N
N

N

HAL

open science

Optimal control of state constrained age-structured
problems

Joseph Frédéric Bonnans, Justina Gianatti

» To cite this version:

Joseph Frédéric Bonnans, Justina Gianatti. Optimal control of state constrained age-structured prob-
lems. STAM Journal on Control and Optimization, 2020, 58 (4), pp.2206-2235. hal-02164310v2

HAL Id: hal-02164310
https://inria.hal.science/hal-02164310v2
Submitted on 19 Apr 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-02164310v2
https://hal.archives-ouvertes.fr

OPTIMAL CONTROL OF STATE CONSTRAINED AGE-STRUCTURED
PROBLEMS

J. FREDERIC BONNANS AND JUSTINA GIANATTI

ABSTRACT. The aim of this work is to study an optimal control problem with state con-
straints where the state is given by an age-structured, abstract parabolic differential equa-
tion. We prove the existence and uniqueness of solution for the state equation and provide
first and second parabolic estimates. We analyze the differentiability of the cost function
and, based on the general theory of Lagrange multipliers, we give a first order optimality
condition. We also define and analyze the regularity of the costate.

Keywords. Age-structured systems, optimal control, abstract parabolic equations, state
constraints
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1. INTRODUCTION

In the last decades, there were many contributions on the study of age-structured sys-
tems. They appear naturally in several applications, in particular to model population
dynamics, like it was introduced in [14, 13]. The existence, uniqueness, regularity and sta-
bility of solution for different age-structured systems with and without diffusion have been
extensively studied, see for instance [17, 16, 12, 7, 22] and the references therein.

There are also several works on optimal control of age-structured systems. Optimality
conditions of Pontryagin maximum type are given in [6] and [11], where they consider
dynamics without diffusion. For a particular biological application, optimality conditions
and numerical results are given in [9]. In the case of dynamics with diffusion, optimality
conditions as well as existence of optimal controls are studied in [1, 2, 20], where the control
has different meanings depending on the model. The bibliography is vast and we only
mention some works, where interested references can be founded.

However, in the case of optimal control problems with age-structured dynamics and
state constraints, there are only a few works. In [10] the author deals with a Hamilton
Jacobi equation with state constraints and an economical application with an age-structured
equation is presented. In [15] the authors study the Pontryagin Maximum Principle for a
particular kind of problems and as an illustrative example, they present an optimal control
problem for an age-structured system with pointwise terminal state constraints. Finally, in
[19] the authors consider mixed state-control constraints, and derive optimality conditions
based on the Lagrange multipliers theory.

In this work we address an optimal control problem of partial differential equations,
where the state equation is age-structured, and is driven by a general abstract parabolic
operator. Most of the population dynamic models considered in the above mentioned works,
are particular cases of our formulation. We also deal with a finite number of linear state
constraints, and to the best of our knowledge, this was not considered in the literature but
seems to arise naturally in some applications.

Throughout this work we consider different types of initial conditions with respect to the
age variable. We start by considering a given initial condition, as might occur in a fishery
or harvesting problem, and then we study an initial condition given by a fecundity rate,
which is a natural birth condition for many population dynamics. Furthermore, we assume
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2 J.F. BONNANS AND J. GIANATTI

that the cost function includes final costs with respect the final time and final age. This
kind of cost again makes sense for the problems mentioned above.

Finally, we tackle the problem of existence of optimal controls. Unfortunately, for this
general framework is not easy to obtain such results. In [1] the authors prove the existence
of optimal solutions but under a restrictive assumption about the state and the control
spaces. For this reason, in the last part of this work we introduce a modified optimal control
problem, which is related to the original one, and for which we can prove the existence of
optimal controls.

This paper is organized as follows: in Section 2 we present the optimal control problem.
We start studying the existence and uniqueness of solution for the state equation in Section
3 and we provide first and second parabolic estimates for this equation. In Section 4 we
analyze the differentiability of the cost function and the state constraints, and provide
optimality conditions based on the Lagrange multipliers theory. We define the costate and
study its regularity. In Section 5 we study a modified optimal control problem where the
existence of optimal solutions can be proven.

2. OPTIMAL CONTROL PROBLEM

Let (V, H,V*) be a separable Gelfand triple. We denote by (-,-)g the scalar product in
H and by (-,-)y the duality product between V* and V.

Let 0 < A< T <ooand D := (0,T) x (0,A). Given a Banach space U, we define the
set of controls as

(1) U :=L>*(D;U).

In this section we introduce the optimal control problem considered in this work:

T A A T
@) minJ(uy) = /0 /0 O(u, y)dadt + /0 ho(y(T, a))da + /O ha(y(t, A))dt

s.t.
(Yt + ya)(t,a) + A(t,a,u(t,a))y(t,a) = f(t,a), in L*(D;V*),

y(0,a) —yo(a) =0, in L?(0,A; H),
®) y(t,0) —y1(t) =0, in L%(0,T;H),
JiM€i(a), y(t, @) pda — M; <0, tel0,T], i=1,...,r

where y(t,a) € V denotes the state function and u € U the control. We assume ¢ :
UxH =R, hg,hy : H =R, f e L*D;V*), A: DxU — L(V,V*), yo € L*(0,A; H),
y1 € L*(0,T;H) and & € L?(0,A; H), i = 1,...,r. Additional assumptions over the data
will be provided in the next sections.

Throughout this work we will also consider age-structured state systems where the birth
process is depending on a fecundity rate, i.e.

A
(4) (6,0 = [ ett.aly(t,a)da,
0
where ¢ : D — RT is a given function.

3. AGE-STRUCTURED STATE SYSTEM

In this section we study the uncontrolled state equation. We introduce the state space
and prove the existence and uniqueness of solution. Under additional assumptions we
provide a second parabolic estimate for this case. Finally, we show how our approach can
cover the case when the birth process y(-,0) depends on a fecundity rate of the population.

We begin by studying the following abstract parabolic age-structured system.

(Yt + a)(t,a) + A(t, a)y(t,a) = f(t,a) in L*(D;V*),
(5) y(0,a) = yo(a) in L2(0, A; H),
y(t,0) = y1(t) in L*(0,T; H),
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where A : D — L(V,V*) is a measurable map, f € L*(D;V*), yo € L?(0,4; H) and
y1 € L?(0,T; H).
We make the following assumptions for A of uniform continuity and semicoercivity:
(H1) There exists C' > 0 such that ||A(t, a)v|y+ < Cljv||y, for all v € V and a.a. (t,a) €
D.
(H2) There exist a > 0 and A\ > 0 such that (A(t,a)v,v)y > allvl|} — A|v||%, for all
v eV and a.a. (t,a) € D.

3.1. Space W(D). In this section we introduce the state space.

We recall that if y € H and v € V then (y,v)y = (y,v)n, when y is considered as an
element of V*.

We denote by C§°(D; V) the space of infinitely differentiable functions with compact
supports in D and image in V. In particular when the image space is R we write C5°(D).
Given y € L%(D; V), if there exists w € L?(D;V*) such that

T A T A
(6) - / / (y, ot + va)g dadt = / / (w,p)v dadt, Ve e C(D;V),
0 0 0 0

we say that w = y; + y, in a weak sense (which does not imply that y; and y, exist in
L?(D;V*)). Since the space V is separable, there exists a countable Hilbert basis, and we
can conclude that (6) is equivalent to

T rA T rA
M = [ [ erreiomdai= [ [ ptwon dodt, g0 € D) x V.

The last condition is also equivalent to the following equality in V*,

T (A T A
(8) - / / (ot + @a)y dadt = / / pw dadt, Ve € C°(D).
o Jo o Jo
Definition 3.1. Given a separable Gelfand triple (V, H, V*), we define the space
(9) W (D) :={y € L*(D;V) : ys +ya € L*(D; V*)},

endowed with the norm

N[

T rA
(10) lyllw(p) = (/0 /0 ly(t, a) 1%+ 1l (ye + ya) (£ @)l[3+ dadt)

The next result is easy to obtain by following the lines of [18].
Proposition 3.2. The space C*>°(D;V) is a dense subset of W (D).

By the previous proposition and [18], we obtain the following result that appears in [12,
Lemma 0] and [16, Section 4].

