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Abstract

State-of-the-art neural networks are heavily over-parameterized, making the opti-
mization algorithm a crucial ingredient for learning predictive models with good
generalization properties. A recent line of work has shown that in a certain over-
parameterized regime, the learning dynamics of gradient descent are governed by
a certain kernel obtained at initialization, called the neural tangent kernel. We
study the inductive bias of learning in such a regime by analyzing this kernel and
the corresponding function space (RKHS). In particular, we study smoothness,
approximation, and stability properties of functions with finite norm, including
stability to image deformations in the case of convolutional networks, and compare
to other known kernels for similar architectures.

1 Introduction

The large number of parameters in state-of-the-art deep neural networks makes them very expressive,
with the ability to approximate large classes of functions [26, 41]. Since many networks can
potentially fit a given dataset, the optimization method, typically a variant of gradient descent, plays
a crucial role in selecting a model that generalizes well [39].

A recent line of work [22 [16} 20, 21} 27, 130, |54]] has shown that when training deep networks in a
certain over-parameterized regime, the dynamics of gradient descent behave like those of a linear
model on (non-linear) features determined at initialization. In the over-parameterization limit, these
features correspond to a kernel known as the neural tangent kernel. In particular, in the case of
a regression loss, the obtained model behaves similarly to a minimum norm kernel least squares
solution, suggesting that this kernel may play a key role in determining the inductive bias of the
learning procedure and its generalization properties. While it is still not clear if this regime is at play
in state-of-the-art deep networks, there is some evidence that this phenomenon of “lazy training” [16]],
where weights only move very slightly during training, may be relevant for early stages of training and
for the outmost layers of deep networks [29, 53], motivating a better understanding of its properties.

In this paper, we study the inductive bias of this regime by studying properties of functions in the
space associated with the neural tangent kernel for a given architecture (that is, the reproducing kernel
Hilbert space, or RKHS). Such kernels can be defined recursively using certain choices of dot-product
kernels at each layer that depend on the activation function. For the convolutional case with rectified
linear unit (ReLU) activations and arbitrary patches and linear pooling operations, we show that the
NTK can be expressed through kernel feature maps defined in a tree-structured hierarchy.

We study smoothness and stability properties of the kernel mapping for two-layer networks and
CNNs, which control the variations of functions in the RKHS. In particular, a useful inductive bias
when dealing with natural signals such as images is stability of the output to deformations of the
input, such as translations or small rotations. A precise notion of stability to deformations was
proposed by Mallat [35]], and was later studied in [11]] in the context of CNN architectures, showing

*Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, 38000 Grenoble, France

33rd Conference on Neural Information Processing Systems (NeurIPS 2019), Vancouver, Canada.



the benefits of different architectural choices such as small patch sizes. In contrast to the kernels
studied in [[L1], which for instance cover the limiting kernels that arise from training only the last
layer of a ReLU CNN, we find that the obtained NTK kernel mappings for the ReLU activation lack
a desired Lipschitz property which is needed for stability to deformations in the sense of [11}/12}[35].
Instead, we show that a weaker smoothness property similar to Holder smoothness holds, and this
allows us to show that the kernel mapping is stable to deformations, albeit with a different guarantee.

In order to balance our observations on smoothness, we also consider approximation properties for the
NTK of two-layer ReLU networks, by characterizing the RKHS using a Mercer decomposition of the
kernel in the basis of spherical harmonics [6} 46} 47]. In particular, we study the decay of eigenvalues
for this decomposition, which is then related to the regularity of functions in the space, and provides
rates of approximation for Lipschitz functions [6]. We find that the full NTK has better approximation
properties compared to other function classes typically defined for ReLLU activations [0, [17, [19],
which arise for instance when only training the weights in the last layer, or when considering Gaussian
process limits of ReLU networks (e.g., [24, 28} 136, 140]).

Contributions. Our main contributions can be summarized as follows:

e We provide a derivation of the NTK for convolutional networks with generic linear operators for
patch extraction and pooling, and express the corresponding kernel feature map hierarchically
using these operators.

o We study smoothness properties of the kernel mapping for ReLU networks, showing that it is
not Lipschitz but satisfies a weaker Holder smoothness property. For CNNs, we then provide a
guarantee on deformation stability.

o We characterize the RKHS of the NTK for two-layer ReLU networks by providing a spectral
decomposition of the kernel and studying its spectral decay. This leads to improved approximation
properties compared to other function classes based on ReLU.

Related work. Neural tangent kernels were introduced in [27], and similar ideas were used to obtain
more quantitative guarantees on the global convergence of gradient descent for over-parameterized
neural networks [2, 3 [16} 20} 21} |30} I50L [54]]. The papers [13, 120, 151] also derive NTKs for convo-
lutional networks, but focus on simpler architectures. Kernel methods for deep neural networks
were studied for instance in [[17, [19,[34]]. Stability to deformations was originally introduced in the
context of the scattering representation [[12,[35]], and later extended to neural networks through kernel
methods in [[11]]. The inductive bias of optimization in neural network learning was considered, e.g.,
by [ 4131139, 48]. [6}125] 45 /49] study function spaces corresponding to two-layer ReLU networks.
In particular, [25] also analyzes properties of the NTK, but studies a specific high-dimensional limit
for generic activations, while we focus on ReLU networks, studying the corresponding eigenvalue
decays in finite dimension.

2 Neural Tangent Kernels

In this section, we provide some background on “lazy training” and neural tangent kernels (NTKs),
and introduce the kernels that we study in this paper. In particular, we derive the NTK for generic
convolutional architectures on £2 signals. For simplicity of exposition, we consider scalar-valued
functions, noting that the kernels may be extended to the vector-valued case, as done, e.g., in [27]].

2.1 Lazy training and neural tangent kernels

Multiple recent works studying global convergence of gradient descent in neural networks (e.g., [2}
204 211 27,130} [54]]) show that when a network is sufficiently over-parameterized, weights remain
close to initialization during training. The model is then well approximated by its linearization around
initialization. For a neural network f(z;6) with parameters # and initialization 6y, we then haveﬂ

f@;0) = f(x;00) + (0 — b0, Vo f (x;60)). ey

This regime where weights barely move has also been referred to as “lazy training” [16], in contrast
to other situations such as the “mean-field” regime (e.g., 15} 38} 37]), where weights move according

2While we use gradients in our notations, we note that weak differentiability (e.g., with ReLU activations) is
sufficient when studying the limiting NTK [27].



to non-linear dynamics. Yet, with sufficient over-parameterization, the (non-linear) features x
Vo f(x;6p) of the linearized model (T) become expressive enough to be able to perfectly fit the
training data, by approximating a kernel method.

Neural Tangent Kernel (NTK). When the width of the network tends to infinity, assuming an
appropriate initialization on weights, the features of the linearized model tend to a limiting kernel K,
called neural tangent kernel [27]:

<VQf(Z‘;00),ng(I’/,90)> — K(I’,xl). (2)

In this limit and under some assumptions, one can show that the weights move very slightly and the
kernel remains fixed during training [27]], and that gradient descent will then lead to the minimum
norm kernel least-squares fit of the training set in the case of the ¢5 loss (see [27] and [37} Section
H.7]). Similar interpolating solutions have been found to perform well for generalization, both in
practice [10] and in theory [8}31]. When the number of neurons is large but finite, one can often show
that the kernel only deviates slightly from the limiting NTK, at initialization and throughout training,
thus allowing convergence as long as the initial kernel matrix is non-degenerate [3} 16} 20, 21]].

