N
N

N

HAL

open science

Benchmarking Large Scale Variants of CMA-ES and
L-BFGS-B on the bbob-largescale Testbed

Konstantinos Varelas

» To cite this version:

Konstantinos Varelas. Benchmarking Large Scale Variants of CMA-ES and L-BFGS-B on the bbob-
largescale Testbed. GECCO 2019 Companion - The Genetic and Evolutionary Computation Confer-

ence, Jul 2019, Prague, Czech Republic. 10.1145/3319619.3326893 . hal-02160106

HAL Id: hal-02160106
https://inria.hal.science/hal-02160106

Submitted on 19 Jun 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-02160106
https://hal.archives-ouvertes.fr

Benchmarking Large Scale Variants of CMA-ES and L-BFGS-B
on the bbob-largescale Testbed

Konstantinos Varelas!2
IThales LAS France SAS
’Inria, CMAP, Ecole Polytechnique, IP Paris
firstname.lastname@inria.com

ABSTRACT

In this paper we benchmark five variants of CMA-ES for optimiza-
tion in large dimension on the novel large scale testbed of COCO
under default or modified parameter settings. In particular, we com-
pare the performance of the separable CMA-ES, of VD-CMA-ES
and VKD-CMA-ES, of two implementations of the Limited Memory
CMA-ES and of the Rank m Evolution Strategy, RmES. For VkD-
CMA-ES we perform experiments with different complexity models
of the search distribution and for RmES we study the impact of
the number of evolution paths employed by the algorithm. The
quasi-Newton L-BFGS-B algorithm is also benchmarked and we
investigate the effect of choosing the maximum number of vari-
able metric corrections for the Hessian approximation. As baseline
comparison, we provide results of CMA-ES up to dimension 320.
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1 INTRODUCTION

The Covariance Matrix Adaptation Evolution Strategy (CMA-ES)
[9] is a successful and robust stochastic gradient-free optimizer,
addressing difficult non-smooth, non-convex problems. It is a rank-
based selection algorithm that adapts a multivariate normal distri-
bution A (m, 0'2C) for candidate solution sampling. The quadratic
time and space complexity of the method has led researchers to
propose several large scale variants over the last years.
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The Comparing Continuous Optimizers platform (COCO) [7]
facilitates the automated benchmarking and performance compari-
son of optimization solvers. In this study, we benchmark promising
large scale variants of CMA-ES on the novel bbob-largescale
testbed [4] of COCO that extends the bbob suite [8] in dimensions
up to 640, maintaining a linear scaling of the function evaluation
cost. We include data of CMA-ES up to dimension 320 as baseline
and also compare the performance of the gradient based L-BFGS-B
method [12] for high dimensional problems, for which we investi-
gate the effect of tuning the parameter that determines the maxi-
mum number of directions used for the Hessian approximation.

2 ALGORITHM PRESENTATION AND
PARAMETER SETTING

The Python implementation of CMA-ES! provides the option of
sampling from a distribution with a diagonal covariance matrix. The
method, originally introduced as separable CMA-ES [16], defines
the model with the simplest complexity, and it is benchmarked
here under the default parameter setting, denoted sepCMA in the
results.

The VD-CMA-ES [1] and its generalization, VKD-CMA-ES (3]
[2], are based on restricting the covariance matrix to models of the
forms D(I+ vv’ )D and D(I + VV')D respectively, where V is a
matrix composed of k orthogonal column vectors: V = [vy ... vi].
We benchmark the Python implementation of both variants, and in
the case of VkD-CMA-ES, we consider fixed k = 2, denoted as V2D,
as well as online adaptation of k.

The Limited Memory CMA-ES builds on the Cholesky-CMA-ES
[17] which conducts only the rank-one update of the covariance
matrix implicitly, by operating only on the Cholesky factors of C.
We benchmark the original LMCMA implementation [13], denoted
LMCMA14 (14lm in Tables 2 and 3), and a more recent version
[14], LMCMA17 (171m in Tables 2 and 3), both written in C, with
the source code obtained from the author? and with their default
parameter setting.

