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APPROXIMATION SPACES OF DEEP NEURAL NETWORKS

REMI GRIBONVAL, GITTA KUTYNIOK, MORTEN NIELSEN, AND FELIX VOIGTLAENDER

ABSTRACT. We study the expressivity of deep neural networks. Measuring a network’s complexity by
its number of connections or by its number of neurons, we consider the class of functions for which
the error of best approximation with networks of a given complexity decays at a certain rate when
increasing the complexity budget. Using results from classical approximation theory, we show that this
class can be endowed with a (quasi)-norm that makes it a linear function space, called approximation
space. We establish that allowing the networks to have certain types of “skip connections” does not
change the resulting approximation spaces. We also discuss the role of the network’s nonlinearity (also
known as activation function) on the resulting spaces, as well as the role of depth. For the popular
ReLU nonlinearity and its powers, we relate the newly constructed spaces to classical Besov spaces. The
established embeddings highlight that some functions of very low Besov smoothness can nevertheless be
well approximated by neural networks, if these networks are sufficiently deep.

1. INTRODUCTION

Today, we witness a worldwide triumphant march of deep neural networks, impacting not only various
application fields, but also areas in mathematics such as inverse problems. Originally, neural networks were
developed by McCulloch and Pitts [46] in 1943, aiming to introduce a theoretical framework for artificial
intelligence. At that time, however, the limited amount of data and the lack of sufficient computational
power only allowed the training of shallow networks, that is, networks with only few layers of neurons,
which did not lead to the anticipated results. The current age of big data and the significantly increased
computer performance now make the application of deep learning algorithms feasible, leading to the
successful training of very deep neural networks. For this reason, neural networks have seen an impressive
comeback. The list of important applications in public life ranges from speech recognition systems on cell
phones over self-driving cars to automatic diagnoses in healthcare. For applications in science, one can
witness a similarly strong impact of deep learning methods in research areas such as quantum chemistry
[58] and molecular dynamics [45], often allowing to resolve problems which were deemed unreachable
before. This phenomenon is manifested similarly in certain fields of mathematics, foremost in inverse
problems [2] [T0], but lately also, for instance, in numerical analysis of partial differential equations [g].

Yet, most of the existing research related to deep learning is empirically driven and a profound
and comprehensive mathematical foundation is still missing, in particular for the previously mentioned
applications. This poses a significant challenge not only for mathematics itself, but in general for the
“safe” applicability of deep neural networks [22].

A deep neural network in mathematical terms is a tuple

® = ((Ty,a1),...,(Tp, o)) (1.1)

consisting of affine-linear maps T, : RV¢-1 — RN¢ (hence Ty(x) = Ay x + by for appropriate matrices A,
and vectors by, often with a convolutional or Toeplitz structure) and of nonlinearities ay : RNe 5 RNe
that typically encompass componentwise rectification, possibly followed by a pooling operation.

The tuple in encodes the architectural components of the neural network, where L denotes the
number of layers of the network, while L — 1 is the number of hidden layers. The highly structured
function R(®) implemented by such a network ® is then defined by applying the different maps in an
iterative (layer-wise) manner; precisely,

R(®): RN — RV with R(®):=apoTpo---oa;oT]. (1.2)

We call this function the realization of the deep neural network ®. It is worth pointing out that most of the
literature calls this function itself the neural network; one can however—depending on the choice of the

2010 Mathematics Subject Classification. Primary 82C32, 41A65. Secondary 68T05, 41A46, 42C40.

Key words and phrases. Deep neural networks; sparsely connected networks; Approximation spaces; Besov spaces; direct
estimates; inverse estimates; piecewise polynomials; ReLU activation function;

G.K. acknowledges partial support by the Bundesministerium fur Bildung und Forschung (BMBF) through the Berliner
Zentrum for Machine Learning (BZML), Project AP4, RTG DAEDALUS (RTG 2433), Projects P1 and P3, RTG BIOQIC
(RTG 2260), Projects P4 and P9, and by the Berlin Mathematics Research Center MATH+, Projects EF1-1 and EF1-4.

G.K. and F.V. acknowledge support by the European Commission-Project DEDALE (contract no. 665044) within the
H2020 Framework.



activation functions—imagine the same function being realized by different architectural components, so
that it would not make sense, for instance, to speak of the number of layers of R(®); this is only well-defined
when we talk about ® itself. The complexity of a neural network can be captured by various numbers
such as the depth L, the number of hidden neurons N(®) = sz—ll Ny, or the number of connections (also
called the connectivity, or the number of weights) given by W (®) = Zngl || Ag||o, where || A¢||o denotes
the number of non-zero entries of the matrix A,.

From a mathematical perspective, the central task of a deep neural network is to approximate a
function f : RNo — RN which for instance encodes a classification problem. Given a training data
set (l‘i, f(a:l))zl a loss function £ : RNz x RN: — R, and a regularizer P, which imposes, for instance,
sparsity conditions on the weights of the neural network ®, solving the optimization problem

mqgnz L(R(D)(x;), f(z:)) + AP(D) (1.3)

typically through a variant of stochastic gradient descent, yields a learned neural network ®. The objective
is achieve R(@) ~ f, which is only possible if the function f can indeed be well approximated by (the
realization of) a network with the prescribed architecture. Various theoretical results have already been
published to establish the ability of neural networks—often with specific architectural constraints—to
approximate functions from certain function classes; this is referred to as analyzing the expressivity of
neural networks. However, the fundamental question asking which function spaces are truly natural for
deep neural networks has never been comprehensively addressed. Such an approach may open the door to
a novel viewpoint and lead to a refined understanding of the expressive power of deep neural networks.

In this paper we introduce approximation spaces associated to neural networks. This leads to an
extensive theoretical framework for studying the expressivity of deep neural networks, allowing us also
to address questions such as the impact of the depth and of the activation function, or of so-called (and
widely used) skip connections on the approximation power of deep neural networks.

1.1. Expressivity of Deep Neural Networks. The first theoretical results concerning the expressivity
of neural networks date back to the early 90s, at that time focusing on shallow networks, mainly in
the context of the universal approzimation theorem [41l [35, [16] 34]. The breakthrough-result of the
ImageNet competition in 2012 [37], and the ensuing worldwide success story of neural networks has
brought renewed interest to the study of neural networks, now with an emphasis on deep networks. The
surprising effectiveness of such networks in applications has motivated the study of the effect of depth
on the expressivity of these networks. Questions related to the learning phase are of a different nature,
focusing on aspects of statistical learning and optimization, and hence constitute a different research field.

Let us recall some of the key contributions in the area of expressivity, in order to put our results into
perspective. The universal approximation theorems by Hornik [34] and Cybenko [I6] can be counted as
a first highlight, stating that neural networks with only one hidden layer can approximate continuous
functions on compact sets arbitrarily well. Examples of further work in this early stage, hence focusing on
networks with a single hidden layer, are approximation error bounds in terms of the number of neurons
for functions with bounded first Fourier moments [5l [6], the failure of those networks to provide localized
approximations [I3], a fundamental lower bound on approximation rates [I8|, [12], and the approximation of
smooth/analytic functions [47, [49]. Some of the early contributions already study networks with multiple
hidden layers, such as [29] for approximating continuous functions, and [50] for approximating functions
together with their derivatives. Also [13], which shows in certain instances that deep networks can perform
better than single-hidden-layer networks can be counted towards this line of research. For a survey of
those early results, we refer to [24] [54].

