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P. Del Moral*! and S. S. Singh?

1INRIA, Bordeaux Research Center & CMAP, Polytechnique Palaiseau, France
2Depalrtment of Engineering, University of Cambridge, United Kingdom.

Abstract

We present a novel backward It6-Ventzell formula and an extension of the Alekseev-Grobner
interpolating formula to stochastic flows. We also present some natural spectral conditions
that yield direct and simple proofs of time uniform estimates of the difference between the two
stochastic flows when their drift and diffusion functions are not the same, yielding what seems to
be the first results of this type for this class of anticipative models. We illustrate the impact of
these results in the context of diffusion perturbation theory, interacting diffusions and discrete
time approximations.

Keywords : Stochastic flows, variational equations, tangent and Hessian processes, perturba-
tion semigroups, backward Itd-Ventzell formula, Alekseev-Grébner lemma, Skorohod stochastic
integral, two-sided stochastic integration, Malliavin differential, Bismut-Elworthy-Li formulae.

Mathematics Subject Classification : 47D07, 93E15, 60HO7.

1 Introduction

Let b;(z) be a vector-valued function from R into R? and o4(z) = [04,1(2), ..., 01, ()] be a matrix-
valued function from R? into R4*", for some parameters d,r > 1. Both functions will be assumed
to be differentiable. Let W; be an r-dimensional Brownian motion and denote by W, ; the o-field
generated by the increments (W, — W,,) of the Brownian motion, with u,v € [s,].

For any time horizon s > 0 we denote by X (x) the stochastic flow defined for any ¢ € [s, o[
and any starting point X, ¢(z) =z € R? by the stochastic differential equation

dX&t(ac) = b (ijt(.f)) dt + oy (X&t(x)) dW; (11)

We assume that x — b(x) and z — oy(x) have continuous and uniformly bounded derivatives
up to the third order. This condition is clearly met for linear Gaussian models as well as for the
geometric Brownian motion. This condition ensures that the stochastic flow z — X ;(z) is a twice
differentiable function of the initialisation z. In addition, all absolute moments of the flow and
the ones of its first and second order derivatives exists for any time horizon. As it is well known,
dynamical systems and hence stochastic models involving drift functions with quadratic growth
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require additional regularity conditions to ensure non explosion of the solution in finite time. It is
also implicitly assumed that all functions (b, 0¢) are smooth functions w.r.t. the time parameter.
The present article develop several constructive and stochastic analysis tools including Bismut-
Elworthy-Li formulae, stochastic semigroup perturbation formulae, extended two-sided stochastic
integration, Malliavin calculus, gradient and Hessian semigroup processes estimates. We are also
looking for useful quantitative and time uniform estimates which are valid under a single set of easily
checked conditions that only depend on the parameters of the model. Various techniques presented
in the article and many results can be separately and readily extended to more general models with
weaker and abstract custom assumptions that depend on the different quantities to handle.

Let X () be the stochastic flow associated with a stochastic differential equation defined as
by replacing (b, ;) by some drift and diffusion functions (b, ;) with the same regularity
properties. Constant diffusion functions (o4, 7;) are defined by

ou(x) =% and oy(x) =3; for some matrices ¥y and ¥;. (1.2)

In this context, we will assume that ¥; and ¥; are uniformly bounded w.r.t. the time horizon.
The Markov transition semigroups associated with the flows X ;(x) and X () are defined for
any measurable function f on R? by the formula

Poy(f)(2) :=E(f(Xse(2))) and Poy(f)(2) == E (f(Xs4(2)))

In this paper we derive equations for the differences (X;; — X,¢) and (Ps¢ — Pg;) in terms of
the difference of their corresponding drifts and diffusion functions,

Aa; = a; — a; Ab; = b, —Bt and Aoy = o — 0y (13)

where ay(z) := o4(x) o(z) and @y () := 74(z) 7}(z). In some applications the functions by = b;—Ab;
and o; = oy — Aoy can be interpreted as a local perturbation of the drift and the diffusion of the
stochastic flow X ;.

We also address the problem of finding time-uniform estimates for the difference between the
stochastic flows X, ; and Y&t and their corresponding Markov transition kernels Ps; and Ps’t.

These important questions arise in a variety of domains including stochastic perturbation theory
as well as in the stability and the qualitative theory of stochastic systems. Classical analytic esti-
mates on the difference between the stochastic flows driven by different drift and diffusion functions
are often much too large for most diffusion processes of practical interest. In some instances none
of the diffusion flows are stable. In this context, any local perturbation of the stochastic model
propagates so that any global error estimate eventually tends to oo as the time horizon ¢t — 0.

Whenever one of the stochastic flows is stable, classical perturbation bounds combining Lips-
chitz type inequalities with Gronwall lemma [8, 25] yield exceedingly pessimistic global estimates
that grows exponentially fast w.r.t. the time horizon. Notice that an exponential type estimate of
the form e for some parameter A > 0 and some time horizon ¢ s.t. At > 199 would induce an
error bound larger than the estimated number 1086 of elementary particles of matters in the visible
universe. As mentioned in [29] in the context of Euler scheme type approximations of deterministic
dynamical systems, one may encounter situations where A = 10® and ¢ = 10? and the resulting
exponential bounds are clearly impractical from a numerical perspective.

The statement of the main results of the article are presented in section [I.1

i. Section presents a novel generalized backward It6-Ventzell formula (cf. theorem. The

It6-Ventzell is a very important formula, arguably as useful as the It6’s change of variable, but



surprisingly the backward It6-Ventzell presented in this work has never been studied before.
Theorem can be seen as a new generalized backward version of the generalized It6-Ventzell
formula presented in [41].

ii. In section [I.1.2] we apply the backward It6-Ventzell formula to derive a forward-backward
stochastic perturbation formula that expresses the difference between the stochastic flows X ;
and Ys,t in terms of first and second order derivatives of the flows, which we call the tangent
and Hessian processes respectively, with respect to the space parameter (cf. theorem |1.2)).

iii. Section [I.I.2) also provides a novel forward-backward Ito type differential formula for interpo-
lating stochastic diffusion flows (cf. the change of variable formula (1.9)).

iv. In the beginning of section [1.1.2] we present a discrete time approach based on the pivotal
interpolating telescoping sum formula . This interpolating stochastic semigroup technique
can be seen as an extension to stochastic flows of the stochastic perturbation analysis developed
in [22] 18], 20} 21] and in [3} 5L [11] in the context of discrete time models, matrix and nonlinear
interacting processes (see also [4, 5]). For a more thorough discussion on these models, we
refer to section This approach allows to derive a stochastic interpolation formula
with a fluctuation term defined by an extended two-sided stochastic integral.

v. Section m presents some natural spectral conditions on the gradients of by(x), o¢(x), by ()
and 7(z) that allows us to derive in a direct way a series of realistic uniform estimates with
respect to the time horizon.

The rest of the article is organized as follows:

Section [3] provides some basic tools associated with the first and second variational equations
associated with a diffusion flow. We also present some quantitative estimates of the tangent and
the Hessian processes. For a more thorough discussion on stochastic flows and their differentiability
properties we refer to [14] 32 [40].

Section is mainly concerned with the forward-backward stochastic interpolation formula
stated in theorem Two approaches are presented: The first one discussed in section [£.1]is based
on an extension of the two-sided stochastic calculus introduced by Pardoux and Protter in [43] to
stochastic interpolation flows. The second one discussed in section [£.2] is based on the general-
ized backward It6-Ventzell formula. This section also discusses a multivariate Skorohod-Alekseev-
Grébner formula. Apart from more complex and sophisticated tensor notation, the quantitative
stochastic analysis of these multivariate formulae follows the same arguments as the ones used in
the proof of theorem [I.3] Thus, we have chosen to concentrate this introduction on stochastic flows.

Some extensions of the stochastic interpolation formula (|1.10)) are discussed in section .

Section [p|is dedicated to the analysis of the Skorohod fluctuation process introduced in .

Section [0] is dedicated to the analysis of an extended version of two-sided stochastic integrals
and a generalized backward It6-Ventzell formula.

Section [7] presents some illustrations of the forward-backward interpolation formulae discussed in
the present article in the context of diffusion perturbation theory, interacting diffusions and discrete
time approximations.

The technical proofs of some results are housed in the appendix.



1.1 Statement of some main results
1.1.1 A backward Ito-Ventzell formula

We represent the gradient of a real valued function of several variables as a column vector while the
gradient and the Hessian of a (column) vector valued function as tensors of type (1,1) and (2, 1),
see for instance and (2.3)); in more layman terms a (1,1) tensor is a matrix while the (2, 1)
tensor can be visualized as a “row of matrices” [A1, ..., A,] where the entries A; are matrices of a
common dimension. We also use the tensor product and the transpose operator defined in ,
see also .

We denote by D; the Malliavin derivative from some dense domain Dy ; < Lo(€2) into the space
Lo(2 x Ry ;R"). For multivariate d-column vector random variables F with entries F7, we use the
same rules as for the gradient and DF is the (r,p)-matrix with entries (DyF);; := DiFJ. For
(p % ¢)-matrices F' with entries F,g we let D F" be the tensor with entries (DyF'); ;i = D%Fg

For a more thorough discussion on Malliavin derivatives and Skorohod integration we refer to
section

Let F' be some function from RP into RY, and let y € RP be some given state, for some p,q > 1.
Suppose we are given a forward p-dimensional continuous semi-martingale Ys; and a backward
random field F ; from R? into R? with a column-vector type canonical representation of the following
form:

t t
Yo - y+f Bsudu+f Sy AW,

Fsﬂg(.r) = f Gut du+J Hut

for some W s-adapted functions B, ¢, G+, Hy t, X5 ¢ With appropriate dimensions and satisfying the
following conditions:

(1.4)

(Hy): The functions Fsy, Gy and Hyy as well as VH, ,, V2Fu7t and the derwatives D,V Fy 4
and DyH, ; are continuous w.r.t. the state and the time variables for any given w € Q.

(Hz) The function Gy, VHyy, VQFu,t, and the derivatives DyH, 1, D,V F, ; have at most poly-
nomial growth w.r.t. the state variable, uniformly with respect to w € €.

(Hs) The processes By y, Xs, as well as DyY,, are continuous and have moments of any order.

In this notation, the first main result of this article is the following theorem.

Theorem 1.1. Assume conditions (H;)i=1,2,3 are satisfied. In this situation, for any s <u <v <t
we have the generalized backward Ito-Ventzell formula

(%

1
Fv,t(Ys,v) - Fu,t(}/s,u) = f (VFr,t(Ys,r)/ Bs,r + 5 VZFr,t(Ys,r)/ Es,rzl&r - Gr,t(}/s,r)) dr

(1.5)
" f (VEi(Yar) Say — Ha(Yir)) dW,

u

The stochastic anticipating integral in the r.h.s. of[1.5is understood as a Skorohod stochastic integral.

The above theorem can be seen as the backward version of the generalized [t6-Ventzell formula
presented in [41], [42]. The proof of the above theorem is provided in section (see theorem [6.3)).
Conventional forward and backward Itd stochastic integrals are particular instances of the two-
sided stochastic integrals introduced by Pardoux and Protter in [43]. The terminology " two-sided



" coined by the authors in [43] comes from the fact that the integrand of the Skorohod integral
depend on the past as well as on the future of the history generated by the Brownian motion.

The stochastic anticipating integral in the r.h.s. of involves a backward random field and a
forward semimartingale, thus it is tempting to interpret this integral as a two sided integral. Unfor-
tunately, this class of integrands are not considered in the construction of the two-sided stochastic
integrals defined in [43]. In section and section we shall present an extended version of
the two-sided stochastic integrals introduced in [43] that applies to integrands defined as a com-
positions of backward and forward stochastic flows. This extended version applies to backward
stochastic flows but it doesn’t encapsulate more general backward random fields. We believe more
general extensions of the two-sided integrals can be developed but it is out of the scope of this
article to develop a theory on generalized two-sided stochastic integrals. We finally mention that all
two-sided stochastic integrals discussed in this article are particular instances of Skorohod integrals

1.1.2 A stochastic flow interpolation formula

The diffusion flow (|1.1)) is defined in term of a column vector with twice continuously differentiable
entries. For h ~ 0 we use the backward approximation:

Xs,t(x) - Xs—h,t(x) = Xs,t(aj) - (Xs,t o Xs—h,s)(x)

~ Xgi(x) — Xsp (x4 bs(x) h+ o5(x) (Ws —Ws_p))

- [(vxs,t(xy bula) + 5 V2 Xou(a) as<m>) h+ VX, (@) oy(x) (W, — Ws_h)]

In the above display, X, ; o Xs_j, ¢ stands for the composition of the mappings X, ; and X,_j, 5.
The above approximations are rigorously justified in section and lead to the backward
stochastic flow evolution equation:

dsXst(x) = — [(VXSVt(sc)’ bs(x) + % V2Xs(z) as(x)) ds + VXsi(x)os(x) dWs] (1.7)

In the above display, ds X ,(x) represents the change in X! () w.r.t. the variable s.
In the same vein, for any s < u < t we have the interpolating semigroup decompositions

Xu-i-h,t o Xs,u-i—h - Xu,t o Xs,u

= (Xu+h,t - Xu,t) o Ys,u + (Xu+h,t o Ys,u+h - Xu+h,t o Ys,u)
as well as the forward approximations

Xu+h,t (Ys,u(x) + (Ys,u+h(l‘) - Ys,u(aj))) - Xu+h,t(ys,u($))
(1.8)

=~ (VXquh,t) (Xs,u(w))/ (Xs,quh(x) - Ys,u(-r)) + % (V2Xu+h,t) (Ys,u(x)), EU(Y&U(I‘)) h

The above approximations are rigorously justified in section and lead to the forward-backward
stochastic interpolation equation

dy, (Xu,t o ys,u) (.%')

= (duXut) Xsu(@) + (VXut) Xsu(®) duXsulx) + % (VX)) Xsu(@) @u(Xsu(z)) du



The discrete time version of the forward-backward stochastic formula in the above display re-
duces to the telescoping sum formula and the second order Taylor expansions discussed in
section We already mention that can be interpreted as a discrete time version of the
Alekseev-Grobner lemma [I, 24]. The terminology forward-backward comes from the forward and

backward nature of ((1.9) and the telescoping sum formula (4.2)).
7

Also notice that ( can also be deduced formally from (1.9) by replacing X s, by the stochastic
flow X, in (1.9), and then letting s = u.

This yields the following interpolation theorem.

Theorem 1.2. We have the forward-backward stochastic interpolation formula
Xst(z) — Xs4(x) = Ts1(Aa, Ab)(z) + S5 (Ac)(x) (1.10)
with the stochastic process

Ts’t(ACL, Ab) (.T,')

1.11)
t . o 1 o . (
= f [(VXW) (Xsu(x)) Aby(Xsu(z)) + 3 (VQXW) (Xsu(x)) Aau(Xs’u(x))] du
and the fluctuation term given by the Skorohod stochastic integral
¢
Ssi(Ao)(z) = f (VXut) (Xsu() Aoy(Xsu(z)) dW, (1.12)

The fluctuation term in the above display can also be seen as the extended two-sided stochastic

integral defined in (see also proposition .

These interpolation formulae combine the backward evolution with the conventional for-
ward evolution of the perturbed flow.