The RmES algorithm [11] is maintaining m evolution paths and
the resulting search distribution has m principal search directions.
The number m of paths is a key parameter for the algorithm. In
our comparison, we consider the values m = 2, denoted R2ES, and
m = 10, denoted R10ES. The MATLAB implementation was kindly
provided by the authors.

The large scale quasi Newton L-BFGS-B algorithm is also bench-
marked with finite difference approximation of the gradient. We
benchmark its implementation from the latest version® of the Python

1pycma
%publicly available in: LMCMA14 and LMCMA17
3Version 1.2.1
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SciPy library. The parameter maxcor that controls the maximum
number of variable metric corrections used for the Hessian approx-
imation is set to 10 (default value), denoted L-BFGS-B, and to 2 x D,
D being the dimension, denoted m2DLBFGS. The motivation for
this is that experiments on the bbob suite suggest a performance
improvement, notably for the Ellipsoid, Discus, Sharp Ridge and
Sum of Different Powers functions, using values larger than the
default. Such an improvement does not further appear for values
larger than 2 x D.

Furthermore, results of the python implementation of CMA-
ES in its default setting, denoted CMA, are provided for problem
dimensions up to 320, as baseline for the performance comparison.

3 EXPERIMENTAL PROCEDURE

We run the algorithms on the entire bbob-1largescale suite for
5 x 10*D function evaluations according to [10]. A policy of inde-
pendent restarts is followed when default termination conditions
are met. Only for L-BFGS-B, the parameter ftol that sets the f
tolerance termination condition was changed to the machine preci-
sion? for very high accuracy. For all solvers, the initial point was
chosen uniformly at random in [~4,4]" and for CMA-ES and its
variants, the initial step size was set to 2.

4 CPUTIMING

The complete experiment was run on several multicore machines
with different processor types and number of cores. In order to
evaluate the CPU timing of each algorithm, we have performed a
shorter experiment, running the solvers with restarts on the first 3
instances of each function of the bbob-largescale test suite for
100 x D function evaluations. For this, we used (not exclusively)
two Linux multicore machines. The time per function evaluation,
measured in 10™° seconds for dimensions 20, 40, 80, 160, 320, 640
along with the corresponding processor type and number of cores,
are presented in Table 1. The MATLAB implementation of RmES
was run with MATLAB R2019a.

5 RESULTS

Results from experiments according to [10] and [5] on the bench-
mark functions given in [4] are presented in Figures 1, 2, 3,4 and 5
and Tables 2 and 3. The experiments were performed with COCO
[7], version 2.2.15, the plots were produced with version 2.3.3.

The average runtime (aRT), used in the figures and tables,
depends on a given target function value, fi = fopt + Af, and is
computed over all relevant trials as the number of function eval-
uations executed during each trial while the best function value
did not reach f;, summed over all trials and divided by the number
of trials that actually reached f; [6, 15]. Statistical significance is
tested with the rank-sum test for a given target A f; using, for each
trial, either the number of needed function evaluations to reach A f;
(inverted and multiplied by —1), or, if the target was not reached,
the best A f-value achieved, measured only up to the smallest num-
ber of overall function evaluations for any unsuccessful trial under
consideration.

“Equal to 2.220446049250313 x 10~
5The code that was used was under development, with no difference in the definition
of the bbob-largescale testbed, which was officially included in version 2.3 of COCO
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Algorithm Processor Type 20-D 40-D 80-D 160-D 320-D 640-D

Intel Core

Haswell, no TSX 19 23 34 56 100 200
@2.29 GHz-28 cores

sepCMA

Intel Core

Haswell, no TSX 4.85 8.70 16.7 384 69.0 136
@2.29 GHz-28 cores

LMCMA17

Intel Core
Haswell, no TSX 5.54 9.40 18.7 38.2 779 149
@2.29 GHz-28 cores

LMCMA14

Intel(R) Xeon(R)
R2ES CPUE5-2640v4  10.2 13.4 22.2 40.0 79.3 1574
@2.40GHz-40 cores

Intel(R) Xeon(R)
RI10ES CPUE5-2640v4 9.4 13.2 225 39.1 79.8 156.7
@2.40GHz-40 cores

