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Service rate control in queues is an important problem in practice. For example, when the number of customers waiting for finished products is small production has a normal speed, but if it is greater, the production speed should be faster to meet the demand. For an exponential service time distribution, the optimality of the threshold type policy has been proved in literature. On the other hand, in production systems, production time follows a general distribution in general. In this paper, service control of speed depending on the number of customers is discussed. The analytical results of an M/G/1 queue with arrival and service rates depending on the number of customers in the system, which is called an Mn/Gn/1 queue, are utilized for computing performance measure of service rate control. Constant, uniform and exponential distributions on the service time are considered through numerical experiments. The results show that the optimal threshold depends on the type of the distributions even when the mean of service time is the same.

Introduction

Service rate control problems are widely found in practical situations. In a supermarket, if the queue of customers for payment is long, a cashier will be helped by someone, and in a communication network when the congestion occurs the faster line will be used. In a make-to-order production system, when the number of customers waiting for the finished products is small, production has a normal speed, but if it is greater, the production speed should be faster to meet the demand. In addition, the arrival rate of customers may depend on the number of waiting customers because some of the customers may be impatient. Such a system is represented as a queue with statedependent arrival and service rates.

For the exponential service time distribution with a constant arrival rate, George and Harrison [START_REF] George | Dynamic Control of a Queue with Adjustable Service Rates[END_REF] discuss a service control problem and develop an asymptotic method for computing the optimal policy, and optimality of a threshold type policy has been proved in Dimitrakopoulos and Burnetas [START_REF] Dimitrakopoulos | The Value of Service Rate Flexibility in an M/M/1 Queue with Admission Control[END_REF], in which optimal admission control is also discussed. In general, however, as production systems, service time follows a general distribution.

In this paper, control problems of service speed depending on the number of customers under various general service time distributions and Poisson arrivals of cus-tomers, which is called an Mn/Gn/1 queue, are formulated, and the effects of the types of distributions on the performance measure like a profit are discussed through numerical experiments. To compute performance measure under given service rate control, the analytical results of an Mn/Gn/1 queue by Abouee-Mehrizi and Baron [START_REF] Abouee-Mehrizi | State-Dependent M/G/1 Queueing Systems[END_REF] are utilized, which has a single server with arrival and service rates depending on the number of customers in the system. Constant, uniform and exponential distributions on service time are considered through numerical experiments. Optimal threshold policies are compared among these distributions. Admission control is also discussed by changing the upper bound of the queue length.

Model Description

We consider an Mn/Gn/1 queue, where Mn means a Poisson arrival process with a state-dependent arrival rate, and Gn means a general service time distribution with a state-dependent service rate. This service rate is determined by a decision maker.

When the number of waiting customers including a customer in service, which is called a state of the system, is i, the arrival rate is 𝜆𝜆 𝑖𝑖 . For example, when customers arrive in a Poisson process with rate 𝜆𝜆 and an arriving customer observes state i, he/she is assumed to enter the system with probability 𝑞𝑞 𝑖𝑖 . Then the actual arrival process in the system is a state-dependent Poisson process with rate 𝜆𝜆 𝑖𝑖 = 𝜆𝜆𝑞𝑞 𝑖𝑖 in state i (see Fig. 1). In addition, we assume that there is a finite integer 𝐾𝐾 which is a minimal value i satisfying 𝜆𝜆 𝑖𝑖 = 0, that is 𝑞𝑞 𝑖𝑖 = 0. It happens because if the queue length is too long, any customer cannot wait for service. On the other hand, if the manager wants to reduce the waiting time of customers because long waiting time leads to less customers' satisfaction or the system has to pay costs for the long delay, the system sets the threshold for queue length and refuses the further demand during the time in which the length attains this threshold. If this threshold is 𝐾𝐾, then 𝜆𝜆 𝐾𝐾 = 0. We explain the service control. There are J possible service rates 𝜇𝜇 1 , 𝜇𝜇 2 , … , 𝜇𝜇 𝐽𝐽 , where 𝜇𝜇 𝑗𝑗 < 𝜇𝜇 𝑗𝑗+1 for 𝑗𝑗 ∈ {1,2, … , 𝐽𝐽 -1}. When the state is i, the service rate decision is defined as 𝑎𝑎 𝑖𝑖 for each 𝑖𝑖 ∈ {1,2, … , 𝐾𝐾}. Here, if 𝑎𝑎 𝑖𝑖 = 𝑗𝑗, the service rate is 𝜇𝜇 𝑗𝑗 . The notation 𝜇𝜇 𝑖𝑖 is the service rate in state i, and thus if 𝑎𝑎 𝑖𝑖 = 𝑗𝑗, the service rate is 𝜇𝜇 𝑖𝑖 =𝜇𝜇 𝑗𝑗 . For each service rate 𝜇𝜇 𝑗𝑗 , the service cost rate is 𝑐𝑐 𝑗𝑗 , where 𝑐𝑐 𝑗𝑗 < 𝑐𝑐 𝑗𝑗+1 (𝑗𝑗 ≥ 1). The sequence {𝑎𝑎 𝑖𝑖 , 𝑖𝑖 ∈ {1,2, … , 𝐾𝐾}} is a service control policy in this model.