The proof of the interpolation formula is provided in section

We will present two different approaches: The first one presented in section [4.1] is rather ele-
mentary and very intuitive. It combines the conventional It6-type discrete time approximations of
stochastic integrals discussed above with the two-sided stochastic integration calculus introduced
in [43]. Using this approximation technique the fluctuation term is defined by the extended two-
sided stochastic integral defined in . In this interpretation, the equation ([1.10)) can be seen as
an extended version of the Ito-type change rule formula stated in theorem 6.1 in the article [43] to
the interpolating flow

75t s we s, t] - Z390 = Xyp0Xew — Z3' 70" =X, — Xy (1.13)

Roughly speaking, the increments of the interpolating path are decomposed into two parts:

One comes from the backward increments of the flow v — X, ; given the past values of the
stochastic flow Y&u. The other one comes from the conventional It6 increments of u +— stu given
the future values of the stochastic flow X, ;.

The second approach discussed in section [£.2]is based on the generalized backward Ito-Ventzell
formula stated in theorem . More precisely we also recover from by choosing

(For(@), Yor(v) = (Xsu(2), Xop(y))  (Bsy, D) = (be (Xst(2)) ,7¢ (Xs(2)))
Gui(z) = VE,(x) by(z)+ % V2F,i(2) ay(z) and Hyy(x) = VE,(2) ou(z)

6



and letting (u,v) = (s,t) in (L.5). The regularity conditions on the drift and the diffusion function
ensure that conditions (H;); with i = 1,2, 3 stated in section @ are satisfied.

We emphasize that the backward diffusion flow discussed in E) and is essential to apply
theorem . Section also provides a multivariate version of m[)

The interpolation formula with a fluctuation term given by the Skorohod stochastic inte-
gral can be seen as a Alekseev-Grobner formula of Skorohod type.

In this context, the integrability of the fluctuation term and any quantitative type estimates
require a refined analysis of the Malliavin derivatives of the integrand. Under our regularity condi-
tions the stochastic flows X, (z) and X (x) are Holder-continuous w.r.t. the time parameters as
well as twice differentiable w.r.t. the space variables, with almost sure uniformly bounded first and
second order derivatives. In addition, for any n > 1 all the n-absolute moments of the stochastic
flows are finite with at most linear growth w.r.t. the initial values. These properties ensure that
the Skorohod stochastic integral is well defined and they allow to derive several quantitative
estimates. Section [3] provides a refined of the fluctuation term; see for instance theorem [5.2

When o, = 0 the flow X,;(z) is deterministic so that the Skorohod fluctuation term
reduces to the traditional Itd stochastic integral. In this context, quantitative estimates of the
fluctuation term are obtained combining Burkholder-Davis-Gundy inequalities with the generalized
Minkowski inequality. The resulting interpolation formula can be seen as a Alekseev-Grobner
formula of Ité-type.

To distinguish these two classes of models, the interpolation formulae associated with
the case oy = 0 will be called an It6-Alekseev-Grobner formula; the one associated with the case
Ao; + 0 will be called a Skorohod-Alekseev-Grébner formula.

1.1.3 Uniform estimates w.r.t. the time horizon

The final objective of this article is to derive uniform estimates w.r.t. the time parameter. Our
methodology is mainly based on two different types of regularity conditions to be defined and
discussed in detail in section 2.2

e The first is a technical condition that ensures that the n-absolute moments of the flows X ;
and Y&t are uniformly bounded w.r.t. the time horizon; we call this condition (M),.

e The second is a spectral condition on the gradient of the drift and diffusion matrices of the
stochastic flows, which we call condition (7'),,. Without going into details, we state one usual case
of interest: for constant diffusion functions the spectral condition (T),, is met for any n > 2
as soon as the following log-norm conditions are met

Vb + (Vb)) < —2X1 and Vb + (Vb)) < —2X\ I for some A A A > 0, (1.14)

To motivate the above condition consider a linear drift function of the form b,(z) = B; =
and o = 0. In this case the tangent process VX, (x) satisfies a time-varying deterministic linear
dynamical system

6t VXSJ(IE) = VXS’t(x) Bé

The asymptotic behavior of this process cannot be characterized by the statistical properties of
the spectral abscissa of the matrices B;. Indeed, unstable semigroups associated with time-varying
(deterministic) matrices B; with negative eigenvalues are exemplified in [I5] [49]. Conversely, stable
semigroups with By having positive eigenvalues are given by Wu in [49]. In contrast, the uniform
log-norm condition provides a readily verifiable condition.

To describe with some precision the second main result of the article, we need to introduce some
additional terminology. When there is no ambiguity, we denote by ||.| any (equivalent) norm on



some finite dimensional vector space. For some multivariate function fi(z), for (¢,z) € [0,00) x R?,
let || f(=)] := sup, || f¢(x)] and the uniform norm be | f|| := sup, , | fi(x)|. For any n > 1 we also set

£l = supsup B (i (Xoa(@)]") " (115)

We denote by &, and ks, some constants that depend on some parameters n and (§,n) but do not
depend on the time horizon, nor on the space variable.
In this notation, the second main result of the article takes basically the following form.

Theorem 1.3. Assume conditions (M )ay, /5 and (T)an/(1—5) are satisfied for some parameters n = 2
and 6 €]0,1[. In this situation, we have the time-uniform estimates

[ [HXs,t(:L‘) — X4(2) Hn] 1/n

(1.16)
< 5n (180 any(r48) + 186 @lany 148y + 10 @y (1 v I2]))
For constant diffusion functions , the estimate simplifies to
1/n -
L14) = Vn>2 E[|X.(2) ~ Xea(@)["]"" < 5a (I12b@), + =~ =) (1.17)

The estimates (1.16) come from (7.5) and (5.9). A more detailed proof is provided in the

appendix, on page . The estimates (1.17)) are direct consequences of (2.17)) and (5.11)).
When oy = 7; the Skorohod term is indeed absent and (1.10) reduces to

Xoi(2) — Xosla) = f (VXut) (Ko(@)) Abu(Ksu(x)) du (1.18)

S

We recover the interpolation formula for nonlinear stochastic flows presented in section 3.1 in the
article [3]. In this context the analysis of L,-errors will proceed via two-step procedure. In section
we will derive the exponential bound

sng(H (VXui) (@) |))Y™ < kpexp(=A(n) (t —u)) for some A(n) >0

Using the Minkowski integral inequality in (1.18)) yields

B[1Xoa(o) - Xaa@)']" < [ E[H(TXu) (R @) % 180 Fes) ] du

S

A further conditioning argument and the above exponential bound on the tangent process yields

¢
E[HXs,t(x) ( )" ]l/n Kn J exp(—A(n) (t —u))du 81<1pE[HAbu(Y&u(ac))H"]V”.
S SKU

Replacing the term outside the time integral with ||Ab(z)]|,, yields the stated result in
excluding the terms representing the difference in the diffusions.

We illustrate one use of theorem [I.2] in the context of analyzing the error in discretising the
diffusion X ;(z) for some initial time point s > 0. Let h > 0 denote the discretisation interval size
and for any t € [s + kh,s + (k + 1)A[ let

axly(z) = V(@) db+ 3 dW, with V@) i=b (XD (@)

8



for a fixed diffusion matrix oy(z) = ¥. Here X ;‘t(a:) is the discretisation of X, (x) with resolution
h. Note that that the drift at time ¢ is not a function of the instantaneous value of X", (z), at time

t, but rather the value it took at the largest discrete time-point before ¢. In section [1.4] we discuss
how the formula in (1.10]) also applies in this context and establish that

t

XP(2) = Xea(2) = J

S

(VXu) (XL, (@) |V (@) = b(XL, (@) du.

This comparison result when combined with the regularity assumptions ([1.19) yields the moment
bound below.

Proposition 1.4. Assume that

Vb+ (Vb)) < =2\ T |Vb|:=sup |Vb(z)| <o and {(z,b(x)) < —F |z|? (1.19)
for some A > 0, B > 0. In this situation, for any n = 1 we have the uniform estimates
h n 1/n R
E (X2 (2) — Xoa(@)|") " < 190] ([B(O)] + n(@) VBT b+ o VR) /A

where My, (z) < Ky (1 + [|z]).

Proposition [T.4]is proved in section To apply proposition [T.4] to a Langevin diffusion with a
convex potential U(z), the drift would be by (z) = —VU(z) and the corresponding assumptions on
U(z) are typical.

1.2 Comments and comparisons with existing literature

The interpolation formula can be interpreted as an extension of Alekseev-Grébner lemma [I,
24, 30] as well as an extended version of the variation-of-constant and related Gronwall type
lemma [8] 25] to diffusion processes. In this connection we underline that the forward-backward
formula differs from the stochastic Gronwall lemma presented in [45] based on particular
classes of stochastic linear inequalities that doesn’t involve Skorohod type integrals.

The forward-backward interpolation formula ((1.10]) can also be seen as an extension of theorem
6.1 in [43] on two-sided stochastic integrals to diffusion flows. This interpolation formula can also
be interpreted as a backward version of the generalized It6-Ventzell formula presented in [41] (see
also theorem 3.2.11 in [37]).

Stochastic interpolation formulae of the form and their discrete time version discussed
in are not really new. To describe their origins, it is worth to mention that the stochastic
perturbations may come from auxiliary random sources, uncertainty propagations, as well as time
discretization schemes and mean field type particle fluctuations.

The pivotal interpolating telescoping sum formula and the second order forward-backward
perturbation semigroup methodology discussed in the present article can also be found in chapter
7 in [I8] for discrete time models as well as in the series of articles [20, 21] 22] published at the
beginning of the 2000s, see also chapter 10 in [I9]. In this context, the random perturbations come
from the fluctuations of a genetic type particle interpretation of nonlinear Feynman-Kac semigroups.

The more recent articles [9, 10, 1I] also provide a series of backward-forward interpolation
formulae of the same form as for stochastic matrix Riccati diffusion flows arising in data
assimilation theory (cf. for instance theorem 1.3 in [I1] as well as section 2.2 in [I0] and the proof of
theorem 2.3 in [9]). In this context, the random perturbations come from the fluctuations of a mean



field particle interpretation of a class of nonlinear diffusions equipped with an interacting sample
covariance matrix functional.

We underline that the It6-Alekseev-Grobner formula (4.6) discussed in [II] is an extension of
the interpolation formula to stochastic diffusion flows in matrix spaces. In this context the
unperturbed model is given by the flow of a deterministic matrix Riccati differential equation and
the random perturbations are described by matrix-valued diffusion martingales. The corresponding
It6- Alekseev-Grobner formulae can be seen as a matrix version of theorem 1.2 in the present article
when o = 0. These stochastic interpolation formulae were used in [I1] to quantify the fluctuation
of the stochastic flow around the limiting deterministic Riccati equation, at any order. We will
briefly discuss the analog of these Taylor type expansions in section in the context of Euclidian
diffusions.

The forward-backward perturbation methodology discussed in the present article has also been
used in [3} 5] in the context of nonlinear diffusions and their mean field type interacting particle
interpretations, see for instance section 2.3 in [5]. In this context, the random perturbations come
from the fluctuations of a mean field particle interpretation of a class of nonlinear diffusions. The
extended version of the It6-Alekseev-Grobner formula to nonlinear diffusions is also discussed
in section 3.1 in the article [3]. In this situation, the time varying drift and diffusion functions of
the stochastic flows depend on some possibly different nonlinear measure valued semigroups which
may start from two possibly different initial distributions. For a more thorough discussion on this
class of nonlinear diffusions, we refer to the Ito-Alekseev-Grobner formula (3.2) and corollary 3.2
in the article [3]. These It6-Alekseev-Grobner formulae correspond to theorem 1.2 in the present
article when o = 0.

The interpolating stochastic semigroup techniques discussed in the present article are also ap-
plied to mean field particle systems and deterministic nonlinear measure valued semigroups. In
this context, the process X, ; is given a deterministic measure-valued process and Y&t represents
the evolution of the particle density profiles associated with an approximating mean field particle
interpretation of X,;. For instance, the article [4] is concerned with interacting jumps models on
path spaces, the second article [5] discusses the propagation of chaos properties of mean field type
interacting diffusions. The stochastic interpolation formulae discussed in [4} 5] correspond to the
case with 0 = 0 and or @ % o (see for instance the interpolation formula (3.5), theorem 2.6,
theorem 2.7 and the interpolating telescoping sum in section 1.2 in [5])

In the series of articles discussed above, as in the central common idea is to analyse the
evolution of the interpolating process between a given process X ; and some stochastic flow
X+ with an extra level of randomness. In discrete time settings, the differential interpolation
formula can also recasted in terms of a telescoping sum of the same form as combined
with a second order Taylor expansion reflecting the differences between a stochastic semigroup and
its perturbations, see for instance chapter 7 in [I§].

In most of the application domains discussed above, this second order stochastic perturbation
methodology has been developed to quantify uniformly w.r.t. the time horizon the propagations
of some stochastic perturbations entering in some deterministic and stable reference or unperturbed
process. In the context of Euclidian diffusions, this corresponds to the situation where the diffusion
function o = 0 (the case @ = 0 can be treated by symmetry arguments). The It6-Alekseev-Grobner
type formulae discussed in section 3.1 in the article 3] correspond to theorem 1.2 in the present
article when o = G.

The present article can be seen as a natural extension of the second order perturbation method-
ology developed in the above referenced articles to diffusion type perturbed processes when o + &.

To the best of our knowledge, the first article considering the case ¢ + @ with ¢ 4+ 0 and
o #+ 0 is the independent work of Hudde-Hutzenthaler-Jentzen-Mazzonetto [27]. In this article,
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the authors discuss an Itd-Alekseev-Grobner formula for abstract diffusion perturbation models
of the form . Here again, as in the list of referenced articles discussed above, the common
central idea is to use discrete time approximations and combine the pivotal interpolating telescoping
sum formulae (4.2)) with a second order Taylor expansion. Besides this fact and in contrast with
our analysis, the fluctuation term discussed in 27| cannot be interpreted in terms of the
extended two-sided stochastic integral defined in (see also proposition but only in terms
of a Skorohod stochastic integral. The study [27] is also based on a series of particularly chosen
and custom regularity conditions. For instance, the authors assume that the abstract diffusion
perturbation models are chosen so that the Skorohod fluctuation term exists without providing any
quantitative type estimate. This work is also not connected to the two-sided stochastic integration
calculus developed by Pardoux and Protter in [43] nor to any type of backward It6-Ventzell formula.

We feel that our approach is more direct and intuitive as it relies on an extended version of Itd’s
change rule formula to interpolating stochastic flows. It also allows to interpret the fluctuation
term as an extended two-sided stochastic integral.

In section [5| in the present article, we will also see that any quantitative analysis requires to
estimate the absolute moments of the Malliavin derivatives of the stochastic integrands of the
Brownian motion arising in the Skorohod fluctuation term. In our framework, these Malliavin
derivatives depend on the gradient of both of the diffusion functions (o, ) as well as on the tangent
process of the perturbed diffusion flow. The quantitative analysis developed in [5| can be extended
without difficulties to abstract diffusion perturbation models satisfying appropriate differentiability
and integrability conditions.