More recent work focuses predominantly on the analysis of the effect of depth. Some examples—again
without any claim of completeness—are [23], in which a function is constructed which cannot be expressed
by a small two-layer network, but which is implemented by a three-layer network of low complexity, or
[48] which considers so-called compositional functions, showing that such functions can be approximated
by neural networks without suffering from the curse of dimensionality. A still different viewpoint is
taken in [I4) [I5], which focus on a similar problem as [48] but attacking it by utilizing results on tensor
decompositions. Another line of research aims to study the approximation rate when approximating
certain function classes by neural networks with growing complexity [59] 9] 52] 65].

1.2. The classical notion of approximation spaces. In classical approximation theory, the notion
of approximation spaces refers to (quasi)-normed spaces that are defined by their elements satisfying a
specific decay of a certain approximation error; see for instance [21] In this introduction, we will merely
sketch the key construction and properties; we refer to Section [3| for more details.



Approximation spaces of Deep Neural Networks 3

Let X be a given quasi-Banach space equipped with the quasi-norm || - || x. Furthermore, here, as in
the rest of the paper, let us denote by N = {1,2,...} the set of natural numbers, and write Ny = {0} UN,
N>,, = {n € N,n > m}. For a prescribed family ¥ = (£,,)nen, of subsets ¥,, C X, one aims to classify
functions f € X by the decay (as n — o0) of the error of best approximation by elements from ¥,,, given
by E(f,X,)x = infses, ||f — gllx. The desired rate of decay of this error is prescribed by a discrete
weighted ¢9-norm, where the weight depends on the parameter a > 0. In case of ¢ = co, this leads to the
class

AL (X, %) = {f eX: 51;11) [ E(f,Xn-1)x] < oo} .
n
Thus, intuitively speaking, this class consists of those elements of X for which the error of best approxi-
mation by elements of ¥,, decays at least as O(n~%) for n — co. This general philosophy also holds for
the more general classes A;‘“(X, Y), ¢ > 0.

If the initial family ¥ of subsets of X satisfies some quite natural conditions, more precisely g = {0},
each ¥, is invariant to scaling, 3,, C ¥, 41, and the union UnGNo Y., is dense in X, as well as the slightly
more involved condition that X, + ¥, C X., for some fixed ¢ € N, then an abundance of results are
available for the approximation classes Ag(X, ). In particular, AZ(X,¥) turns out to be a proper linear
function space, equipped with a natural (quasi)-norm. Particular highlights of the theory are various
embedding and interpolation results between the different approximation spaces.

1.3. Our Contribution. We introduce a novel perspective on the study of expressivity of deep neural
networks by introducing the associated approximation spaces and investigating their properties. This is in
contrast with the usual approach of studying the approximation fidelity of neural networks on classical
spaces. We utilize this new viewpoint for deriving novel results on, for instance, the impact of the choice
of activation functions and the depth of the networks.

Given a so-called (non-linear) activation function ¢ : R — R, a classical setting is to consider
nonlinearities ay in corresponding to a componentwise application of the activation function for each
hidden layer 1 < ¢ < L, and «y, being the identity. We refer to networks of this form as strict p-networks.
To introduce a framework of sufficient flexibility, we also consider nonlinearities where for each component
either o or the identity is applied. We refer to such networks as generalized p-networks; the realizations of
such generalized networks include various function classes such as multilayer sparse linear transforms [39],
networks with skip-connections [51], ResNets [32] [64] or U-nets [55].

Let us now explain how we utilize this framework of approximation spaces. Our focus will be on
approximation rates in terms of growing complexity of neural networks, which we primarily measure by
their connectivity, since this connectivity is closely linked to the number of bytes needed to describe the
network, and also to the number of floating point operations needed to apply the corresponding function
to a given input. This is in line with recent results [9] [52] [65] which explicitly construct neural networks
that reach an optimal approximation rate for very specific function classes, and in contrast to most of
the existing literature focusing on complexity measured by the number of neurons. We also consider the
approximation spaces for which the complexity of the networks is measured by the number of neurons.

In addition to letting the number of connections or neurons tend to infinity while keeping the depth
of the networks fixed, we also allow the depth to evolve with the number of connections or neurons. To
achieve this, we link both by a non-decreasing depth-growth function £ : N — N U {oc}, where we allow
the possibility of not restricting the number of layers when £ (n) = oo. We then consider the function
families W, (Q — R*, o, %) (resp. N,,(Q — R¥, o, .#)) made of all restrictions to a given subset  C R? of
functions which can be represented by (generalized) g-networks with input/output dimensions d and k, at
most n nonzero connection weights (resp. at most n hidden neurons), and at most £ (n) layers. Finally,
given a space X of functions Q — R*, we will use the sets ¥, = W, (X, 0,.Z) :=W,(Q = RF o, )N X
(resp. ¥, = N, (X, 0,.Z) = N,,(Q — RF, 9, £) N X) to define the associated approximation spaces. Typical
choices for X are

XT’,“(Q) = Ly(Q;RF) for 0 <p<oo or XE(Q), (1.4)

with X% () the space of uniformly continuous functions on € that vanish at infinity, equipped with the
supremum norm. For ease of notation, we will sometimes also write X, () := X (), and X} := X*(Q)
(resp. X, := X,(©2)).

Let us now give a coarse overview of our main results, which we are able to derive with our choice of
approximation spaces based on W, (X, 0,.%) or N,,(X, 0, .%).

1.3.1. Core properties of the novel approximation spaces. We first prove that each of these two families
Y = (Z,)nen, satisfies the necessary requirements for the associated approximation spaces Ay (X,3)—
which we denote by W2 (X, 0,¢) and Ng(X, 0, %), respectively—to be amenable to various results



from approximation theory. Under certain conditions on p and ¢, Theorem shows that these
approximation spaces are even equipped with a convenient (quasi-)Banach spaces structure. The spaces
W (X, 0,Z) and N2 (X, 0,Z) are nested (Lemma and do not generally coincide (Lemma [3.10)).
To prepare the ground for the analysis of the impact of depth, we then prove nestedness with respect

to the depth growth function. In slightly more detail, we identify a partial order < and an equivalence
relation ~ on depth growth functions such that the following holds (Lem. and Thm. [3.13)):

(1) If £ X %, then W (X, 0,21) C WH(X, 0, %) for any a, ¢, X and g; and

(2) if LA ~ L, then WX, 0,-4) = W(X, 0, %) for any «, ¢, X and o.

The same nestedness results hold for the spaces NJ'(X, 0,.Z). Slightly surprising and already insightful
might be that under mild conditions on the activation function g, the approximation classes for strict
and generalized po-networks are in fact identical, allowing to derive the conclusion that their expressivities
coincide (see Theorem (3.8).