Intel Core

Haswell, no TSX 23 27 37 57 100 200
@2.29 GHz-28 cores

VD-CMA

Intel Core
Haswell, no TSX 30 36 45 64 110 200
@2.29 GHz-28 cores

VKD-CMA

Intel Core

Haswell, no TSX 27 33 43 62 110 200
@2.29 GHz-28 cores

V2D-CMA

Intel Core

HaswelLnoTSX 2.9 5.1 9.3 18 35 70
@2.29 GHz-28 cores

L-BFGS-B

Intel Core

Haswell,noTSX 3.7 54 9.8 20 36 68
@2.29 GHz-28 cores

m2DLBFGS

Intel Core
CMA Haswell, noTSX 17 20 30 49 95 200
@2.29 GHz-28 cores

Table 1: CPU timing per function evaluation

6 OBSERVATIONS AND CONCLUSION

While the performance of LMCMA and RmES does not change be-
tween the original and rotated Ellipsoid function, as well as between
the original and rotated Rosenbrock function, this is not the case
for VkD-CMA. In particular, in dimension 320 the runtime is larger
by at least a factor of 10 for the Ellipsoid function when rotations
are applied, as presented in Figure 5. This function is an example
that perfectly illustrates the tradeoff of a restricted covariance ma-
trix model that exploits separability and of maintaining rotational
invariance: with no rotation, sepCMA is the fastest method, more
than 10 times faster than CMA for the most difficult targets. Then
VD with one principal search direction, V2D and VKD follow. When
rotations are applied, the opposite effect appears, with sepCMA not
reaching any target, and VD and V2D showing the worst perfor-
mance right after sepCMA. The property of invariance under affine
transformations of the search space that CMA-ES possesses does
not hold for the restricted complexity model methods.

Looking at the aggregated ECDFs of all functions in Figures
2 and 3 in order to compare the number of evolution paths of
RmES, the picture is diverse in dimension 80 but more clear in
dimension 320, where R2ES dominates R10ES for all budgets. The
latter can be of advantage though for certain functions. For the
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Figure 1: Average running time (aRT in number of f-evaluations as log,, value), divided by dimension for target function
value 10”8 versus dimension. Slanted grid lines indicate quadratic scaling with the dimension. Different symbols correspond
to different algorithms given in the legend of f; and f;4. Light symbols give the maximum number of function evaluations
from the longest trial divided by dimension. Black stars indicate a statistically better result compared to all other algorithms
with p < 0.01 and Bonferroni correction number of dimensions (six). Legend: o: CMA, ¢: LBFGS, : LMCMA14, v: LMCMA17,
©O: R10ES, /.: R2ES, 0: V2D, : VD, v: VKD, = : m2DLBFGS, -1: sepCMA.

convex quadratic Discus function, in dimensions smaller or equal to R10ES is clearly superior to R2ES on the group of ill-conditioned
160, R10ES is preferable and in dimension 320 R2ES overtakes R10ES, functions in dimension 80 and the performance difference becomes
while the picture is opposite for the Bent Cigar function where R2ES less significant in dimension 320.

dominates R10ES only in dimension 20. This fact suggests that the Another observation is the small success rate of LMCMA and
parameter strongly relates to the number of short axes and a larger RmES for the Gallagher function f21 in 320D, illustrated in Figure

value provides more robustness for these functions. As a result,
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Figure 2: Bootstrapped empirical cumulative distribution of the number of objective function evaluations divided by dimen-

sion (FEvals/DIM) for 51 targets with target precision in 1017821 for all functions and subgroups in 80-D.

1.0

0.8

0.6

0.4

0.2

Fraction of function,target pairs

0.0

1.0

0.8

0.6

0.4

Fraction of function,target pairs

separable fcts

bbob-largescale f1-f5, 320-D
51 targets: 100..1e-08
15 instances

VD
sepCMA
V2D
VkD
$—Om2DLBFGS
CMA
LMCMA17
R2ES
R10ES
BFGS
LMCMA14

0 4 6

log10(# f-evals / dimension)

multi-modal fcts

bbob-largescale 20- f24 320D
51 targets: 100..1e-!
15 instances

s

& ‘
2 4 6

log10(# f-evals / dimension)

