l

Forany 1 < 1,7 < N + 1, define
—1/2 1 2
tiy = AL (A — A)AL.

In particular, t; = t;.;4+1. Then the following holds:

j—1
VI<i<j<N, 1+t < [JQ+t)
k=1
Moreover, if t; < 1, then it holds :
—1/2 ATL/2
JAL 3 (A — A A <
l
Hence, in that case
Jj—1 1

Vlgjgig]\f,l-i-tj:iglﬂl_tk
=i

Proof.Let us prove everything for a sequence of three operators; the rest follows by induction.
Assume therefore that we have A1, Ao, A3 three positive semi-definite operators.
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1. Bound

tis = [|ATY? (A1 - As) ALY
<A (A1 - A ALY+ ALY (A — A3) ALV
<tio + 1AL Y2 ALY Plas
<t + (1 + tio)tas.

The last line comes from Lemma 21. Thus

1+1t1.3 < 1+t12+t23+t12t23—(1+t12)(1+t2;3).

2. Letus now bound t9.;7 knowing ¢1.2. This will imply the rest of the lemma.
Indeed, simply note that

1/2 —1/2 —1/2 . 1/2
ta1 = | Ay Y (A2 — ADAL Y < (1A AR )% 4,

Using Lemma 21, if t1.5 < 1, ||A_1/2 1/2H2

t1.2
1—t1o

t2:1 <

Lemma 23 (Projection of Hermitian operators). For any Hermitian operator A and orthogonal
projection P, the following holds:

2
—1/2 —1/2 HAl/Q(I_P)H
IA;*(A - PAP)A?|| < (H\a ~ 1

In particular,

- AVXI-P))
ATV2 (PAP + AD)Y/2 <1+—” .

Moreover, if
|AYV2(1 - P)|
Ll A | R /(. 1,
VA

then it holds )

.
2 (14 120D

1A% (PAP 4+ AT) /2% <

We also always have:

| (PAP + AT) "2 PAY?2 < 1.
Proof.For any Hermitian operator A, the following computation holds:
-1/2 -1/2 -1/2 —1/2
1AL *(A - PAP)A?| = |A;2(A - 1- (1-P)A(I- 1-P))A, "
<2|A A -P)AAT? | + A AI-P)AG - P)A

_ 2A2I-P)| n |AYZ(X - P>

L aza—e\’
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Lemma 24 (Relationship between approximations). Let A and B be two positive semi-definite
hermitian operators. Let A > 0, b € H and p > 0. If

— - 1 A
1,28 - M)A < 58 A€ LinApprox(By.bp/4)

then it holds: _
A € LinApprox(Ay, b, p).

Proof.Assume A € LinApprox(By, b, 5/4) for a certain j. Decompose
IAY"D — Alla, <IIAL'S =By 'b]la, + By — Alla,

AL2 1/2 1/25—1/2 - X
<A / (A = BDAY| 6] 1+ 147B ) B0 — Alls,.

A

Now using the fact that A;l - B;l = B;l(B - A)A;\l,

1/2 — — 1/2 —1/2 —1/2 1/24+ — 1/2 —1/2 —1/2 1/2+—1/2
1A (AT =BHAY?| < A AB-A)A | |AYPBIAYY | = |A 2 B-A)A ) 1A B A2

Moreover, B
B0~ Alls, < Allbllg 1 < |A2B12| 16 ot

. . . 1/2B-1/2)|2 ¢
Putting things together, and notln;g that from Lemma 21, |A*/“B I . HA‘W(B DA
1/2

as soon as HA;l/Q(B —A)A, /7| < 1,itholds :

- —1/2 —1/2
i+ A2B - A)AL

Ac LinApprox(Ay, b, p), p = 1/2 —1/2)"
1- A28 - A)A, )

Choosing the right values for p and ||A;1/ 2(B - A)A;l/ 2H yields the result.

I.1 Results for Nystrom sub-sampling

Recall the notations from Appendix D.
We write without proof the following lemmas, which are just restatements of lemmas 9 and 10
of [29].

Lemma 25 (Uniform sampling). Let 6 > 0. If {21, ..., Z } are sampled uniformly, then if 0 < X\ <
A, m < n and

8]|v[|7
m > (10 + 160NA(N)) log AiLé(Z)
Then it holds, with probability at least 1 — 9:
1/2 —1/2 —1/2 —1/2
1A (A - A)A | < IA,H2A - &AL <

Lemma 26 (Nystrom sampling). Let 6 > 0. If {Z1, ..., 2, } are sampled using q-approximate

1

leverage scores for t = A, then if ty V ,andn > 405\]1}\\%00(2) v

12[v)1F ooz
67”””%00(2)1 g ——5 % if

80l
m > (6 + 486¢°N"A())) lo T(Z’

Then it holds, with probability at least 1 — 9.

—1/2,% ~1/2 1 A2 A2 1

|AT A -AAT <5 AL A - AnALT < 5
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Lemma 27. Let \ > 0. Assume :

—1/2,% ~1/2 1 ~1/2 1/2 1
|AT A - AAT <5, IALCA - AnALT < 5
enote wit the projection on span(vz; )1<j<m. Then the following holds:
D h P, th <j<m- Then the following hold
A2 (1= P2 < 3,
and for any partial isometry V,
1 ~ ~ 3 ~
5 (V*AnV +AT) X VAV 4 AL = . (V*AnV +21).
Proof.For the first point, use the well known fact that
-1
I-P,, < )\Am’)\,
since the range of P,,, contains that of ;&m. Thus,
NG 1/2 7 -1/2
JAY2 (=P < AJAYZAL ()
Now using Lemma 22,
1/2 ~1/2 1 ~1/2 ~1/2
A5 HA - A)A <5 = |ATYAA - AT <1

Hence, again using Lemma 22,
A, (A — M)A <

and therefore, using Lemma 21,
/27 -1/2)2
A PALLI <3
For the second point, this is only a consequence of Lemma 21. Now state two results which show
that

Lemma 28 (Uniform sampling yielding p-approximation). Let0 < p < 1and § > 0. Let b € H.
If{Z1, ..., Zm } are sampled uniformly, , m < nand

18, 5000, p 81117 o0 2,
> (2 — L)
m ( +— p ——NZ(A )> 0g —5

Then it holds, with probability at least 1 — 9:
x € LlnApprox( ms b, p/4) = x € LinApprox(A.,, b, p).
In particular, with probability 1 — 9,
11;3/\19 € LinApprox(Ay, b, p).

Proof.Apply Lemma 9 from [29] with n = & < % We find that under the conditions above,

with probability at least 1 — 4,
|A A - M)AT <, AL A - )AL <
Now use Lemma 22 to see that
1432 (A — M)A < (14 2) — 1 <30 < p/4

Thus, we can apply Lemma 24 to get the desired result.
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Lemma 29 (Leverage scores Nystrom sampling yielding p-approximation). Let § > 0. If

19]|v|1? o
{Z1, ..., Zm } are sampled using q-approximate leverage scores fort = ), then if to\/w log

A< ||A

n
lloll? E
12||v
LO(Z) .
—5 2

candn > 405]|v]|F o ) V 67/0[|7 ) log

24 1300042 8][v[|3
+ — + 2qNA()\)> log#(z).

> (2
m(ﬂ p Ad

Then it holds, with probability at least 1 — 0:
S LinApprox(Km,\, b,p/4) = =z € LinApprox(A,,b, p).
In particular, with probability 1 — 6,
K;ﬁkb € LinApprox(Ay, b, p).

Proof.The proof is exactly the same as that of the previous lemma, using Lemma 10 instead of
Lemma 9 in [29].
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