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A MACROSCOPIC TRAFFIC FLOW MODEL WITH FINITE
BUFFERS ON NETWORKS: WELL-POSEDNESS BY MEANS OF
HAMILTON-JACOBI EQUATIONS

NICOLAS LAURENT-BROUTY*, ALEXANDER KEIMERT, PAOLA GOATIN!, AND
ALEXANDRE M. BAYENS$

Abstract. We introduce a model dealing with conservation laws on networks and coupled bound-
ary conditions at the junctions. In particular, we introduce buffers of fixed arbitrary size and time-
dependent split ratios at the junctions, which represent how traffic is routed through the network, while
guaranteeing spill-back phenomena at nodes. Having defined the dynamics at the level of conservation
laws, we lift it up to the Hamilton-Jacobi (H-J) formulation and write boundary datum of incoming
and outgoing junctions as functions of the queue sizes and vice-versa. The Hamilton-Jacobi formula-
tion provides the necessary regularity estimates to derive a fixed-point problem in a proper Banach
space setting, which is used to prove well-posedness of the model. Finally, we detail how to apply our
framework to a non-trivial road network, with several intersections and finite-length links.

Keywords. Macroscopic traffic flow models; networks; buffers; fixed-point; Hamilton-Jacobi equa-
tions; conservation laws; LWR model.

AMS subject classifications. 35L65; 35R02; 35F21; 35L04;

1. Introduction

The first application of conservation laws to traffic flow modeling dates back to the
mid 1950s, with the seminal Lighthill-Whitham-Richards (LWR) model [35,37]. The
model consists of a single conservation law accounting for the conservation of vehicles:

Orp+ 0 (pu(p)) =0, zeR, t>0, (1.1)

where p=p(t,x) denotes the density of vehicles on the road and v=wv(p) represents
the mean velocity of the flow. The properties of this fairly simple model are now well-
known, and it is still widely used to model traffic. The main difficulty lies in modeling the
behavior of traffic at junctions, which is not mathematically clear, due to phenomena
like traveling congestion on incoming and outgoing roads and allocation of traffic on
outgoing roads. Modeling traffic on road networks is essential in order to address the
Dynamic Traffic Assignment (DTA) problem, which consists in optimizing trajectories
of vehicles on networks in order to reduce travel times and congestion. Mathematically,
the difficulty lies in defining the appropriate boundary conditions at intersections, in
order to provide existence and uniqueness of solutions. To treat this difficulty, different
solutions have been proposed in the literature. Two main approaches can be identified.
The first consists in defining Riemann solvers at the junctions [22, Section 3], which are
mappings that provide solutions to Cauchy problems with constant initial data on each
link. Once these mappings are defined, wave-front-tracking or finite volume schemes
enable one to build solutions to more general Cauchy problems. The main limitation of
this approach is that the solution does not necessarily depend in a Lipschitz continuous
way on the initial datum, as pointed out in [24, Section 5] and [12]. The other approach

*Université Cote d’Azur, Inria, CNRS, LJAD, France and Ecole des Ponts ParisTech, Champs-sur-
Marne, France, nicolas.laurent-brouty@inria.fr

TInstitute of Transportation Studies, University of California, Berkeley, CA, keimer@berkeley.edu

fInria Sophia Antipolis — Méditerranée, Université Céte d’Azur, Inria, CNRS, LJAD,
paola.goatin@inria.fr

$Institute of Transportation Studies, University of California, Berkeley, CA, bayen@berkeley.edu

1



2 A macroscopic traffic flow model with finite buffers on networks

is to couple incoming and outgoing links by a buffer located at the junction. The state
of this buffer is then governed by an ordinary differential equation, taking into account
the boundary conditions at the junction so that conservation of mass is guaranteed.
This modeling framework was first introduced for supply-chain networks in [5,26,27,29)
and then adapted to traffic flow on networks in [9-11,21,25,30]. This approach provides
stability estimates which are crucial from a control point of view, but may lead to a
potential loss of information at the junctions, depending on how the buffer is modeled
and whether one aggregates commodities at the junction level or not. The mentioned
drawbacks of existing models (missing regularity or loss of information) prevent from
implementing control strategies at the intersection level, mandatory to address the DTA
problem.

We develop a control framework by implementing time-varying routing functions at
junctions, which assign a ratio of the incoming flow to the outgoing edges. Depending
on the capacity of outgoing links and the values of these ratios, incoming flows might not
be fully assignable to outgoing roads at specific times. We then implement a buffer at
the entrance of any outgoing road, with arbitrary chosen limited capacity, which takes
into account the possible exceed on demand. Once the buffer has reached its limited
capacity, the unsatisfied demand impacts the incoming roads, so that back-travelling
phenomena are intrinsically treated.

To address well-posedness of the model, we transform the described problem into a
fixed-point problem at the level of Hamilton-Jacobi partial differential equations (H-J
PDEs), relying on the higher regularity of solutions. For the general theory of Hamilton-
Jacobi equations we refer the reader to [3,17,32] and to [6,14,15,20] for applications
to traffic flow modeling. Hamilton-Jacobi equations on networks without buffers were
developed in [1,31]. Our analysis strongly relies on previous contributions in [9-11],
where a similar fixed-point problem was posed. In these articles, the authors assume
that the routing of each population is predetermined initially, and use transport equa-
tions to propagate this information and to keep track of different populations having
different routes. On the other hand, we propose an approach which enables real-time
routing modifications, by enforcing time-varying routing functions at junctions. For
other approaches to traffic routing in a macroscopic non-stationary setting, we refer the
reader to [18,23, 38].

This paper provides a rigorous well-posedness result for every finite buffer size,
when changing involved input data in the proper topology. This enables us to study
optimal control problems in which we control the routing parameters at junctions in an
optimal way assuming a uniform BV bound on the routing, a reasonable assumption as
the change of traffic flow should not be too irregular. We also detail how the prototype
junction model, defined on semi-infinite incoming and outgoing links, can be generalized
to realistic networks. The main idea here is to use the finite propagation speed of
information, so that one can decouple the fixed-point problems at the different junctions
for sufficiently small times.

1.1. Outline. In Section 2, we introduce the model, explain the dynamics
governing links and buffers and explain how to derive the Hamilton-Jacobi formula-
tion of the problem, starting from the conservation law formulation. In Section 3, we
propose a rigorous definition of solutions, based on the literature and on the modeling
assumptions. After recalling some fundamental results about Hamilton-Jacobi equa-
tions in Section 4.1, we define the Banach fixed-point problem in Section 4.2 and study
its properties in Section 4.3. In Section 4.4, we show the existence and uniqueness of
a fixed-point, and thus the well-posedness of the Hamilton-Jacobi formulation of the



BAYEN, GOATIN, KEIMER, LAURENT-BROUTY 3

problem. Section 5 presents results concerning the stability of solutions when changing
the routing, initial datum of incoming and outgoing roads and the initial state of the
buffers. In Section 6 we show that our framework enables us to write an optimal control
problem w.r.t. routing, and to prove the existence of a minimizer. In Section 7 we detail
how to use the framework on a physical road network, containing several intersections
and finite-length links, providing explicit solutions to the Hamilton-Jacobi formulation.
Finally, Section 8 presents the conclusions and suggests additional and future topics for
research.

2. The Model

In this section, we present the dynamical model on the network. We first introduce
an archetype network and then define the link dynamics (governed by the LWR PDE)
and the node dynamics which are determined by the boundary data of the incoming
and outgoing roads as well as the state of the buffer at the considered intersection.
Note that the topology of the considered archetype network is sufficient to generalize
to arbitrary connected and directed graphs.

2.1. Network. We consider as archetype network a single node v with incoming
7 and outgoing O links as illustrated in Fig. 2.1. For simplicity, we first assume that
each entering link ¢ €7 is characterized by the spatial segment (—o0,0]. Similarly, each
exiting link j € O is characterized by the open segment [0,00) so that we assume semi-
infinite roads. In Section 7 we will discuss how we can generalize the proposed dynamics
to general networks in a straightforward manner.

P1 Ps
P2

Ps
P3
Py P7

F1G. 2.1. Illustration of the archetype network, a node with incoming Z:={1,2,3,4} and outgoing
O :={5,6,7} links.

2.2. Link Dynamics. We denote by p;(t,z), i € Z, the density of vehicles on the
incoming links at space-time coordinate (t,x) € (0,7) x R<o and by p;(t,z) the density
on the outgoing links j € O at space-time coordinate (¢,x) € (0,7) x R+ for a given and
fixed time horizon T € Ry .

On each link of the network, we assume that the density of vehicles satisfies the
LWR model for given specific flux functions so that the dynamics read for i€Z and
jeo

up; (t,2) + 0o (p, (t,2)) =0, (tx)e(0,T)xReg,  (2.1)
pi(0,2) = pif' (), zeR, (2.2)
up;(t,2) + 0,8 (p; (,2)) =0, (t,z)€(0,T)xRsg,  (2.3)
p;(0,2) = 3% (x), rE€R=g. (24)
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ASSUMPTION 2.1 (Assumptions on the flux function). We assume that the initial
densities are bounded, i.e.

n out

pos €10,07],  pgY €[0,p5]

for some p***€Rso, 1€Z, p;™**€Rso, JEO. Moreover, we assume that the fluz
functions f;, f; are smooth and strictly concave:

VieT: (0o, £(2)<0 Ve, H(0)=£(pP) =0,
v'] cO: f S 02([0 pmax])v fJ//(Z) <0Vze [O pmax], fj (O) — fj (pEan) —0.

We define the critical densities pC“t,pCrlt such that:

pfrlt [O pmax] . f (pfl‘lt) 0’ pgrlt [O pmax] . f (pgrlt) 0

3. Node Dynamics. The node dynamics are realized by a buffer and the
boundary flux of incoming and outgoing roads. We present three different models for
the buffer:

e the Single-Buffer /Multi-Queues in Section 2.3.1,
e the Single-Buffer/Single-Queue in Section 2.3.2,
o the Independent-Buffers in Section 2.3.3.