1.3.2. Approzimation spaces associated with ReLU-networks. The rectified linear unit (ReLU) and its
powers of exponent » € N—in spline theory better-known under the name of truncated powers [21l, Chapter
5, Equation (1.1)]—are defined by
or :R=>Riz— (z4),

where z = max{0,z} = o1(x), with the ReLU activation function being p;. Considering these activation
functions is motivated practically by the wide use of the ReLU [40], as well as theoretically by the existence
[43, Theorem 4] of pathological activation functions giving rise to trivial—too rich—approximation spaces
that satisfy W;‘(X;f, 0,%) = N;‘(X]’;', 0,%) = X;f, for all «,q. In contrast, the classes associated to
o,-networks are nontrivial for p € (0, 00] (Theorem [4.16]). Moreover, strict and generalized g,-networks
yield identical approximation classes for any subset @ C R? of nonzero measure (even unbounded), for any

p € (0,00] (Theorem [4.2). Furthermore, for any r € N, these approximation classes are (quasi-)Banach
spaces (Theorem 7 as soon as

2, if Q is bounded or d =1,

neN 3, otherwise.

L:=sup.Z(n) > {

The expressivity of networks with more general activation functions can be related to that of g.-networks
(see Theorem in the following sense: If p is continuous and piecewise polynomial of degree at most r,
then its approximation spaces are contained in those of g.-networks. In particular, if Q is bounded or if
2 satisfies a certain growth condition, then for 1 < s <r

WX, 05, Z) C WX, 0r, Z) and N (X, 0s,2) C N (X, 0r,L).

Also, if p is a spline of degree r and not a polynomial, then its approximation spaces match those of g, on
bounded €. In particular, on a bounded domain €, the spaces associated to the leaky-ReLU [42], the
parametric ReLU [33], the absolute value (as, e.g, in scattering transforms [44]) and the soft-thresholding
activation function [30] are all identical to the spaces associated to the ReLU.

Studying the relation of approximation spaces of g,.-networks for different r, we derive the following
statement as a corollary (Corollary of Theorem Approximation spaces of go-networks and
or--networks are equal for r > 2 when . satisfies a certain growth condition, showing a saturation from
degree 2 on. Given this growth condition, for any r > 2, we obtain the following diagram:

an<X7Q1a$> C W(?(Xag27°2ﬂ) = W;(XMQ’MX)7
N N (1.5)
Nqa(nghZ) - Nqa(X7QQa$) = Nqa(ngij)

1.3.3. Relation to classical function spaces. Focusing still on ReLU-networks, we show that ReLLU-networks
of bounded depth approximate C3() functions at bounded rates (Theorem [4.17)) in the sense that, for
open Q and o > 2L, with L := sup,, .Z(n), we obtain

N (X, 01,-£)N CS’(Q) = {0}, hence W;‘(X, 01,-%) ﬁCs’(Q) = {0}.

As classical function spaces (e.g. Sobolev, Besov) intersect C2(Q) nontrivially, they can only embed into
W (X, 01,Z) or NJ(X, 01,-Z) if the networks are somewhat deep (L > a/2), giving some insight about
the impact of depth on the expressivity of neural networks.

We then study relations to the classical Besov spaces B; . (Q) := B; (L, (;R)). We establish both direct
estimates—that is, embeddings of certain Besov spaces into approximation spaces of g,.-networks—and
inverse estimates—that is, embeddings of the approximation spaces into certain Besov spaces.



Approximation spaces of Deep Neural Networks 5

The main result in the regime of direct estimates is Theorem showing that if Q C R? is a bounded
Lipschitz domain, if r > 2, and if L := sup, o -Z(n) satisfies L > 2 + 2[log, d], then
r 4+ min{1,p~'}
— Y
For large input dimensions d, however, the condition L > 2 + 2[log, d] is only satisfied for quite deep
networks. In the case of more shallow networks with L > 3, the embedding still holds (for any
r € N), but is only established for 0 < o < %’p_l}. Finally, in case of d = 1, the embedding is
valid as soon as L > 2 and r > 1.
In the regime of inverse estimates, we first establish limits on possible embeddings (Theorem [5.7)).
Precisely, for Q = (0,1)% and any r € N, a, s € (0,00), and o, 7 € (0, 0] we have, with L := sup,, £ (n) > 2:
e if a < |L/2]-min{s,2} then W(Ly,, 0r,ZL) does not embed into B; _(€2);
e if a < (L —1) min{s,2} then N3 (L,, o,,-Z) does not embed into B ().
A particular consequence is that for unbounded depth L = oo, none of the spaces qu‘(X , 0r, L),
N3 (X, 0, Z) can embed into any Besov space of strictly positive smoothness s > 0.

For scalar input dimension d = 1, an embedding into a Besov space with the relation o = |L/2] - s
(respectively o = (L — 1) - s) is indeed achieved for X = L,((0,1)), 0 < p < oo, € N, (Theorem [5.13]):

W (Ly, 00, %) C BS (), foreach0<s<r+1s a:=|L/2]-s, o:=(s+1/p) ",
N (Lp,0r, ) C B; ,(Q), foreachO0<s<r+1, «a:=(L-1)-s, o:=(s+ 1/p)~ L.

BgZ(Q) = WHXp(),0r,2) Vp,q€ (0,00 and 0 < ar < (1.6)

1.4. Expected Impact and Future Directions. We anticipate our results to have an impact in a
number of areas that we now describe together with possible future directions:

o Theory of Expressivity. We introduce a general framework to study approximation properties of deep
neural networks from an approximation space viewpoint. This opens the door to transfer various results
from this part of approximation theory to deep neural networks. We believe that this conceptually
new approach in the theory of expressivity will lead to further insight. One interesting topic for
future investigation is, for instance, to derive a finer characterization of the spaces W;“(Xp, or L),
NM(X,, 00, Z), for r € {1,2} (with some assumptions on .Z).

Our framework is in fact also amenable to various extensions; one example being the restriction of
the weights to be convolutional, which would in turn allow a similar study of approximation spaces of
convolutional neural networks.

e Statistical Analysis of Deep Learning. Approximation spaces characterize fundamental tradeoffs
between the complexity of a network architecture and its ability to approximate (with proper choices
of parameter values) a given function f. In statistical learning, a related question is to characterize
which generalization bounds (also known as excess risk guarantees) can be achieved when fitting
network parameters using m independent training samples. Some “oracle inequalities” [57] of this type
have been recently established for idealized training algorithms minimizing the empirical risk .
Our framework, in combination with existing results on the VC-dimension of neural networks [7] is
expected to shed new light on such generalization guarantees through a generic approach encompassing
various types of constraints on the considered architecture.

e Design of Deep Neural Networks—Architectural Guidelines. Our results reveal how the expressive
power of a network architecture may be impacted by certain choices such as the presence of certain
types of skip connections or the selected activation functions. Thus, our results provide indications on
how a network architecture may be adapted without hurting its expressivity, in order to get additional
degrees of freedom to ease the task of optimization-based learning algorithms and improve their
performance. For instance, while we show that generalized and strict networks have (under mild
assumptions on the activation function) the same expressivity, we have not yet considered so-called
ResNet architectures. Yet, the empirical observation that a ResNet architecture makes it easier to
train deep networks [32] calls for a better understanding of the relations between the corresponding
approximations classes.