Lemma 3.3. Let y € W(D), then for allt € [0,T] and a € [0, A] there exist the traces
(11) y(t.) € L(0,A; H) and y(-a) € L*(0,T; H),

and the maps t — y(t,-) and @ — y(-,a) are continuous. Also, the maps W(D) —
C(0,T;L?(0, A; H)) and W(D) — C(0, A; L*(0,T; H)) are continuous.

In addition, the following integration by parts formula holds, for all 0 < t; <ty < T,
0<a; <az <A andy,ve W(D),

ttf faaf (Yt + Ya, V)v + (V¢ + va, y)v dadt

(12) = [ (y(te, a),v(t2,a)) i — (y(t1,a),v(t1,a)) g da
+ [ (y(t, a2), 0(t,a2)) i — (y(t,a1), 0(t,a1) g dt.
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3.2. Existence and uniqueness of solution. The aim of this section is to prove the
existence of a solution of the state equation (5) in the following sense.

Definition 3.4. A function y € W(D) is a solution of (5) if

[t + ya, v)vdadt + [ {Ay,v)y dadt = [,(f,v)ydadt, Vv e L2(D;V),
(13) y(0,a) = yo(a), a.e. in [0, A],

y(t,0) =yi(t), a.e. in[0,T].

The main idea to construct solutions of the state equation is to solve a family of parabolic
differential equations over the characteristic curves where ¢ —a is constant. In the Appendix
we recall some useful results for the standard parabolic case.

3.2.1. Ezistence. In this section we will construct a function given by the characteristic
method and then we will prove that it is a solution of (5) in the sense of Definition 3.4. The
idea is to solve an abstract parabolic differential equation over each characteristic curve,
that depends only on time or age. We consider two regions D and Ds defined as

(14) Dy:={(t,a) e D:0<t<a<A}, Dy:=D\D;s.

t T-A r

FIGURE 1. Partition of D

In the region D; we consider the curves that start in points with ¢ = 0, i.e., for each
a € [0, A] we define the characteristic curve as

(15) f={ta+t):0<t<A—a}
In the region Dy we consider the curves defined as
t+a,a):0<a<A}, ift € (0,7 — A],
) P RE } 0.7 - 4]
{(t+a,a):0<a<T-—t}, ift e (T —A,T).

We start by solving the system (5) in the region D;. For 0 < a < A, we denote by
Y?(-) € W(0,A — a) the solution of the following system, which exists by Proposition A.1
for a.a. a € [0, 4],

{Y“(t)—i—A“(t)Y“(t) = fot), inL*0,A—a;V*),
Y*(0) = wo(a), inH,

where A%(t) := A(t,t + a), f*(t) := f(t,t + a), and, as usual, we denote Y*(t) the time
derivative of Y. By our assumptions, for almost all a € [0, A], we have f¢ € L?(0, A—a; V*)
and yo(a) € H, then Proposition A.1 applies. In particular, Y* € W (0, A — a) satisfies

A-a A-a A—a
a9 [0 [ Aoy oo = [ o0
0 0 0
for all v € L?(0, A — a; V) and there exists C' > 0 independent of a such that,

(19) 1Y “lw0,a-a) < C [llvo(@)llm + 1 F| 220, a—asv%)] -

Now, we define D} := {(t,a) : 0 <a <A, 0<t<A-—a}. Based on [8, Lemma 1.8.2,
p. 36] we obtain the following result:

Lemma 3.5. The map (t,a) € D} + Y%(t) belongs to L*(D}; V).

(17)
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Proof. We define the Banach space E := H x L%(0, A; V*). Given (w, g) € E, by Proposition

A.1 there exists a unique solution of the parabolic equation:

(20) 2(t) +AY)z(t) = g(t), in L*(0,A4;V),
z2(0) = w, inH,

where the map A is extended by zero out of D. Also, by Proposition A.1, the map (w, g) — z
is continuous and satisfies

(21) 120 20,450y < Cllwlle + 119l 22(0,4;v4))-
Since yo € L%(0, A; H) and f € L*(D;V*), the map defined as
(22) a €< [OaA} = (yO(a’)vfa)’

belongs to L?(0, A; E) (we extend by zero the function f in [A — a, A] ).
Therefore, by [8, Lemma 1.8.2, p. 36] the function (¢, a) — Y%(¢) belongs to L?(0, A; L*(0, A; V)),
and by [8, Proposition 1.8.1, p. 28] the result follows. O
Now, in region D, for t € (0,7 — A] we consider the function Y solution of
o) V'(a) + Aa)7*(a) = J(a). in L2(0, A V"),
YH0) = yi(t) in H,

where A'(a) := A(t+a,a), ft(a) :== f(t+a,a) and }L/t(a) = %f/t(a). Again, by Proposition
A1, for a.a. t € (0,T — A] there exists Y* € W (0, A) such that for all v € L?(0, 4; V),
A . A A
ey [ @s@des [ (A @ @), 0@)vda = [ (@), v(a)vda
0 0 0
and there exists C' > 0, independent of ¢, such that

(25) 1700 < € Ll Ol + 1712000

We proceed analogously for ¢ € (T’ — A, T obtaining Y* € W (0,T — t).
Now we define the function y as
Yerl(t)  (t,a) € D,

(26) yta)={ _
Y*™%a)  (t,a) € Ds.

We can extend the results of Lemma 3.5 to the region Do, and conclude that y belongs to
L?(D;V). In addition, we have

(27) / ly(t,a)? dad = / ly(t, )| dadt + / ly(t a3 dadt.
D D1 D2
By (26) and (19) we obtain
Jp, Iyt a)l[? dadt = [ A" ly(t, + a)||2 dtda
(28) = A e Bdtda
< C L (@3 + 17200 4o lda

Analogously we can proceed in region Dy and finally obtain

(29) HyHLZ D;V) <C [HyOH 2(0,A;H) + H?JIHLZ’ 0,7;H) + HfHLZ D;V* ] .

In order to prove that y defined by (26) is a solution of the system (5) we need to prove
that y; + y, exists in the sense of (8), and belongs to L2(D; V*). Let ¢ € C§°(D), then

Syt a) (e + ga)(ta)dtda = [, y(t,a) (e + ¢a)(t, a)dtda

(30)
+fD2 ,a) (¢t + a)(t, a)dtda.
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Again, we start by D;. For all a € [0, A], the function ¢®(t) := ¢(t,t + a) belongs to
C°(0,A —a), and ¢*(t) = @4(t,t +a) + @a(t,t +a). Since Y* € W(0, A — a) we have

A—a A—a
(31) / Ye(t)e(t)dt = —/ Y(t)p*(t)dt, in V™.
0 0
We can conclude that
fDl y(t,a)(pr + vq)(t,a)dtda = fo y(t, t + a)(pt + pa)(t,t + a)dtda

= = “ya(t)pe(t)dtda
— A “Ya ()" (t)dtda
= fDlY“*t t)o(t, a)dadt.

We can proceed analogously in Dy and conclude that y; + y, exists in a weak sense in D
and satisfies

(32)

Yait(t), if (t, a) € Dy,
(33) (Yt +ya)(t,a) = -
Yi=(a), if (t,a) € Ds.

In this case, the well posedness of y; + y, is also guaranteed by Lemma 3.5, obtaining
Yt + ya € L2(D; V*). We can conclude that the function defined by (26) belongs to W (D).

Finally, by (18), (24), (26) and (33), integrating over the characteristic curves in D, we
can conclude that the function y is a solution of (5) in the sense of Definition 3.4.

3.2.2. Uniqueness. We start by giving an a priori estimate.

Proposition 3.6. Let y € W (D) be a solution of (5), then there exists C > 0 such that

(34) tES[l(l)pﬂ ly(t. 20,400 < C [HyOH%%oA;H) +lly1 2076 + HfH%Q(D;V*)} ;
(35) :EPA] ||y(~,a)||%2(07T;H) <C [HyOH%Q(O,A;H) + ||yl||2L2(o,T;H) + ||f||%2(D;V*)} )
and

(36) 1913y < C [IW0022(0 acary + 19112202200y + 15122

Proof. By Lemma 3.3, taking y = v in (13), for all £ € [0,7] and a € [0, A] we have,
t ra a s
Jo Jo e+ yasy)v dadt = 5 [y (£, 0) [1F = lyo(a)lIF;) da

(37) 1t _
+3 JoUly @t a) 17 — [lya ())[I7) dt.

