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Marina Kleptsyna! Andrey Piatnitski ¥ and Alexandre Popier?

April 11, 2020

Abstract

We consider the generic divergence form second order parabolic equation with
coefficients that are regular in the spatial variables and just measurable in time. We
show that the spatial derivatives of its fundamental solution admit upper bounds that
agree with the Aronson type estimate and only depend on the ellipticity constants of
the equation and the L°° norm of the spatial derivatives of its coefficients.

We also study the corresponding stochastic partial differential equations and prove
that under natural assumptions on the noise the equation admits a mild solution, given
by anticipating stochastic integration.

2010 Mathematics Subject Classification. 60H15, 60H07, 35A08,
35C15, 35KO08.

Keywords. Heat kernel, Aronson’s estimates, stochastic partial differential equation,
mild solution.

1 Introduction

In the first part of the paper we study the fundamental solution I' = I'(z, ¢, y, s) of the
parabolic equation

0

8—?(3:,15) = div [a(a;,t) vu(a;,t)}, (z,t) € R x (0, T). (1)
The existence of the fundamental solution I' and the description of its properties is

an old story that has given rise to a vast literature (see among others [I7, [31} 42} [16, 28]

and the references therein). One of the most famous result in this field is the Aronson
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estimate (see Inequality (4) and [2, Theorem 7]), which holds under the uniform ellipticity
condition on the diffusion matrix a (see condition . No regularity assumption on
the coefficients of a is required. To obtain similar estimates on the spatial derivatives of
T', it is usually assumed in the existing literature that the matrix a is Hélder continuous
w.r.t. both x and ¢ (see [31], Chapter IV, sections 11 to 13 or [I7], Chapter I): for some
he(0,1)

|la(z,t) —a(a/,t')| < Ka (]:U — a2+ |t — t"hﬂ) :

Notice that this setting is not well adapted to the stochastic framework, for example if
a(xz,t) = a(z,&) where £ is a diffusion process. Indeed, in this case the constant K,
depends on the continuity properties of £ and is random (see for example [4] for details).
Hence the constants in the estimate of V,I" need not be uniformly bounded if we follow
directly this construction.

Our first goal in the paper is to obtain Aronson type estimates for the spatial derivatives
of I', without any regularity assumption on the dependence ¢ — a(z,t). We impose only
a uniform Lipschitz continuity condition on the dependence z — a(x,t). Then the upper
bounds only depend on the ellipticity constants and L°° norm of the gradient of the
coefficients (see Theorem [T)).

There is a vast literature devoted to the behaviour of fundamental solutions of parabolic
equations. One of the questions of interest is how does the behaviour of fundamental so-
lution of a parabolic equation defined on a (non-compact) Riemannien manifold depend
on the properties of the metric. This question was studied in the works [14], [20], [43], [19]
and some others. Similar problems were considered for operators defined on fractal sets,
see [3], on groups, see [46], and on metric spaces, see [21], [32]. It is usually assumed that
the Radon measure on the metric space satisfies the so-called volume doubling property.
There is also a number of papers that focus on interior bounds for heat kernel, see for
example [34] [33].

Fundamental solutions of parabolic equations with time dependent coefficients have been
investigated in [22], [13].

A number of estimates for the derivatives of heat kernels on manifolds and metric spaces
was obtained in [25], [I8], [45], [23] and some other works including recent work [10].
Several papers also focuses on the fundamental solution of diffusion operators generated
by Markov processes with jumps [6], 8] or Dirichlet forms in [7].

However, in all the above mentioned works the question studied in the present paper has
not been raised.

When our paper was submitted we leant that a number of results closely related to
that of Theorem [I| have been obtained in the recent work [5]. In this work, for parabolic
operators in non-divergence form with time dependent coeflicient, the regularity of heat
kernel and solutions w.r.t. spatial variables is studied. In particular, the result of our
Theorem [1| can be derived from the results of this work. However, the approach used in
[0] is rather different.



In the second part of this paper we deal with the following stochastic heat equation:
dv(z,t) — div [a(x, t) Vo(z, t)} dt = G (z,t) dB; (2)

with the initial condition v(x,0) = 0 (see Remark |1| for more general initial value). B is
a standard Brownian motion, generating the filtration F = (F;, t > 0). The matrix a
is supposed to be a measurable function from R? x [0, +00[xQ into R¥4 and for each
(z,t) € R*x [0, +00[, a(x, ) is F;-measurable. This stochastic partial differential equation
(SPDE in short) in divergence form is somehow classical and among many other we refer to
the books [17,31] on PDE in divergence form, [111, 12, [30} 140} 47] and the references therein
on SPDE. The results of these works have than been extended in several directions, among
them are: Hormander’s condition [27, 29], Holder spaces [9] [36], LP-spaces [15], 26} 35, 87],
Laplace-Beltrami operator [44].
Our aim is to prove that the SPDE in admits a mild solution v given by:

v(z,t) = /0Adf(m,t,y,s)G(y,s)dyst, (3)

where I' is the fundamental solution of the equation in ([1)).

If the matrix a is deterministic, I' is also deterministic and the existence of a mild
solution v given by is well known (see [47, Chapter 5]). However, when a is random,
the stochastic integral in has to be defined properly since I'(x,t,y,s) is measurable
w.r.t. the o-field F; generated by the random variables B, with u < ¢. In other words
Equation involves an anticipating integral. To our best knowledge, there is only one
work on this topic by Alos et al. [I]. Compared to our setting, the authors in [I] consider
a space-time Wiener process, but the matrix a is Holder continuous in timeﬂ (condition
(A3) in [1]).

From the first part of this paper, we know that I' and its spatial derivative admit
Aronson’s type upper bounds and we extend these bounds to the Malliavin derivatives of
I, again without regularity assumption on a w.r.t. ¢ (see Theorem [2| and, in the diffusion
case, Corollary .

Finally, since our noise is a one parameter Brownian motion, we also want to obtain
a regular mild solution v on R x (0,7) in the sense of Definition [1| of Equation .
Compared to [1], since we have no space noise, we do not impose any condition on the
dimension d and our solution is derivable w.r.t. = (see Theorem 3| and Corollary .

In a recent paper paper [41] a similar subject is handled with a parametrix construc-
tion. However, since the studied operator is not in the divergence form, the authors have
to impose more regularity assumptions on the diffusion matrix a. Also, the SPDEs inves-
tigated in this paper are rearranged in such a way that the anticipating stochastic calculus
can be avoided.