2.3.1. Single-Buffer/Multi-Queues. In the Single-Buffer/Multi-Queues sce-

nario, for each j € O and any t € [0,7] we define a queue state q;(t) >0 which describes
the number of vehicles queued before entering link j serving all incoming links ¢ € Z.
In addition, we assume that the intersection can store a maximum quantity of vehicles
M eR(, which corresponds to a buffer size. The space left in the buffer at any time ¢
is then M =3, q;(t).
For each incoming link ¢€Z, we define a time-dependent priority coeflicient c; €
L>((0,T);R>¢) which denotes the order of priority given to the entry in the junc-
tion. We then set the boundary incoming flux on any link ¢ €Z such that it minimizes
the demand from traffic and the supply of space in the buffer for ¢ € (0,T):

'y (t) = min {fi<”;f$;,?‘>> gg;g;;g;;g;:t} <t><M—qu<t>> @)

jeo

This formulation takes into account the fact that the available space in the buffer might
be limited and not sufficient to support the demand function. The minimum selects
the inflow as the corresponding demand to the density on the entering link, except if it
exceeds the capacity of the buffer, in which case it allocates for the boundary condition
the space left inside. A similar approach was developed in [3, Definition 2.14]. We
will prove later that the buffer never reaches capacity, i.e. the right-hand side of the
minimum remains strictly positive over time.
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Fi1G. 2.2. Illustration of the node/intersection dynamics. Left: the Single-Buffer/Multi- Queues
model in Section 2.3.1, consisting in one common buffer shared by the (three) leaving queues. All
incoming traffic has contributed to the buffer and only the buffer state is reported back to the incoming
roads. Middle: the Single- Buffer/Single-Queues model in Section 2.3.2; Again, only one buffer exists
but also only one queue is serving all leaving links simultaneously. Also here, only the buffer state is
reported back to the incoming roads. Right: the Independent buffer model in Section 2.3.3 consisting
in three different buffers serving three different queues corresponding to the three different leaving
links. These buffers can have different sizes, and reports back to the incoming roads depending on
their respective loads and routing functions.

In the same way as we have defined the maximum possible flux entering, we now
define the maximum possible flux exiting , which corresponds to the supply function.
Denoting by

0<0,,;t)<1 tel0,T]

the time-dependent fraction of vehicles traveling from road i€Z into j€O with
> jeo?ij(t)=1, we set the exiting boundary condition as the minimum between the
demand of traffic and the supply of space on the exit:

£;(p;(t,0+)) if p;(t,0)> p§™t
max 3 . < perit
T;() = f; if p; (f,O) <pj |
fj(pj(t70+)) if pj(t,o) >p§r1t
£Rif p (t,0) < pSit

if qj (t) > 0,
2 00 (0T(t) if q;(t)=0.
i€z

For t (0,7, if q,(t) >0 for j€ O, vehicles are stored in the buffer and wait to access
the outgoing road. Thus, the boundary condition is determined by the supply on the
exit road. Either the traffic is in free flow and we can allocate £***, or it is congested,
and we can assign the flux corresponding to the traffic state on the specific road. If
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q;(t) =0, the incoming flow at the intersection can directly exit onto the outgoing road.
Thus, the minimum assigns as a boundary condition the minimum between the supply
and the demand.

Finally, we need to define the dynamics governing the buffer states with an ad-
ditional equation accounting for the flow which enters and leaves the buffer at time
te[0,7):

d(t)=> 0, ;(OTi(t)~T;(t), t€[0,T], jeO. (2.6)
ieT
2.3.2. Single-Buffer/Single-Queue. In the Single-Buffer/Single-Queue sce-
nario (see [21]), we do not assign one buffer per exiting link, but only define one scalar
buffer state at the level of the intersection, ¢s(t) for ¢t € [0,77], serving all incoming and
outgoing roads. The remaining space in the buffer at time ¢ is M — g4(t) for M €R+g

r)—min{ {0 FAOO P i (r-a )}

Denoting by 0<6,(t) <1 the time-dependent fraction of vehicles traveling to the road
JE€O with 3. 0;(t) =1 (the turning ratio is here independent of the road from which
the vehicles actually entered)

£i(p;(t,0+)) if p;(t,0)> p§t if g5(t) >0
f‘;_'nax if p] (t’o) S P;m ] 5
L;(t) =

mm{{fﬂ‘(”j“’” ) if”j(t’ob”?rit} 0j<t)zri(t>} i g, =0.

£rnex if p;(t,0) < p§H* i€z
The dynamics for the queue are then:
gh(t)=> Tu(t)= > T;(b). (2.7)
i€l jeo

2.3.3. Independent-Buffers. In this case, we allocate one buffer M; € R and
one queue q;(t) to each exit link j€O. The remaining space in each buffer is then
M; —q,(t), t€[0,T], and 6, ; is the ratio of flow which is assigned from road i€Z to
road j € O satisfying conservation of flow, i.e. 37, ,0;,;(t)=1,0<0; ; <1V(i,j) €L x O.
We then obtain for the incoming roads the dynamics

() — i fi(p;(t,0-)) if p;(t,0) < p§™ o Mi—q; () |
Fz (t) =1min { { fimax if P; (t,O) > pzqrit 75%18 W ) b €1 (28)
and for the outgoing links the boundary terms read for j € O as

fj (pj (t70+)) lf pj (t,O) > pgrit
f;nax if pj (t,O) S p;;rlt

T;(t) = . .
v min{{fj(pj(t’0+)) ‘f"j(t’o)”’?m} zeijmri(w} if () =0.

fjl_nax if pj (t,O) S p;;rit icr

if q;(t) >0,

In the case 0; ;(t) =0, we define Mg%w =400. The dynamics for the queues are
stated as 7

Q;(t)=>_0;;(tT;(t)~T;(t), t€[0,T], j€O (2.9)
€L
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with the bounds on the queues
0<q;(t)<M; Vtel0,T], j€O.

2.4. Derivation of the corresponding Hamilton-Jacobi framework. In
this section, we will show formally how to derive the proper Hamilton-Jacobi framework
for the considered problem class, assuming smooth solutions of the conservation laws.
We will only consider the Single-Buffer /Multi-Queues case, the other two cases can
be derived the same way.

2.4.1. Number of vehicles exiting an entry link. On any incoming link
i €Z the initial condition pg’; on the level of conservation laws can be used to define the
initial datum of the Hamilton-Jacobi formulation for z € R.¢:

Vi@= [ s
Vit is the integrated variable of the density for ¢ €[0,T:
0, Vi™(t,z) = p;(t,r)

Vi'(t,x) :/ pi(t,y)dy.

— 00

The function VI is in traffic simulation often called Moskowitz function (compare
for inbtance [13 28]). We can then write the conservation of vehicles on R.g, with

fo (p;(s,0))ds the total number of vehicles that have left the link ¢ € Z at time
te (O T):

0
fs pz(s y)dy=—1i(p;(s,0))

/ds/ pi(s,y)dyds=— / 3(p;(s,0))ds.

Thus, we obtain for ¢ € (0,7")
Ni(t) = Vg;(0) = Vi*(t,0).

2.4.2. Number of vehicles that have reached the intersection. N;(¢)
represents the number of vehicles that reached the intersection during the time interval
[0,t]. Among those vehicles, some want to access a given road j€O. We name F;(t)
the number of vehicles that have reached the intersection before time t and wish to turn
into a given road j € O. We can then integrate and state for ¢ € [0,7T:

F;(t)=q,(0 +Z/ i N’ )ds

€T
92'7]'(8) ‘| / 0
el

=q;(0)+)
0+ 3 0,0N0-3 [ 6,

€T
i€l €T
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0+ 0:,; (1) (Vi (0)—Vin(t,0)) /0 5) (ViR (0) = Vin(s,0)) ds.

i€ i€

This formulation on F will be used later to define the proper fixed-point mapping
Section 4.2.

2.4.3. Cumulative vehicle count formulation — vehicles reaching a given
exit j€O. Let us now apply the same reasoning for a given exit 7 € O. The initial
condition reads as follows:

VEUla)= [ p )y, we(0.0),
0
Vout is the cumulative density so that we obtain for (t,z) € (0,7) X R+, j €O
&CV?‘“ (t,z)= pj(t,x)

VO (1) /O "ty dy+B(1)

with B a function yet to be determined. V?“t satisfies the following Hamilton-Jacobi
equation:

OV (t,x)+£ (0, V™ (t,2)) =0
/0 "0, (t.y)dy + B(8) + £ (p; (t,2)) =0.

Plugging in =0
,B(t)+/(thj(pj(570))d5:07
we then obtain
V?ut(t,x):/prj(t,y)dy—/Otfj(pj(s,()))ds.

We can then write the conservation of vehicles on any segment [0,z]:

fs/Ozpj(s’wdy:fj(pj(s,()))—fj(pj(s,x))
[ [ ptsaravas= [ 606,650~ tp, .00 as
/Oxpj(t,y)dy_/Ozpj(O,y)dy:/Ot |:fj(pj(3,(]))_fj(pj(s,x))] ds

t

V() + [ 60500 as= Vi @)= [ 5o (0)ds= [ 1o (s.0)s

t
VU () - VOt ) = / £,(p; (s,)) ds.

Thus the number V§' () —V$"(t,z) represents the number of vehicles that have
crossed the location x € Ry during the interval [0,¢]. In particular, if we call S; the
total number of vehicles that have entered the link j€ O at time ¢ € (0,77,

S;(t)=—=V§"(t,0).
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2.4.4. Queue length. As a direct consequence of the conservation of mass, the
buffer will store the difference between the number of vehicles that wanted to access
j €O and the number of vehicles that actually entered j € O. Thus, the length of the
queue at the entrance of j is given by:

q;(t)=F;()—S;(¢), t€[0,T].

REMARK 2.1. We will prove later in Lemma 4.7 that the buffer can never exceed the
prescribed capacity M, making the model reasonable. This is due to the dynamics which
cause a natural spill-back when the buffer gets close to capacity so that less vehicles can
actually enter as flow into the buffer is decreased.