NTK for two-layer ReLU networks. Consider a two layer network of the form f(x;0) =
\/ = Z;”:l vjcr(ija:), where o(u) = (u); = max(0,u) is the ReLU activation, x € RP, and

0= (w{,...,w},v") are parameters with values initialized as N'(0, 1). Practitioners often include
the factor y/2/m in the variance of the initialization of v;, but we treat it as a scaling factor follow-
ing [20} 21} 27]], noting that this leads to the same predictions. The factor 2 is simply a normalization
constant specific to the ReLU activation and commonly used by practitioners, which avoids vanishing

or exploding behavior for deep networks. The corresponding NTK is then given by [16} 21]]:

K(z,2') =2(z"2")Epopo,n[H{w 2z > 0}1{w "2’ > 0}] + 2Epno,n[(w ' 2) 4 (w'a')]

= |lz||||l2"||x 7@@’)
= el (50 ) ®
where
k(u) = urg(u) + k1 (u) “)
Ko(u) = % (m — arccos(u)) , k1(u) = % (u - (m — arccos(u)) + V1 — u2) . )

The expressions for «y and 1 follow from standard calculations for arc-cosine kernels of degree 0
and 1 (see [17]). Note that in this two-layer case, the non-linear features obtained for finite neurons
correspond to a random features kernel [42], which is known to approximate the full kernel relatively
well even with a moderate amount of neurons [7, 142, 43]]. One can also extend the derivation to other
activation functions, which may lead to explicit expressions for the kernel in some cases [19].

NTK for fully-connected deep ReLU networks. We define a fully-connected neural network by
f(@;0) = /-2 (w"*! a"), with ' = o(W'z), and

2
a* za( Wkakl) , k=2,...,n,
Mk

where W* € R™+*™k1 and w1 € R™» are initialized with i.i.d. N'(0, 1) entries, and o'(u) = (u)4
is the ReLU activation and is applied element-wise. Following [27]], the corresponding NTK is defined
recursively by K (z,2") = K, (z,z') with Ko(z,2") = So(x,2') = 2 "2/, and for k > 1,

S, ") = 2E () n0,8,) [0 (1)o (V)]
Ky (z,2") = Sp(z,2") + 2K (2, 2") E(y oy o0, 80 [0 (w) 0" (v)],



_ Zk_l(l‘,l‘) Ek_l(m,x’) . . .- .
where By, = (2]“ (2.7') Spald,z)) Using a change of variables and definitions of arc-cosine
1

kernels of degrees 0 and 1 [[17], it is easy to show that

2E(u,v)~N(0,Bk)[U(U)0(U)]\/Ekl(xax)zkl(x’»ir’)f”vl< m_f;;(;;:f@, x,)> ©)

Yk (z,ah) >
\/Zk_l (x,2)2 (2, ') ’

(7

2E (u0)~N (0,8, [0 (W)’ (v)] = Ko (
where kg and x; are defined in (3).

Feature maps construction. We now provide a reformulation of the previous kernel in terms of
explicit feature maps, which provides a representation of the data and makes our study of stability
in Section 4] more convenient. For a given input Hilbert space H, we denote by ¢, 1 : H — H,
the kernel mapping into the RKHS H; for the kernel (2, 2") € H? — ||z]|||2"[|k1((z, 2"} /||2]||2"]])s
and by ¢3,0 : H — Ho the kernel mapping into the RKHS H, for the kernel (z,2') € H? —
ko({z, 2")/|IzIlIIZ"||)- We will abuse notation and hide the input space, simply writing ;1 and ¢.

Lemma 1 (NTK feature map for fully-connected network). The NTK for the fully-connected network
can be defined as K (z,x') = (P, (x), P, (2")), with Og(z) = Vo (z) = = and for k > 1,

Uy (z) = p1(Vea(z))

0(Wr-1(2 ®pa (2
Pr(z) = (“” ( fol((qfl)ﬁ)xﬁ ( )>’

where & is the tensor product.

2.2 Neural tangent kernel for convolutional networks

In this section we study NTKs for convolutional networks (CNNs) on signals, focusing on the
ReL.U activation. We consider signals in ¢2(Z4, R™0), that is, signals z[u] with u € Z? denoting
the location, z[u] € R™0, and Y, ;4 [|z[u]||* < oo (for instance, d = 2 and o = 3 for RGB
images). The infinite support allows us to avoid dealing with boundary conditions when considering
deformations and pooling. The precise study of /> membership is deferred to SectionE]

Patch extraction and pooling operators P* and A*. Following [[11]], we define two linear opera-
tors P* and A* on ¢2(Z?) for extracting patches and performing (linear) pooling at layer k, respec-
tively. For an H-valued signal z[u], P* is defined by P*x[u] = |Sk|™*/2(z[u + v])ves, € H!5*,
where S}, is a finite subset of Z? defining the patch shape (e.g., a 3x3 box). Pooling is defined
as a convolution with a linear filter hy[u], e.g., a Gaussian filter at scale oy, as in [11]], that is,
Akzlu] = 37 cza hi[u — v]z[v]. In this discrete setting, we can easily include a downsampling
operation with factor s, by changing the definition of A" to A*z[u] = > ;4 hi[spu — v]z[v] (in
particular, if Ay is a Dirac at 0, we obtain a CNN with “strided convolutions”). In fact, our NTK
derivation supports general linear operators A* : ¢2(Z%) — ¢2(Z%) on scalar signals.

For defining the NTK feature map, we also introduce the following non-linear point-wise operator M,
given for two signals z, y, by

M(a:,y)[u] — (Wo(x[u]) ® y[“]) , (8)

p1(xful)

where g/ are kernel mappings of arc-cosine 0/1 kernels, as defined in Section

CNN definition and NTK. We consider a network f(z;60) = /-2 (w" ™!, a™)2, with

WiPlzlu, ifk=1,
a*u] =
—2_WkpPkaklly], ifke{2,...,n},
M1
a*lu] = AFo(@a®u), k=1,...,n,



where W* € R™#xmi1l9kl and w™ € £2(Z, R™n) are initialized with (0, 1) entries, and o (&*)
denotes the signal with ¢ applied element-wise to #*. We are now ready to state our result on the
NTK for this model.

Proposition 2 (NTK feature map for CNN). The NTK for the above CNN, obtained when the number
of feature maps my, ..., m, — 00 (sequentially), is given by K(x,z") = (®(x), ®(z'))p2(za),
with ®(z)[u] = A" M (xy,, yn)[u], where y,, and x,, are defined recursively for a given input x by
y1|u] = x1[u] = Plz[u], and for k > 2,

g [u] = P*AM oy (25 [u]
ylu] = PP AN M (241, yp ) [u),

with the abuse of notation p1(x)[u] = 1 (x[u]) for a signal x.

The proof is given in Appendix [A.2] where we also show that in the over-parameterization limit, the
pre-activations @/ [u] tend to a Gaussian process with covariance ¥ (z, u; 2/, u') = (zx[u], 2}, [v])
(this is related to recent papers [24} 40] studying Gaussian process limits of Bayesian convolutional
networks). The proof is by induction and relies on similar arguments to [27] for fully-connected
networks, in addition to exploiting linearity of the operators P* and A*, as well as recursive feature
maps for hierarchical kernels. The recent papers [3,51] also study NTKs for certain convolutional
networks; in contrast to these works, our derivation considers general signals in £2(Z?), supports
intermediate pooling or downsampling by changing A*, and provides a more intuitive construction
through kernel mappings and the operators P* and A*. Note that the feature maps x;, are defined
independently from the yj, and in fact correspond to more standard multi-layer deep kernel ma-
chines [[11}[17, 19} 133]] or covariance functions of certain deep Bayesian networks [24} 28 36, |40].
They can also be seen as the feature maps of the limiting kernel that arises when only training weights
in the last layer and fixing other layers at initialization (see, e.g., [19])).