Assume that policy {𝑎𝑎 𝑖𝑖 , 𝑖𝑖 ∈ {1,2, … , 𝐾𝐾}} is given. When the state becomes i just after some service is finished, new service starts and service time follows a general distribution function 𝐵𝐵 𝑗𝑗 (𝑥𝑥) when 𝑎𝑎 𝑖𝑖 = 𝑗𝑗. If during service a new customer arrives and the state becomes i+1, then service rate becomes 𝜇𝜇 𝑖𝑖+1 . In this case, if the remaining service time is 𝜂𝜂 just before the arrival, after the arrival it is changed to

𝜂𝜂𝜇𝜇 𝑖𝑖 𝜇𝜇 𝑖𝑖+1 = 𝜂𝜂/𝛼𝛼 𝑖𝑖+1 , where 𝛼𝛼 𝑖𝑖 = 𝜇𝜇 𝑖𝑖 𝜇𝜇 𝑖𝑖-1 , 𝑖𝑖 ≥ 1.
Here 𝛼𝛼 𝑖𝑖 denotes the ratio of service rates for state i and 𝑖𝑖 -1.

When policy {𝑎𝑎 𝑖𝑖 , 𝑖𝑖 ∈ {1,2, … , 𝐾𝐾}} is fixed, this system follows an Mn/Gn/1 queue which is defined in Abouee-Mehrizi and Baron [START_REF] Dimitrakopoulos | The Value of Service Rate Flexibility in an M/M/1 Queue with Admission Control[END_REF]. Here we denote the service time distribution, its density function and the remaining service time density function in a steady state by 𝐵𝐵 𝑖𝑖 (𝑥𝑥), 𝑏𝑏 𝑖𝑖 (𝑥𝑥), ℎ 𝑖𝑖 (𝑥𝑥) , respectively. As shown, 𝐵𝐵 𝑖𝑖 (𝑥𝑥) = 𝐵𝐵 𝑗𝑗 (𝑥𝑥) when 𝑎𝑎 𝑖𝑖 = 𝑗𝑗. For computational convenience it is assumed that 𝑐𝑐 0 = 0 and 𝛼𝛼 1 = 1.

The reward and cost consist of the followings: the waiting cost rate for each customer is w, the reward for each customer is r, and the service cost rate is 𝑐𝑐 𝑗𝑗 when the service rate is 𝜇𝜇 𝑗𝑗 as shown above.

Let Z denote the average profit. For 𝑖𝑖 ∈ {0,1, … , 𝐾𝐾}, 𝑃𝑃 𝐹𝐹 (𝑖𝑖) is a steady state distribution under the defined Mn/Gn/1/K queue with a given policy {𝑎𝑎 𝑖𝑖 , 𝑖𝑖 ∈ {1,2, … , 𝐾𝐾}}. Then Z is given as Z=R-W-C, where

𝑅𝑅 = 𝑟𝑟 � 𝑃𝑃 𝐹𝐹 (𝑖𝑖)𝜆𝜆 𝑖𝑖 𝐾𝐾-1 𝑖𝑖=0 , 𝑊𝑊 = 𝑤𝑤 � 𝑖𝑖𝑃𝑃 𝐹𝐹 (𝑖𝑖) 𝐾𝐾 𝑖𝑖=1 , 𝐶𝐶 = � 𝑃𝑃 𝐹𝐹 (𝑖𝑖)𝑐𝑐 𝑎𝑎 𝑖𝑖 𝐾𝐾 𝑖𝑖=1 (1) 
The objective in the model is to find an optimal service rate control policy {𝑎𝑎 𝑖𝑖 , 𝑖𝑖 ∈ {1,2, … , 𝐾𝐾}} which maximizes the average profit Z.