3. Definition of Solutions

As a solution on a given junction in the conservation law framework we define:
DEFINITION 3.1 (Definition of the solution of the system of conservation laws and
buffers). We consider a junction with i € Z incoming links and j € O outgoing links. We
assume in addition that Assumption 2.1 is satisfied and initial data py ; eL'(Roo)N
L (Reo) with 0< po; <™ and py ;€ L' (R0) NL>® (Rsg) with 0< py ; < pP** be
giwen. A solution to the initial boundary value problem with buffers as in Section 2 is
given iff:
(1) p™,p°° are weak entropy solutions of the conservation laws at the entering and

exiting links and satisfy

pireC([0,T];L' (Ro)), i€Z  p$"*eC([0,T];L' (Rx0)), j€O.

(2) For the three different types of queues with buffer as stated in Section 2.3 we have
e Single-Buffer/Multi- Queues: For a given M €Rsq the queues q are deter-
mined by Eq. (2.6) for a given split ratio 8; ; € BV ((0,T")) satisfying

0<6:;(t)<1, Y 6;;(t)=1Vt€[0,T] a.e. ¥(i,j) €I xO. (3.1)
Jjeo

e Single-Buffer/Single-Queue: For a given M €R~q, the queue qs is deter-
mined by Eq. (2.7) for a given split ratio 8; € BV ((0,T")) satisfying

0<0;(t)<1, > 0,;(t)=1Vt€[0,T] a.e. j€O.
jeo
e Independent-Buffers: For given MERLOO‘ the queues q are determined by
Eq. (2.9) for a given split ratio 8; ; € BV ((0,T)) satisfying

0<6;;(t)<1, Y 0;;(t)=1Vt€[0,T] a.e. ¥(i,j) €T x O.

jeo

(8) For the three different types of queues with buffer the boundary conditions on any
incoming link i €Z and any outgoing link j € O are respectively given by
e Single-Buffer/Multi- Queues: Section 2.5.1,
e Single- Buffer/Single- Queue: Section 2.5.2,
e Independent-Buffers: Section 2.3.5.
In the stated initial boundary values problems in p, the boundary datum is prescribed
in the sense of Bardos-Lerouz-Nédélec [7], see [16].
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4. Existence/Uniqueness of Solutions — Hamilton-Jacobi Framework

In the following, we will provide mathematical results for the Single-Buffer/Multi-
Queues, the results for the Single-Buffer/Single-Queue and the Independent-Buffers can
be derived the same way.

4.1. Basic results and Properties of Hamilton-Jacobi Equations.
DEFINITION 4.1 (The Legendre-Fenchel transform). Suppose we have a flux func-
tion fe€C?([0,p™*];R>0), strictly concave with p™* €R~q given. Then, we define the
Legendre-Fenchel transform f* of f as

()= inf {uzr—f(u)}, x€Dom(f). (4.1)
u€(0,pmax]
Thereby, the domain for the Legendre transform f* is defined as
Dom(f*):= {x*ER: [(iJnf ]{xm*—f(x)}<oo}:R. (4.2)
2€[0,pmax

LEMMA 4.1 (Properties of the Legendre-Fenchel transform). Let the Legendre-Fenchel
transform f* as defined in Definition 4.1 be given. Then, the following properties hold:
(1) f* is Lipschitz-continuous, i.e. | f*(x) — f*(y)| < p™**|x —y| Vx,y € Dom(f*).
(2) f* is concave with Dom(f*)=R.
(8) The infimum in the definition of f* is attained, i.e.
inf {ur—f(uw)}= min {uz—f(u)}.
u€[0,pmax] u€[0,pmax]

(4) [* is bounded from above, i.e. max er f*(x) <—f(0)=0.
(5) The dual of f* is f in the following meaning: Vx € [0,p™*] the following equality

holds f(xz)= in%{um—f*(u)}.

ue

Proof.

(1) Let z,y € Dom(f*) and let v* €[0,1] denote the point where the infimum is reached
for the expression f*(y). Then, we obtain

f[r@)=f*(y)= _inf ]{ux—f(U)}— inf ~{vy—f(v)}

u€l0,pmax veE(0,pmax]
<v'a— (0" —v"y+ (o) Sot(@—y) vl —y| < P a -y,

By reverting the role of x and y, we conclude that f* is Lipschitz-continuous with
Lipschitz-constant p™a*.
(2),(3),(4) We do not detail the proof here.
(5) See [8].
a0
REMARK 4.1 (Flux function regularity). Assumption 2.1 and also the regularity pro-
posed for defining the Legendre-Fenchel transform in Section 4.1 can be weakened to
fe€CL(R), strictly concave with super-linear growth. However, in the framework of traf-
fic flow modelling, the additional reqularity f € C%(R) is not too restrictive and is aligned
with [9-11], on which this contribution is based on.

For the following results it becomes mandatory to present a theorem for one-sided
boundary datum and initial value of Hamilton-Jacobi equations. The following theorem
not only gives an explicit solution formula in terms of a minimization problem, it also
states the relation of the solution formula to the corresponding conservation law with
one-sided boundary datum.
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THEOREM 4.1 (Explicit solution of HJ-Equations, relation to the conservation law [32]).
Consider the following HJ Equation:

O o(t,z)+g(0,0(t,x))=0 (t,z) € (0,T) x Rsq
0(0,2) =0 () z€R>0
0. 0(t,x=0)=pp(t) te(0,T)
with g€ C%(R;R) being strictly convex, satisfying l}rjltl gI(TyI) =00 and pp € L>((0,T))
y [eS)

given with py(t) =max{py(t),A\} and A be implicitly defined as g(x\)zmei]gg(u) as well

as po € L= (R50) N LY (R5o) with vo(x) = [ po(y)dy, © €Rso. Then, the solution of the
Hamilton-Jacobi equation can be stated in terms of a minimization problem involving
boundary and initial terms and reads for (t,z) €[0,T] x Rsg as

o(t,x) zmin{ min {tg* (=) +f)0(y)},

y€ER>o
ty
Og&igét{mng*(t:)m(t—tl)g*(tal) - / g(pbw))de}}
yER>o

where

g (z) :==sup{uz—g(u)}.
u€eR
In addition, v € Lip([0,T] x R>¢) and the partial derivative of v with respect to the spatial
variable is the weak entropy solution of the corresponding conservation law satisfying the
boundary condition in the sense of Bardos-Lerouz-Nédélec [7] :

Op(t,x)+02g(p(t,x)) =0 (t,z)€(0,T) xRxo
p(0,z) = po(z) reR>0
p(t,0)=py(t) t€(0,7).

Proof. The proof can be found in [32]. O
LEMMA 4.2 (Solution formula for the Hamilton-Jacobi equation related to Eqs. (2.1)
to (2.4)). Let po € L' (R.g) N L (R.g) with 0< po(x) < p™a* x €R-g a.e. be given. As-

fw) _

sume the flux function f € C?(R;R) being strictly concave and lim = 00 Con-

y—Foo
sider the following conservation law on the half plane:

6tp(t,x)+8xf(p(t,x))20 (t,I)G(O,T)XR<O
p(0,2) = pol) zeR
f(p(t,0)) = h(t) te(0,7)
with h € L>®((0,T)) and 0 < h(t) < fma* ¢t (0,T) a.e. be given. Then, the solution of the

associated Hamilton-Jacobi equation can be stated in terms of a mazximization problem
involving boundary and initial term and reads for (t,x) € [0,T] xR>¢ as

yER<o

v(t,x) :max{ max {tf*(z;y) —l—vo(y)},
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t_“’tl)—/ttlh(e)de}}.

Proof. We define py,(t) as the solution of f(py,(t)) = h(t) such that py,(t) € [peHit, pmax].
Consider the strictly convex function g such that g=—f. Given z €R, the following
identity holds

0<ta<t1<t
yER<o

max {Uo(y)“‘f*(tg)t2+ (t_tl)f*(

fr(x)= inf {yz— f(y)} = —sup{—yz+ f(y)} = —sup{—yz —g(y)} = —¢"(—2).
ye yER yER

Then we can apply Theorem 4.1 and obtain the solution to the following Initial
Boundary Value Problem (IBVP)

9y o(t, ) +9(0,0(t,x)) =0 (t,2) €(0,T) x Rxo
0(0,2) =0g () z€R>g
0, 0(t,x =0) = Py () te(0,T)

for (t,LU) S [O,T] X RZO

o(t,z) = min{ min {tg* (=) —|—170(y)},

yER>o
t1
o<£1<lz<t{”0<y”g*(tz”ﬁ?*(’f—“)g*(t—%) -, g(pb””d"}}'
YER>o
For x € R<( define v(t,x) =—0(¢t,—x). Then v is a solution of
_atv(tvm)"_g(axv(tvx))zo (t,l’)E(O,T) XRSO

v(0,2) =—0o(—) z€R<o

Ov(t,x=0)=pp(t) te(0,T)

which is, by construction, the solution of

Ow(t,z)+ f(Ozv(t,z))=0 (t,z)€(0,T) xR<g
v(0,2) = =0 (—x) =vo(x) z€R<
O v(t,z=0)=pp(t) te(0,7).