1.5. Outline. The paper is organized as follows.

Section [2| introduces our notations regarding neural networks and provides basic lemmata concerning the
“calculus” of neural networks. The classical notion of approximation spaces is reviewed in Section [3| and
therein also specialized to the setting of approximation spaces of networks, with a focus on approximation
in L, spaces. This is followed by Section {4} which concentrates on g-networks with o the so-called ReLU
or one of its powers. Finally, Section [5| studies embeddings between W (X, o, .Z) (resp. N (X, or, L))

and classical Besov spaces, with X = X, ().



2. NEURAL NETWORKS AND THEIR ELEMENTARY PROPERTIES

In this section, we formally introduce the definition of neural networks used throughout this paper, and
discuss the elementary properties of the corresponding sets of functions.

2.1. Neural networks and their main characteristics.

Definition 2.1 (Neural network). Let o : R — R. A (generalized) neural network with activation
function ¢ (in short: a p-network) is a tuple ((Tl,oq)7 ol (TL,aL)), where each Ty : RVe-1 — RV is
an affine-linear map, ay = idg~,, and each function a; : RV — RN¢ for 1 < ¢ < L is of the form
)

ap = ®M Qg-e) for certain gg

=1 € {idg, 0}. Here, we use the notation

®9j:X1><---><Xn—>Y1><-~-><Yn,(x1,...,a:n)»—>(91(x1),...,9n(:vn)) for §,: X; - Y;. <
j=1

Definition 2.2. A p-network as above is called strict if ggé) =pforalll1</<Land1<j< N, <«

Definition 2.3 (Realization of a network). The realization R(®) of a network ® = (T, ), ..., (T, ar))
as above is the function

R(®) : RY - RV, with R(®):=apoTpo---oajoT]. <
The complezity of a neural network is characterized by several features.
Definition 2.4 (Depth, number of hidden neurons, number of connections). Consider a neural network
o = ((Tl,al), ey (TL7aL)) with Tg : RNZ_l — RNZ for 1 < / < L.
e The input-dimension of ® is di, (P) := Ny € N, its output-dimension is dou(P) := Np, € N.

e The depth of @ is L(®) := L € N, corresponding to the number of (affine) layers of ®.
We remark that with these notations, the number of hidden layers is L — 1.

e The number of hidden neurons of ® is N(®) := f;ll N¢ € Ny;

e The number of connections (or number of weights) of ® is W(®) := 2521 IT¢|le0 € Ng, with
IT|leo := ||Alleo for an affine map T : x — Az + b with A some matrix and b some vector; here,
|| - [|[;o counts the number of nonzero entries in a vector or a matrix. <

Remark 2.5. If W(®) = 0 then R(®) is constant (but not necessarily zero), and if N(®) = 0, then R(®) is
affine-linear (but not necessarily zero or constant). ¢

Unlike the notation used in [0, 52], which considers Wy(®) := Zé::l(HA(e)”go + 1|6 | p0) where
Trz = A0z +b® | Definition only counts the nonzero entries of the linear part of each T, so
that W(®) < Wy(®P). Yet, as shown with the following lemma, both definitions are in fact equivalent up
to constant factors if one is only interested in the represented functions. The proof is in Appendix
Lemma 2.6. For any network ® there is a “compressed” network ® with R(®) = R(®) such that

L(®) < L(®), N(®) < N(D), and
W(B) < Wo(®) < dout(®) +2- W (D).
The network ® can be chosen to be strict if @ is strict. <

Remark 2.7. The reason for distinguishing between a neural network and its associated realization is that
for a given function f : RY — R¥, there might be many different neural networks ® with f = R(®), so
that talking about the number of layers, neurons, or weights of the function f is not well-defined, whereas
these notions certainly make sense for neural networks as defined above. A possible alternative would be
to define for example

L(f) := min {L(®) : ® neural network with R(®) = f},

and analogously for N(f) and W(f); but this has the considerable drawback that it is not clear whether
there is a neural network ® that simultaneously satisfies e.g. L(®) = L(f) and W(®) = W(f). Because of
these issues, we prefer to properly distinguish between a neural network and its realization. ¢

Remark 2.8. Some of the conventions in the above definitions might appear unnecessarily complicated at
first sight, but they have been chosen after careful thought. In particular:
e Many neural network architectures used in practice use the same activation function for all neurons in

a common layer. If this choice of activation function even stays the same across all layers—except for
the last one—one obtains a strict neural network.
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e In applications, network architectures very similar to our “generalized” neural networks are used;
examples include residual networks (also called “ResNets”, see [32], 64]), and networks with skip
connections [51].

e As expressed in Section the class of realizations of generalized neural networks admits nice closure
properties under linear combinations and compositions of functions. Similar closure properties do in
general not hold for the class of strict networks.

e The introduction of generalized networks will be fully justified in Section [3.3] where we show that
if one is only interested in the approximation theoretic properties of the respective function class,
then—at least on bounded domains  C R? for “generic” o, but also on unbounded domains for the
ReLU activation function and its powers—generalized networks and strict networks have identical
properties. ¢

2.2. Relations between depth, number of neurons, and number of connections. We now
investigate the relationships between the quantities describing the complexity of a neural network
b = ((Tl,al), ceey (TL, aL)) with 7y : RNe-1 5 RNe,

Given the number of (hidden) neurons of the network, the other quantities can be bounded. Indeed, by
definition we have Ny, > 1 for all 1 < ¢ < L — 1; therefore, the number of layers satisfies

L—1 L—-1
L@®) =1+> 1<1+ > Ne=1+N(@). (2.1)
=1 =1

Similarly, as ||T¢||p0 < Ny—1 Ny for each 1 < ¢ < L, we have

L L L—-1 L
W(®) =D Telleo <> NemaNe < D0 " NNy = (din (@) + N(D)(N (D) + doue (@), (2:2)
/=1 =1 =0 ¢=1

showing that W (®) = O([N(®)]? + dk) for fixed input and output dimensions d, k. When L(®) = 2 we
have in fact W((I)) = ||T1||50 + HTQ”@O S NON1 + N1N2 = (N() + NQ)Nl = (dm(q)) + dout((b)) . N((p)

In general, one cannot bound the number of layers or of hidden neurons by the number of nonzero
weights, as one can build arbitrarily large networks with many “dead neurons”. Yet, such a bound is true
if one is willing to switch to a potentially different network which has the same realization as the original
network. To show this, we begin with the case of networks with zero connections.