The following notations are also used. ℎ � 𝑖𝑖 (𝑠𝑠): Laplace transform of ℎ 𝑖𝑖 (𝑥𝑥), 𝑏𝑏 � 𝑖𝑖 (𝑠𝑠): Laplace transform of 𝑏𝑏 𝑖𝑖 (𝑥𝑥). In Abouee-Mehrizi and Baron [START_REF] Abouee-Mehrizi | State-Dependent M/G/1 Queueing Systems[END_REF], an Mn/Gn/1 queue is analyzed theoretically (In [START_REF] Abouee-Mehrizi | State-Dependent M/G/1 Queueing Systems[END_REF], some typos in equations are found and they are corrected in the following). It is an extensive result of Kerner [START_REF] Kerner | The conditional distribution of the residual service time in the Mn/G/1 queue[END_REF], which analyzes an Mn/G/1 queue. For the Mn/Gn/1 queue with an infinite buffer, under the condition that

� 𝜆𝜆 0 𝜆𝜆 𝑖𝑖 � 1 -ℎ � 𝑗𝑗 � 𝜆𝜆 𝑗𝑗+1 𝛼𝛼 𝑗𝑗+1 � 𝑏𝑏 � 𝑗𝑗+1 (𝜆𝜆 𝑗𝑗+1 ) 𝑖𝑖-1 𝑗𝑗=0 ∞ 𝑖𝑖=1 < ∞,
the steady state distribution is given by

𝑃𝑃(𝑖𝑖) = 𝜆𝜆 0 𝑃𝑃(0) 𝜆𝜆 𝑖𝑖 � 1 -ℎ � 𝑗𝑗 � 𝜆𝜆 𝑗𝑗+1 𝛼𝛼 𝑗𝑗+1 � 𝑏𝑏 � 𝑗𝑗+1 �𝜆𝜆 𝑗𝑗+1 � 𝑖𝑖-1 𝑗𝑗=0 , 𝑖𝑖 = 1,2, … 𝑃𝑃(0) = 1 1 + ∑ 𝜆𝜆 0 𝜆𝜆 𝑖𝑖 ∏ 1 -ℎ � 𝑗𝑗 � 𝜆𝜆 𝑗𝑗+1 𝛼𝛼 𝑗𝑗+1 � 𝑏𝑏 � 𝑗𝑗+1 (𝜆𝜆 𝑗𝑗+1 ) 𝑖𝑖-1 𝑗𝑗=0 ∞ 𝑖𝑖=1
Here ℎ � 0 (𝑠𝑠) = 𝑏𝑏 � 1 (𝑠𝑠), and ℎ � 𝑖𝑖 (𝑠𝑠) satisfies the following recursive equations.

ℎ � 𝑖𝑖 (𝑠𝑠) = 𝜆𝜆 𝑖𝑖 𝑠𝑠 -𝜆𝜆 𝑖𝑖 ⎣ ⎢ ⎢ ⎢ ⎡ 𝑏𝑏 � (𝜆𝜆 𝑖𝑖 ) �1 -ℎ � 𝑖𝑖-1 � 𝑠𝑠 𝛼𝛼 𝑖𝑖 �� 1 -ℎ � 𝑖𝑖-1 � 𝜆𝜆 𝑖𝑖 𝛼𝛼 𝑖𝑖 � -𝑏𝑏 � 𝑖𝑖 (𝑠𝑠) ⎦ ⎥ ⎥ ⎥ ⎤ .
In the Mn/Gn/1/K queue, where the number of customers in the system is limited to K, the steady state distribution function 𝑃𝑃 𝐹𝐹 (𝑖𝑖) for 𝑖𝑖 = 0, … , 𝐾𝐾 -1 is given by