This is detailed in the following manipulations. Let (¢,x) €[0,7] x R>( be given, we
have

v(t,x)=—0(t,—x)

= min{ min {tg*(%) +7~’0(y)}’

YyER>o

yER>o

:max{ max {—tg*(#) _770(9)}7

yER>o
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0<g13§<t{ —00(y) —g" (F)t2— (t—t1)g" (;fl ) +/tlg(pb(9))d9}}

t
YyER>o 2

:max{ e {1 (242) i) .

yER>o

Ogggﬁg{—60(y)+f*(2“;)tz+(t—tl)f*(t“tl)+/tlg(pb(0)>d9}}

yER>o

_ma,x{ max {tf*(%) +U0(y>}v

yER<o
0<g13§<t{vo(y)+f*(t;’)t2+(t—t1)f*(t_“}1>—/ lf(pb(ﬁ))dQ}}
“yeR<o to

which is indeed the claimed formula. O

REMARK 4.2. We note that in [32] the supremum in the Legendre Fenchel transform is
selected on all R and not on a compact subset. In the present case, we restrict ourselves
to [0, p™**] since the initial density is chosen in [0,p™**] and then the characteristics in
the conservation law setting can only travel with speeds contained in [f'(p™*), f'(0)].
LEMMA 4.3 (Semi-group property of the formula presented in Theorem 4.1). Given the

formula for v in Theorem 4.1, it satisfies the semi-group property, i.e. Vo € R>q, vt.te
[0,T],t>t

v(t, ) :min{ min {(t—f)f*(i:%’) —I—v(f,y)},

yER>o

min {u(t”,y)+f*(tj)t2+ (t—t) f* (ﬁ) [ f(pb(H))dH} }

i<ta<t1<t to
YyER>o

Proof. We refer the reader to [19] for the proof for the Cauchy problem. The
extension with boundary datum can be derived similarly. O
THEOREM 4.2 (Solution of the H.J.-Equations related to c.l. on the quarter plane).
Let F € Lip([0,T];R>0) be given and consider for T € Rs¢ and po € BV (R>) the initial
boundary value problem
Op(t,x) + 0, f(p(t,x))=0 (t,2) €(0,T) xR>g
p(0,2) = po(x) r€R>g

supplemented by the boundary datum at x=0 for t€(0,T) as
f(p(t,0)) =b(1)
where b(t) is defined as
frm | e

b(t) = f(p(t,0)) if p(tp) > perit |
min { {fmax Zf p(t,()) < pCI‘lt

if q(t) >0

F(p(t,0))  if p(t,0) > pcrit a3 (t)} if q(t)=0
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and g€ W1>°((0,T);R>0) be given. Then, the correspondent Hamilton-Jacobi equation
in v reads as

O (t,x)+ f(Ozv(t,x)) =0 (t,x) € (0,T) xRx
v0.0)= [ mdy=uole)  weRs
0
F(0v(t,0)) =b(t) te(0,7)

and obeys the explicit solution formula in terms of a minimization for (t,x) € (0,T) X R>¢

v(t,:c):max{ max {vo(y)ﬂf*(%)} max {—F(t1)+(t—t1)f*(t_"”t1>}}. (4.3)

yER>o 0<t1<t

Moreover, the solution v is Lipschitz-continuous and its spatial derivative provides the
weak entropy solution of the conservation law with boundary data in the sense of Bardos-
Lerouz-Nédélec [7].

Proof. The proof can be found in [9, Section 8]. O
REMARK 4.1 (The mapping F' and F;). The function F(t), t€[0,T], will correspond
in our framework to F;, j€ O, the number of vehicles that reached the intersection at
time t and want to access exit j.
DEFINITION 4.2 (Definition of initial data for the Hamilton-Jacobi equations). Given
the initial datum for the conservation laws in Definition 3.1, we define the initial datum
for the Hamilton-Jacobi equations as

o Vi(x):=["_poi(z)dz, s€R<o, i€T ® V§U(x):= [ py (2)dz, z€R>0 j€O.

4.2. The fixed-point problem. As formally shown in Section 2 we can pose
the considered problem as a fixed-point problem on the level of Hamilton-Jacobi PDEs.
Thereby, the buffer/queue in Section 2.3 is coupled to the boundary datum of the
incoming and outgoing fluxes and the fluxes again by the state of the buffer/queue.
This all will be made rigorous in this section:

DEFINITION 4.3 (The decomposition of the fixed-point mapping). We define the fol-

lowing mappings:

o Let the priority function c; € L ((0,T);R>¢) and £f*** € R fori €T be given. Then,
we define the mapping

h: {Lip([OyT];R'O') — Lip ((0,7;R) (4.4)

q - (thin{fmax,c(t)- (M—Zjeoqj(t)) })

Thereby, the min is meant component-wise.
o For i€l given initial datum V' as defined in Definition 4.2 and £fi"** € Ry with
X :=Lip([0,T]):

X —Lip([0,T] xR<o)
B max {Vm )+ (25 )}7

Vit h yeR<o
i »—>(t71’)»—>max max {V%)rjl(y)‘i’thz*(E)‘i'( 7t1)fz (tftl)iftt; hZ(S)dS}
yE€R<o
0<ta2<t1 <t
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In addition, we define the solution evaluated at x=0, V*=V(.,0) on [0,T] and
X =Lip([0,T])

X =X
in, * (=Y
Vi y?ngfo{v“(y)ﬂfl( ¢ )}’ . (4.5)
h; *—)(t)r—>max max {V +t2f* — ) (t—t1)fimax— tt;hi(s)ds}
O<t2<t1<t
o Letq° ER‘ So with |[@°)L <M and 8 as in Section 3 and Item 2, we define
Lip ([0,T];RF!)  — Lip ([0, T]-R\O\)
F: (4.6)

vin — (t»—>q —Zfo dvin(s)ds )

el
e Let V' as defined in Definition 4.2 be given and j € O we define for X :=Lip([0,T1]):

. X = Lip([0,T] xR>0)
Vit {F — (t, m)»—)max{yrenﬂgx {Vom( )+tf*(z y)} Oglt?<t{ Fj(t1) + (t—t1)f] (= tl)}}

In addition, we define the solution evaluated at x =0, V°U* =V°ut(..0) on [0,T]:

X =X
Vout

out * (Y _R. _ _ max . (47)
F, »—)(t)»—>max{yr€nﬂ§«§0{v0,j () +tf5 () ’Oglt?ét{ Fj(t)—(t—t)fj }}

e Finally, we define

' {Lip([O,T];RO) x Lip ([0,T];RI®l)  —Lip ([0,T];RI°) 48)

(F,Vou) o (tn—>F(t) +vout(t>).

REMARK 4.2 (Mappings defined in Definition 4.3). The above mappings are in fact the
rigorous generalization of the physical process described in Section 2. To each value of
the queue q we associate h, the correspondmg boundary flux at the entry of the inter-
section. From this condition, we can obtain VI, the accumulated number of vehicles on
each entry link i €T and its evaluation VI at x=0. Then, for each j € O, we can com-
pute F; which corresponds to the number of vehicles that reached the intersection and
wish to access exit j. The function \_7;?‘“ corresponds to the accumulated number that
actually entered exit j and V?“t is its evaluation at x=0. Finally, A is the mapping
that updates the queue length, by adding to the initial queue value the difference between
the number of vehicles that have reached the intersection and the number of vehicles that
left the junction.

Given the introduced mappings we are now in a position to formulate the proposed
dynamics in Definition 3.1 of Section 3 in terms of a fixed-point problem:
LEMMA 4.4 (Fixed-point problem and Definition 3.1). There ezxists a solution of the
dynamics as proposed in Definition 3.1 if the following fixed-point problem admits a
unique solution on [0,T):

qEAo(FoVinohoq7\/'°utoFo\finohoq)7 q€C<[0,T];R|O|)

with the involved operators as in Definition /.3.
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So far, we have claimed in Definition 4.3 that these mappings actually map into the
proper spaces. This will be justified in the next lemmas. The following trivial estimate
for the maximum/minimum of Lipschitz functions is crucial:

LEMMA 4.5 (Lipschitz-continuous functions and max,min). Let ITCR be given and
assume a,b € Lip(I;R). Then, the mappings

c:{[ —R d:{l —R (4.9)

x —max{a(x),b(z)} z +—min{a(z),b(x)}

are also Lipschitz-continuous with Lipschitz-constant max{L,, Ly}, where L,,L, € R>q
denote the Lipschitz constants of the function a, b respectively.

4.3. Estimates for the involved mappings. The previously introduced map-
pings in Definition 4.3 have to satisfy — as is assumed — Lipschitz-continuity and addi-
tional properties used later. Thus, we will present the named properties in Lemma 4.6,
Proposition 4.1:

LEMMA 4.6 (Space-dependent Vo' and V). Let F,FeLip([0,T];RI°!) and h,he
Lip ([0,7];R7).
e For the space-dependent VO as in Definition /.3 we obtain for j€O:
\/out \/out 7 A
V3 [FJ](M’)~ VIUE;] (1)  V(to).(E3) € (0.T) x Rso,
§p?“ax|xfx\erax{f]'-nax,HF;HLW((QT))}|t7t| -

[V [F](-,0) = VI [F;] (-0l e o, < IF = Fill oo vte[0,T].
e For the space-dependent V™ as in Definition 4.3 we obtain for i €L:

[vEmlCo-VERICO| < Bn  viEO.T]

In addition, ¥(t,x),(t,Z) € [0,T] x Reo we have

|V ] (t, @) — ViR [h)(£,8)] < p"* o — 2| +max { £, || hy[| o ((o,4)) } [t — ],

LVi"[h](£,0)<0 for a.e. t€(0,T), h;>0. (4.10)

Proof.

e Let FcLip([0,7);RI°!) and j € O be given, the first term in the outer maximum of the
solution formula presented for VOU in Definition 4.3 is again Lipschitz continuous by
[19, Section 3.3, Lemma 2] and for the second term we assume that for (¢,z) € [0,7] X
(0,L) the maximum is attained for ¢; €[0,7]. Then, we have for (,%) € [0,7] x [0,L]

VU] (t,) - ViU [F) (5, 2)

= —Fj(t1)+(t—t1)f;(ﬁ) - jmax {_Fj(tl)‘k(t_tl)f;(t—jh)}

0<t; <t
< (t—t1) (£ ()~ (7)) <P — 3]

by the Lipschitz-continuity of f; as stated in Lemma 4.1. The lower bound follows
analogously by exchanging x and . For the Lipschitz-continuity w.r.t. time we recall
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that for the part of the solution formula which only consists of initial datum the proof
can be found — again — in [19, Section 3.3, Lemma 2] and one obtains in that case

V() — V) ()| < £~ ]

For the part involving also the boundary datum assume for now that £>¢. Then we
obtain in the case that the maximum is attained at ¢; € [0,¢]

VU R (t,2) — VU [F](E,x)

=—F;(t1) +(t—t1)f; (%) — max {—Fj(fl)Jr(f—fl)ff(gfg )}

0<t; <t B

ty=t—t+t;
<

—Fj(t1)+(t—t)f (75;) +Fj (T —t+t1) = (t = t)f (75

<|IFS |l poe 0,1y It — 2.