The paper is organized as follows. In Section 2] we consider the generic heat equation
and its fundamental solution I". We prove that the spatial derivatives of I' admit an

! At the end of [T} section 5], the authors make a remark and give an example on this time regularity
assumption.



Aronson’s type upper bound, without any time regularity condition on a. Our result is
presented in Theorem

In the next section [3|, we assume that the matrix a is random. Using the arguments
developed in the previous section, we a number of estimates for the Malliavin derivative
of I and of VT, see Theorem 2] We also study the particular case where the randomness
is given by the solution of a SDE (diffusion case, section .

In Sectionwe construct a mild solution v of the SPDE in . Here we use anticipating
calculus and the properties of the fundamental solution I' of a parabolic equation with
random coefficients. In the first part of this section we provide our assumptions and
formulate the main result concerning a mild solution (Theorem [3| and Corollary [2 in the
diffusion case). Section is devoted to the proof of those results.

2 Estimate for the spatial derivative of the fundamental so-
lution

Our goal here is to obtain an upper bound for the derivative of the fundamental solution
I' for the PDE (I)). On the matrix a : R? x [0, +00) — R%*? we impose the following
conditions.

(H1) Uniform ellipticity. For any (¢,2,¢) € Ry x R? x R4
ATHCP < alz, )¢ - ¢ < Alg

(H2) The matrix a is measurable on R? x Ry, and for any ¢ > 0 the function a(, ) is of
class C w.r.t. o € R% Moreover, there is a constant K, such that for all ¢ and z

[Va(z,t)] < Ka.

We denote by £ the operator: £ = div [a(z, t) V}, then can be written:

Ou
ot
It is well known (see among other [2] or [I6]) that under condition |(H1)| there exist two

constants ¢ > 0 and w > 0 depending only on the constant A in Assumption [(H1)| and
the dimension d, such that

(x,t) = Lu(x,t).

0 S F(x7t7y7 8) S g§ﬂﬂ<$ - y7t - S); (4)

here and in what follows, for two positive constants ¢ and C, the function g.c(z,t) is
defined by

2
gec(z,t) = ct™% exp (_C\Tﬂ) , t>0, =R

Inequality is called the Aronson estimateﬂ Our first result reads.

2The function I" has a lower bound similar to the upper bound (see [2, Theorem 7])



Theorem 1 If the matriz a = a(x,t) satisfies the uniform ellipticity condition|(H1)| and
the regularity condition [(H2)|, then the (weak) fundamental solution T' of equation

admits the following estimate: there exist two constants o > 0 and w > 0 such that

|er(l',t,y, ‘9)| S (5)

1
— T —vy,t—5);
mgg,w( y )

here w depends only on the uniform ellipticity constant A and the dimension d, while o
might also depend on K, and on T.

Weak fundamental solution is defined in [I6], Definition VI.6]. Let us emphasize that these
estimates are coherent with [I6, Theorem VI.4]. The novelty is that the regularity of a
w.r.t. t is not required. The rest of this section is devoted to the proof of this theorem.

2.1 When a does not depend on z.

First assume that a just depends on ¢. In this case the fundamental solution I' is
denoted by Z and is given by the formula: for any s < ¢ and (z,y) € (R%)?

1

Z(x —y,t,s) = W

l/ DY (¢, 5, O)dC, (6)
]Rd

where V is the following function:

V(t,5,¢) = exp <— </t a(u)du g,g>> |

Due to Condition [(H1)| the matrix a verifies the estimates

A*@—@KP3<L1mmm<@>sxu—ﬁmﬁ

From the above expression for Z, we deduce that for any Kk > 1 and 1 < j ¢ < d with
1</i<k
k (i)F ic(a—y)
8 i Z(.%' _y7t7 S) = ]Rde v V(t787<>(CJ1 ° C]k)dc

Tjy Ty (27T)d/2

As in [I7], Chapter 9, Theorem 1, we obtain that:

1
|8£]1$JkZ(x - y7t7 8)| < m gg,w($ - y7t - S)' (7)

In particular the Aronson estimates and can be derived.
Now we define the parametrix, also denoted by Z, as the fundamental solution of
for a(3,t) where 3 € R? is a fixed parameter:

ou

a(% t) = div [a(g, t)Vu(zr, t)}

5



We have again the representation

1 el
Vs<t, Z(z—y,ts3) = (2m)d/2 /]R TV (L5, ¢, 5)dC, (8)

Ve = e (- { [ oo Y)

The above arguments give Estimates and . The following statement is equivalent
to Lemma 5 in [17], Chapter 9, Section 3 (see also [17, Theorem 1.3.2]).

In the next section, we use the parametrix method to construct I' when a depends on
both x and t. The following technical result is used several times.

with

Lemma 1 Suppose that f is a measurable function on R? x [0, +00) that satisfies the
estimate
|f (2, )] < kexp(Ea]?)

for some constants k and € < w/T. Then the integral

Fey= [ 2o -casdsicoic) s

is well defined for 0 <t < T, continuous on R? x [0, T], and the derivative V,F exists for
0<t<T and

t
VxF(:c,t):/O < RdeZ(xC,t,s,C)f(C,s)dC> ds

Proof. We skip the proof of this Lemma because it is the same as the proof of Lemma
IX.5 in [I7] (see also [I7], Chapter 1, Section 3 for more details). O

2.2 Parametrix method and the estimate on the gradient

The parametrix method suggests to construct I' in the form
F(x7t7yus) - y,t S y)
/ /R =G4, Q@(C, Y, s)dCdr. (9)

If the function ® is measurable and satisfies a suitable growth condition, we can apply
Lemma [I} Then I' is the fundamental solution if and only if

Bz, t,y,5) = K, t,y,5) // K(z,t,¢,r)®(C, ry, s)dCdr,
where

K(z,t,y,s) = div [(a(a:,t) - a(y,t)) V.Z(x —y,t, s,y)] .



Notice that in the expression a(m,t) — a(y,t), the matrix is evaluated two times at the
same time t. Hence formally the function ® is the sum of iterated kernels

O(x,t,y,s) ZIsz:ty, (10)
m=1
with ICp, defined by

t
K:m(xata Y, S) = / K:(.’E,t,C,T)ICm_l(C-,T, Y, S)dcdr
s JRd

Let us follow the scheme of [I7] to obtain (5). Remark that continuity of a w.r.t. ¢ is
not assumed. We will use the following notations: a; is the i-th column of a, v is the
vector-function such that

n
83]'1'

vi(z,t) = div(a;(z,t)) =
j=1

Note that under |(H2)|, v is bounded. The kernel K satisfies:

= 0*Z
IC(.Z',t,y,S) = Z(alj($’t)_az](yat))m(x_yvtﬂsvy)
ij=1 Lt
= 07
i=1 v

Lemma 2 Under[(H1)| and[(H2)|, the series in converge. The sum @ is measurable
and satisfies the estimate

Bz, 1.y, s >\_¢Lg@w< r—yt—s). (12)

The constants o and w depend on \ and d, whereas ¢ also depends on the Lispchitz constant
K, and on T.