3 Two-Layer Networks

In this section, we study smoothness and approximation properties of the RKHS defined by neural
tangent kernels for two-layer networks. For ReLU activations, we show that the NTK kernel mapping
is not Lipschitz, but satisfies a weaker smoothness property. In Section[3.2] we characterize the RKHS
for ReL.U activations and study its approximation properties and benefits. Finally, we comment on
the use of other activations in Section 3.3

3.1 Smoothness of two-layer ReLLU networks

Here we study the RKHS H of the NTK for two-layer ReLU networks, defined in (3)), focusing on
smoothness properties of the kernel mapping, denoted ®(-). Recall that smoothness of the kernel
mapping guarantees smoothness of functions f € #, through the relation

[f (@) = FW) < [ f Il @(2) = D (y)l|- ©)

We begin by showing that the kernel mapping for the NTK is not Lipschitz. This is in contrast to the
kernel x1 in (5), obtained by fixing the weights in the first layer and training only the second layer
weights (k1 is 1-Lipschitz by [11, Lemma 1]).
Proposition 3 (Non-Lipschitzness). The kernel mapping ®(-) of the two-layer NTK is not Lipschitz:
d(x)—
o 12 =@l
ey lz =yl

This is true even when looking only at points x,y on the sphere. It follows that the RKHS H contains
unit-norm functions with arbitrarily large Lipschitz constant.

Note that the instability is due to g, which comes from gradients w.r.t. first layer weigts. We now
show that a weaker guarantee holds nevertheless, resembling 1/2-Holder smoothness.

Proposition 4 (Smoothness for ReLU NTK). We have the following smoothness properties:

1. Forz,ysuchthat ||z|| = ||y|| = 1, the kernel mapping @ satisfies ||o(z) —po(W)|| < +/llz — y||-



2. For general non-zero x,y, we have ||oo(x) — wo(y)|| < \/m”x =yl
3. The kernel mapping ® of the NTK then satisfies

1©(x) — @(y)]| < Vmin(Jlz[l, [yl)]lz — yll + 2|z — yl.

We note that while such smoothness properties apply to the functions in the RKHS of the studied
limiting kernels, the neural network functions obtained at finite width and their linearizations around
initialization are not in the RKHS and thus may not preserve such smoothness properties, despite
preserving good generalization properties, as in random feature models [7, |43]]. This discrepancy
may be a source of instability to adversarial perturbations.

3.2 Approximation properties for the two-layer ReLU NTK

In the previous section, we found that the NTK « for two-layer ReLU networks yields weaker
smoothness guarantees compared to the kernel «; obtained when the first layer is fixed. We now
show that the NTK has better approximation properties, by studying the RKHS through a spectral
decomposition of the kernel and the decay of the corresponding eigenvalues. This highlights a
tradeoff between smoothness and approximation.

The next proposition gives the Mercer decomposition of the NTK #({z, u)) in (), where z, y are in
the p — 1 sphere SP~1 = {z € R? : ||x|| = 1}. The decomposition is glven in the basis of spherlcal
harmonics, as is common for dot-product kernels [46,47]], and our derivation uses results by Bach [6]]
on similar decompositions of positively homogeneous activations of the form o, (u) = (u)9. See
Appendix [C] for background and proofs.

Proposition 5 (Mercer decomposition of ReLU NTK). For any z,y € SP~1, we have the following
decomposition of the NTK k:

N(p,k)
Z m Z Y (@) Yies (9), (10)
whereYy, ;.7 =1,..., N(p, k) are spherical harmonic polynomials of degree k, and the non-negative

eigenvalues py, satisfy po, 1 > 0, ugp, = 0if k = 25 + 1 with j > 1, and otherwise py, ~ C(p)k—P
as k — oo, with C(p) a constant depending only on p. Then, the RKHS is described by:

N(p.k) N@k)
H=Sf= > D anYe;() st Ifl5= > Z <ocoyp. (11)
E>0,uk#0 j=1 E>0,u,#£0 j=1

The zero eigenvalues prevent certain functions from belonging to the RKHS, namely those with
non-zero Fourier coefficients on the corresponding basis elements (note that adding a bias may prevent
such zero eigenvalues [9]). Here, a sufficient condition for all such coefficients to be zero is that the
function is even [6]. Note that for the arc-cosine 1 kernel k1, we have a faster decay px = O(k*p”),
leading to a “smaller” RKHS (see Lemmain Appendixand [6]]). Moreover, the k~P asymptotic
equivalent comes from the term wuo(u) in the definition (@) of , which comes from gradients of
first layer weights; the second layer gradients yield x1, whose contribution to y;, becomes negligible
for large k. We use an identity also used in the recent paper [25] which compares similar kernels
in a specific high-dimensional limit for generic activations; in contrast to [25], we focus on ReLUs
and study eigenvalue decays in finite dimension. We note that our decomposition uses a uniform
distribution on the sphere, which allows a precise study of eigenvalues and approximation properties
of the RKHS using spherical harmonics. When the data distribution is also uniform on the sphere, or
absolutely continuous w.r.t. the uniform distribution, our obtained eigenvalues are closely related to
those of integral operators for learning problems, which can determine, e.g., non-parametric rates
of convergence (e.g., [[14} 23]) as well as degrees-of-freedom quantities for kernel approximation
(e.g., [7,143]). Such quantities often depend on the eigenvalue decay of the integral operator, which
can be obtained from py, after taking multiplicity into account. This is also related to the rate
of convergence of gradient descent in the lazy training regime, which depends on the minimum
eigenvalue of the empirical kernel matrix in [[16} 20, [21]].

We now provide sufficient conditions for a function f : SP—! — R to be in H, as well as rates of
approximation of Lipschitz functions on the sphere, adapting results of [6] (specifically Proposition 2
and 3 in [6]) to our NTK setting.



Corollary 6 (Sufficient condition for f € H). Let f : SP~1 — R be an even function such that all
i-th order derivatives exist and are bounded by 1 for 0 < i < s, with s > p/2. Then f € H with
I£ 1l < C(p)n, where C(p) is a constant that only depends on p.

Corollary 7 (Approximation of Lipschitz functions). Let f : SP~! — R be an even function such
that f(z) <nand |f(x) — f(y)| < nllz —yl|, for all z,y € SP~L. There is a function g € H with
lgll% < 8, where 0 is larger than a constant depending only on p, such that

sup 1f(z) - 9(@)| < Clo)y (5)1/@/21) g ().

zeSp—1 n

For both results, there is an improvement over k1, for which Corollary @ requires s > p/2 + 1
bounded derivatives, and Corollaryleads to a weaker rate in (§/n) '/ (/2) (see [6, Propositions 2
and 3] with o = 1). These results show that in the over-parameterized regime of the NTK, training
multiple layers leads to better approximation properties compared to only training the last layer,
which corresponds to using «; instead of «. In the different regime of “convex neural networks”
(e.g., [6}45]]) where neurons can be selected with a sparsity-promoting penalty, the approximation
rates shown in [6] for ReLU networks are also weaker than for the NTK in the worst case (though the
regime presents benefits in terms of adaptivity), suggesting that perhaps in some situations the “lazy”
regime of the NTK could be preferred over the regime where neurons are selected using sparsity.

Homogeneous case. When inputs do not lie on the sphere SP~! but in R?, the NTK for two-layer
ReLU networks takes the form of a homogeneous dot-product kernel (3)), which defines a different
RKHS 7 that we characterize below in terms of the RKHS H of the NTK on the sphere.
Proposition 8 (RKHS of the homogeneous NTK). The RKHS H of the kernel K(z,x') =
1zl | ({z, ") /|| ||||2']]) on RP consists of functions of the form f(x) = ||z||g(x/||x||) with g €
H, where H is the RKHS on the sphere, and we have || f|7 = ||g]/%-

Note that while such a restriction to homogeneous functions may be limiting, one may easily obtain
non-homogeneous functions by considering an augmented variable = = (z", R)" and defining
f(x) = ||zllg(z/]|z]]), where g is now defined on the p-sphere SP. When inputs are in a ball of
radius R, this reformulation preserves regularity properties (see [0, Section 3]).