Interchanging the terms where the maximum is attained we can show the same es-
timate in case of £ <t. The same argumentation can also be used to obtain a lower
bound and will be omitted. Applying Lemma 4.5, we obtain the claimed estimate.
For the Lipschitz-continuity w.r.t. Fj,f‘j we recall again that the solution formula for
Vout in Definition 4.3 only depends on Fj,f‘j in the second part of the maximum,
so that we can only consider that part invoking Lemma 4.5. It yields then assuming
that the first term takes its maximum at ¢; €[0,¢

VU RS (8,0) — VU [F;](2,0)

< —Fj(t) = (- t)f" — max, {fFj(tl) - (tftl)f;“a"}

<F;(t)—F;(t1) <|F; —Fjllcqo.-

The lower bound can be obtained as usual by exchanging minuend and subtrahend
in the previous estimate.

The Lipschitz-estimate w.r.t. h,h follows by standard arguments. We do not detail
this.

For the Lipschitz-continuity in space and time, first note that the first part of the
maximum is Lipschitz-continuous on (¢,2) € (0,7') x R<¢ as a direct consequence of
[19], since it involves only the initial datum.

For the second part of the maximum, things become a bit more complicated. Of
course, we could refer to [32], however since the Lipschitz-constant is somewhat cru-
cial, we will detail the proof.

Suppose z,Z € R<( are given. Assuming that for (¢,2) €[0,7] x R<g the maximum in
Vinlh;](t,z) is attained for (y,ta2,t1) € R<g x [0,¢]? with ¢; >t5, we obtain

Vit b (t.2) — Vit [hi] (1, 7)

t1
= V() +tof] (F2) + (=t (7)) — /t h;(s)ds

. ~ tl
— max {V%)ni(y)+t2fi*(;§!)+(ttl)fi*(t—wt)/ hi(s)ds}
yeR<y ) 1 £

0<ta<t1<t

< (-t (£ () & (7))
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max 1 ~| __ ,max ~
<(t—t1) P =gy [ — T = pi"™|w — I

by Lemma 4.1. The analogue argumentation can be used to obtain a lower bound
with the same Lipschitz-constant by assuming that the second part actually takes its
maximum at a given point (y,ts,t1) and estimating the first term from below.

For Lipschitz-continuity of the second part of the maximum w.r.t. the time variable
suppose t,t € [0,T] be given. Then, we obtain for ¢ > and i € Z by applying Lemma 4.3
in the version for concave flux function

Vit [hi](t2) = Vi hi] (,2)

. ~ tl . ~
—  max {V;n(t,y)—&-tgf;‘(t"’)—k(t—tl)f;‘(tft)—/ hi(s)ds—v;n(t,x)}
~y€R§0 2 1 b
t<to<t1<t

using the previous estimate for the spatial Lipschitz-continuity
max|,, =¥ — *
< gmg {or el (32) «0-0

ty
tftl) _/ hi(s)ds}
- ta
t<to<t1<t

= max {P;nax|y_m +(t+ta—t1) <t+t —t £ (%) + letQtltl £ ( —tl))

yER<o
T<ta<t <t
(4.11)
t1
f/ h;(s)ds
to
using the concavity of f as stated in Lemma 4.1
ty
max *
< g {ormelttr o () - [ neag
T<ta<t <t
substituting z = ;75—
t1
< max max {(t+t2tl)(pflax|z|+fi*(z))/ hi(s)ds}
T<ta<t1<t Ze[ﬁm to
setting Z=—z and using the monotonicity of f;
t1
<  max max (t+to—1t1) (£ (2) — pi"**2) —/ h;(s) ds}
IstaSti<t | ze(~o0 gy =] ta
t1
< max { max {(t+t2 ) (£ () —w2) — / hi(s)ds}
we [O’p;nax} ~ z€R to
t<tp<t1<t
ty
= max — min (t+ta —tl)(wz—fi*(z))—i—/ hi(s)ds} (4.12)
we[0,p}rax] z€R to

t<ta<t1<t
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using Lemma 4.1 Item 6, stating that f**=f
<|hilleo.rlt —1-

For the lower bound, we recall that # € R<y and estimate assuming that for (¢,7) €
(0,t) x R<p the minimum is attained at (g,¢1,t2)

Vit bl (t2) — Vit hi] (t,2)

Vi)t () + - (2) - [ s

o+

. .
s {Vb,i(y)+t2fi (52)+ -t (ﬁ)*/ hi(s)ds}
0<ta<t1<t

setting y=17, to=ty, t1 =t —t+1;

t—i+t, _
< / by (s)ds < [0y leqoun |

t1

Due to the previously deduced Lipschitz-estimate which guarantees the differentia-
bility of VI w.r.t. space and time, it suffices to show Inequality (4.10) to prove that
t+ Vii(¢,0) is monotonically decreasing. However, this has already been carried out
in Eq. (4.12) as long as h; is nonnegative (which is always the case for the considered
fixed-point equation).
This concludes the proof. O
PROPOSITION 4.1 (Lipschitz-continuity of the mappings in Definition 4.3 point-wise and
as operators). For the mappings in Definition 4.3 we obtain the following Lipschitz-
bounds when measuring in the uniform topology but also when considering them as
operators. In detail:
(1) For h as in Eq. (4.4) with q,dGLip([O,T];R|O|) we obtain for every i €T

|hy[a) () — hila] (B)| < [[eil oo 0.1y D N llpoe oyt —E  VEEE[0,T],  (4.13)
JjEO

Ihi[q] () = hy[a) (8)] < leill Lo (0,0 D ey () — @ (2)] vte (0,7].  (4.14)
jeo

(2) ForF as in Eq. (4.6) with V,VELip([O,T];Rm) we obtain for j€ O

BV = F5 VIO <[ Vill g (o 11 vt,te(0,7],
~ (4.15)

¥ [VI=F;[Vlcqoan < Y _10:llmv 0. + DIVi=Vileqos — VEE[0,T].
= (4.16)

(8) For VU qs in Eq. (4.7) let F,FeLip([O,T];R|O|). Then, we obtain for j€O
[ VU F;](8) = VS [F1 ()| < {IF ]| Lo,y £ F e =] VEE€[0,T],  (4.17)

vaut[Fj] fvgut[F}}H te(0,7).  (4.18)

S
(o) (o)
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(4) For A as in Eq. (4.8) let (F, V") (F,Vout) € Lip ([0, T];RI®!) x Lip ([0, T];RI!) be
given. Then, we have for j €O and Vt,t€[0,T]

’Aj [FaVOUt](t) - Aj [F7VOUt](£)| < (”F; ||L°°((07T)) + H %V]O'Ut ||L<>c((0_’T))) ‘t_ﬂ7
(4.19)
V™ =V oo,y

HAJ [F,Vout] _Aj []t;\’\"/-out] ;
(4.20)

<[ -5y
c([0.4) 7 leqon)

(5) For VI as in Eq. (4.5) and h7fl€Lip([0,T];RZ) we obtain

|Vi.“ () = Vi) (1) | < max {||hy|| oo, £ 1t =1 V,1€[0,T], (4.21)

Vir[h,] - Vi"[h; <|/h; —h; vt e (0,7T]. 4.22
[vier | ) <0 Bl 0 0.7} (4:22)

Proof.
(1) We apply Lemma 4.5 and have, due to the Lipschitz-constant of f; being zero,

[hsla] (t) —hila) (£) | < [|cal| L= 0,7 Z a1l Lo (0,7 [t — 2]
jEO

For the second inequality, we assume first for ¢ € [0,T] given that £*** > c;(t) (M —

Zje(’) ﬁlj(t)>. Then, we obtain

hylal (1)~ hfa) (1) =min § £7e(t) (M =D a(1)) p —elt) (MY ay(0)
jeo jeo
<lei(0] Y lay (1) -

j€o
For £ <¢;(t) (M - Ejeoq]‘(t)> we obtain
h;[q] (%) —h;[q]()

<min{ £7,0i(8) (M =Y a;(8)) o~ <0< [ei(D)] Y Iy (1) @, (1)

jeo jeo
The lower bound can be obtained by exchanging h;[q] with h;[q] and applying the

same reasoning.
(2) We estimate directly the formula for F and recall the uniform bound on € in Eq. (3.1)

£
Z/ 0, ,(s )ds—/ 0,,(5) LV, (s)ds
i€l 0
/0” s)ds

[F;[V](t)—

<

< Z|t tl || dsV HC( 0,maxt,t])
i€l
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For the second estimate we require an integration by parts formula for functions of
BV functions so that we have

Z/Otaixj(‘g)c?s (Vi(s) _V'L(S)) ds

F,[V](0) ~F;[V](t)| =

i€l
-y /t (Vi(s)—Vi(S)) d6; ;(s)+65 ;(t) (Vi(t)*vi(t»
iez! 70

~855(0) (Vi(0) = V:(0))|

<> (||Vz' —Villeqopl0islrv . + Vi —Villcqo,t])) :
€T

(3) See Lemma 4.6 as this directly follows when reconsidering VoUt(-,0) = V°Ut as stated
in Definition 4.3.

(4) This follows directly by the linearity of the operator A.

(5) See Lemma 4.6 as this directly follows when reconsidering VI*(-,0) = V'* as stated
in Definition 4.3.

O

COROLLARY 4.1 (Well-posedness of the fixed-point mapping Lemma 4.4). The mapping

®:=Ao(FoV"oho-, V" oFoVifoho.): Lip ([O,T];R|O|) ~ Lip ([O,T];R‘O‘)

explicitly given in Definition 4.3 is well-defined.
Proof. Using the aforementioned Proposition 4.1, particularly Inequalities (4.13),
(4.15), (4.17), (4.19) and (4.21), this is a direct consequence. O

4.4. Existence and Uniqueness. Being prepared with the estimates on the
involved functions in Section 4.3 we now attack the fixed-point problem describing the
dynamics at the intersections and prove existence and uniqueness of solutions in the
proper topological setup.