𝑃𝑃 𝐹𝐹 (𝑖𝑖) = 𝜆𝜆 0 𝑃𝑃 𝐹𝐹 (0) 𝜆𝜆 𝑖𝑖 � 1 -ℎ � 𝑗𝑗 � 𝜆𝜆 𝑗𝑗+1 𝛼𝛼 𝑗𝑗+1 � 𝑏𝑏 � 𝑗𝑗+1 (𝜆𝜆 𝑗𝑗+1 ) 𝑖𝑖-1 𝑗𝑗=0 , 𝑖𝑖 = 1, … , 𝐾𝐾 -1, 𝑃𝑃 𝐹𝐹 (0) = 𝑃𝑃 𝐹𝐹 𝐴𝐴 (0) 𝜆𝜆 0 𝜆𝜆 𝐾𝐾-1 ∏ 1 -ℎ � 𝑗𝑗 � 𝜆𝜆 𝑗𝑗+1 𝛼𝛼 𝑗𝑗+1 � 𝑏𝑏 � 𝑗𝑗+1 �𝜆𝜆 𝑗𝑗+1 � 𝐾𝐾-2 𝑗𝑗=0 + 𝑃𝑃 𝐹𝐹 𝐴𝐴 (0) �1 + ∑ 𝜆𝜆 0 𝜆𝜆 1 𝐾𝐾-2 𝑖𝑖=1 ∏ 1 -ℎ � 𝑗𝑗 � 𝜆𝜆 𝑗𝑗+1 𝛼𝛼 𝑗𝑗+1 � 𝑏𝑏 � 𝑗𝑗+1 �𝜆𝜆 𝑗𝑗+1 � 𝑖𝑖-1 𝑗𝑗=0 � ,
where

𝑃𝑃 𝐹𝐹 𝐴𝐴 (0) = 𝜇𝜇 𝑏𝑏 𝐹𝐹 𝜆𝜆 𝐾𝐾-1 + 𝛼𝛼 𝐾𝐾 𝜇𝜇 𝑏𝑏 𝐹𝐹 , 𝑃𝑃 𝐹𝐹 𝐴𝐴 (1) = 𝜆𝜆 𝐾𝐾-1 𝜆𝜆 𝐾𝐾-1 + 𝛼𝛼 𝐾𝐾 𝜇𝜇 𝑏𝑏 𝐹𝐹 , 1 𝜇𝜇 𝑏𝑏 𝐹𝐹 = 1 𝜇𝜇 𝐾𝐾-1 - 1 𝜆𝜆 𝐾𝐾-1 + � � 1 𝜇𝜇 𝑗𝑗 - 1 𝜆𝜆 𝑗𝑗 � � 1 𝛼𝛼 𝑖𝑖+1 𝑏𝑏 � 𝑖𝑖+1 (𝜆𝜆 𝑖𝑖+1 ) 1 -ℎ � 𝑖𝑖 � 𝜆𝜆 𝑖𝑖+1 𝛼𝛼 𝑖𝑖+1 � 𝐾𝐾-2 𝑖𝑖=𝑗𝑗 𝐾𝐾-2 𝑗𝑗=𝑖𝑖 + 1 𝜇𝜇 1 𝑏𝑏 � 1 (𝜆𝜆 1 ) 1 -ℎ � 0 � 𝜆𝜆 1 𝛼𝛼 1 � � 1 𝛼𝛼 𝑖𝑖+1 𝐾𝐾-2 𝑖𝑖=1 𝑏𝑏 � 𝑖𝑖+1 (𝜆𝜆 𝑖𝑖+1 ) 1 -ℎ � 𝑖𝑖 � 𝜆𝜆 𝑖𝑖+1 𝛼𝛼 𝑖𝑖+1 �
Using 𝑃𝑃 𝐹𝐹 𝐴𝐴 (0) and 𝑃𝑃 𝐹𝐹 𝐴𝐴 (1), we have