The article [27] also presents an application to tamed Euler type discrete time approximations
of a stochastic van-der-Pol process introduced in [47], simplifying the analysis provided in an earlier
work [28]. In this situation, we underline that the Skorohod fluctuation term is null so that the
resulting Alekseev-Grobner type formula resumes to the simple and elementary case discussed in
and in the article [3]. As expected for this class of "unstable processes", the authors recast a
series of Lo-estimates discussed in [28] into a series of estimates that grow exponentially fast with
respect to the time horizon.

In contrast with the present work, the above article doesn’t discuss any quantitative uniform
estimates w.r.t. the time horizon. The analysis presented in [27]| is mainly concerned with the
proof of a Skorohod-Alekseev-Grobner type formula for abstract diffusion perturbation models and
it doesn’t apply to derive any type of estimates to general diffusion perturbation models without
adding regularity conditions.

Besides its elegance the forward-backward interpolation formula (|1.10)) is clearly of rather poor
mathematical and numerical interest without a better understanding of the variational processes
and the Skorohod fluctuation term . A crucial problem is to avoid exceedingly pessimistic
exponential estimates that grow exponentially fast w.r.t. the time horizon.

One advantage of the second order perturbation methodology developed in the present article
is that it takes advantage of the stability properties of the tangent and the Hessian flow in the esti-
mation of Skorohod fluctuation term and this sharpen analysis of the difference between stochastic
flows. Our main contribution is to develop a refined analysis of these variational processes and the
Skorohod fluctuation terms. We also deduce several uniform perturbation propagation estimates
with respect to the time horizon, yielding what seems to be the first results of this type for this
class of models.

The forward-backward stochastic interpolation formula can also be extended to more
general classes of stochastic flows on abstract state spaces. For instance the recent article [30]
provides a deterministic first order version of on abstract Banach spaces. The stochastic
perturbation analysis developed in the series of articles [4] [5 @, 10, [1T], 20], 21, 22] and the books [I8],
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19] is applied to matrix-valued diffusions and measure valued processes, including mean field type
interacting diffusions and Feynman-Kac type interacting jumps models.

The stability properties of these abstract models discussed above depend on the problem at
hand. To focus on the main ideas without clouding the article with unnecessary technical details
and sophisticated mathematical tools based on abstract ad hoc regularity conditions we have chosen
to concentrate the article on diffusion flows on Euclidian spaces with simple and easily checked
regularity conditions.

2 Preliminary results

2.1 Some basic notation

With a slight abuse of notation, we denote by I the identity (d x d)-matrix, for any d > 1. We also
denote by |.|| any (equivalent) norm on a finite dimensional vector space over R. All vectors are
column vectors by default.

We introduce some matrix notation needed from the onset.

We denote by Tr(A), |Allz := Mnaz(AA)Y? = oz (A’A)Y2) vesp. |A|p = Tr(AA')Y? and
p(A) = Apaz((A + A’)/2) the trace, the spectral norm, the Frobenius norm, and the logarithmic
norm of some matrix A. A’ is the transpose of A and Ap,q.(.) the largest eigenvalue. The spectral
norm is sub-multiplicative or |AB|2 < |Al]2|Bll2 and compatible with the Euclidean norm for
vectors, by that we mean for a vector x we have |Ax| < |A|s2|x]|-

Let [n] be the set of n multiple indexes i = (i1, ...,4,) € Z" over some finite set Z. We denote
by (Aij) @, j)elp]x[q the entries of a (p, g)-tensor A with index set Z for [p] and J for [g]. For the
sake of brevity, the index sets will be implicitly defined through the context.

For a given (p1, q)-tensor A and a given (q,p2) tensor B, AB and B’ is a (p1, p2)-tensor resp. a
(p2, q)-tensor with entries given by

V(i,7) € [p1] x [p2] (AB);j = Z Aik Br; and Bj; := By (2.1)
kelq]

The symmetric part Agym, of a (p, p)-tensor is the (p, p)-tensor Ay, with entries
V(i,j) € lpl x [Pl (Asym)ij = (Aij + Aji)/2
We consider the Frobenius inner product given for any (p, ¢)-tensors A and B by

(A,B)p = Tr(AB') = Y (AB');; and the norm [ A[p = /Tr(AA’)

1

For any (p, q)-tensors A and B we also check the Cauchy-Schwartz inequality
(A,BY% < |A|r |B|r and [Al2 < |Alr < Card(Z)? |Als with  [A]2 := Apas(AA")Y?
For any tensors A, B with appropriate dimensions we have the inequality
IAB|F < |Alr |BlF
Given some tensor valued function 7" : (¢,z) — Ti(z) we also set

1T F = Sup ITe(2)lr T2 := Sup |Te(x)]2 and [T := Sup [T ()
"’E ’z 71.
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Given some smooth function h(z) from RP into R? we denote by
Oy N
Vh=|[Vh',...,Vh] with Vh'= : (2.2)
Oz, !
the gradient (p, ¢)-matrix associated with the column vector-valued function h = (h');<;<,. Building
on this notation: let b : R” — RP and let the mapping x — G(x) = h(b(z)). Then VG(z) =
Vb(z) x Vh(b(x)). Let
SNy R M
V2h =[V?h',...,V?h]  with V2’ = : : (2.3)
Oy B o Oy B

The Hessian H = V?h associated with the function h = (h')1<i<q is a (2, 1)-tensor where H; ;) , =
(V2hK); i = 0,0 ; h*. In this notation we can compactly represent the second order term of the
Taylor expansion of the the vector valued function h. For a vector y = (y1,...,yp)

y' V2hi(z) y
: = V2h(z)" yy
y VZhi(z) y

where we have regarded the matrix yy’ as the (2, 1)-tensor Y with Y1 = Yiy;-
In the same vein, in terms of the tensor product . for any pair of column vector-valued

function h = (hk)1<k<q and b = (b")1<i<p and any matrix function a = (a*9)1<; j<p from RP into
R?, for any parameter 1 < k < g we also have

(Vh() b(@)* = 3 (Vh@)h, bi(z) = Y. e hF(@) bi(z) = (VA*(2),b(x))

1<i<p 1<j<p

(V2h(z) a@)" = > (V2h(@))} ) (@)

1<ij<p
= D OuahF(2) @ (2) = (VPRH (@), a(2))r
1<i,j<p
In a more compact form, the above formula takes the form
(Vh!(z),b(x)) (V2h!(z),a(x))r
Vh(z) b(z) = : and V2h(z) a(z) = : (2.4)
(Vhi(z),b(z)) (V?hi(z),a(z))r

For any n > 1 we let P,,(R%) be the convex set of probability measures p1, po on R? with absolute
n-th moment and equipped with the Wasserstein distance of order n denoted by

Wi (1, p2) := inf E(| X7 — Xo|™)/"

In the above display the infimum is taken over all pair or random variables (X7, X3) with marginal
distributions (1, p2). The stochastic transition semigroups associated with the flows X, ;(x) and
X.1(7) are defined for any measurable function f on R? by the formulae

Ps,t(f)(:E) = f(Xs,t(:E)) and ﬁs,t(f) (l’) = f(ys,t(m))
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Given some column vector-valued function f = (f)1<i<p, let Psi(f) and Ps(f) denote the
column vector-valued functions with entries Ps+(f*) and Ps+(f*). Building on the tensor notation,
let P (Vf) and Ps+(V2f) respectively denote the (1,1) and (2,1)-tensor valued functions with
entries

PS,t(vf) (x)z,k = Ps,t(axifk)(x) and IP>S,t(v2f)(93)(z',j),/7c = PS,t(axi,xjfk)(x)

We also consider the random (2,1) and (2, 2)-tensors given by

/

v? XS,t(ﬁ)(i,j),k = awi,szf,t(af) = [V2 XS,t($)]k,(i7j)
[VXst(2) @ VXt (@) jy oy = VXst(@)ipVXst(@)j0 = [VXsp(2) ® VXt(2)] (41 5.5

Throughout the rest of the article, unless otherwise stated &, ke, £y, ke denote constants whose
values may vary from line to line but only depend on the parameters in their subscripts, i.e. n >0
and € > 0, as well as on the parameters of the model; that is, on the drift and diffusion functions.
We also use the letters c, ce, ¢, cpe to denote universal constants. Importantly these contants do
not depend on the time horizon. We also consider the uniform log-norm parameters

p(Vo)? = Z p(Vop)? and p.(Vo):= sup p(Vop) with p(Voy) = sug)p(VU,;k(x))

1<k<’r lgkgr t7

and the parameters X (b, o) defined by
X(b,0) := ¢+ | V2] + | V20 |* + pu(Vo)? (2.6)

2.2 Regularity conditions and some preliminary results

We consider two different types of regularity conditions (M),, and (7 ),, indexed by some parameter
n € [2, o0[, for the diffusion (b, oy).

(M),, There exists some parameter x, > 0 such that for any x € R? we have

ma(e) = SupE (| X () ") < ki (1 o]

(T)n There exists some parameter A4 > 0 such that

Ap = Vb + (V) + D Vor(Vory) < —2Xa 1 (2.7)
1<k<r
where oy ; denotes the k-th column of 0. In addition, the following condition is satisfied
d(n — 2)

5 px(Va)? >0 (2.8)

Aa(n) == Ag —

We now define the corresponding assumptions for the diffusion (b, ;).
(M),, The regularity condition defined as in (M), for the diffusion (b, 7).

(T)n Let A; be the symmetric matrix defined as A; in (2.7) when (b, o) = (bs,7¢). Assume there
exists some A\ > 0 such that 4; < —2X\5 I. Furthermore, assume Ax(n) > 0 where A4(n) is
defined as A4 (n) when (Ag,0¢) = (A7, 0¢).
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(M),, We write (M),, when both conditions (M),, and (M), are satisfied.
(T),, Both conditions (7), and (T ), are met, and let

Aaza(n) == Aa(n) A Az(n)

In practice, the uniform moment condition (M), is often checked using Lyapunov techniques.
For example we can use the following polynomial growth condition.

(P)n, There exists some parameters «;, f; = 0 with ¢ = 0,1,2 such that for any ¢ > 0 and any
z € R we have

loe(@)|F < a0 + arllz] + azf|® and  (z,be(x)) < Bo + Bufa] — Baf2]® (2.9)

for some norm |oy(z)| of the matrix-valued diffusion function. In addition, we have

o) = iy~

Oz2>0

Lemma 2.1. For any n > 2 we have

(71 + (n - 2)0(1) + (’70 + (n _ 2)0[0)1/2
239(n)1/2

The proof of the above assertion follows standard stochastic calculations, thus it is housed in
the appendix, on page [7]

For one-dimensional geometric Brownian motions the condition (P),, is a sufficient and necessary
condition for the existence of uniformly bounded absolute n-moments. In this case (7 ), coincides
with (P), by setting

(P)n = (M), with &, =1+ (2.10)

Mg =P —az/2 and w9 = p*(VO')Q

Whenever condition (M), is met for some n > 2, we also check the uniform estimates

E (|[Xut 0 Xsu](@)]")

with the same parameter k,, as the one associated with the condition (M),.
Recalling that the functions (b, b;) and (o¢,¢) have at most linear growth, with the L,-norms
[I.1ll,, introduced in (1.15) we also have that

< (14 ) (2.11)

1Ab(@)Il,, < 1,a(1 v [2]) and  lAa(@)]l,n < K2n (1 |2])? (2.12)

To give more insight where these assumptions will be used, we now briefly state the stability
results that stem from them. Condition (7 ), ensures that the exponential decays of the absolute
and uniform n-moments of the tangent and the Hessian processes; that is, when (7), is met for
some n > 2 we have that

E (|V X5 (2) ") v E (V2 X0 (2)|" )1/” n e M=) for some A(n) > 0 (2.13)

A more precise statement is provided in proposition [3.2] and proposition [3.10] These uniform
estimates clearly imply, via a conditioning argument, that for any n > 2 and s < u < t we have

E (|(V Xut) Ko@) )" v B (| (V2X00) (K (@) [") " < 1 e AOE (214)
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with the same parameters (k,, A(n)) as in (2.13]).

The case Vo = 0 will also serve a useful purpose, for example in analysing the error of a
numerical implementation as in proposition . For instance whenever (7 )2 is met we have the
almost sure and uniform gradient estimates

[V Xtz = sup [V X (@)l < e 40 (2.15)
X
In addition, we have the almost sure and uniform Hessian estimates

|v2x Xsp(@)|r < — HVQbH e Al=s) (2.16)

A proof of the above estimates is provided in the beginning of section [3.1] and section [3.2] In this
situation, whenever (7)2 is met we have

E[|T.+(Aa, Ab) (@)™ < & (|Ab()]],, + | Aa(@)],) - (2.17)

In the above display, T ¢(Aa, Ab)(z) stands for the stochastic process discussed in (1.11)), and &
stands for some finite constant that doesn’t depend on the parameter n. For instance, for a Langevin
diffusion associated with some convex potential function U we have b = —VU and Vo = 0. Then
assuming

VZU=2ANI = (T)2 ismet
(2.18)

— VX2 <e?7 and VX

d —A(t—s
FSy IV3U |[p e (=9

where the almost sure tangent and Hessian bounds follow from ([2.15)) and (2.16|) respectively.

In practice, it is often easier to work with as(z) = o¢(x)o(x)" than oy(x) and we now discuss
some ways of estimating Aoy (z) = oi(z) — 7¢(x) in terms of Aai(z) = ai(x) — @(z) and in the
reverse direction. The latter is straightforward:

[Aay(@)] < [Aoi()] [low(@)] + [a(=)]]-

To estimate Aog; in terms of Aag, assume the following ellipticity condition is satisfied

ai(r) =v I and G(z)>wv I forsome parameter v > 0. (2.19)

We recall the Ando-Hemmen inequality [2] for any symmetric positive definite matrices Q1, Q2

~1
1/2 1/2 1/2 1/2
1017 = Q3 < [N (@0 + A(@)] 1@ - @ (2:20)
for any unitary invariant matrix norm |.||. In the above display, A\, (.) stands for the minimal

eigenvalue. We also have the square root inequality

Q1> Q= Q"> Q)” (2.21)

See for instance theorem 6.2 on page 135 in [20], as well as proposition 3.2 in [2]. A proof of (2.21))
can be found in [7]. In this situation, using (2.20]) and (2.21)) we check that

|Aci(2)] < \lf |Aar(2)]| and  [ou(z)] < ||<ft(0)|+\}5 [lae ()] + flas(0)]] (2.22)
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This provides a way to estimate the growth of o¢(x) in terms of the one of a;(x). For instance the

estimate (|1.16)) combined with implies that
~ n1l/n
E[|Xoa(@) = Xoa@) """ < ks (1186 ns15) + 180 51 v [2]))

e Assume that (M), is satisfied for some n > 1. Also let f;(x) be some multivariate function
such that

|F(O)] = sup If:(0) <o and [V f]:= sup IV fi(z)]| < o0
X
In this situation, we have the estimates

F @), < 1FO) + [V f] mn(z)  and therefore || f(2)l, < rn ([FO)] +[VF]) (v [z])

2.3 Some results on anticipating stochastic calculus

In this section we review some results on Malliavin derivatives and Skorohod integration calculus
which will be needed below. We restrict the presentation to unit time intervals. Let (€2,V) be the
canonical space equipped with the Wiener measure P associated with the r-dimensional Brownian
motion W; discussed in the introduction.