Lemma 2.9. Let & = ((Tl,oq), A (TL,aL)) be a neural network. If there exists some £ € {1,...,L}
such that ||Ty||e0 = 0, then R(®) = ¢ for some c € R where k = dou (®). <

Proof. Simply notice that R(®) = fro---0 fpo---o f; where fy = ay o Ty. As ||T¢||0 = 0, the affine map

Ty is a constant map RV¢-1 5y — b() € RN, Hence, f; : RNe-1 — RN is a constant map, so that also
R(®) is constant. O

Corollary 2.10. Let ® be a neural network. Assume W(®) < L(®). Then R(®) = ¢ for some ¢ € RF
where k = dout (P). <

Proof. Let ® = ((Ty,a1),...,(Tp, ar)) and observe that if Zle ITe]|e0 = W(P) < L(®) = 25:1 1 then
there must exist £ € {1,..., L} such that ||Ty|[,0 = 0, so that we can apply Lemma [2.9] O
Indeed, constant maps play a special role as they are exactly the set of realizations of neural networks
with no (nonzero) connections. Before formally stating this result, we introduce notations for families of
neural networks of constrained complexity.
Definition 2.11. Consider L € NU {co}, W, N € Ny U {oc}, and Q C R? a non-empty set.
o NN ﬁi}fl’L]f ~ denotes the set of all generalized g-networks ® with input dimension d, output dimension
k, and with W(®) < W, L(®) < L, and N(®) < N.
o SNN %’,Ll’L]f ~ denotes the subset of networks ® € NAGHF - which are strict.
e The class of all functions f : R? — R* that can be represented by (generalized) o-networks with at
most W weights, L layers, and [N neurons is
Ak . Jdk
NNy = {R(D) 1 @ e NNRT N T

The set of all restrictions of such functions to {2 is denoted NN‘Q,{,"i’L]f ~ ().
e Similarly
Ak . ,d,k
SNNG = {R(®) : @ € SNNF N }-

The set of all restrictions of such functions to {2 is denoted SNN‘Q,{,‘?’LIT N ().
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Finally, we define NN%5" = NN&GHF_and NNGHF .= NNGEE as well as NNOGF .= NNZAE . We will use
similar notations for SNN, NA/, and SNN. <

Remark 2.12. If the dimensions d, k and/or the activation function g are implied by the context, we will
sometimes omit them from the notation. ¢

Lemma 2.13. Let o: R > R, and let d,k € N, N € NgU {oo}, and L € NU {oo} be arbitrary. Then

NG = SNNG TR, = Mg (G = SNNg {6 = {f : R 5 R* | Jce RF: f=c}. <
Proof. If f = c for some ¢ € RF then the affine linear map 7' : RY — R* 2+ ¢ satisfies || T'||;0 = 0 and the
network @ := ((T,idgw)), which is strict, satisfies R(®) = c = f, W(®) =0, N(®) =0 and L(®) = 1. By
Definition [2.11} we have ® € SN. 8‘1“5 whence f € SNNS:‘f”g. The inclusions SNNS:?:S C NNng:g C NNS:%EV
and SNNG{h C SNNGTA C NNQ9H are trivial by definition of these sets. Finally, if f € NNZ5 then
there is ® € NNS:%E\, such that f = R(®). As W(®) =0 <1< L(®), by Corollary this implies
f=R(P)=c O

Our final result in this subsection shows that any realization of a network with at most W > 1
connections can also be obtained by a network with W connections but which additionally has at most
L < W layers and at most N < W hidden neurons. The proof is postponed to Appendix [A2]

Lemma 2.14. Let p: R - R, d,k € N, L e NU{oo}, and W € N be arbitrary. Then we have
ik 2d,k ,d,k
NNGF o = NN CONNE G g
The inclusion is an equality for L > W . In particular, NN“j{,d’k = NN%}?QW = NN%’,‘?{,";W. The same claims
are valid for strict networks, replacing the symbol NN by SNN everywhere. <

To summarize, for given input and output dimensions d, k, when combining (2.2]) with the above lemma,
we obtain that for any network ® there exists a network ¥ with R(¥) = R(®) and L(¥) < L(®), and such
that

N(U) < W(¥) < W(®) < N*(®) + (d + k)N (®) + dk. (2.3)
When L(®) = 2 we have in fact N(U) < W(¥) < W (D) < (d+ k)N(P); see the discussion after ([2.2)).

Remark 2.15. (Connectivity, flops and bits.) A motivation for measuring a network’s complexity by its
connectivity is that the number of connections is directly related to several practical quantities of interest
such as the number of floating point operations needed to compute the output given the input, or the
number of bits needed to store a (quantized) description of the network in a computer file. This is not the
case for complexity measured in terms of the number of neurons. ¢

2.3. Calculus with generalized neural networks. In this section, we show as a consequence of
Lemma that the class of realizations of generalized neural networks of a given complexity—as
measured by the number of connections W (®)—is closed under addition and composition, as long as one
is willing to increase the complexity by a constant factor. To this end, we first show that one can increase
the depth of generalized neural networks with controlled increase of the required complexity.

Lemma 2.16. Given o : R — R, d,k € N, ¢ := min{d,k}, ® € NN®4* and Ly € Ny, there exists
U e NN such that R() = R(®), L(V) = L(®) + Lo, W(¥) = W(®) + cLy, N(¥) = N(®) +cL;. <«

This fact appears without proof in [57, Section 5.1] under the name of depth synchronization for strict
networks with the ReLU activation function, with ¢ = d. We refine it to ¢ = min{d, k} and give a proof
for generalized networks with arbitrary activation function in Appendix

Our next result shows that the class of generalized networks is closed under linear combinations and
cartesian products.

Lemma 2.17. Consider arbitrary d,k,n € N, ce R, p: R =R, and k; € N fori e {1,...,n}.
(1) If ® € NN* then ¢ -R(®) = R(¥) where U € NN satisfies W (U) < W(®) (with equality if
c#0), L(¥) = L(®), N(¥) = N(®). The same holds with SNN instead of NN
(2) If & € NN foric {1,...,n}, then (R(®y),...,R(®,)) = R(V) with ¥ € NN where
L(¥) = max L(®;), W(U)<s+Y W(®), NW)<5+Y N@®), and K:=» k,
i=1 i=1 i=1

i=1,...,n

with 6 :=c - (maxi:h”’n L(®;) — min; L(@i)) and ¢ :=min{d, K — 1}.
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(3) If ®y,..., 0, € NNOF then S0 R(®;) = R(V) with ¥ € NN where

L(V) = max L(®;), W (V) <s+ zn: W(®;), and N(¥)<5+ zn: N(®;),

with 6 := ¢ (max; L(®;) — min; L(P;)) and ¢ := min{d, k}. <

The proof is in Appendix One can also control the complexity of certain networks resulting from
compositions in an intuitive way. To state and prove this, we introduce a convenient notation: For a
matrix A € R"*? we denote

Al 0,00 1= Ae; d A0 := [|AT ||po.00 = T Allyo, 2.4
Al = _max deieo and Al = |47 |oe = max Ao, (24)

where eq,...,e, is the standard basis of R"”. Likewise, for an affine-linear map T = A e +b, we denote
1T = | Allg and [T 0 == || A

Lemma 2.18. Consider arbitrary d,dy,ds, k, k1 € N and o: R — R.
(1) If ® € NN@F and P : RY — R, Q : R¥ — R¥ are two affine maps then Q o R(®) o P = R(W)
where U € NN@F with L(0) = L(®), N(¥) = N(®) and

W) <[|Qlleo. - W(®) - [Pl 0. -

The same holds with SN'N instead of NN
(2) If &, € NN@N and &y € NN then R(®,) o R(®y) = R(¥) where ¥ € NN gnd

W(¥) = W(P1) +W(P2), L(V)=L(®1) + L(P2), N(¥)=N(P1)+ N(P2) +dy.
(3) Under the assumptions of Part (2), there is also ¥’ € NN such that R(®s) o R(®;) = R(V') and
W) <W(P1) + max{N(®1),d} W(P2), L(V)=L(®1)+L(P2)—1, N(V')= N(®1)+N(P3).
In this case, the same holds for SNN instead of NN . <

The proof is in Appendix A direct consequence of Lemma that will be used in several places
is that © — ag g(a1z +b1) + bs € NN%’,‘?’;N whenever g € NNﬁ{,‘f’L;N, ai,a2 € R, by € R?, by € R*.