3.3 Smoothness with other activations

In this section, we look at smoothness of two-layer networks with different activation functions.

Following the derivation for the ReLU in Section [2.1] the NTK for a general activation ¢ is given by
Ky(2,2') = (2,2") Eynron)lo’ ((w, 2))0’ (0, 2'))] + Ewnro,n)lo((w, 7))o ((w, 27))].

We then have the following the following result.

Proposition 9 (Lipschitzness for smooth activations). Assume that o is twice differentiable and that
the quantities y; := E,nr(0,1) (0 (u))?] for j = 0, 1,2 are bounded, with vy > 0. Then, for x,y
on the unit sphere, the kernel mapping ®, of K, satisfies

1@ (2) — B0 (9)] < ¢ (70 + 71) max (1, 2””) eyl

Yo+ 71

The proof uses results from [19] on relationships between activations and the corresponding kernels,
as well as smoothness results for dot-product kernels in [11]] (see Appendix [B.3). If, for instance, we
consider the exponential activation o (u) = €“~2, we have «v; = Lforall j (using results from [19]), so
that the kernel mapping is Lipschitz with constant v/3. For the soft-plus activation o'(u) = log(1+e*),
we may evaluate the integrals numerically, obtaining (yo,71,72) &~ (2.31,0.74,0.11), so that the
kernel mapping is Lipschitz with constant ~ 1.75.

4 Deep Convolutional Networks

In this section, we study smoothness and stability properties of the NTK kernel mapping for con-
volutional networks with ReLLU activations. In order to properly define deformations, we consider



continuous signals z(u) in L?(R?) instead of £2(Z?) (i.e., we have ||z|? := [ ||z(u)|?*du < o0),
following [[11,135]. The goal of deformation stability guarantees is to ensure that the data representa-
tion (in this case, the kernel mapping ®) does not change too much when the input signal is slightly
deformed, for instance with a small translation or rotation of an image—a useful inductive bias for
natural signals. For a C''-diffeomorphism 7 : R? — R?, denoting L,z (u) = x(u — 7(u)) the action
operator of the diffeomorphism, we will show a guarantee of the form

[@(Lrz) = @(2)|| < (W(IVT]loo) + CliTlloo) [,

where || V7| is the maximum operator norm of the Jacobian V7 (u) over RY, ||7||o = sup,, |7(u)],
w is an increasing function and C' a positive constant. The second term controls translation invariance,
and C typically decreases with the scale of the last pooling layer (o, below), while the first term
controls deformation stability, since || V7 ||, measures the “size” of deformations. The function w(t)
is typically a linear function of ¢ in other settings [[11}135]], here we will obtain a faster growth of
order /¢ for small ¢, due to the weaker smoothness that arises from the arc-cosine 0 kernel mappings.

Properties of the operators. In this continuous setup, P* is now given for a signal € L? by
PFx(u) = M(Sk)™Y?(2(u + v))ves, , where ) is the Lebesgue measure. We then have ||P*z| =
||lz||, and considering normalized Gaussian pooling filters, we have ||A*z| < ||z| by Young’s
inequality [11]]. The non-linear operator M is defined point-wise analogously to (8), and satisfies
| M (z,y)||> = ||z||*> + ||y||*>. We thus have that the feature maps in the continuous analog of the NTK
construction in Proposition [2|are in L? as long as z is in L2. Note that this does not hold for some
smooth activations, where || M (x, y)(u)|| may be a positive constant even when z(u) = y(u) = 0,
leading to unbounded L2 norm for M (x,y). The next lemma studies the smoothness of M, extending
results from Sectionto signals in L?.

Lemma 10 (Smoothness of operator M). For two signals z,y € L*(R%), we have

1M (2, y) = M(2", )| < Vmin(llyl, [y Dllz — 2| + |z =2/ + lly =o'l (12)

Assumptions on architecture. Following [11], we introduce an initial pooling layer A°, corre-
sponding to an anti-aliasing filter, which is necessary for stability and is a reasonable assumption given
that in practice input signals are discrete, with high frequencies typically filtered by an acquisition
device. Thus, we consider the kernel representation ®,,(z) := ®(A%z), with ® as in Proposition
We also assume that patch sizes are controlled by the scale of pooling filters, that is

sup |v| < Bog-a, (13)
VESk

for some constant 3, where o, is the scale of the pooling operation A*~!, which typically increases

exponentially with depth, corresponding to a fixed downsampling factor at each layer in the discrete
case. By a simple induction, we can show the following.

Lemma 11 (Norm and smoothness of ®,,). We have ||®,,(z)| < v/n + 1||z||, and
1@ () = @a(a”)]| < (n+ Dz — 2’| + O ) Vel — 2]

Deformation stability bound. We now present our main guarantee on deformation stability for
the NTK kernel mapping (the proof is given in Appendix [B).

Proposition 12 (Stability of NTK). Let ®,(x) = ®(A°z), and assume ||V 7| o < 1/2. We have the
following stability bound:

C//
1®0(Lr) - Bu(a)] < (0</3>1/20n7/4||vf|i42 OBV + VAT 10||r||oo) el

where C,C",C" are constants depending only on d, and C(8) also depends on (3 defined in (13).

Compared to the bound in [T, the first term shows weaker stability due to faster growth with | V7| o,
which comes from (T2). The dependence on the depth n is also poorer (n? instead of n), however
note that in contrast to [11]], the norm and smoothness constants of ®,,(x) in Lemma grow with
here, partially explaining this gap. We also note that choosing small 5 (i.e., small patches in a
discrete setting) is more helpful to improve stability than a small number of layers n, given that C'(3)
increases polynomially with /3, while n typically decreases logarithmically with 8 when one seeks a
fixed target level of translation invariance (see [11, Section 3.2]).
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Figure 1: Geometry of kernel mapping for CKN and NTK convolutional kernels, on digit images and
their deformations from the Infinite MNIST dataset [32]]. The curves show average relative distances
of a single digit to its deformations, combinations of translations and deformations, digits of the same
label, and digits of any label. See Appendix P] for more details on the experimental setup.

By fixing weights of all layers but the last, we would instead obtain feature maps of the form A"z,
(using notation from Proposition [2)), which satisfy the improved stability guarantee of [11]]. The
question of approximation for the deep convolutional case is more involved and left for future work,
but it is reasonable to expect that the RKHS for the NTK is at least as large as that of the simpler
kernel with fixed layers before the last, given that the latter appears as one of the terms in the NTK.
This again hints at a tradeoff between stability and approximation, suggesting that one may be able to
learn less stable but more discriminative functions in the NTK regime by training all layers.

Numerical experiments. We now study numerically the stability of (exact) kernel mapping rep-
resentations for convolutional networks with 2 hidden convolutional layers. We consider both a
convolutional kernel network (CKN, [[11]) with arc-cosine kernels of degree 1 on patches (correspond-
ing to the kernel obtained when only training the last layer and keeping previous layers fixed) and the
corresponding NTK. Figure[T|shows the resulting average distances, when considering collections of
digits and deformations thereof. In particular, we find that for small deformations, the distance to the
original image tends to grow more quickly for the NTK compared to the CKN, as the theory suggests
(a square-root growth rate rather than a linear one). Note also that the relative distances are generally
larger for the NTK than for the CKN, suggesting the CKN may be more smooth.

5 Discussion

In this paper, we have studied the inductive bias of the “lazy training” regime for over-parameterized
neural networks, by considering the neural tangent kernel of different architectures, and analyzing
properties of the corresponding RKHS, which characterizes the functions that can be learned effi-
ciently in this regime. We find that the NTK for ReLU networks has better approximation properties
compared to other neural network kernels, but weaker smoothness properties, although these can
still guarantee a form of stability to deformations for CNN architectures, providing an important
inductive bias for natural signals. While these properties may help obtain better performance when
large amounts of data are available, they can also lead to a poorer estimation error when data is scarce,
a setting in which smoother kernels or better regularization strategies may be helpful.

