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Abstract
In this paper we present two analytical frameworks for calculating the performance of lock-free
data structures. Lock-free data structures are based on retry loops and are called by application-
specific routines. In contrast to previous work, we consider in this paper lock-free data structures
in dynamic environments. The size of each of the retry loops, and the size of the application
routines invoked in between, are not constant but may change dynamically. The new frameworks
follow two different approaches. The first framework, the simplest one, is based on queuing
theory. It introduces an average-based approach that facilitates a more coarse-grained analysis,
with the benefit of being ignorant of size distributions. Because of this independence from the
distribution nature it covers a set of complicated designs. The second approach, instantiated
with an exponential distribution for the size of the application routines, uses Markov chains, and
is tighter because it constructs stochastically the execution, step by step.

Both frameworks provide a performance estimate which is close to what we observe in practice.
We have validated our analysis on
(i) several fundamental lock-free data structures such as stacks, queues, deques and counters,

some of them employing helping mechanisms, and
(ii) synthetic tests covering a wide range of possible lock-free designs.
We show the applicability of our results by introducing new back-off mechanisms, tested in
application contexts, and by designing an efficient memory management scheme that typical
lock-free algorithms can utilize.
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1 Introduction

During the last two decades, lock-free data structures have received a lot of attention in the
literature, and have been accepted in industrial applications, e.g. in the Intel’s Threading
Building Blocks Framework [12], the Java concurrency package [20] and the Microsoft .NET
Framework [18].

Naturally, the development of lock-free data structures was accompanied by studies on
the performance of such data structures, in order to characterize their scalability. Having no
guarantee on the execution time of an individual operation, the time complexity analyses of
lock-free algorithms have turned towards amortized analyses. The so-called amortized analyses
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are thus interested in the worst-case behavior over a sequence of operations, which can be seen
as a worst-case bound on the average time per operation. In order to cover various contention
environments, the time complexity of the algorithms is often parameterized by different
contention measures, such as point [5], interval [1] or step [6] contention. Nonetheless these
investigations are targeting worst-case asymptotic behaviors. There is a lack of analytical
results in the literature capable of describing the execution of lock-free algorithms on top of
a hardware platform, and providing predictions that are close to what is observed in practice.
Asymptotic bounds are particularly useful to rank different algorithms, since they rely on a
strong theoretical background, but the presence of potentially high constants might produce
misleading results. Yet, an absolute prediction of the performance can be of great importance
by constituting the first step for further optimizations.

The common measure of performance for data structures is throughput, defined as the
number of operations on the data structure per unit of time. To this end, this performance
measure is usually obtained by considering an algorithm that strings together a pure sequence
of calls to an operation on the data structure. However, when used in a more realistic context,
the calls to the operations are mixed with application-specific code (that we call here parallel
work). For instance, in a work-stealing environment designed with deques, a thread basically
runs one of the following actions: pushing a new-generated task in its deque, popping a task
from a deque or executing a task. The modifications on the deques are thus interleaved
with deque-independent work. There exist some papers that consider in their experiments
local computations between calls to operations during their respective evaluations, but the
amount of local computations follows a given distribution varying from paper to paper, e.g.
constant [17], uniform [10], exponential [22].

In this work, we derive a general approach for unknown distributions of the size of
the application-specific code, as well as a tighter method when it follows an exponential
distribution.

As for modeling the data structure itself, we use as a basis the universal construction
described by Herlihy in [11], where it is shown that any abstract data type can get such a lock-
free implementation, which relies on one retry loop. Moreover, we have particularly focused our
experiments on data structures that present a low level of disjoint-access parallelism [13] (stack,
queue, shared counter, deque). Coming back to amortized analyses, the time complexity of
an operation is often expressed as a contention-free time complexity added with a contention
overhead. In this paper, we want to model and analyze the impact of contention. Loosely
speaking, the data structures that exhibit low level of disjoint-access parallelism have
lightweight operations (i.e. low contention-free complexity) and they are prone to high
contention overheads. In contrast, the data structures that present high level of disjoint-
access parallelism, or that employ contention alleviation techniques, provide heavyweight
operations (i.e. high contention-free complexity) and behave differently, compared to the
previous ones, under contention. Our analyses examine this trade-off and then facilitate
conscious decisions in the data structures design and use.

We propose two different approaches that analyze the performance of such data structures.
On the one hand, we derive an average-based approach invoking queuing theory, which
provides the throughput of a lock-free algorithm without any knowledge about the distribution
of the parallel work. This approach is flexible but allows only a coarse-grained analysis, and
hence a partial knowledge of the contention that stresses the data structure. On the other
hand, we exhibit a detailed picture of the execution of the algorithm when the parallel work
is instantiated with an exponential distribution, through a second complementary approach.
We prove that the multi-threaded execution follows a Markovian process and a Markov chain
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analysis allows us to pursue and reconstruct the execution, and to compute a more accurate
throughput.