Proof. From estimate considering Lipschitz continuity of a, we obtain
K(,t,y,5)] < Kalz —yl-— ggw( —y,t—s)

Kaﬁgc,w(m —y,t—s)

\/tlig&w(a: —y,t—s).

Again ¢, w or p may differ from line to line. Thus K satisfies inequality (4.6) of [17],
Chapter 9, Section 4. Then the convergence of the series in can be proved by the

7



same arguments. Indeed, by Lemma IX.7 in [I7] for any 1, 0 < n < 1, there is a constant
M (n,w) > 0 depending on 7, w and d such that

K, t,y, 8 |<// K (2,1, ¢, )| [K(C, 7,y 5)] dCdr

= /s /Rd (t—’r)(r —3) Jow (¥ = Gt = 7)go.m(C — y,m — s)dCdr

b M(n,w)e? L A (et A P
(t—r)(r—5) (t— ) p< (=) t—s>

By direct computation (see also Lemma 1.2 in [I7])

t
1
I SR -
/s \ (t=7)(r—s) r=r

Thereby there exist two constants o > 0 and w > 0 such that

|IC2(J/‘, tu Y, S)‘ S gQ,‘w(x - y)t - 8)'
Iterating this computation we obtain by induction for m > 2:

Mm

Tyt et =

[Km(z,t,y,s)| <
where M is a constant depending on ¢ and w, and the symbol (-)! stands for the gamma
function (see the proof of Theorem IX.2 in [I7] for the details). The convergence of the
series and estimate can be then deduced. Namely,

1 um
@x7tay,8 < —9 Ko r—vy,t—s 715_5(7”71)/2
L >[mz>1(1+m/2)!< )

1
= ﬁgQ’W(x —y,t—5)O(t — s).
For ¢ and s in [0, 7], we get: ©(t —s) < O(T). O

Using Lemma |1} we deduce that I' is well-defined, and inequality follows from the
formula

Oz, (2, t,y,8) = 0p;Z(x—y,t,8,y)
/ [ 902 = OBy s)dcar (13)

together with estimate on Z and on ®. We underline that only the properties
(H1)| and [(H2)| of a are required to obtain . This completes the proof of Theorem




3 Malliavin derivative of the fundamental solution

From now on we suppose that a = a(x,t) are random fields defined on a probability
space (92, F,P) that carries a d-dimensional Brownian motion B and that the filtration
F = (F, t > 0) is generated by B, augmented with the P-null sets. The matrix a :
R x [0, +00) x Q — RI*4 dependsﬂ also on w and we assume that conditions
and are fulfilled uniformly w.r.t. w. In particular the ellipticity constant A and the
bound K, do not depend on w. Since[(H1)|and [(H2)|hold, by Theoremthe fundamental
solution I' of and its spatial derivatives satisfy estimates and .

In order to define properly the stochastic integral in , we will use the approach
developed in [39] for anticipating integrals and thus Malliavin’s derivatives. In what follows
we borrow some notations from Nualart [38]. Recall that B is a d-dimensional Brownian
motion. Let f be an element of CI?O(Rd") (the set of all infinitely many times continuously
differentiable functions such that these functions and all their partial derivatives have at
most polynomial growth at infinity) with

fla) = flat ot san, o ah).

We define a smooth random variable F' by:

F = f(B(t1),...,B(tn))

for 0 <t; <ty <...<t, <T. The class of smooth random variables is denoted by S.
Then the Malliavin derivative D, F' is given by

pi(F) =Y (?(B(tl), o B(t) 104 (1)

1 0T

Sl

1=

(see Definition 1.2.1 in [38]). D;(F) is the d-dimensional vector Dy(F) = (D!(F), j =
1,...,d). Moreover, this derivative D;(F') is a random variable with values in the Hilbert
space L2([0,T]; R?). The space D'P, p > 1, is the closure of the class of smooth random
variables with respect to the norm

» » 1/p
1Py = [EGFP) + B (IDFIRa 0 pym0) | -

For p = 2, DY2 is a Hilbert space. Then by induction we can define D¥P the space of
k-times differentiable random variables where the k derivatives are in LP(2). Finally

]D)k:,oo _ m Dk,p, D® — m Dk’,oo_
p>1 keN
For the Malliavin differentiability property of I', we use the approach developed in

Alods et al. [I]. We assume that, in addition to [(H1)| and [(H2)] the matrix a possesses
the following properties:

3Note that here and in the sequel we follow the usual convention and omit the function argument w.



(H3) For each (z,t) € R% x [0,400), a(x,t) is a F;-measurable random variable.
(H4) For each (z,t) € R% x [0,400) the random variable a(z,t) belongs to D2.

(H5) There exists a non negative process 1 such that for any ¢ € [0, T] and any z € R,
|Dya(x,t)] + |D,Va(z,t)| < (r).

Moreover, 1) satisfies the integrability condition: for some p > 1

E </0T¢(r)2pdr) < +oo.

Note that if holds, then for all (z,2,t) € R¢ x R% x Ry
|Dya(x,t) — Dya(a’ )] < (r)|x — 2|

Indeed 1
agj(x,t) — aij(x’, t) = / Vaij(xl +0(z — ), t)df(z — ).
0

We differentiate both sides in the Malliavin sense and we use the estimate on D,Va. Our
second main result is

Theorem 2 Under conditions ((H1)H(HS5)|, the fundamental solution T' of and its
spatial derivatives belong to DY2 for every (t,s) € [0,T)?, s < t and (z,y) € (R")%
Moreover, there exist two constants o and w that depend only on the uniform ellipticity
constant A, the dimension d, on K, and on T, such that

‘DTF(IE,t, ya 5)| S T/J(T)Qg,w(ﬂf—yat— S)a (14-)
e v(r)
r
7mgg,w(x —y,t—s).
The quantity v is defined by . Finally T and D,T" are continuous w.r.t. (z,y) € R*
and 0 < s<t<T.

|DTVIF(:Cat7y78)| S (15)

Let us emphasize that the constant @ depends only on the uniform ellipticity constant A
and the dimension d, whereas the constant g also depends on K, and T.