It should be noted that while our study of functions in the RKHS may determine what target functions
can be learned by over-parameterized networks, the obtained networks with finite neurons do not
belong to the same RKHS, and hence may be less stable than such target functions, at least outside of
the training data, due to approximations both in the linearization (I]) and between the finite neuron
and limiting kernels. Additionally, approximation of certain non-smooth functions in this regime
may require a very large number of neurons [52]. Finally, we note that while this “lazy” regime is
interesting and could partly explain the success of deep learning methods, it does not explain, for
instance, the common behavior in early layers where neurons move to select useful features in the
data, such as Gabor filters, as pointed out in [[16]. In particular, such a behavior might provide better
statistical efficiency by adapting to simple structures in the data (see, e.g., [6]), something which is
not captured in a kernel regime like the NTK. It would be interesting to study inductive biases in a
regime somewhere in between, where neurons may move at least in the first few layers.
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A Proofs of NTK derivations

A.1 Proof of Lemmal[ll

Proof of Lemma(l] By induction, using (6) and (7) and the corresponding definitions of 1, ¢, we
can write

2B (u,w)~n (0,81 [0 (1) (V)] = (01 ( Pk (), p1(Pha ()
2E (u,0) N (0,80 [0 ()0’ (v)] = (0o (Vi1 (), po(¥rr(2'))).

The result follows by using the following relation, given three pairs of vectors (z,2’), (y,y’)

and (z, z') in arbitrary Hilbert spaces:
() (e
xz )\ 2

(@, 2") + (y, y')(2,2)

A2 Proof of Proposition 2] (NTK for CNNs)

In this section, we will denote by zy, y. (resp z,,y;,) the feature maps associated to an input z (resp
2"), as defined in Proposmonl 2} We follow the proofs of Jacot et al. [27, Proposition 1 and Theorem

1].

We begin by proving the following lemma, which characterizes the Gaussian process behavior of the
pre-activations @’ [u], seen as a function of z and u, in the over-parameterization limit.

Lemma 13. Asmq, ..., m,_1 — 00, the pre-activations a, [ |fork =1,... ntend (inlaw) to i.i.d.
centered Gaussian processes with covariance

Sz, uy ! ') = (xpfu], 2, [u]). (14)
Proof. We show this by induction. For k = 1, Fz} [u] is clearly Gaussian, and we have

2w, us o', u') = Elag [u)a [u])

=E[(W'P 2[u]);( WPz [u/]),].

Writing WZ; € RIS+ the vector of weights for the filter associated to the input feature map j and
output feature map 7, we have (W' P'z[u]); = Y27 WiLT P'a;[u]. Then we have

o) =SB PlalulP'a W)
_ Z Tr(E Wil'/Wil'T]Plxj [u]Plx’-, [u’]T)
—ZTr ulPraju]") = (Paful, P'a/[w]) = (P'wolu], Plaglu]),

by noticing that E[W.;, WXT] = 6; ;15|

Now, for k£ > 2, we have by similar arguments that conditioned on ak1, &f’ [u] is Gaussian, with

covariance

ks _ _ 2 _ _
(G ulal [ " o) = —=— 37 (Par ful, Praj ).

J

By the inductive hypothesis, df‘l [u] as a function of « and u tend to Gaussian processes in the limit
mi,...,Mg—o — 00. By the law of large numbers, we have, as my_; — o0,

Blaf [ [u ]|, "

= 2z, w2’ ) == 2E g po,seny [(PPAM o (f(2))[u], PP AN o (f(2))[u])).

13



k

Since this covariance is deterministic, the pre-activations a; [u] are also unconditionally a Gaussian

process in the limit, with covariance vk,
Now it remains to show that
2E ;g p(o,or) (PP A o (f(2))[u], PPA* o (f(2))[u'])]
= (P*AM o1 (o) [u), PR A (2,0 [u]).
Notice that by linearity of P* and A*~!, it suffices to show

2B apo,senlo(f(@)v]e(f(@) ] = (pr(ze)lv], o1 (i) )
— Nzws ol T ks <xk_1[v],xk_1[v’]>
= ol s (2 )
for any wv,v’ (the last equality follows from the definition of (7). Noting that
(o(f(@x)[v],o(f(@")[]) = (o(f(x)[v]),o(f(x")[v'])) when f ~ GP(0,¥*1) has Gaussian distri-

SE (2, v; 2, v) YEL (2, v 2! 0')
Sl oyl o) SR e o) ) the results follow
from (6) and (T4) for k-1 by the inductive hypothesis. O

bution with zero mean and covariance

We now state and prove a lemma which covers the recursion in the NTK for convolutional layers (i.e.,
up to the last fully-connected layer).

Lemma 14. Asmy, ..., m, | — 00, the gradients of the pre-activations, V ga¥ [u], fork =1,....n
satisfy

(Vo [u], VoarF [u']) — 0T (o, us 2, u') = 80 (yxlul, yi[u']).

Proof. We prove this by induction. For k = 1, denoting by W} the ith row of W1, we have
(Voit [ul, Vol ) = (Vs (W' Plalu])s, Vs (W' P’ [u/])r)
= > (VW Plafu], Vya Wi P'a'[u/])
S

=04 <P1x[u], Plx'[u'D.
For k > 2, assume the result holds up to k—1. We have

(Voarlu), Voa[u]) = (Vyralu], Vipralf [W']) + (Vipreaal[u], Vg ah [u']).

For the first term, we have, as in the &£ = 1 case,
205 4
(Vi [u], Vyeag [u']) = P (P*a*[u], P*a™ " u'])
_ 252'71" Pkl kR,
= e Z( a; [u], a; [W])
J

26i7i’ b oAk e e e
ZEZUD Ao (al ) [u], PFAR o (@) [u']).

J
~k-1

When mq, ..., mg_o — 00, a; [u] tends to a Gaussian process with covariance k-1 by Lemma

and when my_; — o0, the quantity above converges to its expectation:
(Vwraful, Vipraif [u]) = 2600 Epoapo,sen [(PFA o (f(2))[u], PPA* o (f(2))[u'])]
= 03, (PP AN o1 (i) [u], PP AR o () [']),
by using similar arguments to the proof of Lemma|[I3]

For the second term, identifying all parameters 1 !:*-! with a vector 0 € R, we have by linearity
and the chain rule:

Vi Vgt =YV (WETPEAM @ ()
J

= Z P’“Ak’lyf’1 [u] T - WZIB € R,
J
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where y#![u] := v/20” (a5 [u])V 5a¥ [u] € R?. Here we have identified P* A1y~ [u] T with a
matrix in R?%I5x| where columns are given by | S|~ /2 A1 y;-“’l [u + v] € RY, indexed by v € Sy.
We thus have

1
(Vs @l [u), Viprsa dlf [u']) = Z WED (PRAR M ] - PR AR /) T W

il M1 il ,g
3" —=:114.3" eRISk|X|Sk!
For v, v’ € Si, when my, ..., mg_s — oo and using the inductive hypothesis, we have
Hg)dv/ — Ak 1 [u—l—v]TAk 1 /k 1[u/ +U/]
|Sk|
_ d;,
4)5%]"1_[{)1) = |S |<Ak 1 [U+U] Akl /k l[u/+v/]>’
’ k
where Y¥[u] = 20'(@5'[u])yr[u]. Indeed, by linearity it suffices to check that
yf’l[u}Tyf Yu'] = 26; j0" (a5 ul)o! (@i [w]) (yn-a [u], yp_y [w]) for any j, 5, u, u/, which is true
by the inductive hypothesis. In this same 171m1t (with my_; fixed), we then have
<Vw1k1a [ ] lekl ;’7[u]>—> ZWZTJTI:[JWﬁJ

mrg-1 =
J

When myj_1 — oo, by the law of large numbers, this quantity converges to its expectation:
(Vwrwaal [u], Vigreaaf [u']) — Tr(E[W) W T®) = 6; 5 Tr(I1°),

where II°° is given by

?v’ - |S ‘<Ak 1 [u—l—v] Ak 17/k l[u/+v/]>7
k

with v551 [u] = o (251 [u]) ® yr_1[u]. Indeed, using Lemmaand linearity of A*~1, it is enough
to check that