The Malliavin derivative D; is a linear operator from some dense domain Dy 1 L2(©) into the
space La(Q x [0,1];R") of r-dimensional processes with square integrable states on the unit time
interval. For multivariate d-column vector random variables F with entries F*?, we use the same
rules as for the gradient and we set

DIF
Dth[DtFl,...,Dth] with DFi=|
D' F

For (p x g)-matrices F' with entries F,‘g we let D F' be the tensor with entries
(DiF)ijk = Dy}

It is clearly out of the scope of this article to review the analytical construction of Malliavin differen-
tial calculus. For a more thorough discussion we refer the reader to the seminal book by Nualart [37],
see also the more synthetic presentation in the articles [38, [41].

Formally, one can think the Malliavin derivatives DiF of some F € D91 as way to extract from
the random variable F the integrand of Brownian increment dW;. For instance, when s < ¢ we have

DiXs4(z) = 01,i(Xs(2))
(D VXs,t(ﬂU))i,j,k = Dy (VXs,t(iU))j,k: = (VX&t(x) Vat,i(Xs,t(x)))jk (2-23>

)

As conventional differentials, for any smooth function G from R? into RP*?, Malliavin derivatives
satisfy the chain rule properties

Di(GloF)= Y (aﬂGﬂ) (F)x DiF!  «= Dy(GoF)=D,F ((VG)oF)
1<i<d

For instance, for any s < u < v we have

D, (Xu,t o Xs,u) = (Dqu,u) [(vXu,t) o Xs,u] and D, (Ct o Xs,t) = (Dqu,t) [(Vgt) o Xs,t] (224)
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In the same vein, we have

Du (va,u [(vXu,t) o Xs,u])
(2.25)
= (Dqus,u) [(VXu,t> o Xs,u] + (Dqu,u ® VXs,u) [(V2Xu,t) o Xs,u]

Let Lo 1 (R") < La(©2 x [0, 1];R") be the Hilbert space of r-dimensional process Uy with Malliavin
differentiable entries U} € D21 equipped with the norm

1/2
Wl = E ( f TAE dt) ‘E (j 1D U2 ds dt)
[0,1] [0,1]2

The Skorohod integral w.r.t. the Brownian motion W} on the unit interval is defined a linear
and continuous mapping from

1/2

1
V elLai(R) — f Vi dW} € 1Lo(9)
0

characterized by the two following properties

1
EU Vi de) =0
0
E ((J V; dwg) ) E (J V2 dt) +E U DLV, DIV, ds dt) (2.26)
0 [0,1] [0,1]2

The above formula can be seen as an extended version of the It6 isometry to Skorohod integrals,
for instance [39], as well as chapters 1.3 to 1.5 in the book by Nualart [37].

As for the It6 integral, the Skorohod integral w.r.t. the r-dimensional Brownian motion W; of
a matrix valued process with entries V' € Lo 1(R) is defined by the column vector with entries

1 i 1 1
<f Vi th> = f Vi dWy = Z f V;tl;k AWy
0 0 0

1<k<r

3 Variational equations

3.1 The tangent process

In terms of the tensor product (2.4]), the gradient VX ;(x) of the diffusion flow X, (x) is given by
the gradient (d x d)-matrix

AV Xi(x) = VXu(x) | Vb (Xep(2)) dt+ Y Voup (Xep(x)) dWF
IS
where W} is the k-th component of the Brownian motion. After some calculations we check that
d [VXs(2) VX i(2)] = VXsr(z) At (Xsp(2)) VXsi(x) dt + dM () (3.1)
with the matrix function A(z) defined in and the symmetric matrix valued martingale

dM;4(z) := Z VXt(2) [Vork (Xei(2) + Vo (Xei(2)] VXsi(z) dW

1<k<r

These expansions, when combined with condition (7)2, yield the following estimates of the difference
between X, ¢(x) and X ¢(y).
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Proposition 3.1. Assume (T)2 is satisfied. Then
1/2 CAa(t—
E (| Xoo(@) — Xae@)?)"? < VA P40z —y). (3.2)
In addition, we have the almost sure estimate

Vo = 0= [ Xs4(x) = Xou(y)| < e 2079z —y| (3.3)

Proof of Prop. [3.1. Whenever (T )z is met, we have the following uniform estimate from ({3.1))
(T)e = E(IVXoe(@)[3) " < B (IVXo(@)[})" < Vi e (3.4)

where the v/d term arises from imposing the initial condition VX s,s(x) = I on the resulting differ-

ential equation for E (|VX,(z)|%) Y2 In addition, when Vo = 0 the martingale M,;(z) = 0 is
null and as a consequence of (3.1) we have the following almost sure estimate

[V X tll2 := sup [V X ()2 < €740 (3.5)

The Taylor expansion

1
Xop(z) — Xot(y) = L VXsilex + (1 —€)y) (z —y) de

1
= [ Xsp(x) = Xsa(W)* < UO |V Xsilex + (1= €)y)l3 de} & —y|”

combined with (3.4) and (3.5)) completes the proof. O

These contraction inequalities quantify the stability of the stochastic flow X¢(x) w.r.t. the
initial state x. For instance, the estimate (3.2]) ensures that the Markov transition semigroup is
exponentially stable; that is, we have that

Wa (poPst, 1 Pst) < ¢ exp [=Aa(t — 5)] Wa (po, p11) (3.6)

For the Langevin diffusions discussed in ([2.18)) the stochastic flow is time homogeneous; that is we
have that Xs; = Xy := X (4—s) and Psy = P,_s := Py ;). In addition when o(x) = o I, the
diffusion flow X;(z) has a single invariant measure on R? given by the Boltzmann-Gibbs measure

1

dz) — 2 - [ 2vw
m(dx) = = exp ~3 U(z) ) de with Z:= e o dx (3.7)

N

From ([2.18)), it follows that
VU2AT = W, (uPss, ) <exp[-At—s)] W, (u,7)

for all n > 1.
Taking the trace in (3.1]) we also find that

d|VXs(2)|F = Tr[VXst(2) A (Xop(2)) VXp(2)'] dt + dNgz(2)
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with the martingale

ANoi(z) = Y Tr(VXeu(@) [Vorr (Xei(@) + Vor, (Xen (@) VXi(2)) dWF
1<k<r
Observe that

O(Ns,. (x))r = 2 Tr (VX&t(ZL‘) [Vat,k (Xst(z)) + Vori (Xs,t(m))/] VXs,t(ZL‘)/)
k

2

This implies that
OE (IVXsu(2)[) = 2 E (|VXse(@)|F Tr [VXsp(2) A (Xop(2)) VXsy(2)'])
/ n2
+ Y E (Tr (VXot(2) [Vors (Xes(z) + Vou, (Xos(2))] VXa(z)) )
1<k<r
Whenever (7 ) is met, we have the estimate
UE (|VXsa(@)| ) < —4[Aa — p(V0)?] E (|VXes(2)[F)
with the uniform log-norm parameter p(Vo) defined in (2.5). This yields the estimate

QE (|VX, (@) 5) 7 < = [Aa = p(V0)?] E (VX 4(2)] %)

More generally, we readily check the following result.

Proposition 3.2. When condition (T), is met we have the following time-uniform bounds,

E (|V X, (2)|3)Y" < Vd e Pam(n=2p(V0)?/2](t=5) (3.8)

3.2 The Hessian process
In terms of the tensor product (2.1]), we have the matrix diffusion equation

dV2X,4(z)

= [[VXM(QJ) ® VXs1(2)] V(X5 1(x)) + Vsz,t(:n)Vbt(Xs,t(:U))] dt + dM; ()
with the null matrix initial condition V2X;s(z) = 0 and the matrix-valued martingale

AIMay(2) = D) ([VXet(2) @ VX, 1(2)] VZ0r p(Xet(2)) + V2 Xy (1) Vo r(Xoa())) dWF

1<k<r

Consider the tensor functions

vy 1= Z (V2O't’k) (VZUt,k)/ and T := Vb + Z (Vzat,k) (Vorr) (3.9)

1<k<d 1<k<d

After some computations, we check that
d [V* X1 (2)V? Xy (z)]
- {[V2X5,t(x) A X (2)) V2 X p(2)'] + 2 [[VXsu(2) ® VX (2)] 1(Xsp(2)) VEX ()],

+ [[VXS,t(x) ® VX, ()] vi(Xsp(x)) [VXsi(z) ® VX&t(x)]'] } dt + dNs ()
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with the matrix function A;(z) defined in (2.7) and the tensor-valued martingale

dNap(z ) =2 Y {[VXi(2) ® VXeu(2)] V0up(Xen(x) V2 Xou(z)

1<k<r

+V2 X, () Vorp(Xsi()) V2Xs7t(x)’}sym dwk

When Vo = 0 the above equation reduces to

& [V2 X4 4(2)V2 X 4(2)']

= [V? X 4(2) Al(Xsp(2)) VEXu(2) ] + 2[[VXsp(2) @ VX 4(2)] VEbi(Xsy(2)) V2Xs,t(g:)’]sym
Whenever (7 ) is met, taking the trace in the above display we check that
0t [V2Xsa(2)|F < =22a [ VX (@) 7 + 2| V20]p | VXt (@)|F [V X (@)
This yields the estimate
0 |V2Xs (@) P < =Aa [V2Xsu(@)|F + [V P [ VX (@)

Using (2.15) this implies that

t
IV2X, (@) | < V20 e 240—) f

s

-5 d - -5
MU VX ()7 du < W [V2b] e 40

This ends the proof of the almost sure estimate ([2.16)).
For more general models, we have that

d V2 X, ()| 7
= {Tr[V*X,u(2) A(Xsu(2)) V2Xg4(2)'] +2 Tr [[VXsi(z) @ VX 4(2)] (Xsu(2)) VX4 (2)']
+ T [[VX 1 (2) @ VXt (2)] 0e( X (7)) [V X () @ VX (2)]']} dt + dM ()
with a continuous martingale M;;(x) with angle bracket
a1t<]\4s,. ()

=4 ) Tr{[VX(2) ® VX, 4(2)] VZorp(Xes(z)) V2 Xo4(2)

1<k<r
+V2X,(2) Vo p(Xei(z)) VEX,4(2)'}

Proposition 3.3. Assume (T ), is met. In this situation, for any e > 0 s.t. Aa(n) > € we have
ny1l/n _
E (|V2Xs(2)[2) " <n e ! X(b,o) exp(—[Aa(n) — €] (t— s)) (3.10)
with the parameters X(b, o) and Aa(n) defined in (2.6) and (2.5).

In the above display, p.(Vo) is defined in (2.5). The proof of the above estimate is technical
and thus housed in the appendix on page
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3.3 Bismut-Elworthy-Li formulae

We further assume that ellipticity condition (2.19)) is met. In this situation, we can extend gradient
semigroup formulae to measurable functions using the Bismut-Elworthy-Li formula

VP (f)(@) = E (f(Xsu(2)) 754(2)) (3.11)

with the stochastic process
t
7 () = f Dutont(t) VXoa(@) (Ko@) dW,
S
The above formula is valid for any function ws¢ : u € [s,t] — ws+(u) € R of the following form

woaW) = 9 (0= 5)/(t — ) = Guonalw) = —— dp((w—5)/(t—5))  (312)

for some non decreasing differentiable function ¢ on [0, 1] with bounded continuous derivatives and
such that

(‘P(O)aﬁﬂ(l)) = (0,1) = wsi(t) —wsp(s) =1
Whenever (7)2 is met, combining (3.4) with (3.11), for any f s.t. | f| <1 we check that

VP (N)I? < E(I\Té“,t(w)l\)
ag!

t 1
< K f efZAA(ufs) Hauws,t(u)”2 du = J 672)\14(1575)1) (6@(1}))2 dv
s 0

t—s

Let ¢ with € €]0,1] be some differentiable function on [0,1] null on [0,1 — €] and such that
|0pe(u)| < c/e and (pe(1 —€),9(1)) = (0,1). For instance we can choose

0 if uwel0,1—¢]
- 1-
pe(u) 1+cos<<1+ “) g) if wel—el]

€

In this situation, we check that

2 ke 1 ! =224 (t—s)v
IVP:(DI" < = e dv
e t—s 1—e¢

from which we find the rather crude uniform estimate

L -9 (3.13)

VPN <5 —
— S

o=

In the same vein, for any s < u < t we have the formulae
E (f(Xoul@) 75 (2) + VXoa(2) VI (Xoi(@)) 7)) (3.14)
E(f(X., [T 29(2) + VXou(a) 78, (Xou@) 72, |) - (315)

VEPou(f)(z) =
with the process
1 (@)
- f Oussot(1) | V2K () (X (@) 2 4+ (VX (@) ® VX, (@) (Vag ") (Xyulw))| awsy
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/

In the above display Va, 1/2 stands for the tensor function

(Ve (@) gk = Sy (@) = = (a52(2) |,/ () | a7 2(@))

A detailed proof of the formulae (3.14)) and (3.15) in the context of nonlinear diffusion flows can be
found in the appendix in [5].
Observe that

ak

2.19) = sup |0r,a, " (2)| < ¢ |Vo|/v

T u

Whenever (7)s is met, using the estimate (3.3)) for any € €]0, 1|

1
t—s

IV2Pse()] <

o=

M0 (7] + |V 1) (3.16)

In the same vein, using (3.15)) for any u €]s,¢[ and any bounded measurable function f s.t.
|f] <1 we also check the rather crude uniform estimate

V2P, (F)] < L cha-s0-g 4 B2 1 o alu—s) g=Aa(t—s)(1—c)
’ € Vu— e \/({t—u)(u—s)

Choosing u = s + (1 — €)(t — s) in the above display we check that for any e €]0, 1[ we obtain the
uniform estimate

V)

1 2 c 1 1
V2P, <2 —Aa(1—e)(t—s) | ©2 —2Xa(1—€)(t—s) 317
” 7t(f)H € /1 p \/t—is (& + 62 6(1 — 6) t s (& ( )

The extended versions of the above formulae in the context of diffusions on differentiable manifolds
can be found in the series of articles [0, [13] 23] [36], 46].
4 Backward semigroup analysis

4.1 The two-sided stochastic integration

For any given time horizon s < t we have the rather well known backward stochastic flow equation

Xot(x) =z + j

S

¢ ¢

[VXM(:U)’ bu(z) + % V23X, 4(x) ay(x) } du +J VXyui(x)ou(z) dW, (4.1)
S

The right hand side integral is understood as a conventional backward It6-integral. In a more

synthetic form, the above backward formula reduces to .

An elementary proof of the above formula based on Taylor expansions is presented in [17],
different approaches can also be found in [3I] and [33]. Extensions of the backward Ité formula
to jump type diffusion models as well as nonlinear diffusion flows can also be found in [16] and
in the appendix of [3].