moderate fcts

bbob-largescale 6-f9, 320-D
51 targets: 100..1e-08
15 instances

1.0

0.8

0.6

Fraction of function,target pairs

0.4
sepCMA
0.2 VkD
LMCMA14
0.0 d R10ES
0 2 4 6

log10(# f-evals / dimension)

weakly structured multi-modal fcts

» 1.0 TobobTargescae T5715,3200 CMA
£ R
g VD
808 VKD
E sepCMA
g 0.6 V2D
g LMCMA17
§ 0.4 R2ES
s
° R10ES
f
g 0.2 %LMCMAI“
e NG m2DLBFGS
£ F s o o7 aiam P
&G—ro- ex BFGS

0.0+-
0 4 6
log10(# f-evals / dimension)

Fraction of function,target pairs

Fraction of function,target pairs

ill-conditioned fcts

1.0 {bboblargescale f10-114, 320D
51 targets: 100..1e-08
15 instances
0.8
0.6
0.4
0.2
05— —
0 2 4 6
log10(# f-evals / dimension)
all functions
1.0 {bbob-Targescale - m 320D
51 targets: 100..1e-
15 instances
0.8
0.6
0.4
0.2
UU e 33
0 2 4 6

log10(# f-evals / dimension)

CMA
/ SJLMCMA17

&LMCMA14
V2D
VD
sepCMA

CMA
fLMCMA17

LMCMA14
sepCMA

Figure 3: Bootstrapped empirical cumulative distribution of the number of objective function evaluations divided by dimen-

sion (FEvals/DIM) for 51 targets with target precision in 1017821 for all functions and subgroups in 320-D.



Large Scale Variants of CMA-ES and L-BFGS-B on bbob-largescale GECCO ’19 Companion, July 13-17, 2019, Prague, Czech Republic