Since y € L?(D; V), by (13) we obtain
5 Jo (@ a)lgda+ 5 [y lly(ta)llFde + f5 f7 (At a)y(t,a), y(t, a))vdadt

t ra a t
= fo foa<fa y)vdadt + % foa HyOH%I da + % fo Hylu%{ dt.
We take a = A in (38), then by the Cauchy-Schwarz and Young inequalities, and the
semicoercivity assumption for A(t,a) we obtain for all ¢ > 0,

S lyE a)l}da < =2 5 [HAR Q)y(t, a), y(t, a)hvdadt + [lyol13 g .,
Hloala oo +2 Jo S5 171w lylvdads

22 Jo Ji Iwll3ydadt = 20 f§ J5* gl dads + lyol22q_a.mm
+Hy1”%2(0,T;H) + %”f”2L2(D;V*) + Ef(ffoA Hszvdadt

= 20 J§ f Iyl dadt + (= — 20) f3 f;* 1yl dadt

+Hy0H%2(0,AH + HyIHL2 0,7;H) +1 HfHL2(D V)

(38)

IN

(39)
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Taking ¢ = «, and defining the function §(s) := fOA ly(s,a)||%da, we have

) B0 <2 [ 0+ Il + Il + 21 oy
By Gronwall’s Lemma, there exists C' > 0 such that
A
(41) S:EPT]/O ly(s, a)[l3rda < Ce*XT [Hy0||%2(o,A;H) +y1ll72 0,7, + HfH%Q(D;V*)} :
Analogously we obtain
(42) b:;é%] /OT ly(t, b)|[7dt < Ce* [HyOH%Q(O,A;H) +1y1ll720,7m) + Hf”2L2(D;V*)] :

We conclude that (34) and (35) hold.
Then, by (34) or (35) there exists C' > 0 such that

(43) Hy”%2(D;H) <C [H?JO”%%O,A;H) + Hyl”%z(o,T;H) + Hf”%%[);v*)} .
Now, going back to (39), and taking ¢ = T', we have

1
(44) Oé/D ly[l3-dadt < QA/D lyllFrdadt + llyoll7 20,4, + 191117200 7,0 + aHfH%Q(D;V*)'
And by (43) and the previous inequality there exists C' > 0 such that

(45) 11220y < C [0, a500) + 113002500y + 171220y -
Now, since y is solution of (5), we have

(46) lyt + vallz2(Dyv+) < AYIL2(pivey + 1 fllL2(Dv+)-
By (H1) and (45), there exists C' > 0 such that

(47) Wl () < C [Iwolaq0.a,00) + 91132 02:00) + 1F 22 -
O

If we assume that there exist two solutions y and z of (13), then their difference y — z is
solution of the same equation with zero r.h.s. and zero initial conditions, by the previous
proposition we conclude y = z in W(D). To summarize, we have

Theorem 3.7. Under assumptions (H1) and (H2), there exists a unique solution of (5) in
W (D) which is given by (26).

Remark 3.8. By the previous theorem we conclude that the map

(48> Y= (yt+ya+~’4yay(07')7y('a0))a

defines an isomorphism between W (D) and L?(D;V*) x L?(0, A; H) x L*(0,T; H).
Furthermore, we deduce that for any z € W (D), the function defined as 2°(t) := z(t, t+a)

belongs to W (0, A—a) for a.a. a € [0, A] and z!(a) := 2(t+a, a) belongs to W (0, AA (T —t))

for a.a. t € [0,T].

3.2.3. Second parabolic estimates. The estimates studied in Proposition 3.6 are usually

called the first parabolic estimates. Now, under additional assumptions we show the sec-

ond parabolic estimate for the age-structured case. We make the following assumptions:
A(t,a) = Ao(t,a) + Ai(t, a) where

(H3) Ap(t,a) : V. — V* is symmetric and uniformly continuously differentiable over

almost all characteristic curves, i.e., defining for a.a. a € [0, A], the function A®(¢) :=

A(t,t + a) and for a.a. t € [0,T], the function At(a) := A(t 4+ a,a), there exists a

modulus of continuity for A%, A%, A* and A!, independent of ¢ and a. In addition,
there exists ap > 0 such that (Ao(t,a)v,v) > ag|v|?, for all v € V and a.a.
(t,a) € D.

(H4) A;(t,a) : V — V* is measurable with range in H and there exists ¢; > 0 such that
|AL(t, a)v|| g < er|lv]|lv, for all v € V and a.a. (t,a) € D.
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Theorem 3.9. Assume f € L?(D; H), yo € L?(0, A; V), y1 € L*(0,T;V) and the assump-
tions (H1)-(H4) hold. Then, the solution y of the system (5) satisfies

(49)  y e L®(0,T;L%(0, 4, V) N L¥(0, 4, L0, T5 V), yi+ya € LA(D; H),

and there exists C > 0 such that

(50) 1Yl oo (0,7:22(0,4:v)) + 1Yl oo 0, 452200, 7v)) + 19t + YallL2(0; 1)

<C [Hy0||L2(o,A;V) +llyillz20,7v) + ||f||L2(D;H)] .

Proof. We know that the solution y is defined over the characteristic curves. In particular,
for almost all characteristic Remark A.3 applies.

Consider a € [0, A]. We want to prove that y(-,a) € L?(0,T;V). For every t € [0,T],
(t,a) belongs to a characteristic curve. In particular, if ¢ < a, then (¢,a) € D, and the
value of y(t,a) is given by the function Y27!(¢t). By Remark A.3, we have

(51) ly(t, @)l < C [llyo(@—llv + 11 N2 0,a-@-1ym)] » ae. t€[0,al,
where C' > 0 is independent of yy and f.

On the other hand, if T — A >t > a, the value of y(t,a) is given by Y*~%(@). Again, by
Remark A.3 for a.e. ¢ € [a,T] we obtain

(52) ly(t,a)llv < C [lys(t = @)llv + 17 20,4 -

When T'— A < t < T, we obtain similar estimates, where the last term in the r.h.s. of the
previous inequality has to be understand in L?(0,T —t; H).
By (51) and (52) there exists C' > 0, independent of a, such that

T
(53) /0 ly(t, a)|[i-dt < C [HyOH%Q(O,A;V) + HylH%Z(o,T;V) + HfH%Z(D;H)] ~
Analogously we can prove that for all £ € [0, 7], y(£,-) € L?(0, A; V) and we obtain

(54) 1Yl oo 0,7:22(0,4:v)) + 1Yl oo (0,452 0,75v7Y)

< C [llyollz20,4:v) + w1l L20,mvy + 1 f lL2(psny] -
Following similar arguments, by (32), for almost all (t,a) € D the value of y; + y, is
given by Y** in D or by Y% in Dy. Then, by Theorem A.2 we obtain (y; +v.)(t,a) € H
a.e. and also there exists C' > 0 such that
(55) lye + vall 2oy < C [Ilyoll 20,40y + w1l 200y + 1 F L L2(osmn] -

By (54) and (55) the result follows.
([l

3.3. Birth process depending on a fecundity rate. It is natural in many applications
to consider that the birth process y(-,0) depends on a fecundity rate. We notice that we
can also prove the existence and uniqueness of solution for the following system that takes
this into account,

(9 +ya)(t,a) + At a)y(t,a) = f(t,a) in L*(D;V¥),
(56) y(0,a) = yo(a) in L2(0, A; H),
y(t,0) = fOA c(t,a)y(t,a)da in L2(0,T; H).