We finally show several ways to use our analyses and we evaluate the validity of our
ideas by experimental results. Those two analysis approaches give a good understanding of
the phenomena that drive the performance of a lock-free data structure, at a high-level for
the average-based approach, and at a detailed level for the constructive method. Moreover,
our results provide a common framework to compare different implementations of a data
structure, in a fair manner. We also emphasize that there exist several concrete paths
to apply our analyses. To this end, based on the knowledge about the application at
hand, we implement two back-off strategies. We show the applicability of these strategies
by tuning a Delaunay triangulation application [9] and a streaming pipeline component
which is fed with trade exchange workloads [19]. These experiments reveal the validity of
our analyses in the application domain, under non-synthetic workloads and diverse access
patterns. We confirm the benefits of our theoretical results by designing a new adaptive
memory management mechanism for lock-free data structures in dynamic environments
which surpasses the traditional scheme and which is such that the loss in performance, when
compared to a static data structure without memory management, is largely leveraged. This
memory management mechanism is based on the analyses presented in this paper.

2 Related Work

Alistarh et al. [2] have studied the same class of lock-free data structures that we consider
in this paper. They show initially that the lock-free algorithms are statistically wait-free
and going further they exhibit upper bounds on the performance. Their analysis is done in
terms of scheduler steps, in a system where only one thread can be scheduled (and can then
run) at each step. If compared with execution time, this is particularly appropriate to a
system where the instructions of the threads cannot be done in parallel (e.g. multi-threaded
program on a multi-core processor with only writes on the same cache line of the shared
memory). In our paper, the execution is evaluated in terms of processor cycles, strongly
related to the execution time. In addition, the “parallel work” and the “critical work” can
be done in parallel. Also, in our paper we estimate the throughput (close to the inverse of
system latency) for any number of threads.

Comparing to our previous work: In [3], we illustrate the performance impacting factors
and the model we use to cover a subset of lock-free structures that we consider in this paper.
In the former paper, the analysis is built upon properties that arise only when the sizes of
the critical work and the parallel work are constant. There, we show that the execution is not
memoryless due to the natural synchrony provided by the retry loops; at the end of the line,
we prove that the execution is cyclic and use this property to bound the rate of failed retries.

Here, we provide two new approaches which serve different purposes. In the first approach,
we relax the assumptions regarding the critical work and parallel work parameters, that we
respectively use to model the data structure operations and the application specific code from
which the data structure operations are called. The first approach relies on the expected
values of the size of the critical work and the parallel work. This allows us to cover, compared
to our previous analysis, more advanced lock-free data structure operations, see Section 6.3.
Also, we can analyse the data structures running on a larger variety of application specific
environments, thanks to the relaxed assumption on the size of the parallel work. The second
approach provides a tight analysis when the parallel work follows an exponential distribution.

OPODIS 2016
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We can observe a significant decrease in the performance when the parallel work is initiated
with exponential distribution in comparison to the cases where the parallel work is constant
as in our previous work, see [4]. The tight analyses, in our previous work and the second
approach presented in this paper, reveal for the first time an analytical understanding of this
phenomenon.

This paper is complementary to the previous work, not only because of the difference in the
analysis tools, the extensive set of data structures and the application specific environments
that it considers but also because they together exhibit the impact of the size distributions
of the parallel work on the performance of lock-free data structures.

3 Preliminaries

We describe in this section the structure of the algorithm that is covered by our model. We
explain how to analyze the execution of an instance of such an algorithm when executed by
several threads, by slicing this execution into a sequence of adjacent success periods, where a
success period is an interval of time during which exactly one operation returns. Each of
the success periods is further split into two by the first access to the data structure in the
considered retry loop. This execution pattern reflects fundamental phases of both analyses,
whose first steps and general direction are outlined at the end of the section.

3.1 System Settings
All threads call Procedure AbstractAlgorithm (see Figure 1) when they are spawned. So
each thread follows a simple though expressive pattern: a sequence of calls to an operation
on the data structure, interleaved with some parallel work during which the thread does not
try to modify the data structure. For instance, it can represent a work-stealing algorithm, as
described in the introduction.

The algorithm is decomposed in two main sections: the parallel section, represented on
line 2, and the retry loop (which represents one operation on the shared data structure) from
line 3 to line 6. A retry starts at line 4 and ends at line 6. The outer loop that goes from
line 1 to line 6 is designated as the work loop. In each retry, a thread tries to modify the
data structure and does not exit the retry loop until it has successfully modified the data
structure. The retry loop is composed of at least one retry (and the first iteration of the
retry loop is strictly speaking not a retry, but a try).

We denote by cc the execution time of a CAS when the executing thread does not own
the cache line in exclusive mode, in a setting where all threads share a last level cache.
Typically, there exists a thread that touches the data between two requests of the same
thread, therefore this cost is paid at every occurrence of a CAS . As for the Reads, rc holds
for the execution time of a cache miss. When a thread executes a failed CAS , it immediately
reads the same cache line (at the beginning of the next retry), so the cache line is not missing,
and the execution time of the Read is considered as null. However, when the thread comes
back from the parallel section, a cache miss is paid. To conclude with the parameters related
to the platform, we use P cores, where the CAS (resp. the Read) latency is identical for all
cores, i.e. cc (resp. rc) is constant.