𝑃𝑃 𝐹𝐹 (𝐾𝐾 -1) = �1 -𝐹𝐹 𝐹𝐹 (𝐾𝐾 -2)�𝑃𝑃 𝐹𝐹 𝐴𝐴 (0), 𝑃𝑃 𝐹𝐹 (𝐾𝐾) = �1 -𝐹𝐹 𝐹𝐹 (𝐾𝐾 -2)�𝑃𝑃 𝐹𝐹 𝐴𝐴 (1) 
where 𝐹𝐹 𝐹𝐹 (𝑖𝑖) = ∑ 𝑃𝑃 𝐹𝐹 (𝑗𝑗) 𝑖𝑖 𝑗𝑗=0

. When the policy {𝑎𝑎 𝑖𝑖 , 𝑖𝑖 ∈ {1,2, … , 𝐾𝐾} is given, by deriving steady state probabilities and substituting them to equation (1), the average profit can be obtained.
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Numerical Experiments

Parameter settings

In the following, the constant, uniform and exponential distributions are applied as service distributions. For given i, the mean of service time is fixed as

1 𝜇𝜇 𝑖𝑖 . (a) Constant distribution 𝐵𝐵 𝑖𝑖 (𝑥𝑥) = � 0 (0 ≤ 𝑥𝑥 < 1/𝜇𝜇 𝑖𝑖 ) 1 (1/𝜇𝜇 𝑖𝑖 ≤ 𝑥𝑥) , 𝑏𝑏 � 𝑖𝑖 (𝑠𝑠) = 𝑒𝑒 -𝑠𝑠/𝜇𝜇 𝑖𝑖 (b) Uniform distribution on [0, 2 𝜇𝜇 𝑖𝑖 ] 𝐵𝐵 𝑖𝑖 (𝑥𝑥) = ⎩ ⎪ ⎨ ⎪ ⎧ 0 (𝑥𝑥 < 0) 𝜇𝜇 𝑖𝑖 𝑥𝑥 2 �0 ≤ 𝑥𝑥 ≤ 2 𝜇𝜇 𝑖𝑖 � 1 � 2 𝜇𝜇 𝑖𝑖 < 𝑥𝑥� , 𝑏𝑏 � 𝑖𝑖 (𝑠𝑠) = 𝜇𝜇 𝑖𝑖 2𝑠𝑠 �1 -𝑒𝑒 -𝑠𝑠 2 𝜇𝜇 𝑖𝑖 � (c) Exponential distribution 𝐵𝐵 𝑖𝑖 (𝑥𝑥) = 1 -𝑒𝑒 -𝜇𝜇 𝑖𝑖 𝑥𝑥 (𝑥𝑥 ≥ 0), 𝑏𝑏 � 𝑖𝑖 (𝑠𝑠) = 𝜇𝜇 𝑖𝑖 𝑠𝑠+𝜇𝜇 𝑖𝑖 Set 𝐾𝐾 = 5, 𝜆𝜆 = 15, 𝑞𝑞 𝑛𝑛 = 1 - n 150
. Two types of service rates exist as 𝜇𝜇 1 = 10 and 𝜇𝜇 2 = 20. Service cost rates are set as 𝑐𝑐 1 = 50 and 𝑐𝑐 2 = 150, a waiting cost rate and reward for each service are 𝑤𝑤 = 2 and 𝑟𝑟 = 10, respectively.

Here, the threshold policy is applied. The threshold which is the minimal value satisfying 𝜇𝜇 𝑖𝑖 = 𝜇𝜇 2 is denoted as 𝑖𝑖 𝐵𝐵 (1 ≤ 𝑖𝑖 𝐵𝐵 ≤ 𝐾𝐾 + 1), and under the threshold policy with 𝑖𝑖 𝐵𝐵, 𝑎𝑎 𝑖𝑖 = 1 for 𝑖𝑖 = 1,2, …, 𝑖𝑖 𝐵𝐵 -1, and 𝑎𝑎 𝑖𝑖 = 2 for 𝑖𝑖 = 𝑖𝑖 𝐵𝐵 , 𝑖𝑖 𝐵𝐵 + 1, … , 𝐾𝐾. Here, 𝑖𝑖 𝐵𝐵 = 𝐾𝐾 + 1 means 𝜇𝜇 𝑖𝑖 = 𝜇𝜇 1 for all 𝑖𝑖 = 1,2, … , 𝐾𝐾, and 𝑖𝑖 𝐵𝐵 = 1 means 𝜇𝜇 𝑖𝑖 = 𝜇𝜇 2 for all 𝑖𝑖 = 1,2, … , 𝐾𝐾.