In this case ¢: D — RT is a measurable function that represents the fecundity rate, and we
assume that there exists C > 0 such that

A
(57) sup / c(a,t)’da < C.
tef0,7] Jo
Let v > 0, and define w(t,a) := e "'y(t,a). It is easy to observe that if y satisfies the
first equation in (56), then w satisfies

(58) (w + wy)(t,a) + A(t,a)w(t,a) + yw = f(t,a) in L*(D; V™),
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where f(t,a) := e " f(t,a). So, in the sequel we consider the above dynamics. Now, we
define the map 7 : L?(D; H) — L?*(D; H), such that 7z = w, where w solves the system

(wi + wa)(t,a) + A(t,a)w(t,a) +yw = f(t,a) in L?(D;V*),

(59) (0 a) = wo(a) in L2(0, A; H),

fo z(t,a)da in L2(0,T; H).
We observe that by the Cauchy-Schwarz inequality and our assumptions we have

T 2 T A ) A )
dt < / </ c(t,a) da) </ Hz(t,a)HHda) dt
(60) /0 H Jo \Jo 0
C”ZHQLQ(D;H)-

Then, the map ¢ — fOA c(t,a)z(t,a)da belongs to L?(0,T; H) and by Theorem 3.7, there
exists a unique solution of (59). We conclude that the map T is well-posed. Now we
want to prove that it is a contractive map in L?(D; H). Let 21, 22 € L?(D; H), we denote
Z = z1 — 29 and w := T z1 — T 22, we have that w solves the system (59) with f =0, wg =0

and Z instead of z.
By Lemma 3.3 and assumption (H2), we obtain

0 = [, W+ wq, w)y + (Aw, w)y + (0, w)y] dadt
_ T _ _
= 35 (T @)l — 100, a)[3,] da+ 3 fy [llo(e, )i — o, 0)l1%] dt
+ [p [(Aw, W)y + v(w, w)y] dadt,
T — _ _ _
> =5 Jy ot 0)Hdt+ [, [al@]f — Aol +lolF] dadt.
We deduce with (60) that

A

A
/ c(t,a)z(t,a)da
0

IN

(61)

_ 1 /T c.
(62) (v = M@l Z2(p.ary < 2/ [w(t,0)||Fdt < 5llzllia(D;H)-
0

We can choose v > 0 large enough in order to obtain that 7 is a contraction, and therefore we
have a unique fixed point. In addition, by Theorem 3.7, we have that 7 (L?(D; H)) C W (D),
then, the system (56) has a unique solution in W (D).

If in addition we assume that A satisfies (H1)-(H4), f € L?(D; H) and yo € L?(0, 4; V),
since the solution of (56) belongs to W (D), we have y(-,0) € L?(D;V), and then Theorem
3.9 applies.

4. OPTIMALITY CONDITION

The aim of this section is provide optimality conditions for the optimal control problem
described in Section 2. In order to analyze the differentiability of the cost function, we
study the regularity of the map u — y[u], by the Implicit Function Theorem. We also set
the space for the state constraints and the associated multipliers.

We recall the optimal control problem that we consider

T rA A T
(63) min J(u,y) ::/0 ; E(u,y)dadt—i—/o ho(y(T,a))da+/0 hi(y(t, A))dt

(64) Dl (e + ya)(t,a) + A(t, a,u(t,a))y(t,a) = f(t,a), in L*(D;V*),
(65) (o] ¥(0,a) —yo(a) =0, in L*(0,A;H),

(66) [11] ( 0) = (t) =0, in L*0,T;H),

(67) [144] ; (f,( ),y(t,a))gda — M; <0, te€l0,T], i=1,...,r,
and

(68) ue Ky,



10 J.F. BONNANS AND J. GIANATTI

where Kj; is a nonempty, closed and convex subset of /. In the brackets in the column
on the left we write the multipliers associated to each constraint, that will be used in the
definition of the Lagrangian function.
In order to apply the results of Section 3 to the state equation (64)-(66), along this
section we consider the following assumptions:
(H5) The map A : D x U — L(V,V*) is measurable w.r.t. (t,a) for all u € U, and is C*
w.r.t. u for a.a. (t,a) € D.
(H6) For A and A, there exists a modulus of continuity w.r.t. u, on bounded sets of U,
which is independent of (¢, a).
(H7) The assumptions (H1) and (H2) are satisfied by A(¢, a, u), for a.a. (t,a) € D, with
uniform coefficients C' in (H1) and « and A in (H2), over bounded sets of U.
(H8) & e W(0,A), fori=1,...,r.

Remark 4.1. By the assumption (H5), for any u € U we can define the following measurable
map,

Alu] D — L(V,V¥)
(t,a) —  A(t,a,u(t,a)).

By assumptions (H5)-(H7), we can define the Nemitskii map u € U — Afu] € L>®(D; L(V,V*)),
which is C! and satisfies

(69)

(70) (DyAluv)(t,a) = D, A(t, a,u(t,a))v(t,a).
In fact, by (H7) since u € U, we can deduce that A[u] € L*>°(D; L(V,V*)). By (H6),
(71) [A[u +v] = Alu] = Dy A(u)vll o (p;rv,v+)) = o(l|v]u)-

4.1. Preliminary results.

Lemma 4.2. Under the above assumptions, the map y[u, yo, y1, f] is C*, where y[u, yo, y1, f] €
W (D) solves the system (64)-(66) with u € U, yo € L*(0,A;H), y1 € L*(0,T; H) and
feL*D;Vv).

Proof. We define the function ¥ : W (D) x U x L?(0,A; H) x L*(0,T; H) x L?>(D;V*) —
L*(D;V*) x L?(0,A; H) x L?(0,T; H) as
=W+ ya + Aluw)y)
(72) Uy, u,y0,y1, f) := Yo —y(0,-)
y1 —y(-0)

By Remark 4.1, we obtain that the map ¥ is C' w.r.t. all the variables. In addition, by
(H7) and the results of Section 3, for all (g, zo, 1) € L*(D;V*) x L?(0, A; H) x L*(0,T; H),
there exists a unique solution of

2+ 2o+ Alu)z =g in L?(D; V™),

(73) 2(0,-) = xo, in L2(0, A; H),

2(+,0) = z1, in L2(0,T; H).
And that implies that D,V is invertible. Then, by the Implicit Function Theorem, the
result follows. I

In order to define the Lagrangian of the problem, we need to specify in which space
we consider the state constraints. The following lemma proves that we can take the space
C([0,T]) of continuous functions on [0, 7.

Lemma 4.3. Let £ € W(0,A) and y € W (D), then fOA(f(a),y(t, a))gda is continuous with
respect to t € [0,T.
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Proof. By Remark 3.8, we can define (f,yo,y1) € L*(D;V*) x L?>(0,A; H) x L?(0,T; H) as

(74) f(t’ a) = (yt + ya)(t’ a) + A(tv a)y(tv a)’ yO(a) = y(oa a)’ and yl(t) = y(tv 0)7

where A satisfies (H1)-(H2) (for instance we can take (Ay,v) := (y,v)y, the scalar product
in V).

Since y € W (D) we know that for all t € [0,7], y(¢,-) € L*(0,A; H). Let ¢ > 0, and
t €[0,T — ] then

’fo y(t +e,a) —y(t a)) Hda’ | [ (&( t+e,a) —y(t,a))gdal

(75) Arg*%a> @+a@—ymm»m4
‘fA _(la), y(t +&,a) (t,a))Hda’.

For the first term, by the Cauchy-Schwarz inequality and Proposition 3.6, we have

(Jo €la),y(t +¢e,a) — y(t,a))Hda)2
(76) < [ole@13da [ ly(t + <, a) — y(t, a)||%da
<2C [llyoll72 + lwllz2 + 1£172] J5 €(a) |13 da.

And by the Dominated Convergence Theorem we have

(77) / 1£(a)||%da — 0, as € — 0.
0
For the last term in (75), similar estimates holds. Now, for the second term we obtain

J2 7€), y(t +e,a) — y(t, a))Hda‘

(78) < |20 @)yt +2,0) — y(t + 2,0+ £)dal
5 €@yt + e+ ) — y(t,a) rdal
We have
- S ), @+€®—y@+ea+@hﬂw—f7ﬂ)w@+a®hﬁa
—fA . e),y(t+e, a))Hda+f (&(a) —&(a—e),y(t+¢€,a))da.

The first two terms can be estimated as before and for the last one, by the Cauchy-Schwarz
inequality we obtain

Cfla—e)yltte, a))Hda]2

<yt + & )F20,am) Joe  16(a) = E(a =€)l da.

(80) ’

Since £ € W (0, A), the integral in the r.h.s. converges to zero and by Proposition 3.6, the
first term is bounded, independently of €, then the above term tends to zero when £ — 0.