The algorithm is parameterized by two execution times. In the general case, the execution
time of an occurrence of the parallel section (application-specific section) is a random variable
that follows an unknown probability distribution. In the same way, the execution time of the
critical work (specific to a data structure) can vary while following an unknown probability
distribution. The only provided information is the mean value of those two execution times:
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Procedure AbstractAl-
gorithm
1 while ! done do
2 Parallel_Work();
3 while ! success do
4 current ← Read(AP);
5 new ←

Critical_Work(current);
6 success ← CAS(AP, current,

new);

Figure 1 Thread procedure.

successful
CAS

useless
work Access cw expansion successful

CAS

slack time completion time

success periodcan be null

Figure 2 Success period.

cw for the critical work, and pw for the parallel work. These values will be given in units of
work, where 1 u.o.w. = 50 cycles.

3.2 Execution Description
It has been underlined in [3] that there are two main conflicts that degrade the performance
of the data structures which do not offer a great degree of disjoint-access parallelism: logical
and hardware conflicts.

Logical conflicts occur when there are more than one thread in the retry loop at a given
time (happens typically when the number of threads is high or when the parallel section is
small). At any time, considering only the threads that are in the retry loop, there is indeed
at most one thread whose retry will be successful (i.e. whose ending CAS will succeed),
which implies the execution of more retries for the failing threads. In addition, after a thread
executes successfully its final CAS , the other threads of the retry loop have first to finish
their current retry before starting a potentially successful retry, since they are not informed
yet that their current retry is doomed to failure. This creates some “holes” in the execution
where all threads are executing useless work.

The threads will also experience hardware conflicts: if several threads are requesting the
same data, so that they can operate a CAS on it, a single thread will be satisfied. All the
other threads will have to wait until the current CAS is finished, and give a new try when
this CAS is done. While waiting for the ownership of the cache line, the requesting threads
cannot perform any useful work. This waiting time is referred to as expansion.

We now refine the description of the execution of the algorithm. The timeline is initially
decomposed into a sequence of success periods that will define the throughput. A success
period is an interval of time of the execution that
(i) starts after a successful CAS ,
(ii) contains a single successful CAS ,
(iii) finishes after this successful CAS .
To be successful in its retry, a thread has first to access the data structure, then modify
it locally, and finally execute a CAS , while no other thread performs changes on the data
structure. That is why each success period is further cut into two main phases (see Figure 2).
During the first phase, whose duration is called the slack time, no thread is accessing the
data structure. The second phase, characterized by the completion time, starts with the first
access to the data structure (by any thread). Note that this Access could be either a Read
(if the concerned thread just exited the parallel section) or a failed CAS (if the thread was
already in the retry loop). The next successful CAS will come at least after cw (one thread
has to traverse the critical work anyway), that is why we split the latter phase into: cw, then
expansion, and finally a successful CAS .
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3.3 Our Approaches
In this work, we propose two different approaches to compute the throughput of a lock-free
algorithm, which we name as average-based and constructive. The average-based approach
relies on queuing theory and is focused on the average behavior of the algorithm: the
throughput is obtained through the computation of the expectation of the success period at a
random time. As for the constructive approach, it describes precisely the instants of accesses
and modifications to the data structure in each success period: in this way, we are able to
deconstruct and reconstruct the execution, according to observed events. The constructive
approach leads to a more accurate prediction at the expense of requiring more information
about the algorithm: the distribution functions of the critical and parallel works have indeed
to be instantiated.

In both cases, we partition the domain space into different levels of contention (or modes);
these partitions are independent across approaches, even if we expect similarities, but in each
case, cover the whole domain space (all values of critical work, parallel work and number of
threads).

3.3.1 Average-based Analysis
We distinguish two main modes in which the algorithm can run: contended and non-contended.
In the non-contended mode, i.e. when the parallel work is large or the number of threads is
low, concurrent operations are not likely to collide. So every retry loop will count a single
retry, and atomic primitives will not delay each other. In the contended mode, any operation
is likely to experience unsuccessful retries before succeeding (logical conflicts), and a retry
will last longer than in the non-contended mode because of the collision of atomic primitives
(hardware conflicts).

Once all the parameters are given, the analysis is centered around the calculation of a
single variable Prl , which represents the expectation of the number of threads inside the
retry loop at a random instant. Based on this variable, we are able to express the expected
expansion e

(
Prl
)
at a random time. As a next step, we show how this expansion can be

used to estimate the expected slack time st
(
Prl
)

and the expected completion time ct
(
Prl
)
,

and at the end, the expected time of a success period sp
(
Prl
)
.