2E - ap(o,srnlo’ (f(@)[u))o’ (F (") ') (yr-r [u], g [w'])] = (e [ul, 75 [w]),

which holds by definition of (g and ¥+,
Finally, notice that

Tr(I1°) = ﬁ Z; (AR [y 4 0], AR 0 4 )

= (PEAMIA L [u], PRAR 7 ).
Thus we have
Too(m,u, ' 0') = (PF A oy () [u], PP AR o (2, ) [u']) + (PR AR K ], PR AR A [u])
= (PPA" ' M (25, yra ) [ul, PRPAM M (27, 1) [])
= (yr[ul, y[u']),

which concludes the proof.
O

Armed with the two above lemmas, we can now prove Proposition 2] by studying the gradient of the
prediction layer.

Proof of Proposition[2] We have
(Vo f(z:0), Vof(a';0)) = (Vintr f(2:0), Vigns1 [ (2730)) + (Vi f(250), Viprn f (23 0))
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The first term writes

. /. _ n _In
<vw"+1f(x79)>vw"+1f(x a0)> - min <aj7aj >
2 n ~n n
= Z > (Aro(ay)[u], A"o(@;")[u))
J u
Using similar arguments as in the above proofs and using Lemmal[I3] as m, ..., m, — oo, we have

(Vins1 f(@38), Vo f(2'50)) = Y (A" p1(ea)u, A1 (a)[u]) = (A"p1(2n), A1 (a),)).

For the second term, we have

(Vi f(250), Vigrn f (25 0) T ulw ! o (Ve af [u], Vg alf [u']).
w,u’ j,j’
We can use similar arguments to the proof of Lemma|[I4]to show that when m, ..., m,, — oo, we
have
(Vo f(2:0), Vipron f(250) — Z Efwi ™ fuJwi ™ [w][ (A" mlu], A"y [u']) = (A" yn, A"),
where vy, [u] := o (zn[u]) ® yn[u].
The final result follows by combining both terms. O

B Proofs for Smoothness and Stability to Deformations

B.1 Proof of Proposition 3|

Proof. Using notations from Section 2.1} we can write

k(u) = uko(u) + k1 (u) = %(7‘( — arccos(u)) + %(u(w —arccos(u)) + V1 —u?).

For ||z|| = ||y|]| = 1, and denoting v = (x, y), we have
[@(z) — 2(W)II* _ 26(1) — 2k(u)
Iz —yl? 2-2u
ko(l) —uro(u)  k1(1) — K1 (u)
= s
1—u 1—-u

~u1- ukg(u) + ko(u) + K5 (u) Ml +00,

where the equivalent follows from I’'Hopital’s rule, and we have x{(u) = 1/7v1 — u? — o0,
while ko (1) = k1 (1) = &} (1) = 1. It follows that the supremum over x, y is unbounded.

For the second part, fix an arbitrary L > 0. We can find «, y such that ||®(x) — ®(y)||% > Lz —y||.
Take

P(z) — @
o 2@ g
[®(x) = @(y)[ln
We have || f|l = 1 and f(z) — f(y) = ||®(x) — ®(y)|l > L||x — y]|, so that the Lipschitz constant
of f is larger than L. O

B.2 Proof of Proposition 4] (smoothness of 2-layer ReLU NTK)

Proof. Denoting u = (z,y), we have
lpo(@) — poW)II? _ 2r0(1) — 20 (u)

Je =yl VZ—2u
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As a function of u € [—1, 1], this quantity decreases from 1 to 1/2, and is thus upper bounded by 1,
proving the first part.

Note that if u, v are on the sphere and o > 1, then ||u — aw|| > ||u — v]||. This yields

[l =yl = min([l, [ly[}) [ — 7],

where Z, y denote the normalized vectors. Then, noting that (g is 0-homogeneous, we have

leo(x) —Lo@I* _ llvo(@) — o @)

[z =yl B [z =yl
o () — o ()|
— min([|z], [lylDllz — g
1

~ min([l], lyl)’

by using the previous result on the sphere, and the result for the second part follows.

For the last part, assume x has smaller norm than y. We have

e o= | (5057) - (")
| Cals) - () H( 0 )= ()|
= VIEPToo(@) — 2ol + 1 (@) — (v >||2 + ol — )

< Vllzlllz =yl + e =yl + Hx—yH < Vlzlllle =yl + 2[l= -y,

where in the last line we used [|po(y)|| = 1, |leo(z) — woW)||> < ||z — yl|/||z|, as well as

le1(x) —01(v)]] < |l& — y||, which follows from [T, Lemma 1]. We conclude by symmetry. [

B.3 Proof of Proposition[?] (smooth activations)

Proof. We introduce the following kernels defined on the sphere:

rj({2,a") = Eunno,n[o ((w, 2)o ¥ ((w,2))].

Note that these are indeed dot-product kernels, defined as polynomial expansions in terms of the
squared Hermite expansion coefficients of /), as shown by Daniely [19] (called “dual activations™).
In fact, [19, Lemma 11] also shows that the mapping from activation to dual activation commutes with

differentiation, so that ;(u) = n((f )( ), for w € (—1,1). The assumption made in this proposition

implies that the j-th order derivatives of k¢ as u — 1 exist, with n(()j ) (1) = k(1) =, < +o0.

Then, the NTK on the sphere takes the form K, (z,z') = kq((z,2')), where ry(u) = uri(u) +

#o(u). Then, if we consider the kernel o (u) = = %18 = ,';:T(u,y)l, we have

pi(l) + R0 +ro(1) 2+ 2m

Ro(1)=1 and &, (1)= = .
Yo + M1 Yo+

Applying Lemma 1 of [11] to this kernel, and re-multiplying by o + 71 yields the final result. [

B.4  Proof of Lemma 10| (smoothness of operator 1/ in L?(R?))

Proof. Using similar arguments as in the proof of Proposition we can show that for any u € R?

1M (2, y) () = M (2", /)W) < min(ly@)], 1y (@) ]2 (u) - 2" (u)]
+ [z () — 2" ()l + [ly(uw) — ' (u)]
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Now assume that min(||y||, |¥|]) = ||v||. By the triangle inequality in L?(R%), we then have

1M (z,y) = M(z',y)]| < \// min([ly(u)[l, [ly’ (@) [l (u) = 2 (u)l|du + |z — 2| + [ly — /']

< \// ly(llllz(w) = 2" (uw)lldu + [l = 2" + [ly — ¢/
< Vlyllle =2+ llz = 2| + [ly — ¥/l

where the last inequality follows from Cauchy-Schwarz. We obtain the final result by symmetry. [
B.5 Proof of Proposition@ (stability to deformations)

We first recall the following results from [11]].
Lemma 15 ([L1). Assume ||V7||oo < 1/2, and sup,,cg, |v| < Boy-y for all k. We have

I[PR4%, L] < C(8)I9rlo
1A — A7) < P,

n

where C([3) grows with 3 as B4+,

We are now ready to prove Proposition [I2}

Proof. In order to compare ®,,(L.x) and ®,,(z), we introduce intermediate sequences of feature

maps, denoted x(k(’) and ylik“ , where the deformation operator L, acts at layer kq. In particular, we
denote by ZE'SCO), ylio) the feature maps obtained for the input L.z, and if kg > 1, we define xg“’) = Xk,