Now, by the Dominated Convergence Theorem we prove that the last term in (78)
converges to zero. In fact, we have

ng_E(g(a)7y(t+€ a+€) — (t CL))Hda ?
<NE2a o pim J2 77 Myt + .0+ €) = y(t, a) 3 da.

And for all @ € [e, A—¢], the points (¢, a) and (t+¢,a+¢) belong to the same characteristic
curve. Since the solutions of the parabolic equations along the characteristic curves are
continuous with images in H, we can conclude that, for a.a. a € [e, A — €], we have

(81)

(82) ly(t +e,a+¢) —y(t,a)|[} — 0, as e — 0.
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In addition, by the first parabolic estimate (Proposition A.1) we have (assuming f = 0 out
of D),

ly(t+2,0+2) = y(t, )%
<2 [ly(t +,a+2)F + ly(t, @) 4]
< O {Xasg [Im0(a = DIF + fi* 1 (5,0 t 4 5) 3. ds]
sy [t = )lF + Ji £ = a+5.9)[3.ds| }

By our assumptions, the r.h.s. belongs to L'(0, A; H). We can proceed analogously for
e <0 and t € [—e,T], which completes the proof. O

(83)

Since the space of the state constraints is C([0,7]), the associated multiplier will belong
to the dual space, which is the set of Borel measure M (0, 7). It is known that every element
in this space can be identified with dn for some n € BVr(0,T), where BV (0,7 denote the
space of bounded variation functions on [0, 7] and

(84) BVr(0,T) :={n € BV(0,T) : n(T) =0}
For any n € BVp(0,T) and ¢ € C([0,T]) we have

T
(55) (nelcqomy = [ eB0).

In what follows we need the following result.

Lemma 4.4. Let £ € W(0,A), p € BV(0,T), and z € W(D). Then, the following integra-
tion by parts formula holds

foT foA<Zt + 2a,€(a))vp(t)dadt + fO fO a), z)y p(t)dadt
(86) =ﬁﬁdﬂ@£u»( m—ﬁ)z > mnm>
+ [y (2(t, A),€(A — Jo (2(£,0),£0)u(t)dt — [ [3'(€(a), 2) pdadp(t).

Proof. Defining 2%(t) := z(t,t + a) and z*(a) := z(t + a, a), and integrating over the char-
acteristic curves, we obtain

Izt + 2a) (1 a), E(a))y p(t)dadt =[5 [ §(t%fa)> u(t)dtda
(87) + [ fo a))y u(t + a)dadt
+fT—Af &(a))vu(t + a)dadt.

By Remark 3.8, 2 € W(0,A —a) C C(0,A —a;H). Then, for a.a. a € [0, A] the map
t— (2%(t),&(t + a)) g is continuous and also we have

(88) (24(t), &t + a))v + (£(t +a), z*(t)v € L' (0, A — a).
Since u € BVp(0,T), by [4, Lemma 3.6] over each characteristic curve holds
JT @)+ a)vpdt = — [1TUEE + a), 22 (1) vas(t)dt

— J3(0),£(t + @) rdp(t)
(A — @), €(A)) (A — a)

—(2%(0),¢(a)) rp(0).
Then, since za(A - a) = z(A—a,A) and 2%(0) = 2(0, a) we have

(89)

fO f(t + a)) (t)dtda = - fO t + CL) ( )>V,u(t)d7fda
(90) — Ik (), &(t 4 a))gdu(t)da
+ [t A, E(A)) pp(t)dt

- foA(Z(Oa a),&(a))gu(0)da.
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In a similar way, since '(a) = z(t + A, A) and (0 )_ %(t,0) we obtain
JEA A G @), €a)) vt + a)dadt = — [T [ME(a), 2(a))v plt + a)dadt
foA (a), £(a)) rdp(t + a)dt
+f,4 £, A), €(A) pp(t)dt

- 0 (Z(tv 0)75( ) ( )dt
And finally, since Et(T —t) = 2(T,T —t) we have

{
(91) (

Foady TG @), E@)vlt + a)dadt = = [ f(a “a))vplt + a)dadt
(92) ~Jr Af (2 (a (a)gdp(t + a)dt
+ fo (@) pp(T)da
- fT alz ( ) p(0)dt.
By adding the last three equations the result follows. O

4.2. Optimality conditions. In order to analyze the differentiability of the cost function,
we add the following assumptions:
(H9) The function ¢: D x U x H — R is measurable w.r.t. (¢,a) € D for all u € U and
y € H. For a.a. (t,a) € D, £ is C! wr.t. u and y, and there exists a modulus of
continuity for ¢, £, and ¢, on bounded sets of U and the whole space H, independent
of (t,a).
(H10) The functions hg,hy : H — R are C*.

By Lemma 4.2 and the assumptions (H9)-(H10), we can consider the reduced cost defined
by

(93) JR(ua Yo, Y1, f) = J(’LL, y{u?yOa Y, f])v

and conclude that Jg is C*. In addition, for all (v, 29, 21, h) € U x L?(0, A; H)x L*(0, T; H) x
L?(D;V*) we have

DJr(w, 90,01, £)(0, 20, 21, ) = [ [0, (u, )z + £y (u, y)v dadt
+ [ R (y(T, a))2(T, a)da + [ Wy (y(t, A))=(t, A)dt,

where z is the unique solution of the following system, whose existence is guaranteed by
Section 3,

(94)

2 + 2o + A(u)z + (D A(u)v)y = b in L?(D;V*),
(95) 2(0,-) = 2o in L2(0, A; H),
z(-,0) =z in L2(0,T; H).

Now, assuming yg, y1 and f to be given, we consider the following reduced optimal
control problem

(96) g\é[}{n Jr(u), st. Gi(u)e Ky, i=1,...,r,
where
A
O Gilw)() ::/0 (&), ylul(t, @) pda — My, t€[0.T], i=1,....n,

and Ky := {p € C([0,T]) : ¢(t) <0, Vte[0,T]}. In this case, we have

A
(98) DGi(u)w = / (i), 2[] (- 0)) prda,

where z[v] solves the system (95) with zero initial conditions and zero r.h.s.
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We can define the reduced Lagrangian as
(99)  Lr(u, B, ) := BJr(u +Z pi, Gi(w)) = BJR(u +Z/ Gi(w)(t)dp(t),

where 8 € {0,1} and p = (w;)j_; € (BVp(0,7))".

Let G(u) := (G1(u),...,Gr(u)) € K. The constraints are said to be qualified at u € Ky
if there exists ¢ > 0 such that, B denoting the unit ball of C([0,T])", and e.g. R, (u)
denoting the radial cone to Kz; at u:

(100) eB C DG(u)[Ri, ()] — Ry (G(u)).

Since K, is a convex cone with nonempty interior, it is known [5, Chapter 3] that this holds
if and only if there exists v € Ky such that
(101) G(u) + DG(u)(v — u) € int K.

In (102) below, N denote the normal cone, see [5, Chapter 2|. By [5, Theorem 3.18, p. 155],
we obtain the following optimality condition.

Theorem 4.5. Given yo, y1 and f, if u € Ky is a local solution of the reduced problem,
then there exists 5 € {0,1} and p = (p;) € (BVr(0,T))", with B+ ||p|| > 0, such that

(102) 0 € BDJg(u) + Z DGi(u)* i + N, (u),
and
(103) i >0, (i, Gi(u)>c([07ﬂ) =0, i=1,...,r

In addition 8 =1 if the qualification condition (100) is satisfied.
Definition 4.6. We define the Lagrangian L of the optimal control problem (63)-(67) as
L(u,y, B,p; %0, Y1, p) = BJ(u,y) + (f — (Yt + Ya) — AWy, p) 12(D:v)
(104) + (%0, o — y(0, '))L2(0A WLy —y(50)) 20
+ 30 (i, f(Eia), y(t @) da — M) oo,
where 3 € {0,1}, p € L%(D; V), 4o € L*(0, A; H), 1 € L2(O,T; H) and p € (BVr(0,T))".