3.3.2 Constructive Method
The previous average-based reasoning is founded on expected values at a random time, while
in the constructive approach, we study each success period individually, based on the number
of threads at the beginning of the considered success period. So we are able to exhibit more
clearly the instants of occurrences of the different accesses and modifications to the data
structure, and thus to predict the throughput more accurately.

We rely on the same set of values used in the average-based approach, but these values
are now associated with a given success period. Thus the number of threads inside the retry
loop Prl , as well as the slack time and the completion time are evaluated at the beginning of
each success period. We denote these times in the same way as in the first approach, but
remove the bar on top since these values are not expectations any more.

The different contention modes do not characterize here the steady-state of the data
structure as in the previous approach but are associated with the current success period.
Accordingly, the contention can oscillate through different modes in the course of the execution.
First, a success period is not contended when Prl = 0, i.e. when there is no thread in the
retry loop after a successful CAS . In this case, the first thread that exits the parallel section
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will be successful, and the Access of the sequence will be a Read. Second, the contention of a
success period is high when at any time during the success period, there exists a thread that
is executing a CAS . In other words, at the end of each CAS , there is at least one thread that
is waiting for the cache line to operate a CAS on it. This implies that the first access of the
success period is a CAS and occurs immediately after the preceding successful CAS : the slack
time is null. Third, the mid-contention mode takes place when Prl > 0, while at the same
time, there are not enough requesting threads to fill the whole success period with CAS ’s
(which implies a non-null slack time). Since these requesting threads have synchronized in
the previous success period, CAS ’s do not collide in the current success period, and because
of that, the expansion is null.

4 Average-based Approach

We propose in this section our coarse-grained analysis to predict the performance of lock-free
data structures. Our approach utilizes fundamental queuing theory techniques, describing
the average behavior of the algorithm. In turn, we need only a minimal knowledge about the
algorithm: the mean execution time values cw and pw. As explained in Section 3.3.1, the
system runs in one of the two possible modes: either contended or uncontended.

4.1 Contended System
We first consider a system that is contended. When the system is contended, we use Little’s
law to obtain, at a random time, the expectation of the success period, which is the interval
of time between the last and the next successful CAS ’s (see Figure 2).

The stable system that we observe is the parallel section: threads are entering it (after
exiting a successful retry loop) at an average rate, stay inside, then leave (while entering a
new retry loop). The average number of threads inside the parallel section is Pps = P − Prl ,
each thread stays for an average duration of pw, and in average, one thread is exiting the
retry loop every success period sp

(
Prl
)
, by definition of the success period.

According to Little’s law [14], we have:

Pps = pw × 1/sp
(
Prl
)
, i.e. sp

(
Prl
)

= pw/(P − Prl). (1)

We decompose a success period into two parts: slack time and completion time (as
explained in Section 3.2). We express the expectation of the success period time as

sp
(
Prl
)

= st
(
Prl
)

+ ct
(
Prl
)
. (2)

When the data structure is contended, a thread is likely to be successful after some failed
retries. Therefore a thread that is successful was already in the retry loop when the previous
successful CAS occurred. The time before a thread starts its Access is then the time before
a thread finishes its current critical work since there is a thread currently executing a CAS .

4.1.1 Expected Completion Time
Since the data structure is contended, numerous threads are inside the retry loop, and, due
to hardware conflicts, a retry can experience expansion: the more threads inside the retry
loop, the longer time between a CAS request and the actual execution of this CAS . The
expectation of the completion time can be written as:

ct
(
Prl
)

= cc + cw + e
(
Prl
)

+ cc, (3)
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where e
(
Prl
)
is the expectation of expansion when there are Prl threads inside the retry

loop, in expectation. This expansion can be computed in the same way as in [3], through the
following differential equation: e′

(
Prl
)

= cc ×
cc/2 + e

(
Prl
)

cc + cw + cc + e
(
Prl
) ,

e (1) = 0

by assuming that the expansion starts as soon as strictly more than 1 thread are in the retry
loop, in expectation.

4.1.2 Expected Slack Time
Concerning the slack time, we consider that, at any time, the threads that are running the
retry loop have the same probability to be anywhere in their current retry. However, when a
thread is currently executing a CAS , the other threads cannot execute as well a CAS . The
other threads are thus in their critical work or expansion. For every thread, the time before
accessing the data structure is then uniformly distributed between 0 and cw + e

(
Prl
)
. Using

a well-known formula on the expectation of the minimum of uniformly distributed random
variables, we show in [4] that:

st
(
Prl
)

=
(
cw + e

(
Prl
))
/(Prl + 1). (4)

4.1.3 Expected Success Period
We just have to combine Equations 2, 3, and 4 to obtain the general expression of the
expected success period under contention: sp

(
Prl
)

=
(
1 + 1/(Prl + 1)

) (
cw + e

(
Prl
))

+ 2cc,
which leads, according to Equation 1, to

1
pw ×

(
Prl + 2
Prl + 1

(
cw + e

(
Prl
))