Consider the discrete time interval [s,t]p := {ug,...,un—1} associated with some refining time
mesh u;11 = u; + h from ug = s to u, = t, for some time step h > 0. In this notation, combining
with for any u € [s, t], we have the Taylor type approximation

Xu+h,t o Xs,u+h - Xu,t o Xs,u

> ((VXun) Ren0) B0 (K 0) + (T Xornr) Ko 0) Bl Kole)) )

— (VXuint) (Y&u(m))/ Aau(ysm(ﬂf)) (Wain — Wa)
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This yields the interpolating forward-backward telescoping sum formula

Xsﬂg((L‘) — Y&t({ﬂ)

= Z [Xu+h,t(ys,u+h(l’>) — Xut (YS,u(x))]
[s:t]n

u€ls,

10

((VXuehe) (Ko B0 (K] + 5 (VP Xoins) (Konle)) Aau(Fena)) )

u€(s,t]p

+ Z (VXurnt) (Xsu(@) Aou(Xsu(@)) (Wysn — Wa)
u€ls,t]p
(4.2)
We obtain formally by summing the above terms and passing to the limit A | 0.
To be more precise, we follow the two-sided stochastic integration calculus introduced by Pardoux
and Protter in [43]. As mentioned by the authors this methodology can be seen as a variation of Itd
original construction of the stochastic integral. In this framework, the Skorohod stochastic integral

(1.12) arising in ([1.9)) is defined by the Lgy-convergence

Ss(6) ()

= %11)% Z (VXuint) Xsu(@) suXsu(®)) Wyrn —Wy)  with ¢, = Aoy, (4.3)
u€(s,t]p

The proof of the above assertion is based on a slight extension of proposition 3.3 in [43] to Skorohod
integrals of the form . For the convenience of the reader, a detailed proof of the above assertion
for one dimensional models is provided in section [6.1]

Using , the complete proof of now follows the same line of arguments as the ones used
in the proof of It6-type change rule formula stated in theorem 6.1 in [43], thus it is skipped.

4.2 A multivariate stochastic interpolation formulae

In terms of the tensor product (2.1, for any p > 1 and any twice differentiable function f from R?
into RP with at most polynomial growth the function Fs; := P, (f) satisfies the backward formula
(1.4) with the random fields

Gui(x) := VE,(x) by(x) + % VQFu,t(:U)' ay(x) and Hy(z) := VF,(2) oy(x)

Using the quantitative estimates presented in section [5.2] we checked that the regularity conditions
(H1), (H2) and (H3) stated in section are satisfied. Rewritten in terms of the stochastic
semigroups P, ; and P, ; we obtain the forward-backward multivariate interpolation formula

Psi(f)(2) = Ps(f)(2) = Ts(f, Aa, Ab)(x) + Ss(f, Ao)(x) (4.4)
with the stochastic integro-differential operator

Ts,t(fa Aaa Ab) (l’)

" - - 1 - - (4.5)
= f {V]P’u,t(f)(X&u(a:))/ Aby (X su(z)) + 5 VQ]P’u¢(f)(X57u(a:))/ Aau(X&u(x))] du

s
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and the two-sided stochastic integral term given by

Su4(f, Ao J VPy o (f)(Koa(2)) Aou(Kon(x)) dWa (4.6)

Using elementary differential calculus, for twice differentiable (column vector-valued) function
f from R? into RP we readily check the gradient and the Hessian formulae

VIP’S,t(f)(x) = VXS¢($) Ps,t(vf)(x)
VEPsi(f)(x) = [VXs(2) ® VX(2)] Pst(V2f)(2) + VEX4(2) Pse(V)(2)  (4.7)

This shows that T ;(f, Aa, Ab) and S, ;(f, Ac) have the same form as the integrals T ¢(Aa, Ab)
and Ss¢(Aa, Ab) defined in (1.10) and (1.11)) up to some terms involving the gradient and the
Hessian of the function f. For instance, we have the two-sided stochastic integral formula

t

Ss.t(f, Ao)(z) = j P%t(Vf)(Ys,u(m))/ VXu,t(YS,u(ﬁ)), AUU(YS,U(x)) dWy

s

Also observe that (4.4) coincides with ((1.10)) for the identity function; that is, we have that
f(z) = = Tes(f, Aa, Ab) = Ts1(Aa, Ab) and Sg:(f, Ao) = Ss+(Ao)

The above discussion shows that the analysis of the differences of the stochastic semigroups
(Pst — Ryt) in terms of the tangent and the Hessian processes is essentially the same as the one
of the difference of the stochastic flows (X — ys,t)~ For instance using the discussion provided
section [5.3] when the gradient and the Hessian of the function f are uniformly bounded the estimates
stated in theorem can be easily extended at the level of the stochastic semigroups.

The Ly-norm of the two-sided stochastic integrals in ((1.10)) and are uniformly estimated
as soon as the pair of drift and diffusion functions (b, 0¢) and (b, ;) satisfy condition (7 )s. For a
more thorough discussion we refer to section see for instance the L,-norm estimates presented
in theorem [5.2] applied to the difference function ¢ = Aoy.

4.3 Semigroup perturbation formulae

Besides the fact that the Skorohod integral in the r.h.s. of is not a martingale (w.r.t. the
Brownian motion filtration) it is centered (see for instance and the argument provided in the
beginning of section . Thus, taking the expectation in the univariate version of we obtain
the following interpolation semigroup decomposition.

Corollary 4.1. For any twice differentiable function f from R® into R with bounded derivatives we
have the forward-backward semigroup interpolation formula

Py (f)(x) = Psy(f)(2) =f E ((VPui(f)(Xsu(@)), Abu(Xsu(@)))) du

(4.8)

5 f E (Tr [V?Pus(£)(Xsu(2)) Aau(Xsu(2))]) du

In addition, under some appropriate reqularity conditions for any differentiable function f such that
Ifl <1 and |V f| <1 we have the uniform estimate

|1Pot(f)(@) = Poa(f)(@)] < £ [l|Aa(@)]ly + 1Ab()]],] (4.9)
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Rewritten in terms of the infinitesimal generators (L, L;) of the stochastic flows (X, Xs¢) we
recover the rather well known semigroup perturbation formula

t
Ps,t = Ps,t + f Ps,u(Lu - zu)]Du,t du — "

S

The above formula can be readily checked using the interpolating formula given for any s < u <t
by the evolution equation

au(?s,upu,t) = (auﬁs,u)Pu,t + Ps,u(au-Pu,t) = ?s,uzuPu,t - ?s,uLuPu,t

Now we come to the proof of (4.9). Whenever (7 ) is met, combining (3.13)) with (3.16) for any
differentiable function f s.t. |f| <1 and [V f| <1 and for any € €]0, 1] we check that

[llAa@)l, + llAb()]l,] fo \/15

This ends the proof of (4.9). =

|PS,S+t(f)($) - Ps,s-i—t(f) (.%‘)| < e*)\A(le)u du

K
€

After some elementary manipulations the forward-backward interpolation formula (4.8]) yields
the following corollary.

Corollary 4.2. Let X; and X; be some ergodic diffusions associated with some time homogeneous
drift and diffusion functions (b, ) and (b,7). The invariant probability measures ™ and T of X; and
X, are connected for any twice differentiable function f from R® into R with bounded derivatives by
the following interpolation formula

0¢] . o 1 o .
=) = [ B (CTROIT). AT + 5 TTRND) 8aT)]) de (410
In the above display Y stands for a random variable with distribution T and P; stands for the Markov
transition semigroup of the process X;.

The formula can be used to estimate the invariant measure of a stochastic flow associated
with some perturbations of the drift and the diffusion function.

For instance, for homogeneous Langevin diffusions X; associated with some convex potential
function U we have

b=-VU and oc=1 = 7(dx) o exp(—2U(z)) dx

In the above display, dz stands for the Lebesgue measure on R%. In this situation, using (4.10)), for
any ergodic diffusion flow X; with some drift b and an unit diffusion matrix we have

o0

() = () + f E({(b+ VU)(¥), VP(f)(T))) di

0

Notice that the above formula is implicit as the r.h.s. term depends on 7. By symmetry arguments,
we also have the following more explicit perturbation formula

T =)+ [ ELG+VOX)LIPND) di

0

In the above display Y stands for a random variable with distribution 7 and P; stands for the
Markov transition semigroup of the process X;.
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4.4 Some extensions

Several extensions of the forward-backward stochastic interpolation formula to more gen-
eral stochastic perturbation processes can be developed. For instance, suppose we are given some
stochastic processes Y () € R and Zsi() € R adapted to the filtration of the Brownian
motion W4, and let Y&t(az) be the stochastic flow defined by the stochastic differential equation

dys,t(ﬁ) = ?s,t(x) dt + 7s,t(x) dWy (4.11)

In this situation, the interpolation formula 1' remains valid when Eu(ys,u(m‘)) is replaced by
the stochastic matrices Z,(x)Zs(x). This yields without further work the forward-backward
stochastic interpolation formula (1.10) with the local perturbations

Aby(Xsu(z)) == bu(Xsu(z))

)

?s’u(x)
Zsu(z) and Aay(Xsu(®)) == au(Xsu(2)) — Zsu(2)Zsu(x)

Aoy (Xsu(z)) = ou(Xsu(z))

)

The corresponding interpolation formula should be used with some caution as the Lo-norm of the
two-sided stochastic integral depends on the Malliavin differential of the integrand process of
the Brownian motion; see for instance the variance formula provided in lemma [5.1

Assume that o = I and the regularity condition (7)2 is met. Also suppose X, +(x) is given by
a stochastic differential equation of the form with 7 = d and Z,4(z) = I. Arguing as above,
in terms of the tensor product we have

Xs () — stﬁ(x) = f (VXut) (YS,UJ(@)/ (bu<YS,u(x)) - ?S,u(m)) du (4.12)

s

Combining (2.15) with the generalized Minkowski inequality, we check the following proposition.

Proposition 4.3. Assume that (T )q is met for some Ag > 0. In this situation, for any 1 < n < ©
we have the estimates

t
~ n1l/n _ —u ~ 54 1/n
E [ X, () — Xoa(a)]"]"" < f e B [[1b,(X g u(2)) = Veu(@)]]V" du (4.13)
In the same vein, we have

t j—

Pyi(f)(@) = Pst(f)(2) = J E ((VPut(f)(Xsu(@)), bu(Xsu(@)) = Ysu(@))) du (4.14)

S

For instance, for the Langevin diffusion discussed in (2.18) and (3.7) the weak expansion (4.14]
implies that

[7Poy —7)(f) = f f 7(d2) E (VPru( ) (K sn(@)), VU (Ko@) + Voul@))) du  (4.15)

This yields the W;-Wasserstein estimate

t
Wy (nPyy, )| < f

S

¢t f 7(dz) E ([VU (R su(#)) + Vou(@)]) du
Combining (3.13)) with (4.15), for any € €]0, 1[ we also have the total variation norm estimate

7Py — 7l <§ J \/tl—ﬁ e~ Aa(1=)(t—u) Uw(daz) E (VU (Xsu(z)) —i—YS,u(x)H)} du (4.16)

27



5 Skorohod fluctuation processes

5.1 A variance formula

Let ;(x) be some differentiable (d x r)-matrix valued function on R? such that

[Vl <o and  [s(0)] := Sup [t (0)]] < oo (5.1)

Recalling that (Wyy, — W) is independent of the flows Ys,u and VX, ¢, the discrete time
approximation (4.3)) shows that Skorohod stochastic integral is centered; that is, we have that
E(S,4(c)(x)) = 0.

Following (4.3)), the variance can be computed using the following approximation formula

E[ISsu()@)P] =Jim > > )

uwe[s,t], 1<i<d 1<jk<r

E { [(VXu+h,t) (ys,u(x))/ §u(Xs

7U($))],'7j [(VXv-i-h,t) (ysw(x)), gv(XS,v(x))]i,k

(Wi = WY W, — W) |

(5.2)
The proof of the above assertion is provided in section [6.1] see for instance proposition [6.2}
Consider the matrix valued function
Soat(@) == [(VXup) 0 Xsu] (@) qu(Xsu(2)) (5:3)

In this notation, the limiting diagonal term u = v in the r.h.s. of (5.2) is clearly equal to

f E [Z Yot ()i Zs,u’t(m)i,j] du = f E [stut(iﬂ)”%] du

— s
Z?]

In addition, whenever condition (7 )2 is met and ¢ is bounded, (3.4)) readily yields the estimate

t 1/2
[ [ ElS @iz du} < lola V/A/@) (5.4)

S

More generally, using 1) whenever (M), /5 and (T )2/(1—5) are met for some 6 €]0, 1] we have the
estimate
E[[Zsut(@)P] < s [I5O0))* + [Vs]? (1 + [z])?] e /0000w

This implies that

" 1/2
U E [IZs,u,6(2) 7] dU} < a5 [IsO)] + Vs (1+ 2[)] /+/Aa (5.5)

s

The non-diagonal term can be computed in a more direct way using Malliavin derivatives of the
functions X, ¢. For any s < u < v <t we have

D, {[(VXu,t)/ © Ys,u] [gu © Ys,u]} = [(Dv (VXu,t)/) © Ys,u] [gu © Ys7u] (56)

As expected, observe that
Vo=0 = DyXsu(z)=0
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In the reverse angle, whenever s < v < u <t we have the chain rule formula

Dy ([suo Xsu] [(VXur)o Xsul) (5.7)
5.7
— [Dv (gu o Xs,u)] [(VXu,t) o X&u] + [DUX su @ (Cu o Xs,u)] [(VQ xu,t) o Xs,u]

As above, Malliavin differentials D, (gu o Y&u) and DUY&U can be computed using the chain rule

formulae (2.24)).
A more detailed analysis of the chain rules formulae (2.24)), (2.25)) and (5.7)) for one dimensional

models is provided in section (cf. lemma .
Observe that

Ve=0 = D, [2;7u7t] = [Dvys,u ® (gu © ys,u)] [(VQXu,t) © Ys,u]
We consider the inner product

(DuZs01(2), DySsup(x)) = D, (DoSsui(®)y;; (DuZswi(®);
i7j7k

In this notation, an explicit description of the LLo-norm of the two-sided stochastic integral in terms
of Malliavin derivatives is given below.

Lemma 5.1. The Ly-norm of the Skorohod integral Ss+(s)(z) introduced in is given for any
z € R? and s <t by the formulae

E[S04(6)(2)]?] = J

[s:]

E [st,u,t(@H%] du + f[ 2 E [<Dv28,u,t(x)7 Duzs,v,t(x)>] du dv

with the random matriz function X, defined in and the Malliavin derivative D,X ¢ given
in formulae @) and . In addition, we have

Vo0 — E[SuQO@P - [ B[S du

[s:]

The above lemma can be interpreted as a matrix version of the isometry property (2.26]). A proof
of the above lemma based on the Lo-approximation of two-sided stochastic integrals is provided in

section (see for instance proposition .

5.2 Quantitative estimates

For any p > 1 and any tensor norms we also quote the rather well known LL,-norm estimates

E [||Ss,0(<) () P>

/2 2/p
<ecip J[ , E[|Ssu(2)?] du+cop E (f[ . 1Dy st (2)]? du dv)

)

for some finite constants ¢; ;, whose values only depend on p. A proof of these estimates can be found
in |38, [48], see also [39] for multiple Skorohod integrals. By the generalized Minkowski inequality,
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for any n > 2 we also have the estimate

E [ Sse(s) () "1*/"

(5.8)

<cip f E[|sue(@)]?] du+ copn f E [| DySsus()|M?" du dv
s,t 2

) S’t

Observe that for any n > 2 we have
(M)n = lls@)l,, < £n (IO + V<)) @ v [z])

The main objective of this section is to prove the following theorem.