3.1 Proof of Theorem [2

Let us remark that the construction of I' in Section [2| applies pathwise, w by w. We
want to prove now that in the framework of this section I' is also Malliavin differentiable.
As a straightforward consequence of one obtains that for any s < ¢, the random
variables Z(z — y,t,s), ®(z,t,y,s) and I are F;-measurable.

10



Let us first assume that a does not depend on z and consider the Malliavin derivative of
Z. From the representation @, this derivative can be computed explicitly: for j =1,...,d

, 1 o .
DiZ(x —y,t,s) = W/Rd CEDIV (s, ¢)dC

. t y
— s o Vs ([ Dt ) ac

Thus .
DiZ(x —y,t,s) = Trace [</ Dga(u)du> D27 (x —y,t, s)} .

Therefore,

‘D?,Z(.T - y7t7 S)‘ <

t
. 1
[ Dlatwdu] 2 gl -t = ).
s — S

Since the Malliavin derivative of a is bounded by (), we obtain:

‘DTZ({L' - y,t, 8)’ < lb(r)gc,w(l" - y7t - S)'
This yields . Similar computations give:

D,y Z(x —y,t,s) = —il/ @V (¢, 5,¢) </t Dia(u)du ¢ g>§-dg
YT y7 ) (27T)d/2 R ] s T ) J .

Using the estimate on the third derivative of Z w.r.t. x, we obtain :

‘Dramzz(x - y7t7 8)’ < w(r) !

< m Yew(T —y,t — 3). (16)

In other words if a does not depend on x, estimates , , and hold for Z. In
the case a(t) = a(&), the constants appearing in inequalities and depend on the
Lipschitz constant of the matrix a(y). Similar computations also show that

1
’Draglez(‘r - y7t7 S)‘ S ¢(T)m gc,w(l‘ - yvt - 5)'
We turn to the case of a that depends on both z and t.

Lemma 3 (Malliavin differentiability of ®) The function ® belongs to D2 for every
(t,s) € [0,T)2, s < t and (z,y) € (RY)2. Moreover, there exists two constants ¢ > 0 and
w > 0 such that

| Dr®(x,t,y,s)| < (r)

< \/ﬁ ggyw(a:—y,t—s). (17)

Proof. Recall that

Yilw, t) = div(ai(z,1)) = 3 g?; (z,1).

11



Note that due to Condition the process v belongs also to D'2. According to
the Malliavin derivative of K is given by:

- 9’z
DTIC($,t,y,S) = Z [Draij(x’t)7‘Draij(yat)]m($iyvtasyy)
ij=1 0%

n €

07
+ ZDT’YZ(x7t)87(‘T - y7t75)y)

i=1 v

- 9*Z
19 7t - ay5\Y, DTi - 7t7 ;
+ ijZ::L(a' ]('1" ) a ](y t)) 8xzax] (:L‘ Yy S y)

n

0z
+ D @)D= (@ =yt 5,).

=1

From our previous assumptions and properties we deduce that

DKLt )] £ V)G danle it =)
V)= (e =t =)
b I danle -t =)
)~ gl st =)

1
< T)— r—1y,t—5s).
= 11[}( )m ngw( Yy )
By induction, using the same techniques as in the proof of Lemma [2]), we obtain for m > 2
Mm
< -
— (1+m/2)!

with some constant M > 0 depending on ¢ and w. Indeed, for m = 2

‘DTK:m(x7 t? Y, 3)’ 1/1(7”)(15 - S)m/Q_ng,w(x - Y t— 8)

t
wmmw%ﬂ<//!mMm@ﬂWKm%ﬂﬂw

/ / K (2,1, ¢, 7)| |DK(C, 7y, 8)| dCdr

") / Rd \/(t — T)(T =) Yo (® = (T = T)gow(C — ¥y, 7 — s)dCdT

and the required estimate on the integral can be deduced by the classical arguments. By
the closability of the operator D we conclude that

D, ®(x,t,y, s) ZDKL (z,t,y,s) (18)

12



and that estimate holds. Since v(r) belongs to L?(Q2), ® € D2, This completes the
proof of the Lemma. O
We turn to the proof of Theorem [2| Let us show that I' € D2 and that the Gaussian
estimates hold for the Malliavin derivative. From the definition of I' in @D, the two
previous lemmata and the properties of the Malliavin derivative D we obtain that

D I'(z,t,y,s) = D;Z(x—y,t,s,y)
¢
+ / Dy Z(x — 1,7, O)B(C, 7.y, s)dCdr
s JRA

t
* /s /]Rd Z(x = (b, 7,¢)Dr®(C, 7, y, 5)dCdr. (19)

Inequalities and imply that
‘DTF(x’ ta Y, S)| é Ql)(r)gg,w(ﬂf - Y, t— 5)7
for the details see Lemma 1.4.3 in [I7]. From equation one can obtain an expression

0
oz, (x,t,y,s):

0 07
DTir s Uy Y = D a.. )
oz, (x,t,y,5) ( —¥y,t,5,y)

* / Rd D a_xz = ¢t 1, Q)P((, 7, y, s)dCdT

+ / /IRd axz - <7 t, T, C)qu)(Cv Y, S)dCdT

Again with the help of Lemma 1.4.3 in [I7], estimates and imply . This
achieves the proof.

3.2 Diffusion example

Here we consider the special case a(z,t) = a(z, &), with a matrix-valued function a
defined on R?% x R? such that

al. a is uniformly elliptic: for any (z,y,¢) € R? x R% x R¢
AP < az, )¢ ¢ < AP

a2. a is continuous on R? x R% and of class C! w.r.t. z with a bounded derivative: for

any (z,y)
‘an(l',y)‘ S Ka'

The process £ is given as the solution of the following SDE:
dft = B(t, ft)dt + O'(t, &)dBt, (20)
or, in the coordinate form, d¢} = B;(t,&)dt + Z?:l ai,j(t,ﬁt)ng. We assume that the

matrix-function o and vector-function 5 possess the following properties.

13



cl. o and b are globally Lipschitz continuous: there exists Kg, > 0 such that
HO’(t, y/) - U(tv y”)” + |B(t7 y/) - ﬁ(ta y//)‘ < K5,0'|y/ - y//|‘

c2. t+— o(t,0) and t — B(¢,0) are bounded on R.

c3. o and [ are at least two times differentiable w.r.t.  with uniformly bounded deriva-
tives. The absolute value of these derivatives does not exceed a constant that is also
denoted by Kg,.