2 Ellipsoid, separable 3 Rastrigin separable 4 Skew Rastrigin-Bueche separ
» 1.0 BFGS © 1.0 fobob argescare 12 4 » 1.0 fobos: Troescos 5,800 CMA © 1.0 fwortomcaem 0 ||| <SepCMA
E M2DLBFGS & |15 mstnees R e R VD T [ VD
2 & a 2
‘gu 8 go.s fgo.a sepCMA ‘gu 8 CMA
s s s V2D s BFGS
506 506 506 VKD 506 m2DLBFGS
g g g YLMCMA17 5 /LMCMA17
S04 S04 S04 BFGS 504 MCMA14
) 5 5 m2DLBFGS ‘5 R2ES
_g 02 5 02 ,5 02 LMCMA14 _g 0.2 @R10ES
K] ] 3 R2ES K] %vzo
[y iy o0 el } —OR10ES [y VKD
0 6 ’ 2 4 6 0 2 4 6 ’ 2 6
10g10(# f-evals / dimension) 10g10(# f-evals / dimension) log10(# f-evals / dimension) 10g10(# f-evals / dimension)
5 Linear slope 6 Attractive sector 7 Step-ellipsoid 8 Rosenbrock original
1 L0 wolifrenwems 1.0 [T & w0 © 1.0 (Ewtrwan 7500 cMA 210 z m2DLBFGS
£ et ion £ e tis £ [ e £
T [ g [ g VD g [iBn BFGS
‘gu 8 i go.s fg‘o.s sepCMA ‘gu 8 VD
s ] s s JLMCMAL7 5 V2D
506 0.6 506 V2D 506 | vkD
5 I 5 Z LMCMAL4 5 | :CMA
Soal |l Soa Soa VKD So4 | sepCMA
5 SLMcmaLs 5 5 R2ES 5 R10ES
So2 VD §o02 VKD So2 | /9R10ES So2 LMCMA17
K] CMA ] )é’e & P~cLmcmaLa ] 2t sz )/ PABFGS K] LMCMA14
[y y 5epCMA L 4 RI10ES &g Wirmsr s = m2DLBFGS i R2ES
2 4 6 0 2 4 6 0 2 4 6 2 4 6
10g10(# f-evals / dimension) 10g10(# f-evals / dimension) log10(# f-evals / dimension) 10g10(# f-evals / dimension)
9 Rosen] rock rotated 10 Ellipsoid 11 Discus 12 Bent cigar
210 M2DLBFGS { 1.0 ks Tigescsr 10505 cMA 1.0 {ebrwens I 5 1 1.0 {ovigesear 2800 S
£ £ oot 166 elon £ ertneies Yeoe i T
g BEGS 8 |15 mances JIMCMAL7 & [is hnces 8 [
gos CMA gos v R2ES gos gos
= V2D i \ vk K =
506 VKD £06 RI0ES  £0.6 506
g VD g LMCMALY 5 g
204 IVLMCMAL7 5 0.4 V2D 204 204
s LMCMAL4 5 i VD 5 b
So2 | R2ES So02 J M2DLBFGS § 0.2 §o2 R2ES
g f OR10ES  § BFGS  © g VD
[y P il 5epCMA L / 5epCMA i SepCMA i sepCMA
2 4 6 0 2 4 6 0 2 4 6 2 4 6
10g10(# f-evals / dimension) 10g10(# f-evals / dimension) log10(# f-evals / dimension) 10g10(# f-evals / dimension)
13 Sharp ridge 14 Sum of different powers 15 Rastrigin 16 Weierstrass
L 1O0mwmearms®e || | | VD © 1.0 W—mummm e CMA m Lofmemmememmo | ]| $CMA L 10meaeTe s || 4CMA
T [is e CMA R e o JLMCMAL7 &  [1sindthaces | Vo g [t VD
gos BFGS gos LMCMA]A gos sepCMA €08 5epCMA
= ) m2DLBFGS § R10ES 5 V2D 5 JLMCMA17
50.6 /?& HE - MemaL7 506 R2ES 5 0.6 VKD 50.6
k< for f—V2D k| VKD 5 JLMCMAL7 £
i & g g i
Soa4 //-‘ e E‘\)vm Soa szn So4 R2ES  Soa
5 Zal i o sepCMA %5 5 BFGS 5
§o02 ){fﬁ‘g s \ \BLMCMALS & 0.2 BFGS §02 M2DLBFGS § 0.2 > !/ pLMCMAL4
g 4 \R2ES B m2DLBFGS T LMcMALd T e Sl I BFGS
© \ © ® o - o8
[y £ ©R10ES L v 5epCMA i PSLEREEE -Z?moes = = m2DLBFGS
0 2 4 6 0 2 4 6 0 2 4 6 0 2 4 6
log10(# f-evals / dimension) log10(# f-evals / dimension) log10(# f-evals / dimension) log10(# f-evals / dimension)
17 Schaffer F7, condition 10 18 Schaffer F7, condition 1000 19 Griewank-Rosenbrock F8F2 20 Schwefel x*sin(x)
9 LOTwobtoesr @0 || || #CMA @ L0 Walimeemates [T A # 1.0 {Eairgeseaems 500 VD 9 10 WoTgeor0®m0 | || <SepCMA
£ [ e el S5 | r ol o6, el e £ 5 a8 s
T [ Vo R et s VD 8 [i e AMCMAL7 & [i8 e
go 8 sepCMA ‘g‘o,s 5epCMA go 8 V2D %go,a
5 V2D 5 VKD 5 | vkp 5
§ 0.6 VKD E‘o.s V2D 5 0.6 CMA 5 0.6
B OR10ES 5 AMCMAL7 5 sepCMA
Soa RES 504 JpLMCMALE 5 0.4 R2ES Soa
b MCMAL7 ‘5 /?R10ES k) /)LMCMAM b
§o0.2 - LMCMA14  § 0.2 R2ES §o02 "oR10ES §o0.2 pere i d o
K 5 BFGS G £l 5. S m2DLBFGS T B—ELBFGS K r
8 3 Sx ?_L_ﬁg*gmg 8
o M2DLBFGS i 4, ¢ beie kﬁxems m2DLBFGS i il VLMCMA17
2 4 4 0 2 4 4
log10(# f-evals / dimension) 10g10(# f-evals / dimension) 10g10(# f-evals / dimension) \ogmm f-evals / dimension)
21 Gallagher 101 peaks 22 Gallagher 21 peaks 23 Katsuuras 24 Lunacek bi-Rastrigin
9 1.0 ([ETgecrerB5 T A5 VkD R T L | BT ek 73,800 cMA 9 1O TmeaEmi®o ] +CMA
£ £ 5 st 166 1 oot 100, 1008 £ 50 e feos
g SepCMA & [15 mtinees 15 inthnces Vo T i V2D
go,s CMA go,s sepCMA go,e VD
5 V2D 5 V2D 5 5epCMA
506 |\ vo 506 YLMCMAL? £ 0.6 VKD
5 B VKD 5 YLMCMA17
504 VLMCMAL7 5 0.4  oraoes Soa BFGS
5 | R2ES 5 | e g AR2ES 5 m2DLBFGS
§o2 YR10ES §0.2 . w@,_g)"%ﬁ bﬁ % o LMCMA14  § 0.2 LMCMA14
] BFGS G Fﬁ.’f = iy Sl lE '\;mares g |/ R2ES
&y M2DLBFGS &y Zi BFGS g azais M=t OR10ES
2 4 6 2 4 6 0 2 4
10g10(# f-evals / dimension) log10(# f-evals / dimension) log10(# f-evals / dimension) 10g10(# f-evals / dimension)