THEOREM 4.3 (Existence and uniqueness of a fixed-point). Let T € Rsq be given, the
fized-point problem

Gld]=q in Qr

as defined in Lemma 4.4 has a unique solution with

QT:{qeLip([O,T];RZOO): ||q;||Loo((0’T))§2max{2f?ax,ff‘ax}w€0}. (4.23)
i€l

Proof. As mentioned before, we only prove the Single-Buffer /Multi-Queues case
in Item 2, Definition 3.1. Pick T*€[0,7] and q € Qp+. Then, we aim for showing first
that & [Qr«] CQr-, i.e. B[q] is a self-mapping. By the previous well-posedness of the
fixed-point mapping in Corollary 4.1 it suffices to show that the weak derivative of &
satisfies the postulated bounds. Recalling the definition of & in Lemma 4.4 we thus
obtain for j€ O and t€[0,77] a.e.

lﬁﬁj[q](tﬂ = ‘%Aj [FOViHOhoq,VOUtOFOVi“Ohoq] (t)|
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applying Inequality (4.19)
d in d y7out in
< (HEFJ' [V"ohoq] HLoo((o,T)) + HEVJ‘ [FoV™ohogq] ||L°°((O,T)))
applying Inequality (4.17)

< 2maX{H%Fi [Vohoq] HLOO (0,1))° fmax}

applying Inequality (4.15)

<amc{ Sl 8
max{z L=((0,1))"

i€L

applying Inequality (4.21) and the uniform bound on 8 as in Eq. (3.1)

<2max max{ :[d] H 7fl_l'ﬂa-X}7fI_nax}
{; L((0,T) J

applying the definition of h in Eq. (4.4) Definition 4.3

<2max { Zmax { £%% min {fimax,

i€l

; o M H fmax
leillz~ oy [ C([OTD}} :
o[ ).

i€l

——

This is the claimed estimate. For the positivity, we pick again j €O and t€[0,7] and
estimate for q € Q2+ applying Definition 4.3
&;[ql(t)=A,; [FOVi“Ohoq,VOUt OFOViHOhoq] (t)
=F;[V"ohoq](t) + VU [FoV™ohoq](t)

applying Definition 4.3

>F; [Vinoho(]] (t)+02?}§(t{_Fj [Vinohoq} (t1)— (t_tl)f;—nax} >0

by choosing #; =t; which is independent of q. This is true for any time ¢ €[0,7] and
every j € O so that we obtain the lower bound.

As a next step we will show that the fixed-point mapping & is a contraction in €2, as
defined in Eq. (4.23) for sufficiently small time horizon in the uniform topology. Thus,
let q,q € Q7+ be given as well as ¢t €[0,7]. Then, we obtain by applying the fixed-point
equation in Lemma 4.4 for j€ O

|6;[a)(t) — &;[a)(t)|
< ‘Aj [FoV™ohoq, V" oFoV™ohoq](t)
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—A;[FoV™oho-q, V" oF,0Viohod] (t)(

applying Definition 4.3 and Inequality (4.20)
<|F;[V"ohoq](t)—F;[V"ohog](t)|
+ |V [FoV™ohoq|(t)— V" [FoV™ohoq|(t)|
applying Definition 4.3 and Inequality (4.18)
<|F;[V"ohoq](t)—F;[V™ohoq](t)| +||F;[V*ohoq] —F;[V"ohogq]
<2||F;[V"ohogq] —F;[V"ohogq]

leqo.m
HC([O,t])

applying Definition 4.3 and Inequality (4.16)

= 22 (18:.3l7v (0.0 +1) [V [hoq] =V} [hog] Hc([o,t])
i€T

applying Definition 4.3 and Inequality (4.22)

<2 (18ilrvio.e +1) [la] =hifd] | 11 .0
i€l

applying Definition 4.3 and Inequality (4.14) as well as Holder’s inequality to estimate
the L' norm

< 2152 (16:,517v (0.0 +1) lcill oo 0.7 Z la; —a;llcqo.)-
€T jeo

Since the presented estimate is uniform in ¢, we can sum over j € O and obtain

> 165ld = 6;dl e o)

jeo

<otlefpmqommzy | Y, (8uileviery +1) | D la —allegon):
(1,7)EZTXO JjEO

Thus, picking T* € (0,7

T = 1 >0
4HCHLoc((O‘T);R\I|)(Z(yﬁ,]‘)ezxo(‘gi,j|TV((O,T))+1))

it yields

Z”QS ]”c [OT*)—QZHqJ QJ||C([0T*])7

JjEO JjEO

so that & is a self-mapping and a contraction on Qp«. Since Q7 is closed in the
uniform topology, we can apply Banach’s fixed-point theorem [39, Theorem 1.A] and
obtain a unique solution of the fixed-point problem stated in Lemma 4.4.

The assumption in T being sufficiently small is not restrictive. Due to the semi-
group property of the dynamical system one can “reinitialize” the fixed-point problem
at time t=T" with new initial queue load, and initial and boundary datum on in-
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and out-going edges. However, as neither the self-mapping property nor the contraction
depends on those data, we can apply the same reasoning as above to extend the solution
to the time horizon [0,27*]. This can be iterated until one arrives at the final time T
a0

LEMMA 4.7 (q respecting the size M of the buffer). The unique fized-point q* € Qp
of the fixed-point mappings stated in Lemma 4.4 and Theorem 4.3 satisfies for every
te[0,7)

0<) () <M.
jeO

Proof. The lower bound has already been shown in the proof of Theorem 4.3.

Next, we will provide the upper bound. For that, we use an argument based on
Gronwall’s Lemma and perform it for j€O and ¢t€[0,T] by recalling that g* is the
unique solution of the fixed-point equation in Lemma 4.4, guaranteed by Theorem 4.3

q;(t) = &,[a"](t)
applying Lemma 4.4
=F; [V"ohoq"] (t)+ V" [F;0 V" ohoq*] (t)
applying Definition 4.3

=F; [V"ohoq'] (1) + max {~F;[V*"ohoq'] () - (1))
1 )

applying that F; >0 due to Definition 4.3 and Inequality (4.10)
<F;[V™ohoq*](t)
applying Definition 4.3
t
<an =Y [ A VImeqT)(5)0:(s)ds
iez”’0
Summarizing w.r.t. j € O we obtain then
t
ICHOED SLTES BY A SRR (B) SIMBEE
jeo jeo iez”0 jeo

using Eq. (3.1)

= Z qo,j — Z/O %Vin[hoq*](s)ds

jeo i€l
= q0y =S VP [hoq']())+ 3 Virlhoq)(0)
jeo i€T ieT

using Definition 4.2 and Definition 4.3

= o+ Vi)

jE€O 1€
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. 31
S max {V;n<y>+t2f:<;f)—(t—mfraX— / <hoq>i(s>ds}
4 yER<o 2 ts
€T o<ty <ti <t

< Z 90, +ZV;”(O)

j€O 1€

-3, (VRO - e /“(hoqn(s)ds}

ieIOStQStlSt to

choosing to =0 and t; =t

<+ Y [ il

jeo i€l

using Definition 4.3

< Zqo,j—f—Z/otmin{fimax,ci(s) (M— ;q;“(s)) }ds

jeO €T

t
<D a0+ leillze o, Mt—/ > q;(s)ds
0

jeo i€L jeo

Assuming that there exists ¢o such that >, qj(to) > M. Then, due to the con-
tinuity of q} there exists a t. €[0,t0) such that Y ., q;(t.)=M and > ,q;(t)>
M Vte (ti,to). Integrating 3, qj(-) between t. and to yields

/tzq;(s)ds>M(t—t*) Vit € (ty,to).

tx jco

Using the previously deduced integral inequality, we obtain for ¢ € [t., %]

ICHOED SLATSES DI PTEY TE SLACLE

JjeO JjeO i€l JjeEO
t
<M+ el o.m) / S gl (s) - Mds
ieT te jeo

which is equivalent to

t
ZQ;(t)_MSZHCi”Lf’O((O,T))/ D oqi(s)—Mds, te|t.,to).
t

jeo i€z S T=T0)

Then by Gronwall’s inequality, we obtain

Y@t -M<0= > q(t)<M tet.,to. (4.24)
je0O jeo
This contradicts the assumption that Jto €[0,77 ;.o dj(to) > M so that we can con-
clude that >° . q;(t) <M Vt€[0,7]. O
REMARK 4.3 (Lack of uniform BV bounds on the solution). Note that we have not stud-
ied whether the corresponding solutions at the level of conservation laws admit uniform
BV bounds as we were approaching the problem by means of Hamilton-Jacobi equations.
As outlined in [2], uniform BV estimates do not hold in general. Further analysis in
this sense is out of the scope of this contribution.
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5. Stability w.r.t. initial datum, initial queue size and routing

In this section, we study how the introduced junction model behaves under per-
turbations. We aim for the most sharp stability result while still obtaining a uniform
convergence of the solution. Due to the importance of the queue, we show its uniform
convergence when measuring the input datum in L' which then enables us to obtain
also the stability of the solutions of the PDEs on the incoming and outgoing links.

LeEmMMA 5.1 (Lipschitz-continuity w.r.t. initial datum and routing). We provide the

following stability estimates for the mappings defined in Definition /.3 with respect to

initial datum, initial queue size, and routing ratio.

(1) Let heLip([0,T7];R7!) be given. Recall Definition 4.3 and let V[h] and Vin[h]
respectively correspond to the solution obtained when computing V™ [h] from p, ; €
L'((—00,0)) or py; € L'((—00,0)) for any i€ with initial datum of the conser-
vation law associated with the initial datum of the Hamilton-Jacobi equation as in
Definition 4.2. Then, we have the following estimate:

[V [h] =V [h] | e o < llPo.: — Poi

((—O0,0))'

(2) Let V €Lip ([0,7;RZ) with || V]| Lo ((0,7)) < £72* for i€ and F[V] and F[V] re-
spectively correspond to the value obtained when computing F from qo,0 and (]o,é
with 6,0 € L' (((0,T);RICIE)). Then, we have the following estimate:

VJEOHF][V]—F][ ]HC([OT] |q0,] qO,j

+ foaxll0ig =055l Lr 0.1
€T

(3) Let FeLip([0,T];RI®) and V°U*[F] and VU [F] respectively correspond to the
value obtained when computing VO [F] from p, ;€ L'((0,00)) and py ;€ L'((0,00))
for any j €O with initial datum for the Hamilton-Jacobi equations as in Defini-
tion 4.2. Then, we have the following estimate:

HV(JM [F] _V?Ut [F] H < ||Po,j _bO,j”Ll((O,oo))-

Jle(o,m)
Proof.