It is well known that under the assumptions c¢1 and c2, £ is the unique strong solution of
the SDE and for any 7' > 0 and any p > 2

E( sup jef) <C.

te[0,7

where C' is a positive constant depending on p, T\, Kg, and . The next result can be
found in [38], Theorems 2.2.1 and 2.2.2.

Lemma 4 Under conditions c1- ¢3, the coordinate &} belongs to DY for any t € [0,T)
andi=1,...,d. Moreover for any j=1,...,d and any p > 1

sup E( sup |D3§§§yp> < +o0. (21)

0<r<T r<t<T

The derivative Dif@ satisfies the following linear equation:

DIt = ou(6)+ Z/ (5)Di(€") dBl+Z/ 4(5) DI(ER)d

1<k, l<d

forr <t a.e. and D,th =0 forr >t a.e., where o7 is the column number j of the matrix
o and where for 1 <i,j <d and 1 <1<d, b;;(s) and Eij(s) are given by:

bij(s) = (Ou,b)(Es), T (8) = (0a,000) (). (22)

The process & belongs to D> and the second derivatives D};Dgﬁf satisfy also a linear
stochastic differential equation with bounded coefficients.

For any r € [0,T] we define

P(r) = sup [|D;&]- (23)
te[r,T]

From Lemma [ we have for any p > 2

sup E (¢¥(r)P) < +o0. (24)
rel0,T]

14



We define for any (z,t) € R? x [0, +00)

a(x,t) = a(x,&).

Assumptions al and a2 imply that Conditions [(H1)| [(H2)| and [(H3)| hold. Moreover
let us assume that the matrix a is smooth w.r.t. y and satisfies the following regularity
conditions.

a3. Forany 1 < j,k<d
2

0x 0y,

1, a(z, )| + \ a(x,y>] <K,

Using conditions a2 and a3, the previous lemma and the classical chain rule (see
Proposition 1.2.3 in [38]), we obtain that

‘ da;
Dl (1) = D7 % M (. &) Dig:

k

Thus D,a(x,t) =0 if » > ¢, while for < ¢ we have

Oa;;
Dhag (o) < |52 1D/ (6)] < Ko (2)
The same computation shows that
Oa; 0%a; N,
Dy~ A : )Dj
Z (%sgay 7 &) DIE

Hence

8az~
DE G )] < Katb(r).

We deduce that a(z,t) belongs to D> (condition ( H4§ ), the previous computations yield
(H5)] and ¢ satisfies the integrability condition ([24). From Theorems [I] and [2] we deduce
immediately the following result.

Corollary 1 Under assumptions al —a3 on the matriz a and conditions cl —c3 on the
coefficients of the SDE , if a(x,t) = a(z,&), then the fundamental solution T' of
equation and its spatial derivatives belong to D2 and satisfy Estimates , ,

and .

4 Mild solution of the heat SPDE

In this last section we construct a mild solution v to the heat SPDE with the initial
condition v(z,0) = 0, that is we construct a solution v of equation (i3)).
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Remark 1 If the initial condition for v is given by a function 1, then by linearity of the
SPDE, we should add in one term:

t
ole,t) = / / T(a,t,y, 5)G (y, 5) dydBy + / D £, . 0)(y)dy
0 R4 R4

Under the setting of Theorem this additional term is well defined provided that the
function 1 increases no faster than a function exp(cx?) (see [17, Theorem I1.7.12]).

Let us specify our setting. We still assume that all hypotheses |((H1)| to [(H5)| hold and
we add several conditions on G.

(D1) The function G : R% x [0,4+00) x Q — R? is a progressively measurable function
that satisfies the estimate (1 + |z)V|G(x,t)| < &(t) for some N > d/2 and some

adapted process & such that
T
E(/(ﬂﬁ%0<+m
0

(D2) For each (z,t) € R? x [0, +00), the random variable G(z,t) belongs to D2, and for
any t € [0,7T] and any x € RY,

with some g > 1.

1D,G(x,1)| < G(z, )y (r).

The process ¢ is the same as in Condition and G verifies the growth assump-
tion: (1 + |z|)N|G(z,t)] < &(2).

(D3) The constants p of [((H5)| and q verify: p > ¢ > 2d + 4.

(D4) The process & verifies P ( sup &(t) < —|—oo> =1.
te[0,7

Remark 2 Under we have the weaker condition % + % < 1. From the proofs, we
are aware that this conition is a little bit too strong. But a relation between p, q
and d is needed with our arguments. In [1], this relation is implicitly given: for example
in Theorem 8.5, the authors impose p > 8 (for d = 1). [[D1)| and[(D4)] is a little bit more
general than in [1] where G is bounded with respect to (x,t).

Moreover the following relations hold:

2 1 2
2< k< P4 4 o M o, 4 <125,
p+tq q—17 2¢—k P q p+q
and 1 1 20— 1
7+p+q§q— Sl_p+qS p—1
2 2pq q 2pq 2p

Let us give our third main result.
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Theorem 3 Let assumptions|(H1)|-|((H5)| be fulfilled, and assume that conditions|(D1)|-
hold. Then on R® x (0,+00), the random field v given by is well defined, is

continuous w.r.t. (x,t) and has first derivatives w.r.t. x such that

2pq 2pq.
E [sup (1ot + |w<x,t>|p+q)] < toc.
t

z,

Moreover v is a weak solution of the SPDE in .

The notion of a weak solution is explained in Definition

4.1 The diffusion case

Again we assume that a(z,t) = a(z, ;) where ¢ is the solution of the SDE in (20). Let
us fix a measurable function g : R? x [0, +00) x R — R such that g is of class O w.r.t.
the last component and

G(l‘,t) - g($7t7§t)

Then the Malliavin derivative of G can be computed by a chain rule argument: D, G (z,t) =
Vyg(x,t,&)D&. Hence

‘DTG (.’I), t) ‘ < ‘Vyg(% t ft)W(?")
Let us assume that for some N > d/2:

|y

<(C—"F—.

Then &(t) = |&/| is continuous w.r.t. ¢, thus [(D4)|[holds. And, for any ¢ > 1,

E( sup | ] <cC.
te[0,T

Therefore, [(D1)| and [(D3)] are also satisfied. From Theorem [3] we get

Corollary 2 Under conditions al —a3 on the matriz a and c1 —c3 on the coefficients of
the SDE, if the previous assumptions are satisfied, then the conclusion of Theorem[3 holds
in the diffusion case.

4.2 Construction of the mild solution

The rest of the paper is devoted to the proof of Theorem Let us first specify the
meaning of a weak solution of equation .