Y =y for k < ko,
x,(ck[jzl Pk0+1Ak0LT<p1(xk0)
y](glz(jlzl Pk0+1AkU LTM(xkoa yko)a
and for k > kg + 2,
:cfck'O) = P*ARL g (2f0)
yi* = PRAMI L M (i, gy
Then, we have the following
@0 (Lrz) — O ()| = [A"M (2, y ) — A"M (2, yn) |
< HA”M(:E%O) y) = AL M (2, ) |
<|A"M ( 510),1/510)) A" Ly M (2, yn) ||
+ [[A" Ly — A™ | M (2, yn) |-

Using Lemma([T3] we have
[A" Ly — A" < [[[A", L[| + || LA™ — A" |

C
CBIVT oo+ 2 7l

n

Separately, we have || M (2, y,)||* = ||zn]|® + ||yn||2 < (n+1)|jz||?, so that
1@ (Lr) — @ ()| < |A"M (@, ) = A" Ly M (2, yn) |

+W< N+ L) el
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We now bound the first term above by induction. For n = 1, we have
1AM (287, 417) = AY LM (@1, y0)|| < A M (217, 5”) = A'L M (21,30
< [M@”,5”) = LM (z1, )|
=||M(L;z,L;x) — L. M(z,y)|| =0,

by noting that M is a point-wise operator, and thus commutes with L. We now assume n > 2. We
have

A" M (20, y0) — AL M (20, y0)|| < | M (22, y) — L M(2, y) |
= |M @0,y — M(L,2y, Lyyn)||

0
< V1Ll = Loy
129 — Lyl + 159 — Leyal.

where we used Lemma[T0]and the fact that M commutes with L.

Now note that since || V7||o < 1/2, for any signal x we have

|Lox|? = / (ot — 7(u)) 2 = / Jx(ue) 2] det (I — V()| du
1
= A= Vrla)e

Thus, we have || L.y, || < 292||y,|| < V24n||z||. Separately, using the non-expansivity of ¢;, we
have

2] < 292> (15)

3
AN

159 = Lywall < 3 28 = 2O 4+ oD = Ly |

£l
Il
-

k-1
|z — Lyay|

M:

<

b
Il

1

n
= |P'" AL,z — L, P*A%| + > [|[P* A" Loy (1) — Lo PP AR 01 (24|
k=2

< D IPP AN Ll
k=1
< CBNVT oo,

by Lemma|[I5] We also have
1y = Loyl = [P* A" M (2, y8)) = L PP A" M (21, g |
< PrAM M (D), yi) — PRAM L M (21, gt |+ IPA™ Y Lol M (21, Y )|
<A M (2, y) = AL M (21, g+ CB)VA] VT oo 2.
We have thus shown:
A" M (), 50) = A" Lo M (. )| < (291C(8) 202V L2 + CB)(n + V)| V7l ) ]
+ A M (20 y)) = AL M (e, o)

Unrolling the recurrence relation yields

M:

A" M (@0, ") = A" LM (e, ya)l| < 3 (274C(8) 2K V712 + CB)(k + VI)IVT] ) ]

k=2

(c BY2Cn ™| A2 4 C(B)Cn? | V7l ) [,

IN
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where C, C’ are absolute constants depending only on d.

The final bound becomes
C
[@0(Lee) ~ @ 0)] < (COMEORTIITHLE + CEOCRTrl 4 VT T el ) e,

with a different constant C’.

C Approximation Properties

C.1 Background on spherical harmonics

In this section, we provide some background on spherical harmonic analysis needed for our study of
the RKHS. See [22| 5] for references, as well as [6, Appendix D]. We consider inputs on the p — 1
sphere SP~! = {x € RP, ||z|| = 1}.

We denote by Yy;(z), j = 1,...,N(p, k), the spherical harmonics of degree k on SP~!, where

N(p, k) = 2ktp=2 Ftp—3 . They form an orthonormal basis of L?(SP~!, d7), where T is the
% p—2

uniform measure on the sphere. The index k plays the role of an integer frequency, as in Fourier
series. We have the addition formula

N(p,k)
> Yii(@)Ya;(y) = N(p k) Pe((z,9)), (16)
j=1

where Py is the k-th Legendre polynomial in dimension p (also known as Gegenbauer polynomials),
given by the Rodrigues formula:

Py(t) = (—1/2)’“L;1)(1 — 2)B-p)/2 ( d )k (1= (2)+d=3)/2

T(k+251) dt

The polynomials Py are orthogonal in L?([—1, 1], dv) where the measure dv is given by dv(t) =
(1 —2)(P=3)/2dt, and we have

1
_ 1
P2($)(1 — $2)p=3)/2gp — Y=t = 17
L 21— )0 2 = S a7

/2 . . . . .
where wg_1 = % denotes the surface of the sphere S?~! in d dimensions. Using the addition
formula (T6)) and orthogonality of spherical harmonics, we can show

| P Pl aar(u) = s Pedlo) 1s)

Further, we have the recurrence relation [22, Eq. 4.36]

k k+p—2

P(t)= ———— P, S
tP:(t) % +p—2 kl(t)+2k+p—2

Prya(t), (19)

for k > 1, and for k£ = 0 we simply have tPy(t) = Py (t).

The Funk-Hecke formula is helpful for computing Fourier coefficients in the basis of spherical
harmonics in terms of Legendre polynomials: forany j = 1,..., N(p, k), we have

/f(<w7y>)Yk,j(y)dT(y) = wP72Yk,j(fff)/_1f(t)Pk(t)(1 — %)@=, (20)

Wp—1

20



C.2 Dot-product kernels and spherical harmonics

In this section, we provide some background on how spherical harmonics can be used for obtaining
descriptions of the RKHS for dot-product kernels on the p — 1 sphere [46} 47]. We then recall results
from Bach [6] on such a description for kernels arising from positively-homogeneous activations (i.e.,
arc-cosine kernels), and on how differentiability of functions on the sphere relates to the RKHS.

For a positive-definite kernel K (x,y) = x((z,y)) defined on the p — 1 sphere SP~!, we have the
following Mercer decomposition:

o0 N(pwk)
Z i Z Vi i (€)Y 5 (y Z 1N (p, k) Pi((2, ), @1)
k=0
where py, is obtained by computlng Fourler coefficients of x((z, -)) using 20):
1
g, = =2 / k() Pe(t) (1 — t2)<”*3>/ 2dt. (22)
Wp—1J-1

Note that we must have p, > 0 for all k, since positive definiteness of £ would be violated if this
were not true. Then, the RKHS H consists of functions of the form
oo N(p,k)
= Z Z ak,ij,j(x), (23)
k=0 j=1
00 N(P’k)
st 1B = Z (24)
k=0 gj=1
In particular, this requires that ay ; = 0 for all j, for any £ such that p, = 0.

Relationship with differentiability. Following Bach [6l Appendix D.3], if f is s-times differ-
entiable with derivatives bounded by 7, then we have |[(—A)*/2f| 12go-1y < 7, where A is
the Laplace-Beltrami operator on the sphere [5)]. Given a function f as in , we can use the
fact that Y}, ; is an eigenfunction of —A with eigenvalue k(k + p — 2) (see [3 22]) and write
ag,j = aj, J/(k(k + p —2))*/2 for k > 1, where aj, ; are the Fourier coefficients of (—A)*/2f and
satisfy >~ af? < n?. We then have

Lemma 16. Assume f takes the form 23), with ay, ; = 0 for all j when p, = 0, and that f is s-times
differentiable with derivatives bounded by 1. Then, if maxy>1,,, 20 1/(k* i) < C, we have f € H
with || f||3, < C'n? with C' =1/ + Cif 1o # 0, or C' = C if o = 0.