Theorem 5.2. Assume that (M)g;,/5 and (T)a,/(1—5) are satisfied for some parameter n > 2 and
some 0 €]0,1[. In this situation, we have the uniform estimate

E [|Ss() @)1V < K Ils(@)llnss (1 v [2]) (5.9)

For uniformly bounded diffusion functions (s,0,7) whenever (T2, is met for some n = 2 we have

E [|1Ss() @)1V < s (Il + [ V5]) (5.10)

In addition, for constant diffusion functions (s,0,7) whenever (T)y is met, for any n = 2 we have
the uniform estimate

E [||Ss,e(s)(@)["]/" < i ] (5.11)

The proof of the above theorem, including a more detailed description of the parameters x;
and K, is provided below.

Next, we estimate the L,-norm of the Malliavin differential D,%, +(x) in the two cases (s <
u<v<t)and (s<v<u<t).

Case (s<u<v<t):
Using we have
[ Do Bt ()] < € 6u(Xsu(@))] (Do VX)) (Xsu(2))]
Using ([2.24) and ({2.25) this yields the estimate
1Dy X5t (@) < e1 Ls () + c2 Jsut()

with the functions

Lot (%) := Vo eu(Xsu@)] 1(VXuw)(Xsul@)] (VX)) (25" ()]

Ts,ut(®) = ow(Z2° ()] su(Xsu(@)] 1V Xu0)(Xsu(@))| [(VXo)(Z0" (2))
In the above display, Z,;"(x) stands for the interpolating flow defined in (1.13]).

e Firstly assume that <] v [o| < oo and (7 )2, is satisfied for some parameter n > 1. In this
situation, applying proposition and proposition for any e €]0, 1] we have the uniform
estimates

E (| Do (@) < 5] Xne(b, ) exp (—(1 = e)Aa(2n)(t - u))
with the parameter X,, (b, o) given by

1
Xn.e(b,o) :=c [|o] v Vo] [1 + - ﬁ X (b, O'):| with X(b, o) given in (2.6)).
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e More generally, when |V¢| v [|[Vo| < oo the functions ¢(z) and o¢(z) may grow at the most
linearly with respect to |z[. Assume that conditions (M)s,/s and condition (7 )z,/(1—s) are
satisfied for some parameters n > 1 and ¢ €]0, 1[. In this situation, applying Hélder inequality
we check that

ny\1l/n ~ 8/n
E (|Ty00(@) )" < ¢ [V | B (Jlsu(Koul@))|™?)

o o (1-0)/(2n) so n/(1—s)\ (1=9)/(2n)
<E (|(VX0) (Koaa)[/07) E (|(VX00)(Z0" (@) /0 7)

Applying proposition [3.2] we check that
E (|Toue(2)|")"" < ens Vo] ls(@)]l, 5 e /A0

In the same vein, combining proposition and proposition [3.3] with the uniform moment

estimates (2.11]) we check that

B (@) < s o] +190] ¢ 35
X ls@)llgnys [1+ 2] e (GmraCr/ A=)
We conclude that
E (|DsSas(@) )" < X e(6,0) 5@l [1+ 2] e AmPaCr/1-0))

with the parameter

Xuselb.) 1= g o @]+ [901] (147 o)

Case (s <v<u<t):
We use (5.7)) to check that
| DuEs ()| < [[[Do (gu OYS,U)]@)” 1 (VXut) (YS,u(x))H
+H[DUYS,U] (z) ®§U(Y87u)($)” H (VQXu,t) (YS,UCU))H
On the other hand, using the chain rules (2.24) we have

Dvys,u = (Dvys,v) [(vyv,u) © Ys,v]
D, (gu o Ys,u) = (Dvys,u) [(VCU) o Ys,u]

This yields the estimate

[ Dt (@)] < €1 [F0 (X (@) [V (VX w) (Xsw @) (VXut) (Xsu(@))]

+c2 Hav(ysm(x))u ng(YS,U(x))H H(Vyvuxysv(x))u [ (V2Xu,t) (Y&U(m)w
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e Firstly assume that |¢| v [|[&| < oo and condition (T")g, is satisfied for some n > 1. In this
situation, arguing as above for any € €]0, 1[ we have the uniform estimates

E (DS @) < (Jsl + IV5]) Xoe(b.0) exp (~(1— Ay 520t )
for some universal constant ¢ and the parameter Xy, (b, o) given by

1 n

Xne(b,o):=cla]| |1+ - ——— X(b,0) with X (b, o) given in (2.6).

e More generally assume that [V¢| v [V@| < oo. Also assume that conditions (M )sy,/5 and
(T)2n/(1—s) are satisfied for some parameters n > 1 and ¢ €]0, 1[. In this situation, we have

E (| Do ()™ "

< Xngie(0,0,7) (6 (@)llgss [+ 2] e~ OmraaCr/i=ont=r)

with the parameter

Xoelb,0,7) = ens [[7(0)] + |92) (Hl it )

€ Ay a(2n/(1-9))

The end of the proof of theorem is a direct consequence of the estimates discussed above com-
bined with (5.8) and the diagonal estimates presented in ([5.4]). [

5.3 Some extensions

This section is concerned with the two-sided stochastic integral (4.6). Using the gradient formula
in (4.7) the Skorohod stochastic integral in (4.6) takes the form

Sl 80)@) = [ Souel )
with the integrands
Ssut(f)(z) = Vf(ZZ’t(a:))’ Ysut(r) and g, 4(x) = [(VXM)’ oys,u] [Aou of&u]
As in , using the chain rule properties of Malliavin derivatives we check that
DyBsui(f) = (DLVA(Z")) Ssus+ VHZ3") DiSsus

as well as A A
DIV f(Z3h) = V2 f(Z3") Dyzyt

This yields the differential formula
Dy Ssut(f) = VH(Z3") DySsus+ VAF(Zy") (DyZy") St

The Malliavin derivatives Df)Es,u,t are computed using formulae (5.6) and (5.7); thus, it remains to
compute the Malliavin derivatives D, Z5" of the interpolating path.
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e When u < v we have
Zyt = (Xt 0 Xuw) 0 Xsu = X0 25"
In this situation, as in using the chain rule properties of Malliavin derivatives we check that
DyZy' = Do Zy" (VXut) 0 Z3") = (DoXuw) © Xsu) (VXup) 0 Z3)

By we conclude that
DyZy' = (000 Zy") (VXup) 0 Z3")
e When v < u we have
Zyt = Xup o (XouoXsw) = Zy' o Xy
In this situation, arguing as above we check that

DvZ{?t = Dvysm ((Vzg’t) o ys,v) = Dvysm ((vyv,u) © Ys,v) ((VXu,t) o Ys,u)

By (2.23) we conclude that
szjt = (Ev o Ys,v) ((vyv,u) o Ys,v) ((VXu,t) o Ys,u)

6 Some anticipative calculus

For clarity and to avoid unnecessary sophisticated multi-index notation, we only consider one di-
mensional model. The proof of the results presented in this section in the general case can be
reproduced word-for-word for multidimensional models.

To simplify the presentation, we write 0" f the derivative of order n > 1 of a smooth function
f. We also set Yy 4(x) := X(x). We also reduce the analysis to the unit interval. In this context,
for any ¢ € [0, 1] we set

Y=Yy, and X':=X;; (6.1)

6.1 Extended two-sided stochastic integrals

The aim of this section is to extend the two-sided stochastic integration introduced in [43] to
Skorohod integrals of the form , for some time homogeneous function ¢, = ¢ satisfying .
For any ¢ € [0, 1] we set

(X', Yi(x)) 1= 0X'(Yy(2)) <(Yi(2)) (6.2)

In this notation the limiting integral in (4.3]) takes formally the following form

1
Sua(6)(e) = [ DX Yilw) aW;
0
The existence of this two-sided stochastic integral is discussed below in ((6.4)).
To simplify the presentation, we fix the state variable x and we write Y; and ®(X*,Y;) instead of
Yi(x) and ®(X?,Y;(z)). Next technical lemma provided a more explicit description of the Malliavin
derivatives of the processes ®(X?t V).
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Lemma 6.1. For any s <t we have
Dy ®(X',Y;) = [3((0X") 0 Yar) (Ya) (s 0 Yar)(Ya) + ((0X") 0 Yer)(Ya) x 85 0 Yar) (Ya)] T(V2)
In addition, we have
Dy ®(X°,Ys) = [0((0X") 0 Xe1)(Ys) (00 X)) (Va) + 0(X" 0 X 1) (Ys) 00(Xs4(Ys)) |s(Y2)
Proof. Using the chain rules properties, for any s < ¢ we have
Dy (X", Y;) = Dy (X)) (Yst(Y5)) (s 0 Yir)(Ys))
= Ds ((0X") 0 Yar)(Y2)) (50 Yar)(Ys) + (0X1) 0 Yy s)(Ys) Ds(s 0 Yer)(Ys)
The end of the proof of the first assertion comes from the fact that
Dy ((0X") 0 Ye1)(Ya)) = ((0X") 0 Yy y)(Ye) DYy with DY, =5(Y)
In the same vein, we have
Dy(s oY) (Ys) = (s 0 Ysr)(Ys) 0(Y5)
We also have that
Dy ®(X*,Ys) = Dy ((0X°)(Y5) <(Y5))
= Dy (X" 0 X54)(Ys)) <(Ys) = Dy (((0X") 0 Xsz) (Ys) (0X50)(Ys)) (Y5)
The last assertion comes from the fact that
Dy (((0X") 0 Xoy) (Y2) (0X40)(Y))
= Dy ((0X") 0 Xyt) (Ys) (0Xs)(Y) + ((0X") 0 Xyp) (Ys) De(0Xs0)(Y5)
The r.h.s. term in the above display can be rewritten as follows
Dy(0X5)(Ys) = 00(Xs4(Ys)) (0X54)(Ys)
= ((0X") 0 Xs4)(Ys) De(0X52)(Ys) = (X" 0 Xs1)(Ys) 00(Xs2(Y5))
In the same vein, we have
Dy ((0X") 0 X 1) (Ya) = ((2X") 0 X 1) (Ys) DiXsr(Vs) = ((02X") 0 X 1)(Ys) 0(Xsp(Ys))
= Dy ((0X7") 0 X 1) (Ys) (0Xs0)(Ys) = 0((0X") 0 X 1)(Ys) 0(Xs4(Y5))

This ends the proof of the second assertion. The proof of the lemma is now completed. |

From the above lemma, we also check that all the n-absolute moments of the Malliavin derivatives
Ds ®(X'Y;) are finite with at most quadratic growth w.r.t. the initial values.
Next proposition extends proposition 3.3 in [43] to stochastic processes of the form (6.2)).
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Proposition 6.2. Let [0,1], be any refining sequence of partitions of the unit interval. For any
h > 0 we define
@)= Y (X Yy) (W — W)
te[0,1]n

Then S"(®) is a Cauchy sequence in La(Y). In addition, for any decreasing sequence of time steps
h1 > ho we have the formula

1
lim E (Shl(cb) Sh2(<1>)) —E f DX, ;)2 dt+f D, ®(X',Y;) Dy ®(X*,Y,) ds dt
h1—0 0 [0,1]2

(6.3)

Before entering into the details of the proof of the proposition, we give a couple of comments.
The hypothesis that [0, 1], is a refining sequence indexed by h is not essential but it simplifies the
proof of the proposition, see for instance lemma 3.1.1 in [37]. Arguing as in the proof of theorem
3.3 and theorem 7.1 in [43] the above proposition ensures that the two-sided integral defined by the
Lo (€2)-limit coincides with the two-sided stochastic integral of the process ®(X*,Y;) over the unit
interval; that is, we have that

1
J DX Y) AWy i= Lo~ lim 7 S(X X)) (Won — We) (6.4)
0 T te[0,1]n

In this context, proposition can be interpreted as a version of the isometry property for
the generalized two-sided integral defined above.

Proof of proposition [6.2

We fix hy > hg and we assume that [0, 1], is a refinement of € [0,1],,. For any (s,t) €
([0,1]p, % [0,1]p,) we also set

" = @XM Y,) (X2, Y7) (Wayn, — We) (Wign, — W2)
With a slight abuse of notation we set
AWy = (Wsin, — Ws) and AW, := (Wign, — Wi)
e For any overlapping pair s <t <t + hy < s + h; using the decomposition
AWy = (Wsin, — Wign,) + AWy + (Wi — W)

we have

E ( (XM VL) B(XER2 V) AW, AW, | W v W”h?) — B(X*MY,) B(XH2 V) hy
It follows from the continuity properties of the processes that

1
E( Z Hl;;,hz) —h1—0 E <J (I)(Xta}/:f)2 dt>

s<t<t+ha<s+hi 0

e When s + hy; <t we have

XSt = (X' o Xyin,4)
6<Xt+h2 o Xs+h1,t) + ((aXt — aXH_hQ) o X8+h1’t> X aAXverhm‘,
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On the other hand, we have the decomposition

oxXt — oxtthe ((axt+h2) o X,;H,Q) X 0Xyppny — OXEHR2
_ ((axt+h2) o (I +AX,) - 6Xt+h2) +oxXtthe x AX!
+ ((XT2) 0 (I + AXy) — 0X+2 ) x AX]
with the increment functions
AXt/ = aXt7t+h2 —1 and AXt = Xt,t-‘th -1

With a slight abuse of notation, we shall denote by O(h?) some possible random variable with any
n-absolute moment of order h?, for some p > 0 with 0 < A < 1. In this notation, we have

AX|(z) = f+h2 00 (X10(2)) 0X4u(z) AW, + O(hg) = O(hY?)
AXy(z) = LHhQ (Xt u(z)) dW, + O(he) = O(h%ﬂ)

Given a smooth function 6 we set

1 — € n—1
"0(z, y) ::fo (1(7131)' 0" (2 + ey) de

In this notation, we have the first and second order decompositions

((0X'h2) o (I + AXy) — 0X'Hh2) (2)

= (2X"2) (2, AXy(z)) AXy(z) = (PXTH2)(2) AXy(x) + (3 XH2) (2, AXy(2)) AXy(z)?
This implies that
(OXt — 0Xth2)(z)
— (B2Xth2)(z) AXy(z) + X2 (z) x AX](z)
+(BXT2) (2, AXy(2)) AXp(2)? + (2 X1H2) (2, AXe(2)) AXi(z) x AX)(2)

from which we conclude that

X Stht = o(Xxth2 0 X1y )

+ [a((aXHhQ) © Xornit) ¥ ((AXe) 0 Xopny ) + X0 Xinr) x ((AX) 0 Xs+h1,t)] +O(h2)
This yields the first order decomposition

(I)(Xs+h17}/s)

= U0, (Ye) + 5, (Ye) ((AX0) 0 Xpn, ) (V) + 902, (Ys) (AXT) 0 Xiny 1) (Vs) + O(ha)
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with the functions
0, (Ys) = (X2 0 X gy, o) (Ye) o(Ye)

s,t

i (Ye) 1= 0((0X™"2) 0 Xy o) (Ys) <(Ye)  and 92, (Ys) := (X2 0 Xy, 1) (Vs) <(Y)

Notice that none of the functions but the increment functions (AX;) and (AX]) depend on W ¢4 p,,
nor on Ws s p, .
In the reverse angle, we have