Definition 1 Let v = {v(,t), (z,t) € R x [0, +00)} be a random field. We say that v
is a weak solution of equation if

17



e v is continuous on R¥ x (0, +00). Moreover, a.s. for any x € RY,

1 £)=0;
imv(z,t) =0 ;

e v has all first order partial derivatives in x on R% x (0, 400) ;

e for any test function ¢ € C§°(RY) and for all t € [0,T] we have

/ d$+// (z,5)Vo(x)Vu(x, s)dx / G(z, s)p(x)drdBs.

R4 0 Rd 0 Rd

Our aim is to prove that the random function v given by is a weak solution of the
SPDE . The stochastic integral in has to be defined properly since I'(z,t,y, s) is
measurable w.r.t. the o-field F; generated by the random variables B, with u < t. The
correct definition can be found in [39] and is based on Malliavin’s calculus. To define a
mild solution of (2)), let us recall [39, Definition 3.1].

Definition 2 Let L2 denote class of scalar processes u € L2([0,T] x Q) such that u; €
D2 for a.a. t and there exists a measurable version of Dyu; verifying

T T
E/ / | Dyug|2drdt < +oc.
0 0

1,2 . , . .
L= is the set of d-dimensional processes whose components are in Lb2,

Proposition 1 For any (t,x) € [0,T] x R%, the stochastic integral

o(, 1) //]R (2,19, )G (4, 5) dyd B,
E [/OT /Rd(v(x,t))zda:dt} < +00.

Proof. From Theorem [2| and condition [(D1)| on G, we deduce that for each (z,t) €
R x [0, T], the process

s well defined and

u(atos) = [ Doty 5)Glu.5)dy (26)
RA
is well defined. Aronson’s estimate ([4]), Hélder’s inequality and condition [(D1)]lead to:
et <C [ guale =t = )Gl Py < oS (20)
e T (L 2PN
Therefore,
t ) 2 t )
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Moreover,
Dyu(x,t,s) = / [D,I'(z,t,y,s)G(y,s) + I'(z,t,y,s)D,G(y, s)] dy.
RA

Therefore, from estimate on D,T', Hélder’s inequality and conditions [(D1)| and [(D2)
for G and G, we obtain

2
|Dyu(z, t,s)|> < </]Rd |D,I'(z,t,y,s)G(y,s) + I'(z,t,y,s)D,G(y, s)|dy>

< WOPC [ gule =t =) [[60 ) + Gl dy

< (e )

Applying again the Hélder inequality yields

E/Ot /Ot \Dyu(z, t, s)|*dsdr
<<1+rx|2N [(/1" ) :

q
Ce[(f s
Since p > ¢q/(¢ — 1), using Jensen’s inequality, we obtain

t gt
E/ / |Dyu(z, t, s)|*dsdr < +oo. (30)
0o Jo

Conditions and are exactly the ones required in Definition Hence u(x,t, s)
belongs to the space L;” and the stochastic integral v(x,t) is well-defined for any (x,t).
Moreover, the isometric property of the anticipating It6 integral holds (see Eq. (3.5) in

139):

E((v(z,1))?) = E/o \u(x,t,s)Pds—i—E/O /0 |Dyu(z, t, s)|*dsdr.

From our previous estimates (28) and (30]), we obtain that

E/OT /Rd(v(x,t))2dxdt
([ sors) ][ )|
O

We are going to prove that (x,t) — v(x,t) is continuous and = — v(x,t) is differ-
entiable. Note that we cannot directly use [39] Theorem 5.2] since I' also depends on t.
Even if I" is continuous on {0 < s < t < T'}, the singularity at time ¢ should be han-
dled carefully. We follow some ideas contained in [I], Section 3] and the regularity results
concerning the volume potential (see Lemmata and in the Appendix). The main
trick is to transform the anticipating stochastic integral v into a Lebesgue integral.

q—1
q

E

Q=

<CE
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4.2.1 Another representation of v

Given a € (0,1) define for any (¢,z) € [0,T] x R%:
¢
Xt) = [ [ (t=9) DLty )Gl dyds, 1)
0 JRe

Y(z,t) = /0 /R (£ 5) (a1, y, 5)G (0, 5)dyd B, (32)

Due to the Aronson estimate on D,I' and hypothesis [(D1)[on G the field X is well
defined for any « € [0, 1).

Lemma 5 Assume that 0 < a < Zp 1. Then a.s. (z,t) — X(x,t) is continuous. More-

over,foranya<1—mandany1<5§%

<sup|X 1) P) +E/ / (z,t)|°dzdt
<on( [ s [ ([ etmar)]

Assume furthermore that 0 < o < pQ;pl. Then a.s. x +— X (x,t) is differentiable:
t
X(z,t) :/ / (t —s) " *DsVI(z,t,y,s)G(y, s)dyds
0 JR4

and if 0 <20 < 1— p+q then E [sup\VX x,t) ]Pﬂ} < 400.

I,

Proof. We already know that DsI'(x,t,y, s) is continuous w.r.t. (z,y) and s < t. Thanks

to , we have a.s.
[ (=5 e IDr Gty s)ldy
R4
< /]Rd(t —8)""(8)gow (T — y, t — 5)dy < CP(s)(t —s)~ 7,

From our assumption on « and 1 we have

2p—1

/Otw(s)(t_s)ads < </Otw(s)2pds>2lp </Ot(t—s) 2 ald,g)Q” < too.

Moreover, a.s.

&(s)

Gy, s)] < sup ~— s < +o0.
Sﬁf’ (y, )| SUD 00
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Arguing as in the proof of Lemma we get the a.s. continuity of X w.r.t. (x,t). From
estimate on D I" we deduce

1
/]Rd | DT (z,t,y,s)G(y, s)| dy < Cw(s)ﬁ(é’)m

Let us choose r > 1 such that 1/r +1/(2p) +1/(2¢9) = 1 and ar < 1. Then

< ([[ooa) ([ o 2%)

Finally, the Holder and Jensen inequalities lead to the desired result.
To obtain the differentiability observe that estimate leads to:

(t —5) YDV I(,t,y,s)] < (s)(t— 5)_a_1/29.9,w($ —y,t—5).

It then remains to apply the same arguments as above with a + 1/2 instead of a. O
In the next lemma we prove that Y is well defined and integrable.