Our next result shows that if o can be expressed as the realization of a g-network then realizations of
o-networks can be re-expanded into realizations of g-networks of controlled complexity.

Zg,oo.

0,1,1

Lemma 2.19. Consider two activation functions ¢,c such that o = R(¥,) for some W, € NNT; with
L(¥,) =¢eN, we Ny, m €N. Furthermore, assume that o Z const.
Then the following hold:
(1) if £ = 2 then for any W, N, L,d, k we have NN;;,%TN C NN%’,%CQ’L’Nm
.k .k
(2) for any £, W, N, L,d, k we have NN3';" C Nanw+wN71+(L71)£7N(1+m) . <

The proof of Lemma [2.19]is in Appendix [AZ6] In the case when o is simply an s-fold composition of p,
we have the following improvement of Lemma [2.19

Lemma 2.20. Let s € N. Consider an activation function o0 : R — R, and let 0 := po--- 0 o, where the
composition has s “factors”. We have

o,d.k .k
NNy N C NN€V+(5—1)N,1+S(L—1),sN VW,N € NgU {oc} and L € NU {cc}.

The same holds for strict networks, replacing NN by SNN everywhere. <

The proof is in Appendix [AZ7] In our next result, we consider the case where o cannot be exactly
implemented by g-networks, but only approximated arbitrarily well by such networks of uniformly bounded
complexity.

Lemma 2.21. Consider two activation functions p,0 : R — R. Assume that o is continuous and that
there are w,m € Ny, £ € N and a family U, € NN2Y!  parameterized by h € R, with L(¥,) = £, such

Am

that o, := R(¥y,) o locally uniformly on R. For any d,k € N, W, N € Ny, L € N we have
—

0,d.k P 9.
NNo,d,k c NNWmQ,L,Nm7 ng =2 (2 5)
W,L,N .
o NN LE for any ¢
mW4wN,14(L—1)€,N (1+m)° ;

where the closure is with respect to locally uniform convergence. <

The proof is in Appendix In the next lemma, we establish a relation between the approximation
capabilities of strict and generalized networks. The proof is given in Appendix
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Lemma 2.22. Let o : R — R be continuous and assume that o is differentiable at some xy € R with
o' (x0) #0. For any d,k € N, L e NU{oo}, N € NgU {o0}, and W € Ny we have
.k d.k
NNsV,L,N C SNNEW,L,QN?
where the closure is with respect to locally uniform convergence. <«

2.4. Networks with activation functions that can represent the identity. The convergence in
Lemma is only locally uniformly, which is not strong enough to ensure equality of the associated
approximation spaces on unbounded domains. In this subsection we introduce a certain condition on the
activation functions which ensures that strict and generalized networks yield the same approximation
spaces also on unbounded domains.

Definition 2.23. We say that a function ¢ : R — R can represent f : R — R with n terms (where n € N)
if fesNNZY! . that is, if there are a;,b;,¢; € R for i € {1,...,n}, and some ¢ € R satisfying

00,2,n)
f($)=C+Zai~Q(bim+ci) VzeR.
i=1

A particular case of interest is when o can represent the identity id : R — R with n terms. <

As shown in Appendix primary examples are the ReLU activation function and its powers.

Lemma 2.24. For any r € N, o, can represent any polynomial of degree < r with 2r + 2 terms. <«
Lemma 2.25. Assume that o : R — R can represent the identity with n terms. Let d,k € N, W, N € Ny,
and L € NU {oo} be arbitrary. Then NNg[’,d’LkN C SNNf;’zd_"fVL N |

The proof of Lemma [2.25|is in Appendix The next lemma is proved in Appendix

Lemma 2.26. If o: R — R can represent all polynomials of degree two with n terms, then:
(1) For d € Ny the multiplication function My : R — R,z H?:l x; satisfies

,d,1 . .
Mg € NNgn(Qj—1),2j,(2n+1)(2-7—1)—1 with  j = [log, d].
In particular, for d =2 we have My € SNNg;i’i%.
(2) For k € N the multiplication map m : R x R¥ — R¥ (2,9) + z - y satisfies m € NNg}cln-i,_;,Zkkn' <

3. NEURAL NETWORK APPROXIMATION SPACES

The overall goal of this paper is to study approzimation spaces associated to the sequence of sets X, of
realizations of networks with at most n connections (resp. at most n neurons), n € Ny, either for fixed
network depth L € N, or for unbounded depth L = oo, or even for varying depth L = .Z(n).

In this section, we first formally introduce these approximation spaces, following the theory from [21]
Chapter 7, Section 9], and then specialize these spaces to the context of neural networks. The next
sections will be devoted to establishing embeddings between classical functions spaces and neural network
approximation spaces, as well as nesting properties between such spaces.

3.1. Generic tools from approximation theory. Consider a quasi-Banach E| space X equipped with
the quasi-norm || - || x, and let f € X. The error of best approzimation of f from a nonempty set I' C X is

B(£.D)x = inf [ = gllx € [0.00). (3.1)

In case of X = X};(Q) (as in Equation (L.4)) with © C R? a set of nonzero measure, the corresponding
approximation error will be denoted by E(f,T'),. As in [2I| Chapter 7, Section 9], we consider an arbitrary
family ¥ = (£,,)nen, of subsets ¥, C X and define for f € X, o € (0,00), and ¢q € (0, 00| the following
quantity (which will turn out to be a quasi-norm under mild assumptions on the family X):

o0

1/q
1
(Z[na-E(f,Enl)X}qn> €10,00], 0 <q< o0,
[fllas(x,z) = q \n=1 (3.2)
sup [n® - E(f,Xn-1)x] € [0, 0], if ¢ = oo.
n>1

As expected, the associated approzimation class is simply
AX, D) = {fe X | fllagxm) < oo}

1See e.g. [4, Section 3] for reminders on quasi-norms and quasi-Banach spaces.
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For ¢ = oo, this class is precisely the subset of elements f € X such that E(f,%,)x = O(n™%), and
the classes associated to 0 < ¢ < oo correspond to subtle variants of this subset. If we assume that
Y C Xy for all n € Ny, then the following “embeddings” can be derived directly from the definition;
see 21, Chapter 7, Equation (9.2)]:

AY(X, %) = A(X,%), if a>B orif a=p and ¢<s. (3.3)

Note that we do not yet know that the approximation classes Ag(X ,2) are (quasi)-Banach spaces.
Therefore, the notation X; < Xo—where for ¢ € {1,2} we consider the class X; := {z € X : ||z]|x, < oo}
associated to some “proto”-quasi-norm || - || x,—simply means that X; C Xs and || ||x, < C-| - || x,, even
though | - || x, might not be proper (quasi)-norms and X; might not be (quasi)-Banach spaces. When
the classes are indeed (quasi)-Banach spaces (see below), this corresponds to the standard notion of a
continuous embedding.