As usual, the costate equation is derived by computing L,z = 0. Given z € W (D) the
directional derivative of L with respect to y in the direction of z is

L,z = ﬁfOT fOA lyz dadt — f(;f fOA<zt + 2q + A(u)z, p)ydadt
+8 [ (y(T, a))2(T,a)da + B [ Wy (y(t, A))=(t, A)dt
— (%0, 2(0,°)) 20,40 — (W1, 2(5, 0)) 20,7 1)

+ > i1 (i, [(&i(a), 2(t, ) mda) o qo,1)-

In order to analyze the regularity of the costate p, assume that there exists (3, p, ¥, ¥1, ) €
{0,1}x L2(D; V) x L?(0, A; H) x L*(0,T; H) x (BVr)" such that Ly (u,y, 3, p, 1o, 1, 1)z = 0
is satisfied for all z € W (D). We define the alternative costate as

(105)

(106) p'(ta) ==p(t,a) + > pi(t)&i(a)
i=1
By (105) and our assumption that Lyz = 0 for all z € W(D), we obtain for all z €
Cgo(D; V),
0 = B[plyzdadt — [, (2 + za + A(u)z,p)ydadt

(107) + 22121 S Zt+za,€i( Dvii(t)dadt + 375 [ (A" (w)éi(a), z)vpi(t)dadt
+Zz 1fo fo (&i(a), 2(t,a)) pdadpu; ().
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By the integration by parts formula (86), we obtain
0 = BfDE zdadt—fD 2t + Za, pH)vdadt — [ (A*(w)p', z)vdadt
S [plEia), 2yt dadt + S [ (AR (w)éi(a), 2)v i (t)dadt.

So in a weak sense p' satisfies,
(109)

— (1 +pa) + A*(w)p' — B, +ZM1 )Si(a ZM% t)A*(u)éi(a) = in L*(D;V*).

(108)

By our assumptions, we deduce that p* € W (D). Then, in particular the traces p*(-,a) €
L*(0,T; H) for a € [0, A] and p'(t,-) € L*(0, 4; H) for t € [0, T] make sense. Since L,z = 0,
returning to (105) and replacing p by p' — >""_; w;&, by Lemma 3.3 we obtain the costate
equation in transposed form,

0 = [ (2(t,0),p"(t,0) = X1y &(0)i(t)) , dt
0 (=0, >,p A) =Y &(A) i<t>> dt
(110 + J3 (20, a), p*(0 > S E(a)pi(0)) , da
— J (AT a), pM (T a) — T 1sl<> <T>)H
+8 [ hy(y(T, a)) (T, a)da + B [ hi( y<, A)) < A)dt
— 3 Wo(a), 2(0,0)) g da — [ (%1 (1), 2(t,0))

Then, since z is arbitrary, we deduce that p' satisfies the following age-structured system

—(p} +pb) + A*(wp' — Bl + i wi()ia) — iy () A*(w)éi(a) = 0,

in L2(D;V*),
) DT a) = S, &u(a)ma(T) = Bhiy(y(T, a)), ae. acl0Al
Pt A) = > (A p(t) = By (y(t, A)), a.e. tel0,T],

and the following relations hold
{ ¢0( ) = 1(0 a’) - Z;:l fz(a)/ﬁz(o), a.e. ac [OaA])
Pi(t) = p'(t,0) = 200, &(0)wi(t),  ae. t€[0,T].

We can conclude that given g € {0,1} and p € (BVy)", by Section 3 there exists a unique
solution p' € W (D) of (111). Then, we obtain that p, 1o and v giving by

(112)

( p(t,a) = p'(ta) =i, pwi(t)éi(a),
p(T,a) = Bhy(y(T,a)),
(113) p(t,A) = Bhi(y(t, A)),
Yo(a) = p(0,a),
Pi(t) = p(t,0).

satisfy the condition Ly (u,y, 3,p, %o, Y1, 1)z = 0.
Definition 4.7. We define the Hamiltonian H as
H:UxVxRxV — R
(u,y,8,p) = H(u,y,B,p) = Bl(u,y) + (A(u)y,p).
By the above definition and our assumptions, we can conclude that

(115) Hu(ta a/7u7y7/87p>v - /Béu(ta a7 ua y)v + <(Au(t7a7u)v>y7p>

(114)
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By (94) and (98), we have
DyLg(u, B, p)v = BDJg(u)v + Z; 1 (i, DGi(u)v) oo,
= BT [2 0, (u, y)2[0] + Lu(u, y)v dadt
+B [ By (y )) [ ](T a)da+ B [i i (y(t, A))z[v](t, A)dt
X Jo fo (&i(a), 2[v](t, a)) ndadyi(t),
where 2[v] solves (95) with zero r.h.s. If p satisfies (113), we obtain

(116)

T rA
(117) DuL(u7y757p7 ¢07¢17M)U = /0 A Hu(ta a?“(t7 a)ay(t7a)757p(t7 a))v(t,a)dadt.

Therefore, we obtain the following optimality condition:

Theorem 4.8. Given yo,y1 and f, let u be a local solution of the optimal control problem.
Then, there exists B € {0,1}, p € L*(D;V), o € L*(0,A;H), ¢y € L?(0,T;H) and
1€ (BVip(0, 7)), with i >0, B+ |u]| >0, and

(118) / / (&i(a),y(t,a))gdadp;(t) =0, i=1,...,r,

such that p, ¥o and ¥y satisfy (113) and

(119) / / Ha(t, a,ut, a), y(t, a), 8, p(t, ) (i(t, a) — u(t, a))dadt > 0, Vi € K.

4.3. Adding birth processes. As in the previous section, we also analyze optimality
conditions for an optimal control problem in which the state has a birth process depending
on a fecundity rate. We consider the state system studied in Subsection 3.3:

(e +va)(t, @) + At a)y(t,a) = f(t,a) in L*(D; V)
(120) y(0,a) = yo(a) in L2(0, A; H)
0) = Ji e(t, a)y(t, a)da in L2(0,T; H).
Following the lines of the above subsection, given (3, p, ¥, 1, 1) € {0,1} x L?(D,V) x
L*(0, A; H) x L*(0,T; H) x (BVr)" such that, Ly (u, y, 8,p, 1o, ¢1, 1)z = 0 for all z € W(D),

we can define the alternative costate p' as in (106). We deduce in this case that the
alternative costate p! satisfies the following system:

—(ph + ph) + A (@' = By + Sy al®) [€(@) — A (W)Ei(a)] = va()elt, )

in L*(D;V*)
(121) PH(T,a) = 321 &a)wi(T) = Bhy(y(T, a)), ae. a€|0,4]
(th) Z: lgz( ) (t) 5h (y(tv A))? a.e. te [O7T]

[ ¢1(t) = p'(t,0) — 327 &(0) s (1)

In order to prove that the above system has a unique solution (¢, w) € L?(0,T; H) x W (D),
it is enough to study the following system

—(wy + wg) (t,a) + A*(t, a)w(t,a) = P (t)c(t, a)

w(T,a) =0,
122
(122) wlt, A) = 0,
¥(t) = w(t,0).
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We define the map ® : L?(0,7; H) — L*(0,T; H), as ®(3) := w(-,0), where w € W (D)
is the solution of the following system, whose existence is guaranteed by Section 3,
—(wi +wg)(t,a) + A*(t,a)w(t,a) = P(t)c(t, a)
(123) w(T,a) =0,
w(t, A) = 0.

Let v > 0, we define the auxiliary map w(t,a) := e "'w(T —t, A — a) which solves the
following system

(Wy + Wy (t,a) + yw + AY(T — t, A — a)w(t,a) = e (T — t)e(T —t, A — a)
(124) w(0,a) =0,

w(t,0) =0.
Then, applying the first equation to w, by Lemma 3.3 we obtain

T () - _
LT (e, A — [, 0)1%) dt = Qﬁ)mwOam,nw@ﬂwmda
(125) = [p @ (t, a)||3dadt — [ {(A(T —t, A — a)w(t,a), ®(t,a))dadt
+ [p(e™ (T —t)e(T — t, A — a), w(t, a))gdadt.
By our assumption (57), Cauchy-Schwarz and Young’s inequalities we have

U e < O = DD 000 — B2,

(126) e U (t)e(t, a)ll 2p;m) 10l 20
< ECH\IIHB (0,T;H) + (715 +A- 'Y) ”QDH%Z(D;H)-

Taking € > 0 such that eC' < 1 and v > 0 such that % — 274 2X < 0, by a fixed-point
argument we can conclude that there exists a unique solution (¢, w) € L?(0,T; H) x W (D)
of (122).