Effect of distributions

Table 1 shows probabilities, costs, and rewards for each 𝑖𝑖 𝐵𝐵 and each service time distribution. In this table, 𝑝𝑝[𝑖𝑖] shows the steady state probability 𝑃𝑃 𝐹𝐹 (𝑖𝑖). For example, when service time is constant, 𝑖𝑖 𝐵𝐵 = 3 is the best threshold and thus it is optimal among threshold type policies that the slower service is applied in states 1,2,3 and the faster service is used in states 4 and 5. For all distributions, as 𝑖𝑖 𝐵𝐵 increases, R and C decrease and W increases. When 𝑖𝑖 𝐵𝐵 is large, the low service rate is applied more and 𝑃𝑃 𝐹𝐹 (𝐾𝐾) is large, and thus less customers are permitted to receive service. As a result, the total arrival rate and the average service cost decrease. On the other hand, the low service rate leads to the long waiting time regardless of the less arrival rate of entering customers.

As the variance of service time increases, R and C decrease. 𝑃𝑃 𝐹𝐹 (𝐾𝐾) increases as the variance increases, and thus in the similar way as above the increase of variance leads to less amount of entering customers and less service cost. For constant, uniform and exponential distributions, the values of optimal 𝑖𝑖 𝐵𝐵 are 3, 4 and 5, respectively. Thus, the type of service time distribution affects the optimal threshold.

In the case that 𝜆𝜆 = 15, 𝑞𝑞 𝑛𝑛 = 1 -n 150

, as shown in Table 1, as the variance increases, the profit Z decreases for each 𝑖𝑖 𝐵𝐵 . Table 2 shows probabilities and profits, in the case that 𝜆𝜆 = 20, 𝑞𝑞 𝑛𝑛 = 1 - 𝑛𝑛 200 , under several types of service time distributions for 𝑖𝑖 𝐵𝐵 =5, 6. In this case, it is found that the uniformly distributed service time achieves more profits compared with the case of constant service time distribution with the same mean. When 𝑖𝑖 𝐵𝐵 is high, reward and service cost are almost the same, and the difference of waiting time cost becomes more important to profit Z.

Admission of Arrivals

As shown in section 2, parameter K can be considered as an admission control parameter. Table 3 shows the values of profits Z for various K and threshold 𝑖𝑖 𝐵𝐵 , under uniform service time distribution, when 𝑐𝑐 2 =130 and 150. For 𝑐𝑐 2 =130 the profit is greater as K is larger. This is because the greater K leads to more customers receiving service, which gives more profits. When cost parameter 𝑐𝑐 2 is 150, however, K=4 maximizes the profit when threshold 𝑖𝑖 𝐵𝐵 is 3 or 4, and for K=5 is the best when 𝑖𝑖 𝐵𝐵 is 2.

The large K implies that the more customers receive the faster service, and when the service cost parameters are high, the service cost has more effect on Z compared with admission reward. For 𝑐𝑐 2 =150, the combination of 𝑖𝑖 𝐵𝐵 = 4 and K=4 gives the best profit.

Conclusion

This paper has formulated a mathematical model of service rate control in a statedependent M/G/1 queue. Throughout numerical experiments, it is found that under threshold policies, the value of optimal threshold depends on the type of service time distributions. Usually, as the variance of service distribution increases, the reward from by customer arrivals and the holding cost decreases and the profit also decreases. In some case of parameter sets, however, the total profit is greater under the uniform distribution of service time compared with the case of the constant distribution.

In addition, the combination of optimal threshold of service and admission of arrivals is observed to depend on cost parameters. The effects of various parameters such as the arrival rate and 𝑞𝑞 𝑛𝑛 into performance need to be investigated. Theoretical discussion for the optimality of threshold policies under general distributions are also important. They are left for further research. 
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