As a direct consequence of the definitions, we get the following result on the relation between approxi-
mation classes using different families of subsets.

Lemma 3.1. Let X be a quasi-Banach space, and let ¥ = (X, )nen, and ' = (3] )nen, be two families
of subsets ¥, X!, C X satisfying the following properties:

(1) 3o = {0} = X¢;

(2) ¥y CXpy1 and 3, C X for all n € No; and

(8) there are c € N and C > 0 such that E(f,Xcm)x < C - E(f,X),)x for all f € X,m € N.

Then Ag(X,Y) < A3(X,X) holds for arbitrary q € (0,00] and o > 0. More precisely, there is a constant
K =K(a,q,¢,C) > 0 satisfying

Iflagxsy < K- Iflagixeny Ve AFX D). <

Remark. One can alternatively assume that E(f;X.)x < C- E(f;X],)x only holds for m > mg € N.
Indeed, if this is satisfied and if we set ¢’ := mq ¢, then we see for arbitrary m € N that mgm > myg, so
that

E(f;Zem)x = B(f; Zemem)x <C-E(f;3,,,)x <C-E(f;%,)x -
Here, the last step used that mom > m, so that X/ C X/

mom* 0
The proof of Lemma [3.1] can be found in Appendix B}

In [2I) Chapter 7, Section 9], the authors develop a general theory regarding approximation classes of
this type. To apply this theory, we merely have to verify that ¥ = (X, )nen, satisfies the following list of
axioms, which is identical to [2I, Chapter 7, Equation (5.2)]:

(P1) % = {0};

) ¥, C X, for all n € Ny;

3) a-X, =%, forall a € R\ {0} and n € Ny;

4) There is a fixed constant ¢ € N with ¥, + ,, C ., for all n € Ny;
) ien, 2j 1s dense in X

P6) for any n € Ny, each f € X has a best approximation from ¥,,.

As we will show in Theorem below, Properties [(P1) hold in X = XZIf(Q) for an appropriately
defined family ¥ related to neural networks of fixed or varying network depth L € NU {co}.

Property however, can fail in this setting even for the simple case of the ReLU activation function;
indeed, a combination of Lemmas and [£:4) below shows that ReLU networks of bounded complexity
can approximate the discontinuous function 1y, y arbitrarily well. Yet, since realizations of ReLU networks
are always continuous, 1, p) is not implemented exactly by such a network; hence, no best approximation
exists. Fortunately, Property is not essential for the theory from [2I] to be applicable: by the
arguments given in [21I, Chapter 7, discussion around Equation (9.2)] (see also [4, Proposition 3.8 and
Theorem 3.12]) we get the following properties of the approximation classes A9 (X, X) that turn out to be
approximation spaces, i.e., quasi-Banach spaces.

Proposition 3.2. If Properties hold, then the classes (Ag (X, %), [|-[|ae(x,x)) are quasi-Banach

spaces satisfying the continuous embeddings (3.3) and AY(X,%) — X. |
Remark. Note that || - ||A3(X,2) is in general only a quasi-norm, even if X is a Banach space and ¢ € [1, o¢].

Only if one additionally knows that all the sets ¥, are vector spaces (that is, one can choose ¢ = 1 in
Property |(P4))), one knows for sure that || - ||4e(x ) is a norm. ¢
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Everything except for the completeness and the embedding Ag (X,X¥) — X is shown in [2I Chapter 7,
Discussion around Equation (9.2)]. For the sake of completeness, as we could not locate a reference, we
provide a proof of the missing elements in Appendix

3.2. Approximation classes of generalized networks. We now specialize to the setting of neural
networks and consider d, k € N, an activation function o : R — R, and a non-empty set Q C R,

Our goal is to define a family of sets of (realizations of) g-networks of “complexity” n € Ny. The
complexity will be measured in terms of the number of connections W < n or the number of neurons
N < n, possibly with a control on how the depth L evolves with n.

Definition 3.3 (Depth growth function). A depth growth function is a non-decreasing function
Z:N—=NU{cc},n— Z(n). <

Definition 3.4 (Approximation family, approximation spaces). Given an activation function g, a depth
growth function ., a subset Q C R, and a quasi-Banach space X whose elements are (equivalence classes
of ) functions f : Q@ — R*, we define No(X, 0,.%) = Wo(X, 0,-Z) := {0}, and

W (X, 0, %) =W ()NX, (neN), (3.4)
N,(X,0,.2) =W L (@QNX, (neN). (3.5)

To highlight the role of the activation function ¢ and the depth growth function .Z in the definition of the
corresponding approximation classes, we introduce the specific notation

WX, 0, Z) = AJ(X, %) where ¥ = (3,)nen,, With X, :=W,(X,0,Z), (3.6)
N} (X,0,Z) = A7(X,¥) where X = (X,)nen,, with ¥, =N, (X, 0, Z). (3.7)

The quantities || - [lwa(x,p,2) and || - | ve(x,0,2) are defined similarly. Notice that the input and output
dimensions d, k as well as the set ) are implicitly described by the space X. Finally, if the depth growth
function is constant (£ = L for some L € N), we write W, (X, o, L), etc. <

Remark 3.5. By convention, Wo (X, 0,-Z) = No(X, 0, %) = {0}, while NNS:dL’k is the set of constant functions
f = ¢, where ¢ € R* is arbitrary (Lemma , and NN&‘?’&O is the set of affine functions. ¢

Remark 3.6. Lemma shows that NN%{}?’L]C = NN%’,flf/ﬁ if L > W > 1; hence the approximation family
W, (X, 0,%) associated to any depth growth function .Z is also generated by the modified depth growth
function .’ (n) := min{n, Z(n)}, which satisfies .£’(n) € {1,...,n} for all n € N.

In light of Equation (2.1]), a similar observation holds for N, (X, 0, %) with .#”(n) := min{n+1, Z(n)}.
It will be convenient, however, to explicitly specify unbounded depth as ¥ = +oo rather than the
equivalent form Z(n) = n (resp. rather than £ (n) =n+1). ¢

We will further discuss the role of the depth growth function in Section [3.5] Before that, we compare
approximation with generalized and strict networks.