+ 2cc
)

= 1
P − Prl

. (5)

4.2 Non-contended System
When the system is not contended, logical conflicts are not likely to happen, hence each
thread succeeds in its retry loop at its first retry. A fortiori, no hardware conflict occurs.
Each thread still performs one success every work loop, and the success period is given
by sp

(
Prl
)

= (pw + rc + cw + cc)/P . Moreover, a thread spends in average pw units of
time in the retry loop within each work loop. As this holds for every thread, we deduce
P − Prl = Pps = pw/(pw + rc + cw + cc)× P . Combining the two previous equations, we
obtain

sp
(
Prl
)

pw = 1
P − Prl

, where sp
(
Prl
)

= rc + cw + cc
Prl

. (6)

4.3 Unified Solving
We have to decide whenever the data structure is under contention or not, and to find
the corresponding solution. Concerning the frontier between contended and non-contended
system, we can remark that Equations 5 and 6 are equivalent if and only if

rc + cw + cc
Prl

= Prl + 2
Prl + 1

(
cw + e

(
Prl
))

+ 2cc, (7)

which leads to Lemma 1.
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I Lemma 1. The system switches from being non-contended to being contended at Prl = P
(0)
rl ,

where

P
(0)
rl = cc + cw − rc

2(cw + 2cc)

(√
1 + 4(rc + cw + cc)(cw + 2cc)

(cc + cw − rc)2 − 1
)
.

Proof. The three following properties, proved in [4], demonstrate the lemma:
(i) P (0)

rl is the unique positive solution of Equation 7 if the expansion is set to 0,
(ii) P (0)

rl ≤ 1, and
(iii) there is no solution of Equation 7 with a non-null expansion. J

Thanks to Lemma 1, we can unify the success period as:

sp
(
Prl
)

=

 (rc + cw + cc) /Prl if Prl ≤ P (0)
rl(

cw + e
(
Prl
))
× Prl+2
Prl+1

+ 2cc otherwise.

The unified success period obeys to the following equation

sp
(
Prl
)

= pw
P − Prl

. (8)

We show in the following theorem how to compute the throughput estimate; the proof,
presented in [4], manipulates equations in order to be able to use the fixed-point Knaster-
Tarski theorem.

I Theorem 2. The throughput can be obtained iteratively through a fixed-point search, as
T = (sp (limn→+∞ un))−1, where{

u0 = rc+cw+cc
pw+rc+cw+cc × P

un+1 = unsp(un)
pw+unsp(un) × P for all n ≥ 0.

5 Constructive Approach

In this section, we instantiate the probability distribution of the parallel work with an
exponential distribution. We have therefore a better knowledge of the behavior of the
algorithm, particularly in medium contention cases, which allows us to follow a fine-grained
approach that studies individually each successful operation together with every CAS
occurrence. We provide an elegant and efficient solution that relies on a Markov chain
analysis.

5.1 Process
We have seen in Section 3.3.2 that we split the contention domain into three modes: no
contention, medium contention or high contention. We start from a configuration with a
given number of threads Prl after a successful CAS , and describe what will happen until the
next successful CAS : what will be the mode of the next success period, and more precisely,
which will be the number of threads at the beginning of the next success period.

As a basis, we consider the execution that would occur without any other thread exiting
the parallel section (then entering the retry loop); we call this execution the internal execution.
This execution follows the success period pattern described in Figure 2 (with an infinite
slack time if the system is not contended). On top of this basic success period, we inject
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Figure 3 Highly-contended execution.
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Eint
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Figure 4 Possible executions.

the threads that can exit the parallel section, which has a double impact. On the one hand,
they increase the number of threads inside the retry loop for the next success period. On the
other hand, if the first thread that exits the parallel section starts its retry during the slack
time of the success period of the internal execution, then this thread will succeed its Access,
which is a Read, and will shrink the actual slack time of the current success period.

According to the distribution probability of the arrival of the new threads, we can
compute the probability for the next success period to start with any number of threads. The
expression of this stochastic sequence of success periods in terms of Markov chains results in
the throughput estimate.

5.2 Expansion

The expansion, as before, represents the additional time in the execution time of a retry, due
to the serialization of atomic primitives. However, in contrary to Section 4.1.1, we compute
here this additional time in the current success period, according to the number of threads
Prl inside the retry loop at the beginning of the success period. The expansion only appears
when the success period is highly contended, i.e. when we can find a continuous sequence of
CAS ’s all through the success period.

The expansion is highly correlated with the way the cache coherence protocol handles
the exchange of cache lines between threads. We rely on the experiments of the research
report associated with [2], which show that if several threads request for the same cache line
in order to operate a CAS , while another thread is currently executing a CAS , they all have
an equal probability to obtain the cache line when the current CAS is over.