(aXt-i-hg) oY,

= (XH2) 0 (Vo1 0 Ya) + [((DXT2) 0 Ve, ) o (T + AY:) = ((0X712) 0 Vi )| 0 Vs

with
AY; = (Ys54h — 1) = Ysup, = (I + AY,) 0 Y

Arguing as above, we have

[((0X"72) 0 Yoin, ) 0 (5 + AYs() = (OX™2) 0 Yon ) (0)]

= 0((0X"H12) 0 Yy, 1) (y) AYu(y) + 2((0X""2) 0 Yoyn, 1) (y, AYs(y)) (AYs(y))?
We conclude that
(aXt-‘rhg) oY,

= (0X"12) 0 (Yoo 0 Ys) + 0((0X"2) 0 Yo 1) (V) ((AY;) 0 Ys) + O(hy)

In the same vein, we have

soY = (coYern 1 0Ys) +0(c 0 Yorn 1)(Ys) (AY) 0 Yy) + O(h1)
Multiplying these terms, we check that

O(XHH2, Vi) = Wi, (Vs) + W, (Vi) ((AY;) oY) + O(ha)

with the functions

‘I’S,t(Ys) = ((aXHhQ) © s+h17t)(yte) x (co Ys+h1,t)(Ys)

WL (V) = [O((0X"2) 0 Yoy 1) (V) % (6 0 Yorny ) (Vo)

+ ((0X"12) 0 Yy ip, 4)(¥s) x (6 0 Yin, ) (¥5)]
None of the functions but the increment AY, depend on W ¢4, nor on W 4yp,.
Recall that the functions ®(X®*"2.Y;) and ¢8¢(Ys) don’t depend on AW;. In addition, the
functions ®(X**"1,Y;) and W9, (V,) don’t depend on AW;. This yields the formula

E (<I>(X5+h1,YS) o(X1Th2Y,) AW, AWt>

= E ([ yv) —ul,(vn)| e v) - 92,0 | aw, aw,)

= B (0L,(V3) 9L,(%) [(AY:) oY) AWL] [((AX0) 0 Xy ip, 1) (Vs) AW

+ E(WL,(Y) v2,(%) [((AY:) oY) AW] [((AX]) 0 Xopni)(¥) AWE]) + O (h77%)
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To take the final step, observe that

E (AY,(y) AW;)

-5 (] T B Yaa) Waan — W) a) vz (| T (Va(w) )

S S

_E ( J T ) du) +0 (1)

s

In the same vein, we have

E ((AXt)(Xssnyt(¥) AWe | Weiny 1)

t+ho
=E (J U(Xs+h1,u(y>) du | W5+h1,t> +0 (hé+1/2>
t

and

E ((AX))(Xstny t(¥) AWi | Wagny o)

=E <Lt+h2 00 (Xsih u(¥)) (0Xtu)(Xsin t(y)) du> L0 (h;H/Q)

e ([ 000 X (Kernetw) ) + 0 (157)

This shows that

hil by 'E (@(Xs+h1,ys) (X2 Y,) AW, AWt>

~ (k) w0 || ) ] 1] T o (Kasmen(¥) o

S

e (b vz 0 [ [ 30 a gt [ [T 000 X ) ) + 0 (112)

s

It follows that

lim E i he
i, (2 )

s+hi<t

1t
=E (J J [0((0X") 0 Yay)(Ya) (0 Yay)(Ya) + ((8X1) 0 Yar)(Ya) x 8(s 0 Yay)(Ya)] 7(V2)
0 Jo

x [0((0X") 0 Xg ) (Ys) 0(Xst(Ys)) + (X' 0 X 1) (Ys) 00(Xs1(Ys))]s(Ys) ds dt)

We end the proof of (6.3 using lemma and symmetry arguments. This ends the proof of the
proposition. ]
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6.2 Generalized backward Ito-Ventzell formula

This section is mainly concerned with the proof of theorem [I.I} Before entering into the details of
the proof we discuss how it applies to the process (X*,Y;) introduced in (6.1)).
Consider the random fields

Fi(z) := X'z)= 0F,=0X' and 0¢*F, = 0*X"
Gi(z) 0X'(x) b(x) + % PX'(z) a(z) and Hy(z) := 0X'(x) o(x) (6.5)

In this notation, the backward random field formula (4.1)) with ¢ € [0, 1] takes the form
1 1
Fy(z) := Fi(x) +J Gs(z) ds +j Hy(x) dWs with Fi(z) == (6.6)
t t

We fix some given Yy = y € R and we write Y; instead of Y;(y) and set
(Au7 Bua Eu) = (E(Yu)v E(Yu)v E(YU))

In this notation, we have

t t
Yt=y+JBudu+fEuqu (6.7)
0 0

Observe that By, 3, as well as the Malliavin derivatives D%, = da(Y,) D,Y, have moments of
any order. Consider the processes

Uy, = 0F(Y}) B+ % PPF,(Y,) Ay — Gi(Yy) = 0XH(Y3) (b —b)(Y7) + % XL Y, (@—a)(Vh)
Vi = 0F(Y;) By — Hy(Yy) = 0X'(Y;) (@ —0)(Yy) with A, := X7

In this notation, up to a change of sign and replacing x by Yp in ((1.10)) the stochastic interpolation
formula stated in theorem [I.2) on the unit interval takes the following form

1 1
Fl(Yl) — F()(Yb) = f Us ds +f Vs dWy
0 0

More generally, suppose we are given a forward real valued continuous semi-martingale Y; of the
form for some Wy ;-adapted functions B; and Y, and a backward random field models of the
form for some W; 1-adapted functions Fy(x), G¢(x), He(x).

We consider the following conditions:

(H1)': The functions Fy(z), G¢(z) and Hy(x) as well as the differentials OHy(x) and 0*Fy(z) are
continuous w.r.t. (t,z) for any given w € Q. In addition, for any n > 1 we have

sup (|[Fy(Ye +y)| v [Hi(Yi +y)| v IG:(Yi+y)) < ga(t)

lyl<n

1
sup (|0H(Y; + )| v [0F,(Yi +y)| v [PE(Yi+y)|) < gn(t) with E (J gn(t) dt) <o

lyl<n
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(Hz)': The Malliavin derivatives Ds0F;(x) and DsHi(x) are continuous w.r.t. x and (s,t) for
any giwen w € . In addition, for any n = 1 we have

sup (|(D8Ft)(Y;‘/ +y)| v |(D5Ht)(Y;f + y)|) < hn(sat)

lyl<n

suply<p ([(DsOF)(Ye +y)) < hn(s,t) with E (J h(s,t)dsdt | < oo
[0,1]2

(6.9)
(Hs): The random processes By, 3, as well as Dy%,, are continuous w.r.t. the time parameter and
they have moments of any order.

The next theorem is a slight extension of theorem [I.1] applied to the semi-martingale and the

random fields models discussed in (6.7) and (6.5)).

Theorem 6.3. Consider a backward random field models of the form for some functions
Fy(x),Gi(x), Hi(x) satisfying (H1)" and (Ha)'. Also let Y; be a continuous semi-martingale of the
form functions By and ¥, satisfying (Hs). In this situation, for any t € [0,1] we have the
generalized backward Ité- Ventzell formula

Fi(Yy) — Fo(Yo)

¢ 1 ¢ (6.10)
— J <0FS(YS) Bs + — 52FS(YS) A — GS(YS)> ds —i—J (OFs(Ys) Xg — Hy(Ys)) dWy
0 2 0

The r.h.s. term in the above display is understood as a Skorohod integral.

Proof: We use the same approximation technique as in [12), 41] and [42] (see also the proof of
theorem 3.2.11 in [37]). Consider a mollifier type approximation of the identify given for any € > 0
by the function

e(x) := p(x/€)/e for some smooth compactly supported function ¢ s.t. SO_OOO o(z)dr = 1.

For any z, applying the Ito-type change rule formula stated in proposition 8.2 in [38] to the
product function
D(X* (@), pe(Vy — x)) 1= X' (2) pe(Y; — 1)

we check that

t t

ul(z) ds —i—J ve(z) dWy (6.11)

(Fle) ¢l¥i = ) = (Fofe) 9%~ ) = | 0

0
with

Fu(@) 0p(Ys = 2) Bo+ 3 (@) PV — ) Ay — @ulYe = 0) Gulw)
vg(x) = Fy(x) 0pe(Ys — ) Bs — (Vs — ) Hs()

» M
—
8
~—
I

The stochastic integral in the r.h.s. of (6.11)) can be interpreted as a two-sided stochastic integral.
Recalling that
Dt(Ps(Yis - .CU) = DY a@e(}/s - l’)

we check that

Dos(z) = DiFy(z) dpc(Ys — ) Xs + Fy(x) DiYs %p(Ys — ) T
+Fs(x) 0pe(Ys —x) DiXg — DYy 0pc(Ys — ) Hs(z) — pe(Ys — ) DyHg(x)
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Condition (Hs) ensures that the processes Y; and D;Y; have moments of any order. In addition,
under the regularity conditions (H;)" and (Hs) we check that

JE(J: ul(z)? ds) dx <o and fE([Lt ve(z) dW5]2> dx < o0

Applying the Fubini theorem for Skorohod and measure theory integrals (see for instance |34}, 37, [44]
and the work by Leon [35]) we check that

t t
FL(Yy) = J Fiy(x) p(Yy —x) de = | Fo(z) (Yo — x) dx +f0 Us ds = L Ve dWs

with
Usg = Jug(m) drx and VS := fv:,(:c) dx

Integrating by parts where derivatives of ¢, appear we check that

v = <an<x> Bt § R(x) A Gsu)) oY —x) da

Vi = | @R 5~ H) et - o) ds
From the a.s. continuity of Fi(x) in x for each ¢ > 0, we have
F(YE) = FiY) = | (FilYi = e.2) = Fi¥) ola) da —cc0 0

The functions 0F;(z), 02 F;(z) and G¢(x) are almost surely continuous w.r.t.  and uniformly locally
bounded. In addition, the random variables A; and B; are integrable at any order. Moreover, under
(Hy)' there exists some parameter n > 0 depending on the support of ¢ such that for any € > 0 we
have the estimate

1
Usl < sup [OF,(Ys + )| |Bs| + 5 sup 0% Fy(Ys + y)| |As| + sup |Gs(Ys + )|

ly|<n ly|<n ly|<n

< gn(t) (1 + ‘As’ + |Bs|)

Thus, by the dominated convergence theorem on (£2 x [0, 1]) equipped with the measure (P(dw)®dt)
we have

¢ t
J US ds — 0 J Us ds as well as  Ff(Y;) — 0 Fi(Y7)
0 0

It remains to check that

T
E(j (VE—-V,)? ds) + E (J (D, VE — D, Vi) (DsVi€ — DV, dr ds> —c50 0 (6.12)
0 [0,t]2

Observe that

<2 ftf (0Fy(2) — 0F(Ys))? 35 ¢e(Ys — 2) da ds +2 f (Hy(z) — Hy(Y3))? 0e(Ys — ) da ds
0
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Using the chain rule property we have
D,V¢§
= [ DR @ B - ) Ve -0 dot | OF@) B - H@) DiplYi = o) do
Integrating by parts, we check that
D,VE = J [Dy (0F,(z) £5 — Hy(x)) + (0*°Fy(z) &5 — 0H,(x)) DiYs| pe(Ys — ) da

Observe that
Dy (0F(z) X5 — Hy(z)) + (0*Fis(x) S5 — OHy(x)) DY,
— (D10F,)(z) + 3°Fy(2) D,Ys) £y + 0Fs(x) DS — (DeHs)(z) + 0Hy(z) DyYs)
On the other hand, we have
DV, = Dy(0F(Ys)) Bs + 0F,(Ys) Dy — Dy(Hy(Ys))
= ((DOF)(Ys) + 02 Fy(Ys) DyYs) S + OF,(Yy) DSy — ((DyH,)(Ys) + 0H,(Ys) DyYs)

Arguing as above, we have the estimate

E (j (D, VE — D,V,) (DsVE — DV, dr ds>
[0,1]2

<2E <J (DVE — D;V5)? ds dt) <2t > Ji(e)
[0,1]2

1<i<5h

In the above display, J;(€) stands for the sequences

Ji(e) == E f (0Fs(z) — 0Fs(Y3))? (Di24)? @c(Ys — ) ds dt da
[0,1]2xR

Jo(e) == E f (0H,(x) — OH,(Y3))? (D:Y5)? (Vs — x) ds dt dx
[0,1]2xR

J3(e) = E f (2 Fu(x) — *Fu(Y2))? (DiYa)? As e(Ys — ) ds dt da
[0,1]2xR

The last two terms depend on the Malliavin derivatives of 0F; and H, are they are given by

Jy(€)

E ( f ((Dy0Fy)(x) — (Di0Fs) (Y3)? Ay o (Ye — ) ds dt dm)
[0,1]2xR

J5(€)

E ( | (D@~ (DH)Y))? oY~ o) ds di daz)
[0,1]2xR
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Arguing as above, by the dominated convergence theorem we conclude that the Skorohod integral

t

¢
f Vi dWs  converges in La(€2) as € — 0 to the Skorohod integral J Ve dWy
0 0

This ends the proof of (6.12)), and the proof of the theorem is now easily completed. |

We end this section with some comments.

Remark 6.4. Recalling that the diffusion flow Yy introduced in has finite absolute moments of
any order, the integrability conditions stated in and are satisfied as soon as the functions
Fy, Gy, Hy, the differentials 0F;, 0°Fy, 0H;, and the Malliavin derivatives DyHy, DyOF; have at most
polynomial growth w.r.t. the state variable.

It is now readily check that (H1) and (Hs)' are met for the random fields introduced in (6.5).

The proof can be also be extended without difficulties to multivariate models. Following the proof
of proposition 3.1 in [{1], an alternative proof of theorem based on It formula for Hilbert space
valued processes can be developed. This elegant functional approach requires to introduce a custom
Hilbert-space valued processes framework but this approach avoids to do explicitly the interchange of
integration using the Fubini theorem for Skorohod and measure theory integrals. As the statement
of proposition 3.1 in  [{1], the assumptions of theorem can also be weaken when exrpressed in
terms of this generalized stochastic calculus for Hilbert-space valued processes.

7 Illustrations

7.1 Perturbation analysis

Assume that @ = ¢ and the drift function b; is given by a first order expansion

bi(2) = bsa(@) == bi(w) +6 b5 () with ) (2) = bV (@) + 2 b5 ()

N

for some perturbation parameter ¢ € [0, 1] and some functions bgiz (x) with i =1,2.

In this context, the stochastic flow Xg¢(z) := X§7t(x) can be seen as a d-perturbation of
Xoalw) i= X0, (x).

We further assume that the unperturbed diffusion satisfies condition (7)s.

To avoid unnecessary technical discussions on the existence of absolute moments of the flows we
also assume that bgg (x) are uniformly bounded w.r.t. the parameters (4,¢,z). In addition, bgl)(:p)
is differentiable w.r.t. the coordinate x and it has uniformly bounded gradients. In this situation,
we set

b = sup b5 (@)] - and  [VOY]| = sup [V (@)
4T t,x
With some additional work to estimate the absolute moments of the flows, the perturbation analysis
presented below allows to handle more general models. The methodology described in this section
can also be extended to expand the flow X it(x) at any order as soon as 0 — bs(x) is sufficiently
smooth.
The first order approximation is given by the following theorem.