Finally, we conclude that if we consider a birth condition given by (120), we obtain an
optimality condition as in Theorem 4.8 where p' and 1) satisfy system (122) instead of
(111)-(112).

4.4. Fokker Planck type formulation. In order to give an example of application, in
this section we explain how our framework includes the most usual formulation considered
in the literature for dynamics of populations.

We consider a bounded domain Q2 C R™ with smooth enough boundary I We set
V= HY(Q) and H := L*(Q). Let b : Dx Q2 xU — R* and a : D x Q — R™@" be
given maps. We consider the following model, that can be though as a Fokker-Planck type
equation for age-dependent dynamics.

(yt + ya)(t, a,x) + div (®(t, a, z,u(t,a))) = f(t,a,z), in D xQ

O(t,a,z,u(t,a)) -n(z) =0, inD xT,
(127) - )
y(O, a, l’) - yO(a7x)a m [O,A] x Q
y(t,0,2) = y1(t, x), in [0,7] x Q
where
(@i (t, a, 2)y(t, a, .
(128)  ®i(t,a,x,u) :==y(t,a,z)bi(t,a,z,u) — Z N (t, a, )yt @ a:)), 1=1,...,n.

0x;
j=1 J

The zero normal flux boundary condition can be stated as

n

(129) y(t,a,2)b(t,a, z,u(t,a))  -n(z) = Z

ij=1

0(aij(t, a,x)y(t, a,x)) '
ax] TLI(.%'),

zel.
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Then, the variational formulation for this equation can be written as

(130) / /(?Jt + Yo)v — @ - Vo dedadt = / / fv dzdadt, Vv € L*(D;V).
D Ja pJa

We make the following assumptions:

(1) The functions G;; are measurable w.r.t. (t,a,x) and C! w.rt. z, for all 4,5 =
1,...,n. A

(2) a;; and ZCLTZZ are essentially bounded for all 4,5,k = 1,...,n, and for some ag > 0

(131) > it a,2)GG > aol®, VCER™, (ta,x) € D x Q.
0.

(3) b is measurable w.r.t. (¢,a,2) for all w € U, and is C! wrt. u € U for a.a.
(t,a,z) € D x Q.

(4) For b and b,, there exists a modulus of continuity w.r.t. u, on bounded sets of U,
which is independent of (¢, a).

(5) b and b, are bounded on bounded sets of U.

Under the above assumptions, we define A(t, a, x,u) by

(132) (A(t,a,u)y,v) := /Qy(a;)b(t,a,a:,u) -Vou(z)dz + Z /Q 8(&ij(tg;f)y(x)> (%(m)d

x?
irj=1 O
for y,v € V. It is clear that A satisfies (H5)-(HT7).
In addition, we consider state constraints given by
A
(133) / / &la,x) - y(tya,z) deda < M;, i=1,...,r, Vte[0,T],
o Ja
where &(a,z) = &(a)(z). In conclusion, all the results of this section apply for this

formulation.
For the sake of simplicity, we derive the adjoint equation for the case of a linear cost
function given by:

(134) J(u,y) ::/ /E(t,a,m)y(t,a,x)dxdadt+/ /g(t,a,az)y(t,a,az)dxdadt.
D JQ DJr

Computing the derivative of the Lagrangian function with respect to the state variable,
as in the above subsection, we obtain the following equation for the alternative costate p':

n ~ 9?pt r L
—(pt +pg) +b(u) - Vaop' + 3705, Gij gartm; — BL+ iy ma(t)Si(a),

r n ~ 2 .
= D k=1 M () [b(u) -Vl + Ei,jzl aij%{%’;j} =0, inDxQ

(135) S &ij%nj(x) =g, in DxT
pl <T7 a, l’) - Z;:l gi(a7 m)MI(T) =0, in [07 A] x Q
Pt Az) — Y &Gi(A z)ui(t) =0, in [0,7] x €.

In particular, if we take b(t,a,x,u) = u, a;; = 0;; (0;; = 1 if i = j and 0 otherwise) and
& =1, we obtain the following controlled system

(136)
( (gt + va)(t, 0, 2) + dive(u(t,a)y(t,a, 7)) — Agy(t,a,z) = f(t,a,z), in D x Q
U(t, a)y(t7 a, ':U) ’ N(.%') = wa(t7 a, ':U) ’ n(ac), in DxT,
y(oa (I,ZL') = yO(aa ZE), in [O,A] x Q
y(t,0,2) = yi(t, v), in [0,7] x Q
\ fOA fQ y(t,a,z) dzda < M Vit € [0,T].

In this case the state constraint represents a bound for the total population at any time.
Note that our general framework allows us to consider systems like (136). This is one of
the main differences between our work and most of the literature, where the control only



OPTIMAL CONTROL OF STATE CONSTRAINED AGE-STRUCTURED PROBLEMS 19

appears as a source term or by multiplying the state function, but not within a divergence
term as in this example.
For this particular example, the equation of the alternative costate is given by:

—(pt +pL) +u-Vept +Agpt =8¢, in D xQ

Yt a,2) n(z) = a,T in
(137) va}p (t7 ) ) ( ) g(t, ) )7 . D xT
pH(T,a) — u(T) =0, in [0, 4] x Q
p'(t, A) — p(t) =0, in [0, 7] x Q.

5. EXISTENCE OF OPTIMAL CONTROLS

In the general case it is not easy to obtain results about the existence of optimal controls.
Due to the bilinearity in the state equation, with respect to state and control, passing to the
limit in this equation when we only have weak convergence results is not obvious. However,
under particular assumptions, such as that the image spaces of u and y are R, in [1] the
authors achieved to prove the existence of minimizers. It is not difficult to extend this kind
of results to our framework.

Nevertheless, in this section we present a modified control problem, for which it is possible
to show the existence of solutions.

We consider L>°(0,T;R) as the set of controls, i.e. the control functions only depend on
t, transforming the control into a state. The map A : D x R — L(V,V*) is defined as

(138) A(t,a,u)y := Ao(t, a)y + uy.

We assume f = 0 and £(u, y) := lo(u)+ ||y||%, where £y is uniformly continuous. We assume
that (H5)-(H8) hold.

Now, we consider the following optimal control problem, where v € L*°(0,7;R) is the
control and (u,y) the state,

(139) Min /D o(u) + Iyl )dadt
s.t.
Dl ye+ ya+ Alw)y = in D,
(ol y(0,a) = yo(a), acl0,4],
W1l y(t,0) = yi(t) t e (0,7,
(140) ] M), y(t @) pda— M; <0, i=1,...,r, Vtel[0,T],
[q] a(t) =o(t), t e (0,7,
(] u(0) = uo
] glu(®)]* < My, vt € [0, 77,
lv(t)] < Mo, a.a. t € [0,T].

In this case we also write in the column on the left the associated multipliers.

5.1. Existence of solution.
Theorem 5.1. Under the above assumptions, there exists an optimal control v in L*°(0,T;R).

Proof. Let (v") C L*(0,T;R) be a minimizing sequence. Since it is bounded by M, there
exists a subsequence, still denoted (v™) that converges to some v in the x-weak topology of
L>(0,T;R). Let (u™) and (y™) be the associated states. The sequence (u") is uniformly
bounded and equicontinuous on [0,7], then by the Ascoli-Arzeld theorem, there exists
a subsequence, still denoted (u"), that converges uniformly to @ € C([0,7]). Finally,
since (y") is bounded in W (D), there exists a subsequence that weakly converges to some
y € W(D), and then y™* — g in L?(D;V).
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Since the characteristic functions x[o4 belongs to L'(0,T) for all ¢ € [0,T], and (v")
x-weakly converges to v in L*°(0,T;R), we have

(141) u"(t):uo—l—/otv"(t)dt—>u0+/0tv(t)dt, vt € [0, 7).