Lemma 6 For any (t,s,z) € [0,T])?> x R and any 0 < o < q%ql, the process

talantis) = (t=3)" [ Tt )Gl syl ()

belongs to }Lé’z. Moreover, for any 2 < k < }% it holds

< ¢
(1 [=[)<

Proof. As was shown in the proof of Proposition 1} !, we have the upper bound on u
and on D,u. Thus by the Holder inequality
t
E[(t-97 [ Ttys)Gl.s)y
0 Rd

< (1+|C;:|)2N </0t(t— s)_qaqlds>q;1 <E/Ot®(s)2qu>; < +o0;

here we have also used the inequality % < 1. Similarly,

/ / 20| D (e t, ) drds
: m%w =) Q“S)%)F

21
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2
ds

q—1

E </0tzp(7’)2dr) qu] q




Since p > q/(q — 1), by the Jensen inequality we derive that the process u, is in L
Now, using [39, Proposition 3.5], we have for any x > 2

t )
E( [ = Tt )Gl ) >
< cx </t(t s) 7> |E(u (5077573))|2d5> .

(/ / 20| D (a1, 5) 2 drdsym

Combining this with the previous inequalities we get

=(1f

+eci E

—_

[ (= )T (a9, )Gy, 5)dyd B, )

< W < 2qu>1 ﬁ
T </ s(stis) " ( [ wirrar) ]
< (1+|C;‘|)””V { 2%} E </OT w(r)er> zq”qm] %

This gives the conclusion of the lemma

0

In particular if N > d/2, the process Y belongs to L*([0,T] x R% x ). We use the
semigroup property of the fundamental solution to derive the desired representation of v

Lemma 7 For any 0 < a < %, v(z,t) admits the following representation

v(x,t) = sin(ra / /]Rd VI (x, t, 2,7) (Y (2,7) + X (2,7))dzdr
— / D I'(z,t,y,s)G(y, s)dyds,
0 /R4

(33)
where X and Y are given by and E
Proof. Recall that for any o € (0,1)

(2t . 5) _sm //]Rd

T - 8)70411(‘/1:7 t7 2, T)F(Z7 vy, S)dZdT.
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Applying Fubini’s theorem for the Skorohod integral we obtain

oz, 1) = / t /R a1y, 5)Gly, 5)dydB,
//Rd[/ [ o=

(r—s)"°T'(z,1y,s)G(y, s)dydBs | dzdr.

By Lemma@with 0<ac< E and uq(r, z,s) € Ltli’Q, and by [39, Theorem 3.2] we have
/ / e 0z, t, 2, 7) (r — 8) T (2,7, y, 5)G(y, s)dydBs
Rd
e 10 (a, t, 2, m)Y (2,7)
/ / ) ID(z, t, 2, 7) (r — 8) D2, 7,9, 5)G(y, s)dyds.
R4

Hence

SlIl

v(x,t) = / / ) (2, t, 2, 7)Y (2, r)dzdr
Rd

(r—s)"°T(z,1vy,s)G(y, s)dyds | dzdr.
Since for 0 < s < r <t <T we have
D,I'(x,t,y,s) = / [DsT(x,t, z,m)T(2, 7,9, 8) + [(x,t,z,7)DsT(2, 7,9, 8)] dz,
Rd

then

o, 1) = ST / /Rd )T (2,8, 2, ) (Y (r, 2) + X (r, 2))dedr

_Smgzm)/o (t_r)oc—ll/o /]Rd(r—s)_O‘DSF(x,t,y,s)G(y, s)dyds | dr

By the Fubini theorem we deduce the representation . ([l

4.2.2 Regularity of the process v

Now we assume that 0 < a < % and study separately the three terms in the decom-
position of v. Let us begin with the last one, namely

t
I, 1) = / DT (z,t,y, 5)G(y, s)dyds.
0 R4
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Remark that I3 is equal to X with @ = 0. By Lemma [5| with o = 0, a.s. the mapping
(x,t) — I3(x,t) is continuous, x — I3(z,t) is differentiable, and

2pq. 2pq.
B sup (11ae, 0% + VT, 075 | < .
x,t
We proceed with the term Iy given by

(z,t) / / V1 (2, t, 2, 7) X (2, 7)dzdr
R

Notice that for all p > ¢ we have 1 — % > (¢ —1)/q. Therefore, for a < 4 1 by Lemma
Bl we obtain
2pg
E <sup ]X(x,t)lpﬂ) < +00. (34)
z,t
Thus a.s. X is bounded w.r.t. (z,t). Arguing as in the proof of Lemma [5, we show that

for all « such that 1/2 + ’gg <a<i- L the term I, has the same regularity as I3 with

Viy(z,t) / / VI (2,8, 2, 1) X (2, 7)dzdr.
R4

Up to now the dimension d plays no role in our estimate, and we only used |(D1)| [(D2)]
and the relation p > ¢ > 4. To control I3, we used the fact that sup, , | X (z,)| is a.s. finite.
The estimate in the next statement does depend on d. Remark that if p > ¢ > 2d + 4,
then

1 (d+2 -1
7+(+)(p+q)<q .
4pq q

Lemma 8 Assume that 1 5 + % <a< LS 1. Then

[sup|lg(x t)\(Pﬂ) +sup|V12(a: 1) Pﬂ)] < +o0.

x,t

Proof. We only detail the arguments for the gradient of Iy ; for I itself they are similar.

Note that %—i— % < « is equivalent to (04 -3 2%) 5f1 > —1 with § = (iﬁ’é). Thus

by the Holder inequality:

VIV (2, t, 2, 7) X (2, r)dzdr

]Rd

< /O (t — )] (/Rd |VI‘(1:,t,z,r)|561dz>6;1 </}Rd |X(z,r)|<%zz>‘s dr.

From Estimate , we obtain

IA
~—~
~~
S~—
|
=2
~
no
—~
(=2
=
—

s
gg,w(x -y, t— T)éj
5
(t - T)_Q(é_l)_géj gg’,w’(a7 - yat - T)

5
|V I(x, t,y,r)|o-1
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with (¢, @’) = (g%,w%). This yields

6—1
8
(¢ = (/ V(.2 TN&dZ) < C(t—r) Yt — )75,
R

Using again the Holder inequality we arrive at the estimate

fe=er (fvre Zv?“)"’sle) (i <z,r>rédz) " ar
<o flumniet i) " ([ [ weoen)
</ /}Rd zr5dzdr>

_2pg T _2pq_
sup |[VIy(z,t)|vto < C / / | X (z,7)| et dzdr | .
xz,t 0 R4

Taking the expectation and considering we obtain the desired statement.
It remains to estimate the term [; in decomposition . It reads

(x,t) / / )02, t, 2, 7)Y (2, 7)dzdr
R4

| /\

Thereby

with Y given by (32 . Note that we are not able to obtain boundedness of Y; to do so we
would have to exchange the expectation and the supremum for an anticipating stochastic
integral. Recall that according to we have 2pq/(p+q) > 2d + 4. Hence the constant
 in Lemma [6] can be chosen in such a way that 2 < k < 2d + 4. Since Y is not bounded,

we will apply Lemma [A.2] Denote
Z(z,t) = / / Y (@, by u, )|V (u, ) |2 dudr,
Rd

Z(z,t) = / /Rd VI (2t u, 7)Y (u, ) |° dudr.