Theorem 7.1. For any s <t, x € R and 6 = 0 we have the first order expansion

52
X{a(w) = Xap(w) +0 0Xsp(2) + = 05 X4 () (7.1)
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with the first order stochastic flow

0X,4(x) = f (VXut) (X)) 0D (X, 0(2)) du

s

The remainder second order term &(%X&t(x) in the above display is such that for any n = 2 s.t.
Aa(n) > 0 we have the uniform estimate

sup E[[| 07 X,0() """ < e

s,t,x

Proof. Using (4.12)) we readily check that

DXJ,(x) = 07X, (x) — Xou(a)] = f (VXug) (X2, () 08)(XE ,(2)) du

s

By proposition [3.2] for any n > 2 we have
1/n
Xi(n) = Aa — (n—2)p(V0)*/2 > 0 — E (DX, @)") " < pOI/AGm) (7.2
This yields the first order Taylor expansion (|7.1)) with
02X 4(x) 1= APV X, 4 () + 08P X, ()
and the second order remainder terms

f (VXas) (X3, () 52 (XS () du

0PV X, (x)

oY X,y (x)

257 ' (9X) (X2 @) — (VXo) (Ke@)]| 40X (2)) d
#2671 (V00) (Kaale)) 0K 00) — 00 (Ko )]

Arguing as above, for any n > 2 s.t. A (n) > 0 we have the uniform estimate

E (J0? Xo@)1") " < e 621/ )

To estimate 6(2’1)X s,t(z) we need to consider the second order decompositions

271 0P X, 4(x)

[ 17 ud] (Fea0) + K20~ K)o KE) © DX (0]

1 rt !
X0 () VD (X)X (0) = X)) DXL () du e
0 Js
Combining proposition [3.3| with the estimate ([7.2)) for any n > 2 s.t. Aa(n) > 0 we check that

B[00 X, (@) < e (140 X(b.0)/Aa(m) (bO]/Aa(m))

for some universal constant ¢ < o0 and the parameter X(b,o) introduced in (2.6). This ends the
proof of ([7.1]). The proof of the theorem is completed. m
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7.2 Interacting diffusions

Consider a system of N interacting and R%valued diffusion flows Xg’t(x), with 1 < ¢ < N given by
a stochastic differential equation of the form

) ) 1 ) 1 . )
dX!,(z) = B, (X;,t(x),N > Xg,t(g;)> dt + oy <N > ngt(g;)> AW
1<i<N 1<i<N

for some Lipschitz functions By(x,y) and o4(y) with appropriate dimensions. In the above display,
W} stands for a collection of independent copies of d-dimensional Brownian motion W;. Assume
that By(z,y) linear w.r.t. the first coordinate.

In this situation, up to a change of probability space, the empirical mean of the process

_ 1 ,
Xsi(w) == N Z Xi4(@)
1<i<N
satisfies the stochastic differential equation

dXs1(z) = by (Xs,t(:n)) dt + ﬁ oy (Xs,t(:r)) dW; with b(x) := By(z,x)

Formally, the above diffusion converges as N — o to the flow X,;(z) of the dynamical system

defined by
0t Xs () := b (Xs4(2))

More rigorously and without further work, the forward-backward interpolation formula (|1.10) yields
directly the bias-variance error decomposition

Xot@) = Xasle) = 50 [ (F2X) Rel@)) 0u(Ke(o) d

(VXut) Xsu(®)) ou(Xsulx)) dW,
sk
This readily implies the a.s. convergence

Ys,t(m) —>N->w Xs,t(x>

After some elementary manipulations we check the bias formula

lim N [E(X4(2)) — Xe4(2)] = 1

N—o 2 L (VZXuat) (Xsu(@))" au(Xsu(2)) du

We also have the almost sure fluctuation theorem

lim VN [Xs4(2) — Xs4(2)] =f (VXut) (Xsu(@) ou(Xsu(z)) dW,

N—o s

7.3 Time discretization schemes

This section is mainly concerned with the proof of proposition [[.4] We fix some parameter h > 0
and some s > 0 and for any ¢ € [s + kh,s + (k + 1)h[ we set

axly(z) = Yii(@) dt+ o dWy with Yiy(@) = b (XL, (@)
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for some fluctuation parameter o > 0. For any s + kh < u < s+ (k + 1)h we have
Xf,u(x) - X?,s+kh(x) = Y:Ghu(x) (u—(s+kh))+0 (Wy—Weirn)
Using (4.12)), in terms of the tensor product (2.1) we readily check that

t

X[y(2) = Xou(2) = j

S

(VXut) (X2, @) Vi) = b(XL, ()] du

Combining (3.5) with the Minkowski integral inequality we check that
1/n t n 1/n
| B(lvx (@) [V - by a@n] 1) du

s

I

E (|2 () — Xor(@)]")

t 1/n
= [ B (@) - @)

s

where the second line follows from the exponential estimate of the tangent process from proposition
The integrand will be bounded as follows: for any s+ kh < u < s+ (k+ 1)h and any n > 1 we
have

£ (Jb(xtu(@) — Y @)1") " < 198] ([16O)] + () [V6]] 4+ o VA)

which then yields the stated result of the proposition. We now prove the stated bound on the
difference of the drift processes. For any s + kh < u < s + (k + 1)h we have

1 !
- UO Vb (XL (@) + (X0 @) = X2 (@) b (X (@) de] (u— (s + kh))
1 /
+ Uo Vb (Xg,s+kh($) +e(X],(2) - Xf,ﬁkh(@)) df] o (Wy = Wiikn) (7.3)

The L,-norm of the second integral term is bounded by |Vb|o+v/h.
The assumption (z,b(z)) < —8 |z|?, for some B > 0, implies the stochastic flows X;+(z) has
uniform absolute moments of any order n > 1 w.r.t. the time horizon, that is, we have that

mp(x) < Ky (1 + ||z)])  with my,(x) defined in (2.10)).

The stochastic flows X ?t(x) also obey a similar moment bound: observe that for any ¢ € [s+ kh, s+
(k + 1)h[ we have

d|X3 ()]

<[220 1X0, @)1 + 2 (XA (@), b(OXL i (2)) — BOXL (2))) + 0% dt + 20 XE(2)dW,

S,

Thus, for any € > 0 we have
d| X! () < [(—2/\0 + )| XL (@)]* + eV + an] dt + 20 X[, () dW;

We can check that the stochastic flows X ;‘t(aj) also have uniform moments w.r.t. the time horizon;
that is, for any n > 1 we have that

~ h n 1/n

it () i= supsupE [| XLy ()| | < e (14 [a])

h=0 t=s
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Using this bounds, we check that
E(Ib(XL 10 (@)™ = [6(0)] + 1ien ()| VD]

The end of the proof now follows elementary manipulations, thus it is skipped. The proof of propo-
sition is now completed. n

Appendix

In this appendix we prove the estimates ([1.16)) and (2.10)) and proposition
Proof of (2.10))
Whenever (M), is satisfied, we have
20w, by(2)) + oe(2) |7 <70 + 7il2] — 72l
with the parameters
Yo=ao+200 M =oa1+201 and 72 =20 —

Observe that

d X (2)]?

= [2(Xst(@), be( X2 (2))) + o0 (X p(@))|F] dt + 235Xt (@), 0kt (Xsa(2))) AW

After some elementary computations, for any n > 1 we check that
nT R [ X o (2) ] < =2 — 2(n — Dag] E[|| X (2)]*"]
I+ 200~ Dan] E[|Xa0@)[2""] + o + 200 — D] E [|X(2) 2]
This implies that

HE [”Xst(:v)||2n] o <—[r2—-2n—1as] E [HXs,t(ZE)HQn] I/n

+ [+ 20 = Dol E[|Xau(@)[2"]® + [0 + 2(n — 1)a]

from which we check that for any € > 0 we have
1
O [| X (@)]>] "

n1l/n 1
< —[y2—2(n — D)oy — 2] E[|X.(2)2"]"" +

. [v1+2(n — 1)041]2 + [v0 +2(n — 1]

This implies that

OF [[| Xy a(2)2m] "

<208 — (0= 1/2)er — ] E[1Xou(@)P"]"" + o [y + 200 = Dl + [0 + 20 — D]
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from which we check that

n1l/n 9By —(n—1/2)ars—e|(t—s 1 |m1+2n—-1) 2+7+2n—1a
B [, () 7] " € o 2t g2y L 1 (2[B2—)(1z]—152())a2—(e] =

as soon as € < B2 — (n — 1/2)ag and n > 1. Replacing € by €(82 — (n — 1/2)as) and then (2n) by n
we check that

E[| Xs(2)["]"

(- _ 1 vi(n) + )
< e 1=9RM)=s) |4 4 with  vi(n) ==y + (n —2)a;
Il + s () =+ (2= 2)
This ends the proof of (2.10)). n

Proof of proposition (3.3
The proof of the estimate (3.10]) is mainly based on the following technical lemma of its own interest.

Lemma 7.2. Let Z; be a non negative diffusion process satisfying in integral sense an inequality of
the following form

dZ; < (=MZi + oy A/ Zs + By) dt + dM;  with  0:(M ) < (ugn/Zs + v:Z)?

for some parameters X > 0 and vy = 0, and some non negative processes (au, B¢, ut). In this
situation, for any € > 0 we have

¢
E(ZZL)I/H < GSéAnys(E)dS E(Zg)l/n_’_J‘ egz)m,u(e)du Z;L(e) ds (74)
0
with the parameters
n—1 , €
)\n,t(e) = —A + (o + 5
n n1l/n n—1 n1l/n 1 n1l/n n1l/n
@0 = B+ TS B[]+ < (E[af]" + (0= 1) E [(uwn)*]")

Proof. Applying Itd’s formula, for any n > 2, we have

n~LoR(Z1)

-1
<E |:Ztn_1(—)\Zt + oy A/ 2t + 51‘/) + n 5 (Ut\/ Z + ’UtZt)2 Ztn_2:|

= <_)‘ + - ; ! Ut2> E(Z{") +E {(51: + 1= ; ! ut2> Zf_l] +E ([at + (n — 1)upve] Ztn_l/Q)

On the other hand, for any € > 0 we have the almost sure inequality

n— n 1 n— n
o + (n— Vugw] 2"V 277 < % [ae + (n — Dwgwe ] Z77 + % Zy
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This implies that

n~toE(Z})

-1 1
< A\i(e) E(Z7) +E [(& + n 5 uf + % [a + (n — 1)utvt]2> Z{‘l}

Applying Holder inequality we check that

-1 1
E [<5t + = 5 uj + 2 [ag + (n — 1)Utvt]2> Ztnl}

n—1 1
<E — 4
|:<Bt+ 2 ut+2€

nql/n
[ + (n — 1>Utvt]2> } E(ZM)'Yn < 20 B(Zp)
This yields the estimate
5,5E(Zt”)1/n _ E(z;l)*(lfl/n) Tlila,:]E(Ztn) < )\n,t(e) E(Zzl)l/n + Z;L

This ends the proof of the lemma.

We set
Yiu(z) = |V?Xe(2)|7 and  Tyy(x) == VX (2)|r

and we also consider the collection of parameters
I7lr = supyy [m(@)[r p(v) = supy, Amae(vi(2))
with the tensor functions (7¢,v;) introduced in (3.9). Observe that
I7lF < IV?bF +d [V20|E  and p(v) <d Vi3

Whenever (7)2 is met we have

Tr [V2Xou(2) Au(Xop(2)) VEXg4(2)'] < =204 Yip(2)
Also observe that

T [[VXs(2) ® V()] T Xou(@) VEXu(@)'] | < 77 You(@)'? Ty(2)?

and
Tr [V X4 (2) @ VXt (2)] 04( X5 1(2)) [V Xt (2) ® VX 4(2)]'] < plv) Ty ()

In the same vein, we have

’TI' {[VXsyt(l') ® VXs,t(xﬂ v20't7k(X5’t(.%')> VQXSﬂg(JZ')/
+V2 X1 (x) Vo p(Xei(2) V2 Xsi(2)'} |

< |IV20%|p Tsu(2)? Yeu(2)2 + p(Voy) Yeu(2)

We are now in position to prove proposition [3-3]
Proof of proposition
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Applying the above lemma to the processes
Zi=Ysr(w)  A=2\a  a=2|7|r Top(2)® B = p(v) Tyu(x)*
and the parameters
up = 2Vd V20| p Tes(x)? and v, = 2Vd po(Vo)

we obtain the estimate (7.4)) with the parameters

Male) = =2 dtn = 1pu(Ve)? - ]
2@ = {plo) +200-1) [olp +2 (1} +1 - 12 (T [T} )}

X [V X 1 () 421"

Observe that .
2(e) < en? (1v e ) X(b,0)? E[|VXyy ()] 22]""

for some universal constant ¢ < o0 and the parameter X(b, o) defined in (2.6)). Using (3.8]) we check
that

E (|V2X,,(2)|2) "
t

< cn2 (1 v 671) X(b, 0_)2 f e—Q[AA—d(n—l)p*(VU)Q—i](t—u) 6—4[)\A—(n—1)p(VU)2](u—s) du

s

— cn2 (1 v 671) X(b, 0_)2 e—Z[AA—d(n—l)p*(VU)Q—i](t—s)

t
J o~ 2[Aa—(n=1)p(Vo) 2 +(n=1)[dps (Vo) ~p(Vo) 2145 (us) g,

s

Assume that
Mg > d(n—1)pa(Vo)?

In this case there exists some 0 < €, < 1 such that for any 0 < € < €, we have
A —d(n—1)p.(Vo)? > e
and therefore
E (|V2X.0(2)]|2) % < en e X(b,0) exp (= [Ma — d(n — 1)pu(Vo)? — €] (t — )

This ends the proof of the proposition. |
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Proof of ((1.16))

Using ([2.14)), the generalized Minkowski inequality applied to (1.10) whenever (7),s is met for
some 0 €]0,1[ and n > 2 gives

E[| Tsi(Aa, Ab) () [*]H"

o (7.5)

S Xn/s)

(\”Ab@)”\n/(pa) + H\AG(UC)WW(F&)) with (kp, A(n)) given in (2.13).

The Skorohod integral Ss;(Aoc)(z) is estimated using theorem Using (7.5) and (5.9) we check
that
~ n1l/n
E[|Xoa(@) = Xoul@) "]

< smn (180@) sy + IA@ya—s) + 180 @) 05, (1 v [2]))

as soon as the regularity conditions (7),/s5,, (M)an/s, and (T)a,/(1—s,) are satisfied for some pa-
rameter n > 2 and some 61,92 €]0,1[. Choosing §; = (1 — d2)/2 and setting 6 = d2 we check
that

E [|Xos(@) = Xoula@)|"]"

< ton (I1A0(@)lan15) + 120@)lon(145) + 180 @) lonss (1 v )

as soon as (M), /s and (T')ay,/(1—5) are satisfied for some parameter n > 2 and some 0 €]0, 1[. For
instance, (M), /s and (T )a,/(1—s) are satisfied as soon as

By — /2> (n/d —1) ay and g > d(n/(1—08) —1) p.(Vo)?

This ends the proof of (1.16)). |
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