We draw an illustrative example in Figure 3. The green CAS ’s are successful while the
red CAS ’s fail. To lighten the picture, we hide what happened for the threads before they
experience a failed CAS . The horizontal dash lines represent the time where a thread wants
to access the data in order to operate a CAS but has to wait because another thread owns
the data in exclusive mode. We can observe in this example that the first thread that accesses
the data structure is not the thread whose operation returns.

We are given that Prl threads are inside the retry loop at the end of the previous successful
CAS , and we only consider those threads. When such a thread executes a CAS for the first
time, this CAS is unsuccessful. The thread was in the retry loop when the successful CAS
has been executed, so it has read a value that is not up-to-date anymore. However, this
failed CAS will bring the current version of the value (to compare-and-swap) to the thread,
a value that will be up-to-date until a successful CAS occurs.
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So we have firstly a sequence of failed CAS ’s until the first thread that operated its CAS
within the current success period finishes its critical work. At this point, there exists a thread
that is executing a CAS . When this CAS is finished, some threads compete to obtain the
cache line. We have two bags of competing threads: in the first bag, the thread that just
ended its critical work is alone, while in the second bag, there are all the threads that were
in the retry loop at the beginning of the success period, and did not operate a CAS yet. The
other, non-competing, threads are running their critical work and do not yet want to access
the data.

As described before, every thread has the same probability to become the next owner of
the cache line. If a thread from the first bag is drawn, then the CAS will be successful and
the success period ends. Otherwise, the CAS is a failure, and we iterate at the end of this
failed CAS . However, the thread that just failed its CAS is now executing its critical work,
and does not request for a new CAS until this work has been done, thus it is not anymore in
the second bag. In addition, the thread that had executed its CAS after the thread of the
first bag is now back from its critical work and falls into the first bag. The process iterates
until a thread is drawn from the first bag.

As a remark, note that we do not consider threads that are not in the retry loop at the
beginning of the success period since even if they come back from the parallel section during
the success period, their Read will be delayed and their CAS is likely to occur after the end
of the success period.

Theorem 3, proved in [4], gives the explicit formula for the expansion.

I Theorem 3. The expected time between the end of the critical work of the first thread that
operates a CAS in the success period and the beginning of a successful CAS is given by:

e (Prl) = dcw/ccecc−cw +
Pcom∑
i=1

i(i− 1)
(Pcom)i

(Pcom − 1)!
(Pcom − i)!

×cc, where Pcom = Prl−dcw/cce+1.

5.3 Formalization
The parallel work follows an exponential distribution, whose mean is pw. More precisely,
if a thread starts a parallel section at the instant t1, the probability distribution of the
execution time of the parallel section is t 7→ λe−λ(t−t1)1[t1,+∞[ (t), where λ = 1/pw. This
probability distribution is memoryless, which implies that the threads that are executing
their parallel section cannot be differentiated: at a given instant, the probability distribution
of the remaining execution time is the same for all threads in the parallel section, regardless
of when the parallel section began. For all threads, it is defined by: t 7→ λ exp (−λt), where
λ = 1/pw.

For the behavior in the retry loop, we rely on the same approximation as in the previous
section, i.e. when a successful thread exits its retry loop, the remaining execution time of the
retry of every other thread that is still in the retry loop is uniformly distributed between 0
and the execution time of a whole retry. We have seen that the expectation of this remaining
time is the size of the execution time of a retry divided by the number of threads inside
the retry loop plus one. Here, we assume that a thread will start a retry at this time. This
implies another kind of memoryless property: the behavior of a thread that is in the retry
loop does not depend on the moment that it entered its retry loop.

To tackle the problem of estimating the throughput of such a system, we use an approach
based on Markov chains. We study the behavior of the system over time, step by step:
a state of the Markov chain represents the state of the system when the current success
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period began (i.e. just after a successful CAS) and (thus) the system changes state at the
end of every successful CAS . According to the current state, we are able to compute the
probability to reach any other state at the beginning of the next success period. In addition,
the two memoryless properties render the description of a state easy to achieve: the number
of threads inside the retry loop when the current success begins, indeed fully characterizes
the system.

We recall that Prl is the number of threads inside the retry loop when the success period
begins. The Markov chain is strongly related with Prl , since it is composed of P states
S0,S1, . . . ,SP−1, where, for all i ∈ J0, P − 1K, the success period is in state Si iff Prl = i.
For all (i, j) ∈ J0, P − 1K2, P (Si → Sj) denotes the probability that a success characterized
by Sj follows a success in state Si. st (Si → Sj) denotes the slack time that passed while the
system has gone from state Si to state Sj . This slack time can be expressed based on the
slack time st (i) of the internal execution, i.e. the execution that involves only the i threads
of the retry loop and ignores the other threads (see Section 5.1). In the same way, we denote
by ct (i) the completion time of the internal execution, hence ct (i) = cc + cw + e (i) + cc.