Figure 4: Empirical cumulative distribution of simulated (bootstrapped) runtimes, measured in number of objective function
evaluations, divided by dimension (FEvals/DIM) for the 51 targets 100782 in dimension 80.

5. This is due to poor termination conditions of the specific imple- increases up to 6 for the most difficult targets. This configuration
mentations that employ only step size values compared to the other can imply a slight defect, e.g. for the Bent Cigar function, but in
benchmarked solvers, for which the high success rate is attributed overview it dominates the default setting as can be seen from the
to the restart policy. aggregated ECDFs of Figures 2 and 3, where for all budgets the
In the case of L-BFGS-B, increasing the maximum number of success rate is superior.
corrections is clearly of advantage, that affects mostly the group of Overall, in all dimensions the best configuration of L-BFGS-B
ill-conditioned functions. Considering the example of the separable has superior success rate than CMA or the best CMA variant for a
Ellipsoid function in dimension 320 depicted in Figure 5, the runtime restricted budget range. As the budget increases, CMA as well as

is smaller by a factor of 2 for the easiest targets and this factor the best CMA variant overtake L-BFGS-B. That is, for dimensions
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Figure 5: Empirical cumulative distribution of simulated (bootstrapped) runtimes, measured in number of objective function

evaluations, divided by dimension (FEvals/DIM) for the 51 targets 10

smaller or equal to 40, VKD-CMA shows the highest success rate
right after CMA when a sufficient number of function evaluations
is used, and for larger dimensions LMCMA17 is better than VKD-

CMA.
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Table 2: Average runtime (aRT) to reach given targets, measured in number of function evaluations, in dimension 160 for the
first 12 functions. For each function, the aRT and, in braces as dispersion measure, the half difference between 10 and 90%-tile
of (bootstrapped) runtimes is shown for the different target A f-values as shown in the top row. #succ is the number of trials

that reached the last target fopt + 107".

The median number of conducted function evaluations is additionally given in italics,

if the target in the last column was never reached. Entries, succeeded by a star, are statistically significantly better (according

to the rank-sum test) when compared to all other algorithms of the table, with p =

0.050rp = 10"

k when the number k

following the star is larger than 1, with Bonferroni correction by the number of functions (24). Best results are printed in bold.
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Table 3: Average runtime (aRT) to reach given targets, measured in number of function evaluations, in dimension 160 for the
last 12 functions. For each function, the aRT and, in braces as dispersion measure, the half difference between 10 and 90%-tile
of (bootstrapped) runtimes is shown for the different target A f-values as shown in the top row. #succ is the number of trials
that reached the last target fopt + 1078, The median number of conducted function evaluations is additionally given in italics,
if the target in the last column was never reached. Entries, succeeded by a star, are statistically significantly better (according
to the rank-sum test) when compared to all other algorithms of the table, with p = 0.05 or p = 107% when the number k
following the star is larger than 1, with Bonferroni correction by the number of functions (24). Best results are printed in bold.
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