(1) Let t€[0,7] and i€Z and let us first assume that the dominating terms in the
solution formula are in both cases stemming from the initial datum. Let us assume
that the maximum of the first term is attained at y' € R<o and for the second term
at y? €R<o. Then, we obtain the two-sided estimate

yglﬂ%i{o{v(” y)+if ()} - max{VOl( )+tf( )}
0+ ()} o (5500 (3)

1

. ~ . Y ~ ~
IV = VDI [ 105~ o (o)l ds < o0, Bl

and

max {V +tfi*(_7y)} max{V ()thf*( ﬂ)}

yER<o JER<o

> max (Vin(y) £ (F2) ) - {Vb'?z-(y )+iff (_tyz)}
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> —Hpo,i - i)O,i||L1((—oo,0))~

Since the estimates are uniform in ¢, the claim follows. Concentrating on the case
where the solution is a function of the boundary datum we obtain similarly by
picking specific t1,t2,y € [0,T]> x R<¢ and by a similar argumentation as above

t1
<R {V&(y“fsz(J)—(t—m)f;n“— / hi(s>d3}

yER<o to

0<t2<t; <t

—  max {ngi(y)thin*(;j)_(t—tl)fimax_/ hi(s)ds}‘
yER<o to
0<ta<t1<t

<1Po.i = Po.ill L1 ((=0,0))-

The other two mixed cases can be handled from those two recalling Lemma 4.5.
(2) Let t>0 and j € O, we obtain

F,[V](t) B, [V]() = o, — o,y Z/ V()01 ds+2/ Via(5)0:5(s)ds

1€L 1€l

=d0,5 — OIo,g-FZ/ Vis(s)(0i,;(s)— 0i,j(s))ds

i€

<lqo,; — quHmeaXHeu 0;.;ll (0,
€L

HFJ'[VFE[V]HC([OT

where the last inequality follows by the uniform Lipschitz-bound on V.
(3) The proof follows likewise to the argument in Item 1.
d
The previously stated Lemma 5.1 together with Proposition 4.1 are the key ingredients
for the following stability result in Theorem 5.1, which guarantees that, under small
changes of the involved input datum, the solution, here the queue, can only have small
limited variations.
THEOREM 5.1 (Stability of the queue). Let the framework in Section 4 and T € Rsq
be given. Assume that qo,&o€R! 0‘ with ||qol|1,||Qolli <M. Assume that in addi-
tion pO,i’bO,z‘ € LOO((_OO7O)) ﬁLl(( )) with 0< Poi = < pmax7 0< pO = < pmax’ el
and pq j,P,; € L>((0,00)) ﬂLl((O,oo)) with 0<pg ; <7, 0<py; <pP™, jeO
be given as well as two routings 6,0 € BV ((0 T)']Rlolxm) with Y ;c00i;(t)=1=

E;eo j(t) Yte[0,T] almost everywhere. Let q,q be the corresponding solutions, the
follawmg stability result/Lipschitz continuity holds:

Hq* fl||c([0 T]RIO\)

(2|QO—010|1 +2 > )0, 05
(i,§)ETXO

+23 (185 lrv o m) + D (190~ Boll 2 ((—so0n)

1,JEIXO

L1((0,0)) T lPo — p0||L1((OOO)R|O|))

cexp (2 Y (10illrvio.ry) + Dlicill e o.rn T
(i,J)EZXO
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Proof. Let us first mention that q,q exist and are unique due to Theorem 4.3.
Thus, we can directly concentrate on the fixed-point mapping Lemma 4.4 which is
satisfied by q,q, and indicate the involved functions dependent on the ‘~’ datum by the
corresponding ‘~’. Then, we obtain for ¢t €[0,7] and j€ O

|a; () —a; ()]
:‘Aj [FoV™ohoq, V" oF o V™ ohog](t)
—A, [Fo\?inohoq,voutoﬁovi“ohoﬂ(t)‘
plugging in the definition of A in Definition 4.3
—|F;[V"ohoq](t) — F; [V"ohod] (t)
+V§.>ut[1«“oVi“ohoq](t)—\?‘?“t [FoV™ohoq](1)|
< |F5[Vohod] (1)~ F; [V ohod] 1)
+‘V?“t[FoVi“ohoq] — V" [FoV™ohog](t )‘
‘VO‘“ [FoVi"ohoq](t)— V" [Fo Vi ohog)(t )‘

applying on the latter terms Lemma 5.1 and Proposition 4.1

§2HFj [V"ohogq| —F;[Vinohogq] cho " +11Po; = PojllL1((0,00))-

Concentrating on the first term, we have

HF]- [Vinohoq] —f*‘j [VNi“oho(]] HC([O "

<|F;[vi"onoa] - F;[V"ohod]||  +||F;[V"ohoa] = F;[Vinohod] |

c([0,t]) c([o,t])

using again Lemma 5.1 and Proposition 4.1 we obtain
<|qo;—@oj|+ > _£"*|0:; -0 ]
i€l

+> (185 jlrvo.ry) +1) HVin [hoq] - Vi"[hogq] H
€L

L1((0,1))

oo

Finally, it remains to estimate the latter term and we obtain for this term again using
Lemma 5.1, Proposition 4.1

HV;H [hoq] = V" [hog] HC([O,t])

SHVi [hoq] -V [hoq]HC([o,t])JrHVi [(hoq] -V [hoq]HC([O,t])

< Hpo,i —/30,¢||L1((—oo,0)) + Hhi [q] —h; [(1] ||L1((0,t))

<1Po,i = Po.ill L1 ((=s0,0) F il Lo (0,0)) D 1t — @sll 2 0.0 -
JjEO
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Combining all the upper estimates and summarizing, we then have for ¢ €[0,7]
|q;(t) —q; (t)]
<2|qo,; — qo,;| + 2Zf;nax 16:,5—0: 5l (0.6)) +IPo,; — Po,j

L1((0,00))
ieT
+2Z(||0,j||TV<<0T>>+1)(||pOZ Pl ((oco +leillim ooy D ey =il 0. )
JjEO
Summing over all j we obtain
Z|% ()] <2]qo —qol1 +2 Z £7)0:5— 05 51 L (0.0))
jeo iJEIXO
+11Po = Poll L1 ((0,00)smIO1)) +2 Z (||9i7j |TV((0,T))+1)
(i,J)EZXO

: <||Po,¢ — Bo.ill (—o00) F Il 0.0y D llaj — & ||L1((O,t)))~
jeo

We can now apply Gronwall’s inequality in [36, Theorem 1.3.1] to obtain for any ¢ € [0,7]:

> la;(t)—a; ()]

jEO

§<2|QO—510|1+2 > E0i =051 (0.0

i,jELXO
+11Po = Poll L1 ((0,00);rI01)) +2 Z (||9i,j TV((o,T))-i-l)
1,jEIXO
'<||PO,i—ﬁ0,i Ll((oo,o)))>exp 2 Z (165,51l 0,7y + Dlcill oo (0,0t
1,jEIXO

Taking the supremum over all ¢ €[0,7], we obtain Lipschitz-continuity of the queues
w.r.t. initial, datum, initial buffer load and routing as pointed out in the statement of
the theorem. O

6. Optimal Routing

For now we have not discussed how we would actually determine the optimal routing
0 i.e. the optimal trajectory of vehicles, for specific traffic information patterns. One
way to approach this — assuming full information of inflow on the network — is to
consider a minimization problem where we would minimize the queue size at a specific
node following the basic idea that the smaller the queue size is the lesser the congestion
becomes. For the single destination case we consider in this article we can use the
previously stated Theorem 5.1 to obtain existence of a minimizer. This is detailed
below.
THEOREM 6.1 (Optimal Routing — multi queue buffer). Let a junction with |Z] €Nx4
incoming and |O| € N>1 outgoing links be given and assume the dynamics hold in the
sense of Definition 3.1. Then, for any p€[l,00] and K €R>( the two minimization
problems

‘Jélci)nZH% e 0.1y 'mmZH% e 0,1y + Z 10:.5ll7v((0,7))
JGO (i,J)EIXO
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subject to the dynamics in Definition 3.1 with

0= {eeBV((o,T);R'“'O): 0<0,;(t)<TAD 6:;(t)=1Vte[0,T] a.e. V(i,j)eIx(’)}
jeo

Ok = {96@1 101l7v ((0,1)rI1z1x101) SK}

admit a solution. We denote the dependency of q w.r.t. assumed routing 6 by q[6).
Proof. We start with proving the claim for the first objective function. Due to the
fact that the objective functions are both bounded from below, there exists a sequence
(0;)1en €Ok so that

Jim > Nl 104l oo,y = Jnf > " lla;101l e (o,1y) =0
jeo jeo

Since BV((0,T)) <3 LP((0,T)), i.e. BV is for space dimension 1 compactly embedded
into LP((0,T)) ¥p € [1,00) (see [34, Theorem 13.32 (Rellich Kondrachov), Theorem 13.35
(Compactness)] we can pick a subsequence (0;,, )meny C @k such that

36* € Ok: 'nlgnoo ||0* — Hlm ||L1((07T);R\I\><\O\) =0 (61)
(see also [4, Proposition 3.13, Theorem 3.23]). Due to Theorem 5.1 we then know that
im {|a[07]—a[04,.]ll¢(0,77m101) =0

so that in particular due to C([0,7]) < L?((0,T)) the objective function also strongly
converges. This proves the claim for the first minimization problem.