Indeed, under the stated conditions, we have

co N(p,k) z a% .
2s 12
I1f113, = ;) Zl T + k;{lﬁX# 1/ (k™ ) ;ak,j
J 3]

1 S
< %712 +COl(=A)2f|72s) < C'n.

Values of 11, for arc-cosine 0/1 kernels [6]. We recall values of the eigenvalues p, for arc-cosine
kernels of degree 0 and 1, which are obtained in [6]]. For any non-negative integer o > 0, Bach [6]
considers the positively homogeneous activation o, (u) = (u)$ and derives the following quantities
for k£ > 0:

1
Najy = p=2 / 0o (t)Pr(t)(1 — t2)P=3)/24¢,
Wp—1 J_-1

This can be used to derive the decompositions of the arc-cosine kernels introduced in Section
which are defined using expectations on Gaussian variables, but can be expressed using expectations
on the sphere as follows:

/fa(<x’y>) = 2Ew~N(0,1)[0a(<wvx>)0'(x(<w>y>)]
= 2B, (o [|wl**oa((w/[lwl, 2))oa((w/|w]l, y))]

= 2By o [l / G (10, 2))00 (10, ) ) (),
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where we used a-homogeneity of o,, and the rotational symmetry of the normal distribution, which
implies that w/||w]| is uniformly distributed on the sphere, and independent from ||w]|].

For a fixed w, we can express

Gallw,2)) = 3 AakN(p, k) Pel 0, ).
k=0
Then, using (I8), we have
Fa((2,9) = 2Bunon [lw]*] D> A2 o N (p, k) Pr((z,9)).
k=0

For o = 0,1, this yields decompositions ) of ko, k1 With g = 2X5 ; and 1) = 2p)\%k.
Bach [6] then shows the following result on the decomposition of ¢, which we translate to decom-
positions of kernel functions .

Lemma 17 (Decomposition of o, and x,, [6]). For the activation o, on the p — 1 sphere, we have
o M\i #0ifk <oy
o Nk =0ifk>caifk=a mod 2;
o [Nak| ~ Cx(p, @)k™P/2=% otherwise, for some constant C(p, ) depending on p and c.
For « € {0, 1}, the eigenvalues for the corresponding kernel k., then satisfy
o ok >0ifk <o
o tor=0ifk>aifk=a mod2;
o Lok ~ Cu(p,a)k™P72% otherwise, with C,,(p, o) = 2p“Ci(p, @)™
Note that the zero eigenvalues imply that a function f of the form (23)) must have a, ; = 0 for k > «

and K = a mod 2 in order to be in the RKHS for x,. A sufficient condition for this to hold is that f
is even (resp. odd) when « is odd (resp. even) [6].

C.3 Decomposition of the NTK for two-layer ReLU networks
Recall that the NTK for the two-layer ReLU network with inputs on the sphere is given by

k(u) = uko(u) + k1 (u).

We now prove Proposition[5] which shows that the Mercer decomposition in spherical harmonics 1))
for this NTK satisfies:

® Lo, 1 >0
o up=0ifk=2j+1,7>1
o i ~ C(p)k~? otherwise, with C'(p) = C(p,0).

Proof of Proposition ] Using (22) and the recurrence relation (T9) for Legendre polynomials, as
well as tPy(t) = Py (t), we have

Ho = Ho,1 + H1,0

k k+p—2
_ LA bl for k > 1.
Mk 2k+p_2,uo,k1+2k+p_2ﬂo,k+1+,ul,k7 or k>
By Lemma|[I7] we have the desired properties. O

We now briefly discuss how to adapt the approximation results of Bach [6] to our setting.
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Proof sketch of Corollaries[6|land[7] In Appendlx D of [én, Bach deﬁnes candidate functions g : SP—!
from functions p € L*(SP71) as g(z) = Tp(z) = [p(w)os(w Tx)dr(w), with RKHS norm
(denoted ~2(g) in [6]) given by the smallest Hp|| 12 for p such that ¢ = T'p. In our case with the
NTK, we may simply consider the operator ¥.1/2 instead (the self-adjoint square root of the integral
operator X of k, using notations from [[7]; see also [18]]), which simply multiplies each fourier
coefficient ay, ; in decomposition (23)) by /i, and obeys the required properties (in fact, 7" and »i/2
are two different square roots of X [7]).

The proofs can then be adapted directly, by noticing that /i has the same decay properties as
Ao,k With a = 0. For Corollary @ we also provide the key proof ingredients in our framework in
Lemma [16] for completeness. O

The proof for the homogeneous RKHS is given below.
Proof of Proposition[8] The kernel K can be written as

(o) = (el (5 ) el (5

where ®(-) is the kernel mapping of the kernel » on the sphere. Then the RKHS # can be character-
ized by the following classical result (see, e.g., [44, §2.1] or [6, Appendix A]):

H= (oo gl (2 Yoo € 1)

=ifq
Ifollzz = inf{llg’lls - g" € H st fo = for}

Note that the condition f; = f,/ implies in particular that f; and f,/ are equal on the sphere, and
thus that g = ¢/, so that the infimum is simply equal to ||g||7;. This concludes the proof.

O

D Details on Numerical Experiments

This section provides more details on the experimental setup used for obtaining Figure [I} which
closely follows the setup in [11} Section 3.4].

We consider images of handwritten digits from the Infinite MNIST dataset [32]], which consists of
28x28 grayscale MNIST digits augmented with small translations and deformations. Translations
are chosen at random from one of eight possible directions, while deformations are generated by
considering small smooth deformations 7, and approximating L.z using a tangent vector field Vz
containing partial derivatives of the signal = along the horizontal and vertical image directions. We
introduce a deformation parameter « to control deformation size. The images are then given by

Lorz(u) = z(u — at(u)) = z(u) — at(u) - Va(u).

Figure E] shows examples of different deformations, with various values of «, with or without
translations, generated from a reference image of the digit “5”. In addition, one may consider that a
given reference image of a handwritten digit can be deformed into different images of the same digit,
and perhaps even into a different digit (e.g., a “1” may be deformed into a “7”). Intuitively, the latter
transformation corresponds to a “larger” deformation than the former, so that a prediction function
that is stable to deformations should be preferable for a classification task.

The architecture underlying the kernels considered in Figure [T consists of 2 convolutional layers
with patches of size 3x3, followed by ReLLU activations, and Gaussian pooling layers adapted to
subsampling factors 2 for the first layer and 5 for the second. Patch extraction is performed with
zero padding in order to preserve the size of the previous feature map. For a subsampling factor s,
we apply a normalized Gaussian filter with scale o = s/+/2 and size (2s 4+ 1) x (2s + 1), before
downsampling. Our C++ implementation for computing the full kernel given two images is based on
dynamic programming and is available at https://github.com/albietz/ckn_kernel|
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FCI A E

Figure 2: MNIST digits with transformations considered in our numerical study of stability. Each row
gives examples of images from a set of digits that are compared to a reference image of a “5”. From
top to bottom: deformations with oo = 3; translations and deformations with o = 1; digits from the
training set with the same label “5” as the reference digit; digits from the training set with any label.

The plots in Figure[I] show average relative distance in the RKHS between a reference image and
images from various sets of 20 images (either generated transformations, or images appearing in the
training set). The figures consider deformations of varying size o € {0.01,0.03,0.1,0.3,1, 3}. For a
given kernel K and set .S of images, the average relative distance to an image x is given by

bl

O(x K(z,z)+ K(x — 2K (x, 2’
le ”q) )| Z\/ ) (z,2)

5] ||H K K(r z)

z'es z’'esS

where H denotes the RKHS associated to K and ® the kernel mapping. We normalize by ||®(z)||%
in order to reduce sensitivity to the choice of kernel.
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