We can conclude that @ is the state associated to v. Now we want to prove that g is the
state associated to .
Let z € W(D), then by Lemma 3.3,

A1 = [y + oyl + Aoy + uty", z)vdadt
= — [p(z + 20, y™)vdadt + [, (Aoy", z)ydadt

(142) —|—fD u™(t)( y”(t a), z(t,a))pdadt

+f0 ,2(T a)) g — (y™(0,a),2(0,a)) ] da

+fy [ A) z(t, A))m — (y"(t,0), 2(£,0)) u] dt.
We have

fD u™(y", 2) g — u(y, z)gdadt < fD [(u™ — @) (y", z)gdadt + a(y"™ — 7, z) g] dadt

SUD¢c[0,71] [u™(t) —a(t)] fD (y", )| pdadt
+ [p(y" — §,uz) gdadt.

Since (u") converges uniformly to @ and (y™) converges weakly in L?(D; H) to ¢, we obtain
that the r.h.s. of the above equation converges to zero.
On the other hand, since y™ — 7 in L?(D; V), we have

(143)

IN

(144) / (zt + 24, y" — y)ydadt — 0
D
and
(145) / (Ao(y™ — 7). 2)vdadt = / (A2 y" — Ghvdadt — 0.
D D

Finally, by Lemma 3.3, the trace maps are continuous in the weak topology, then by (142)-
(144) we can conclude that y is the state associated to .

Now we have to prove that the state constraints are satisfied. For all ¢ = 1,...,r and
y € W(D), we know that the map

(146) € (0,7 / (&i(a), y(t, @) pda — M,
is continuous. Then, in order to obtain for all ¢ € [0, T]

A
(147) / (€i(a), y(t, @) da — M; <0,

it is enough to prove the above inequality for a.a. t € [0,7]. Assume there exists a
measurable set E C [0, 7] with positive measure such that

(148) /A(gz( ),y(t,a))gda — M; >¢e, VteE.
Let ¢ := xg, it is clear that ¢&; € L?(D; H), then

(149) | (6@ pudodt - M, > el
Since y™ — 7 in L?(D; H) we obtain

(150) | (e06i(a),5 - v dace 0.

The state constraints are satisfied by y™ for all n € N, then we obtain a contradiction
with (149). We can conclude that 7 is the state associated with u and satisfies the state
constraints.
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By the definition of the cost function, and the uniform convergence of (u") to u and the
weak convergence of (y™) to g, we can conclude that v is an optimal control with associated
states (u, 7). O

5.2. Relationship with the original problem. The idea of this section is to show the
relationship between the above optimal control problem and the original problem (63)-(68),
described in Section 4, when we consider controls only depending on time. The intuition
tells us that when the constraint for v is not active, the optimality condition for this problem
is similar to the optimality condition obtained in Theorem 4.8.

We denote L the Lagrangian defined as:

L(U,U;yaﬂapﬂf)oﬂﬂl,ﬂa%¢,77) = L(“,y,ﬁ,p, ¢0>¢1aﬂ) + <q,U - u>

(g — u(0)) + fo [3lu(®)]? = Mdn(t),

where L is the Lagrangian of the original problem defined in (104). We define the Hamil-
tonian of this problem as

(151)

A
(152) H(t,v,u,y,B,p,q) ::/0 H(t,a,u,y(a),s,p(a))da + qu,

fort € [0,7], 8 € {0,1},v,u,q € Rand y,p € L*(0, A; H). Tt is clear that for (u, y, 3, p, 1o, V1, i) €
Ux L2(D;V) x {0,1} x L*(D; V) x L*(0, A; H) x L*(0,T; H) x (BVy)" we have

T
(153) Lu(uvwaup’ ¢07¢1a/1)a = /0 Hu(tuv(t)vu(t)vy(ta '))/va(tv ))Q(t))ﬂ(t)dt
Then, the costate ¢ satisfies
(154) g=L,, and dq=—H,dt— udn.

Assume that (v,4,y) is a solution of the problem (139)-(140). Then, there exists
(B, p, Yo, %1, 1, q, 0, n) such that p is solution of the costate equation (113), ¢ satisfies the
above equation, u > 0, n > 0 and S + ||u|| + ||7]| > 0. In addition,

(155) supp(dn) C {t € [0, 7] : [u(t)]* = 2M.,},
and
T A
(156) | [ @@ st apmdadu =0, i=1..n
Finally, we have
(157) qlv—=20)>0, Yvoe L>®0,T;R) : |v(t)| < M,.

Now, assume that there exists an interval (¢1,t2) C (0,7') where the constraint for v is
not active, i.e. |0(t)| < My, for t € (t1,t2). Then, in this interval we obtain ¢ = 0, which
implies dg = 0 in (t1,t2). We have for all & € W1H>°(t1,t9; R),

ty to
(158) 0= [ Hu(t,v(t),u(®),y(t,-), 8, p(t, ), q(t))a(t)dt +/ u(t)a(t)dn(t).
t1 t1
If we define the following set
(159) Ky = {u € W"°(0,T;R) : u(t)? < 2M,, t € [0,T]},
since (155) is satisfied, we can conclude that
T
(160) / () (ult) — a(t))dn(t) <0, Yu € Ky,
0

Combining the above equation and taking @ := u — @ in (158), we conclude that

ta ~
(161) H,(t,v(t),u(t),y(t,-),B,p(t, ), q(t))(u(t) —u(t))dt > 0, Yue Ky,

t1

which is related to the optimality condition (119) obtained in Theorem 4.8, taking into
account (117) and (153).
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APPENDIX A. STANDARD PARABOLIC CASE

In this section we present classical results about the standard parabolic equation. See
for instance [21, Chapter 3] and [18, Chapter 3.
Let f € L?(0,T;V*) and z9 € H, we consider the following system

(162) 2(t) + A(t)z(t) = f(t) in L*(0,T;V*), 2(0) =2 in H,

where A : [0,T] — L(V,V*) is a measurable function such that:
(1) There exists ¢ > 0 such that || A(t)v|[y+ < ¢||v]|v, for all v € V and a.a. t € [0, T7.
(2) Semicoercivity: There exist & > 0 and X > 0 such that for all v € V and a.a.

t € (0,77, (Alt)v,v)v = allvll§, = AlvliZ;

Proposition A.1. Under the above assumptions, there exists a unique solution z € W(0,T)

of (162). In addition, there exists C > 0 such that

maxe[o,T] lz()]|a < Ce? [HZOHH + HfHLQ(O,T;V*)] )

(163)
Izllwom) < C [llzolla + £ 20,20+ -

Now, we add the following assumptions: A(t) = Ao (t) + A1 (t) where

(3) Ap(t) : V — V* symmetric and continuously differentiable w.r.t. ¢, and there exists
ap > 0 such that (Ao(t)v,v) > agl|v]|?, for all v € V and a.a. t € [0,T).

(4) Ai(t) : V. — V* measurable with range in H and there exists ¢; > 0 such that
|AL(t)v]| g < a]|v||y, for all v € V and a.a. t € [0,T].

The following theorem is known as the second parabolic estimates. We note that under
different assumption, in [3] the author obtain a more general result.

Theorem A.2. Assume f € L*(0,T;H), zo € V, and the assumptions (1)-(4) hold. Then,
the solution z of the system (162) satisfies z € L>°(0,T;V), 2 € L?(0,T; H) and there erists
C > 0 such that

(164) 2l Lo 0,730y + 121 220,730y < C [Nlz0llv + 1 f Il L2070 ] -

Remark A.3. We can prove that z(t) € V for all t € [0,7] and sup;cjoq[[2(t)[lv <
C llzollv + 1 fllL20,/r;m)] - In fact, z € W(0,T) € C(0,T; H) and 2(t) € V for a.a. t € [0,T].
Consider £ > 0 and define 2° := 1 f;fs z(t)dt.

By the previous proposition, since z € L*°(0,T; V') we obtain that z° € V and

(165) 1251l < C [llzollv + 1l 2205 ] -

Since V is a Hilbert space, considering a sequence of €, | 0, we can take a subsequence, still
denoted (z°7), that weakly converges to z € V. On the other hand, since z € C(0,T; H) we
have that ||2°* — z(T")||z — 0. We then obtain that for all w € H, (w, z°")y — (w, 2)y =
(w, 2)m, and also (w, 2" )y — (w, 2(T))g. We deduce z = z(T') € V. The same arguments
prove that z(t) € V for all ¢t € [0,T7].
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