We have seen that the level of contention (mode) is determined by Prl , hence the
interval J0, P − 1K can be partitioned into J0, P − 1K = Inoc ∪Imid ∪Ihi, where the partitions
correspond to the different contention levels. So, by definition, Inoc = {0}, and for all
i ∈ Inoc ∪ Imid, e (i) = 0 (see Section 3.3.2).

The success period is highly-contended, i.e. we have a continuous sequence of CAS ’s in
the success period, if the sum of the execution time of all the CAS ’s that need to be operated
exceeds the critical work. Hence Ihi = Jihi, P − 1K, where ihi = min{i ∈ J1, P − 1K | i× cc >
cw}. In addition, as the sequence of CAS ’s is continuous when the contention is high, the
slack time is null when the success period is highly contended, i.e., for all i ∈ Ihi, st (i) = 0,
and a fortiori, st (Si → S?) = 0.

Otherwise, the success period is in medium contention, hence Imid = J1, ihi − 1K. Moreover,
if i ∈ Imid, st (i) > 0, and e (i) = 0, because the CAS ’s synchronized during the previous
success period and will not collide any more in the current success period.

Everything is now in place to be able to obtain the stationary distribution of the Markov
chain, and in turn to compute the throughput and the failure rate estimates. The reasoning
that leads to the computation of the probability of going from state Si to state Si+k can be
roughly summarized by Figure 4, where we start from an internal execution with i threads
inside the retry loop and the blue arrows represent the threads that exit the parallel section.
Two non-overlapping events can then potentially occur: either (event Eext) the first thread
exiting the parallel section starts within [0, st (i) [, i.e. in the slack time of the internal
execution, or (event Eint) the first thread entering the retry loop starts after t = st (i). The
details can be found in [4].

6 Experiments

To validate our analysis results, we use two main types of lock-free algorithms. In the first
place, we consider a set of basic algorithms where operations can be completed with a single
successful CAS . This set of algorithms includes:
(i) synthetic designs, that cover the design space of possible lock-free data structures;
(ii) several fundamental designs of data structure operations such as lock-free stacks [21]

(Pop, Push), queues [17] (Dequeue), counters [8] (Increment, Decrement).
As a second step, we consider more advanced lock-free operations that involve helping
mechanisms, and show how to use our analysis in this context. Finally, in order to highlight
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the benefits of the analysis framework, we show how it can be applied to
(i) determine a beneficial back-off strategy and
(ii) optimize the memory management scheme used by a data structure, in the context of

an application.
We also give insights about the strengths of our two approaches. The constructive

approach exhibits better predictions due to the tight estimation of the failing retries. On the
other hand, the average-based approach is applicable to a broader spectrum of algorithmic
designs as it leaves room to abstract complicated algorithmic designs.

6.1 Setting

We have conducted experiments on an Intel ccNUMA workstation system. The system is
composed of two sockets equipped with Intel Xeon E5-2687W v2 CPUs. In a socket, the ring
interconnect provides L3 cache accesses and core-to-core communication. Threads are pinned
to a single socket to minimize non-uniformity in Read and CAS latencies. The methodology
in [7] is used to measure the CAS and Read latencies, while the parallel work is implemented
by a for-loop of Pause instructions. We show the experimental results with 8 threads.

In all figures, the y-axis shows both the throughput, i.e. number of operations completed
per second, and the ratio of failing to successful retries (multiplied by 106, for readability),
while the mean of the exponentially distributed parallel work pw is represented on the x-axis.
The number of failures per success in the average-based approach is computed as Prl − 1 and
in the constructive approach by stochastically counting the failing CAS ’s inside a success
period (see [4]).

We have also added a straightforward upper bound as a baseline approach, defined as the
minimum of 1/(rc +cw +cc) (two successful retries cannot overlap) and P/(pw +rc +cw +cc)
(a thread can succeed only once in each work loop).

6.2 Basic Data Structures

Firstly, we consider lock-free operations that can be completed with a single successful
CAS . We provide predictions, on the one hand, on a set of synthetic tests that have been
constructed to abstract different possible design patterns of lock-free data structures (value
of cw) and different application contexts (value of pw), and, on the other hand, on the
well-known Treiber stack. The results, that show the satisfactory quality of the prediction,
are depicted in [4].

6.3 Towards Advanced Data Structure Designs

Advanced lock-free operations generally require multiple pointer updates that cannot be
done with a single CAS . One way to design such operations, in a lock-free manner, is to
use helping mechanisms: an inconsistency will be fixed eventually by some thread. Here
we consider two data structures that apply immediate helping, the queue from [17] and the
deque designed in [15]. In the queue experiment (Figure 5), we run the Enqueue operation on
the queue with and without memory management; in the deque experiment, each thread is
dedicated to an end of the deque (equally distributed), while we vary the proportion of push
operations (colors in Figure 6). More details about the implementations and the throughput
estimate obtained through a slight modification of the average-based approach can be found
in [4].
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6.4 Applications

6.4.1 Back-off Optimizations

When the parallel work is known, we can deduce from our analysis a simple and efficient
back-off strategy: as we are able to estimate the value for which the throughput is maximum,
we just have to back-off for the time difference between the peak pw and the actual pw. In [4],
we compare this back-off strategy against widely known strategies, namely exponential and
linear, on a synthetic workload. In Figure 7, we apply our constant back-off on a Delaunay
triangulation application [9], provided with several workloads. The application uses a stack
in two phases, whose first phase pushes elements on top of the stack without delay. We
are able to estimate a corresponding back-off time, and we plot the results by normalizing
the execution time of our back-offed implementation with the execution time of the initial
implementation.