Almost the same argumentation can be made for the second objective noticing that
due to the BV norm in the objective function we have, for any minimizing sequence
(01) e C ©, that there exists C'€Rxg so that supren_(; jyezxo 10i,llBv(0,1) <C
so that we can follow the same reasoning as for the first objective function. O
REMARK 6.1 (No uniqueness of the Optimal Control problem and different objective
functions). It is not surprising that one does not obtain a uniqueness result for the
previously mentioned optimal control problem for the first objective function. For that
consider zero initial datum for the incoming and outgoing edges, and assume that g, = 0.
Then, obuviously every routing results in a queuing size of zero as long as the routing
respects the bound K €Rx>q. The result also holds if the initial datum in the incoming
and outgoing links is sufficiently small, so no buffer is needed. A similar argument holds
for the second objective. Even though any change in routing over time is penalized by the
TV semi-norm for sufficiently small initial datum, any constant routing would produce
a queueing size of zero.

One can replace the objective functions used in Theorem 6.1 with more general ones.
The only requirement is the boundedness from below and the lower semicontinuity of the
used norm.

7. Implementation of the model on general road networks

This section implements our framework on a realistic road network, which contains
several intersections and finite-length links. The classical argument used in the literature
on conservation laws on road networks is that the information has finite propagation
speed. We explore how this argument is detailed mathematically. The general idea is
the following: Consider a link of length L € R, connecting intersections v; and vs. We
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need to prove that for sufficiently small time, only a neighborhood of the link around v;
can be affected by the information exiting this intersection, and the same for vy. After
this, we will know that outside this neighborhood, the solution of Hamilton-Jacobi
equations on this link can be solved only considering initial datum. This is a classical
argument for conservation laws and we now detail this argument for the considered
class of Hamilton-Jacobi equations. We then need to prove that, for a given finite-time
horizon, there exists a distance d, such that if || > d, the solution formula always selects
information emanating from the initial datum, thus reducing the IBVP problem to a
Cauchy problem. We prove the following lemma for an incoming link.

LEMMA 7.1 (Finite propagation speed of information in Hamilton-Jacobi solutions).
Forte€[0,T) let x <0 such that x <f!(p"**)t. Then

max {V})nl( —|—tf* = y }
yER<o
in x [ — * t
max {VE () 1287 (52) + (- ) (75) — Ji2 ba(s)ds
0<ty<t1<t

= in *(T=Y
_yrgﬂg?o{vo,z(y)thfz( t )}

Vin(t,r) =max

Proof. We know that for any x € R

f*(a:):: inf {uz—f(u)}, x€Dom(f*).

0 max]

Let ¢ €Z. Assume that z <f](p™**). Then for any u € [0, p***[ we have

fZ f max
H=tigr)
u—p;

ux —f;(u) > pi" .
In addition we know that by picking as argument w=p;"** in the infimum we get
£ (z) < pi***x. Now let us fix t€[0,7], h; € Lip([0,T]) and look at

max {Vbl +tf* =y }

_ yeR<o

V'lin[hi](t7x):max in N * *
e {VEL(y) +taf (5 )+<t7t1>f (+55) — fi huls)ds }
0<ta<t1<t

For t€[0,T], let <0 such that ¢ <f/(pj***). Then for any 0<t; <t, we have
t_xtl <z _f/( max)
In addition, for any t; <t we have (t —t1)f/ (%~ ) <zpP®*. Thus

. t1

max {Vbni( )+taf] (T2) + (=t (225) — / hi(s)ds}
yGRSO ’ ! to

0<t2<t1<t

< max {Vin‘ tof* (=Y }7
wp + max (Vi (y) +0f ()
0<to<t

assuming that h; >0. We need to prove now that

max ViR () + £ (22 }< { () U (2L }
zp; +yrélﬂg§0{ o (y) +taf; (F2) < e o (y) + £ (24)
0<ts<t
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Picking § and fs optimal in the left maximum, we need to look at tzf*(l)

tf7 (%) and show “<0”.

w4 mae (Vi) 187 (72) )~ mae { Vi) +8 (472 }

yE€R<o yER<o
0<ta<t
<xpmax+t2f*( ) tf*( )
<0 <0 >0

e First, assume f/(p*) < 27¥ <f/(0). Then f; (%) =u* ¥ —f;(u*) where f/(u*)=
%. By concavity of f;, the function g:[0,p**], u— uf](u)—u is decreasing, and

can thus be lower bounded by g(p**). Then f; (272) > pne*f/(p®*) and

e +hoff (F) —tf] (TF2) < (z—tf] (p]"™)) p*™ <0.

m_’7>f’(0) or ZE < f/(pax). Then, if 272 —-1>0, the function

[O p"*], and thus f;(25%) =0 which provides the re-

quested bound. Else, if 2% —1 <0, then the function u uTy —u is decreasing, and
fr (=2 ) prr Y v Then

xpflax—kt f*(—y)—tf*("” y)_xp;nax_i_t f*(i) tpmaxa: Yy
=yp;" ™ +af] (37) <0.

H-|‘ | S

In all cases, we thus have that if x —f/(p**)t <0

A e VIGO0 (52) )< e (VL) 487 (552)
0<to <t B

d

This proves the “finite propagation speed argument”, which claims that, if we are
far enough from an intersection, the solution to the initial boundary-value problem is in
fact the solution of the initial-value problem, because the information could not travel
the distance and “reach” the location. This key argument allows the implementation
of our framework to any “physical” road network. The same argument can be proved
if one considers an outgoing link. In this case, the initial-boundary value problem can
be reduced to an initial-value problem if z —£}(0)t>0, j€O.
We consider a road network represented by a directed graph G'=(N,L£) containing n
nodes and [ finite-length links. For each link [ € £, we denote its length by L; >0. We
then want to solve the following Cauchy problem on each link [ € L.

pl,t(tvx)"_fl(pl(tvx))z:07 (t,x)E(O,T) X (OaLl)ﬂ (7'1)
pl(07x):p0,l(x)v xG(Ole)' (72)

The main idea of resolution is the following: For a small-enough time horizon, we can
solve a fixed-point problem locally around each intersection, determining the solution
locally on the incoming and outgoing links. The finite propagation speed of information
ensures that the intersection will not be attained in this time-interval by information
emanating from another junction. Outside of those neighborhoods, i.e. far away from
intersection, we solve on the same time-interval an initial value problem. Finally we
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treat the solution as an initial datum and iterate. For each node n €N Theorem 4.3
guarantees for each intersection, existence of a finite time-horizon T}, on which the fixed
point problem is well defined. We can then define T)s:=min,cpT;,. In addition, we
need to precise how we extend the initial value on semi-infinite links. Let us consider a
given intersection v and two links (4,j) € Z, x O,,.. For the exiting link j we can simply
extend the initial datum p, ;(z), € (0,L;) by pg j(x), x>0 such that

_ Poi(x) ifze(0,L;
pO,j(x): O,J( ) ( J)
0 else,

xT
Vi) = [ po,)dy. we(0.0),
0

For the incoming link ¢ we need to define a space variable Z € (—00,0). For x € (0,L;)
consider the change of variable z defined by =z — L;. We then define

(T+L; if e (—L;,0
f_)07i(57): pO,z(x"' Z) 1 Z‘E( 2y )
0 else,

Vbnz(f):/ Po.i(y)dy T €(—00,0).

For each intersection we can then solve the fixed-point problem on [0,T)s] and obtain
for all neN, j€O,, t€[0,Tx] the solution t — qj (t).

Now that we have this solution, we explain how to obtain the solution to the inital
Cauchy problem (7.2) on each link [ € L.

Let us focus on one link [ connecting v1 to vo whose space-coordinates can be indexed
on [0,L;]. By definition of T)s and application of Theorem 4.3, the fixed-point problem
is well posed for each intersection v on [0,Txs]. We know consider a new time-horizon T,

defined as T:min{TN, W , Where W represents the first instant

at which information emanating from both intersections may interact. Then, for any

x €10,L;], where x denotes the distance from intersection vy and —x+ L; denotes the

distance to intersection vy, we can define the solution in the following way:

o If x <f/(0)T, the point is in the neighborhood of the first intersection v; and the
solution depends on the initial datum and the boundary condition imposed by v;.
The Hamilton Jacobi solution to the problem is V§u*(¢,x) obtained from solving the
fixed-point problem around v;. This corresponds to zone A in Fig. 7.1.

o If |z —Lj| < —f/(p*)T, i€Z, the point is in the neighborhood of the second in-
tersection v. Then the Hamilton Jacobi solution to the problem is Vit(t,x—L;)
obtained from solving the fixed-point problem around vs. This corresponds to zone
Cin Fig. 7.1.

e Else, the point is outside both neighborhoods, and can only be reached by information
originating from the initial datum. This corresponds to zone B in Fig. 7.1. The
solution V;(t,r) is defined as the solution of the initial value problem

v (t,z) + £ (v (t,z)) =0 (t,z)€(0,T) xRx>q

V(O,x):vo,l(x):/ Po.(y)dy r€R>g
0

i.e. Vi(t,x)= max {voﬁl(y)—i—tfi*(%)}. In any case, the formulation of Vin(t,x)
YyER >0

and V{U(t,z) includes information emanating from the initial datum.
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L,
£/(0)—£/(p*)
T

@

—x+ L

Fic. 7.1. Illustration of speed propagation argument on one link.

Since the solution V(t,z) is Lipschitz-continuous, its spatial derivative can be be
computed thanks to Rademacher’s theorem (see for instance [34, Theorem 11.49]) or
directly recalling the results in Theorems 4.1 and 4.2, thus obtaining the weak entropy
solution to Eqgs. (2.1) to (2.4).

8. Further work and conclusion

In this article we have rigorously built a framework providing weak solutions to the
scalar conservation law on a network, obtaining regularity estimates on the Hamilton-
Jacobi solutions. Nonetheless, from a traffic modeling point of view, this framework
allows multiple origins but only a single destination. Adding multiple destinations
for vehicles requires to add dynamics, keeping track of the different flows w.r.t. the
different destinations, so called multi-commodity models. In addition to this extension,
simulating the problem numerically seems appropriate to visualize the impact of the
dynamics of buffers and routing functions on the solution. The developed Hamilton-
Jacobi framework can thereby be used to implement a numerical scheme based on the
considered fixed-point problem. Finally, the work detailed in Section 6 opens the door
for Dynamic Traffic Assignment, i.e. optimizing the routing function with respect to
the solution in real time or based on past information. This also continues the work
in [33].
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