4 @Dta) - o q— there exists 1 < § < (2%) such that

Lemma 9 For any % Tpg

2pq ~ ﬁ 2pg
E |sup (Z(x,t))®+ad + sup (Z(x,t)) < CE/ / Y (z,7)| ®+o dzdr.
0 R4

z,t x,t

2
Proof. Choose 1 < § < » _’;q) and 0 = ( )5 > 1. Then

/ / ) (2t 2, 7)Y (2, 7) P dzdr
RA

a1 0 % 2pq %
< (t —r) D(z,t,z,7)?1dz Y (z,r)|Cetodz ) dr
0 R4 R4
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Due to the Aronson estimate the right-hand side here admits the following upper bound:

t 0 % 2pg %
/ (t —r)*? (/ [(x,t Z,r)ﬁ—ldz) </ Y (z,7)| oo dz) dr
R4 R4

_2pq_ é

< C/ (/ |Y(z,r)\(P+q)dz> dr
R4
<C</(—r)(al 36551 > (// zr‘(Pﬂ)dsz)
R4
<C (/ / (z,7 |<P+q>dzdr> ;
RA

here the latter inequality holds if (a —-1- 2%) % > —1, or equivalently o > d2i92 =
(d+2)(p+q) 5
4pq )

The computations similar to those in the proof of the previous lemma yield

1
7
/ / VI (2, t, 2, 7)Y (2, 7)|°dzdr < C (/ / (z 7")|<§i31) dzdr) ,
Rd

1 d

if (@—1-21—4) ;% >—1, or equivalently o > £ + 422 =1 4 (d+2)(p+a) 5

4pg
O

From Lemmata |§| and it follows that I; is a.s. continuous w.r.t. (z,t) and differ-
entiable w.r.t. . Arguing as in the proof of the above lemma, we obtain

2pg. 2pg.
B sup (160175 + 900 01%) | < 4.
z,t

Furthermore, a careful examination of our proofs shows that there exists > 0 such that
for any h > 0

2pq.
E[ sup |v(:v,t)\P+q} < Ch".
2,0<t<h

This implies that a.s. for any 2 € R%, v(z,t) tends to zero as t goes to zero.
To complete the proof of Theorem [3| consider a function ¢ € C§° (R%) and

J(t) = /R (e, () + /O t /R a(e, W) Vo, w)Vo(a)drdu.

By the previous Lemmata, J(t) is well defined on [0, 7] with

J(t) = /Rd (/Ot /]Rd [(z,t,y, s)G(y,s)dydBS> o(x)dx

/ot /Rd ale,u) ( /Ou L VT @y, 8)Gly, s)dyst> V(x)drdu.
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By the Fubini theorem

J(t) = /0 t /R d ( /R Dla,ty, s)qb(x)dx) G(y, s)dydB,
+ /0 t /R ) ( / t » VF(m,u,y,s)a(az,u)ng)(x)dmdu) G(y, s)dydB,

t
- / 6(y)G(y, 5)dyd B,
0 R4

since I' is the fundamental solution of .

Appendix

Recall that .
V)= [ [ Tt s)dds
0 R4

is the volume potential of f (see [17, Section 1.3]). Here we give some results concerning
the regularity of V. The first lemma is closely related to Lemma 1.3.1 and Theorem 1.3.3
of [I7] and Theorem 1 of [24].

Lemma A.1 Assume that f is a bounded measurable function. Then V is continuous
w.r.t. (z,t) € R x (0,400) and has first continuous derivatives w.r.t. x. Moreover, for
any t >0 and z € RY,

15)% ¢ 0
t) = T'(x,t dyds.
T @) /0 /Rd 5, D@t 9)f (v, 5)dyds
Proof. Fix some 2 € R? and t > 0 and consider
J(xt,5) = / D(@,t,y,5) (9 $)dy.
Rd

This function is continuous with respect to all its arguments z € R? and 0 < s < t.
Moreover, by

7t5)| < [ gula=ut =95y < C.

Since the function fgis J(x,t,8)ds is continuous for any sufficiently small ¢ > 0, this
implies the required continuity of V. For the derivatives, let us consider

J(x,t,s) :/Rd D(x,t,y,s)g(y, s)dy.

For any s < ¢, it holds

oJ 0
%(x,t,s) = /Rd %F(.f,t,y, S)Q(y, S)dy
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Now using , we have

0J
&vi

(x,t,s)

< (t—s)"V? /]R Gom(@ — st — 8)lg(y, $)|dy < C(t — 5)~ /2,

t
/0 g;(:n,t, s)ds

converges uniformly with respect to z and ¢ > 0. It follows that for ¢ > 0 and any x, the
derivatives

Therefore the integral

oV (2,1) toJ
—(z,t) =
axi 0 aﬂfl
exist and are continuous. ]
Let us give another version of these results.

(z,t,s)ds

Lemma A.2 Let g be a measurable function such that for some q > 1 there exists a
constant K > 0 such that for any (z,t) € R% x (0, +00)

t
/ / Tz, t,,5) + [VT (@, t, g, )] 9y, 5)|“dyds < K.
0 R4

Then V is continuous w.r.t. (x,t) € R x (0,+00) and has first continuous derivatives
w.r.t. x. Moreover, for anyt >0 and x € RY,

oV t 0
a—xi(x,t) —/0 /Rd axif‘(x,t, Y, 8)g(y, s)dyds.

Proof. By the Hélder inequality

q—1

)< ([ renmsa) ([ dr<x,t7y,s>g<y,s>wy);.

This implies the uniform convergence of the integral fg J(z,t,8)ds wr.t. x and t > 0.
Therefore, V' is continuous for ¢ > 0. For the derivative, the same arguments give:

ga;]z (x,t,5)
a=1 1
</ O P(wstys) dy) / O (a,t,y, )| lg(y ) dy )"
= e |0z, yU'lYs Yy e | Oz yOlYy g\y, Y
< Ot — )~ a1/ (a),
The rest of the proof is exactly the same as in the previous lemma. O
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