A measure or an estimate of pw is not always available (and could change over time, see
next section), therefore we propose also an adaptive strategy: we incorporate in the data
structure a monitoring routine that tracks the number of failed retries, employing a sliding
window. As our analysis computes an estimate of the number of failed retries as a function
of pw, we are able to estimate the current pw, and hence the corresponding back-off time
like previously.

We test our adaptive back-off mechanism on a workload originated from [19], where global
operators of exchanges for financial markets gather data of trades with a microsecond accuracy.
We assume that the data comes from several streams, each of them being associated with a
thread. All threads enqueue the elements that they receive in a concurrent queue, so that they
can be later aggregated. We extract from the original data a trade stream distribution that
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we use to generate similar streams that reach the same thread; varying the number of streams
to the same thread leads to different workloads. The results, represented as the normalized
throughput (compared to the initial throughput) of trades that are enqueued when the
adaptive back-off is used, are plotted in Figure 7. For any number of threads, the queue is not
contended on workload s3, hence our improvement is either small or slightly negative. On the
contrary, the workload s50 contends the queue and we achieve very significant improvement.

6.4.2 Memory Management Optimization
Memory Management (MM) is an inseparable part of dynamic concurrent data structures. In
contrary to lock-based implementations, a node that has been removed from a lock-free data
structure can still be accessed by other threads, e.g. if they have been delayed. Collective
decisions are thus required in order to reclaim a node in a safe manner. A well-known solution
to deal with this problem is the hazard pointers technique [16]. In an implementation of such
design each thread lists the nodes that it accesses and the nodes that it has removed. When
the number of nodes it has removed reaches a threshold, it reclaims its listed removed nodes
that are not listed as accessed by any thread.

The main goal of our adaptive MM scheme is to distribute this extra-work in a way
that the loss in performance is largely leveraged, knowing that additional work can be an
advantage under high-contention (see previous section). The optimization is based on two
main modifications. First, we divide the reclamation phase of the traditional MM scheme
into quanta (equally-sized chunks), whose finer granularity allows for accurate back-off times.
Second, we track continuously the contention level in the same way as our adaptive back-off.
See [4].

We emulate the behavior of many scientific applications, that are built upon a pattern of
alternating phases, that are communication-intensive (synchronization phase) or computation-
intensive. Here we assume a synchronization ensured through a shared data structure, hence
the communication-intensive phases correspond to a high access rate to the data structure,
while the data structure is accessed at a low rate during a computation-intensive phase.
The parallel work still follows an exponential distribution of mean pw, but pw varies in a
sinusoidal manner with time. To study also the impact of the continuity of the change in pw,
pw is set as a step approximation of a sine function. Thus, two additional parameters rule
the experiment: the period of the oscillating function represents the length of the phases,
and the number of steps within a period depicts how continuous the phase changes are.

In Figure 8, we compare our approach with the traditional implementation for different
periods of the sine function, on the Dequeue of the Michael-Scott queue [17]. The adaptive
MM, that relies on the analysis presented in this paper, outperforms the traditional MM
because it provides an advantage both under low contention due to the costless (since delayed)
invocation of the MM and under high contention due to the back-off effect.

7 Conclusion

In this paper we have presented two analyses for calculating the performance of lock-free
data structures in dynamic environments. The first analysis has its roots in queuing theory,
and gives the flexibility to cover a large spectrum of configurations. The second analysis
makes use of Markov chains to exhibit a stochastic execution; it gives better results, but
it is restricted to simpler data structures and exponentially distributed parallel work. We
have shown how to use our results to tune applications using lock-free codes. These tuning
methods include:
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(i) the calculation of simple and efficient back-off strategies whose applicability is illustrated
in application contexts;

(ii) a new adaptive memory management mechanism that acclimates to a changing environ-
ment.

The main differences between the data structures of this paper and linked lists, skip lists
and trees occur when the size of the data structure grows. With large sizes, the performance
is dominated by the traversal cost that is ruled by the cache parameters. The reduction in the
size of the data structure decreases the traversal cost which in turn increases the probability
of encountering an on-going CAS operation that delays the threads which traverse the link.
The expansion, which can additionally be supported unfavorably by helping mechanisms,
appears then as the main performance degrading factor. While the analysis becomes easier
for high degrees of parallelism (large data structure size), being able to describe the behavior
of lock-free data structures as the degree of parallelism changes constitutes the main challenge
of our future work.
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