3.3. Approximation with generalized vs strict networks. In this subsection, we show that if one
only considers the approzimation theoretic properties of the resulting function classes, then—under
extremely mild assumptions on the activation function g—it does not matter whether we consider strict
or generalized networks, at least on bounded domains Q C R?. Here, instead of the approximating sets for
generalized neural networks defined in — we wish to consider the corresponding sets for strict
neural networks, given by SWo (X, 0,.%) := SNo(X, 0,-Z) := {0}, and

SW, (X, 0,.%) =SNG | (Q)NX,  (neN), (3.8)
SN, (X, 0,.%) == SWNETS L (QNX,  (neN), (3.9)
and the associated approximation classes that we denote by
SWHX,0,Z) = AJ(X,X) where ¥ = (¥,)nen, with X, :=8W,(X,0,2) (3.10)
SN} (X,0, %) = A7 (X,¥) where %= (X,)nen, with ¥, :=8N,(X,0,2). (3.11)

Since generalized networks are at least as expressive as strict ones, these approximation classes embed
into the corresponding classes for generalized networks, as we now formalize.

Proposition 3.7. Consider ¢ an activation function, £ a depth growth function, and X a quasi-Banach
space of (equivalence classes of ) functions from a subset Q C R? to R¥.For any a > 0 and q € (0, 00|, we
have || - lwe(x,0.2) < ||+ lswe(x,0.2) and || - [N (x,0,2) < || [lsne (x,0,2); hence

SWHX, 0, 2) = WS (X,0, %) and SN (X,0, %)= N/(X,0,%). <
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Proof. We give the proof for approximation spaces associated to connection complexity; the proof is
similar for the case of neuron complexity. Obviously SW,, (X, ¢,-Z) C W, (X, 0, %) for all n € Ny, so that
the approximation errors satisfy E(f7 W.(X, o, X))X < E(f, S, (X, o, X))X for all n € Ng. This implies
H : ||W;‘(X,Q,f) < ” : HSW;‘(X,Q,L”)? whence San(X7 g,f) C W;(Xv Q"’E’ﬂ)' 0

Under mild conditions on g, the converse holds on bounded domains when approximating in L,. This
also holds on unbounded domains for activation functions that can represent the identity.

Theorem 3.8 (Approximation classes of strict vs. generalized networks). Consider d € N, a measurable
set Q C R with nonzero measure, and o : R — R an activation function. Assume either that:

e  is bounded, ¢ is continuous and p is differentiable at some z¢ € R with o'(xg) # 0; or that
e o can represent the identity id : R — R,z +— & with m terms for some m € N.

Then for any depth growth function .2, k € N, a > 0, p, ¢ € (0, 0], with X := XZ’f(Q) as in Equation (1.4)),
we have the identities

SWi(X,0,2) =W/ (X,0,%) and SNI(X, 0, Z)=N/(X, 0,2),
and there exists C' < oo such that
[ o llwe(x,02) < | ®llswex,0.2) < Cll®llwex,0.2)
and [l e ||Ng(X,g,=2’) <|e ||SN;;(X7Q72’) <C|e ||Ng(x,g,$)~ <

Before giving the proof, let us clarify the precise choice of (quasi)-norm for the vector-valued spaces
X = X}(Q) fI‘Ol“;l Equation (14). For f = (fi,...,fx) : Q — kRk and 0 < p < oo it is defined by
Hf||’£p(Q;Rk) =D Hngip(Q;R) = Jo If(@)[E dz, where |ulb := >7,_, |ug|? for each u € R*. For p = oo

we use the definition || f||oc := maxe—1. || fell £ ir)-

Proof. When p can represent the identity with m terms, we rely on Lemma and on the estimate
Z(n) < .£(m?n) to obtain for any n € N that

Wo(X, 0, %) = NNﬁ@’“(n)m(Q) NXc SNNﬁ;Z;ﬁZ(m%)m N X = SWn2, (X, 0, %),
and similarly N, (X, 0, &) C SNy (X, 0,-Z), so that
E(fv Swm2n(Xv Qvg))x < E(fvwn(Xa 0, g))

E(f,SNmn (X, 0,2)) y < E(f,Nn(X, 0, 2))

Vn € Ny,
Vn € Ng.

X

X

We now establish similar results for the case where  is bounded, ¢ is continuous and ¢'(zg) # 0
is well defined for some xy € R. We rely on Lemma [2.22] First, note by continuity of ¢ that any
f € nNedk 5 sNNedF is a continuous function f : RY — RF. Furthermore, since Q is bounded, Q is
compact, so that f|g is uniformly continuous and bounded. Clearly, this implies that f|q is uniformly
continuous and bounded as well. Since X = X;f (), this implies

Jd,k ,d,k
SW,(X, 0,.%) = SNNﬁ,g(n),oo(Q) NX = SNNTQZ’S(”)’OO(Q)

and similarly for SN, (X, 0,.#). Since 2 C R? is bounded, locally uniform convergence on R? implies
convergence in X¥(€2). Hence for any n € Ny, using that . (n) < .£(4n), Lemma yields

XpQ) xRk
Wa (X, 0,.%) CSNNEZL;(M))OO(Q) " C S (X, 0,.%) P

where the closure is taken with respect to the topology induced by || - ng(g). Similarly, we have

XpQ) xR
N,(X,0.2) CSMETE @) C S (X 0. 2)

Now for an arbitrary subset I' C XZIf(Q), observe by continuity of | - ||X§(Q) that
inf [|f = Ollxpe) = ;g“f = Ollxx@);
that is, if one is only interested in the distance of functions f to the set I', then switching from I to its
closure T' (computed in X;f) does not change the resulting distance. Therefore,
E(fvsw4n(X7:Qv$))XSE(fawn(ngag)) V’HEN(),
E(f7SN2n(X7Q7$))XSE(fuNn(ngaz)) vnENO

X

X
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In both settings (o can represent the identity, or € is bounded and ¢ differentiable at xp), Lemma
shows |- [lswe (x,0,2) < Cll - lwe(x,0.22) and || - lsne(x,0,2) < Cll - |ne(x,0,2) for some C € (0,00). The
conclusion follows using Proposition (Il

3.4. Connectivity vs. number of neurons.

Lemma 3.9. Consider o: R — R an activation function, £ a depth growth function, d,k € N, p € (0, o0]
and a measurable Q@ C R? with nonzero measure. With X := Xk(Q), we have for any a > 0 and q € (0, <]

W (X, 0,2) = NM(X,0,2) <= W?(X,0,2),
and SW(X,0, %) = SN (X, 0,%) — SW?(X, 0, %),
and there exists ¢ > 0 such that
I g o) 2 1 g o) 2 el ez
and || - lswe(x,0.2) 2 || - [sne(x,0.2) Z | - HSWL;X/Q(Xi)’g) .

When L := sup,, £ (n) = 2 (i.e., for shallow networks) the exponent /2 can be replaced by o; that is,
W (X, 0,Z) = N} (X, 0, L) with equivalent norms. <
Remark. We will see in Lemma, below that W (X, 0, ) # N3 (X, 0, .Z) if, for instance, o0 = o, is a
power of the ReLU, if  is bounded, and if L := sup,,cy -Z(n) satisfies 3 < L < co. In general, however,

one cannot expect the spaces to be always distinct. For instance, if ¢ is the activation function constructed
in [43, Theorem 4], if L > 3 and if Q is bounded, then both W (X,(Q), 0, %) and Ng(X,(12), 0, Z)

coincide with X, (). ¢
Proof. We give the proof for generalized networks. By Lemma and Equation (2.3),
0.d 0,d;k o,d 0,d o,d
NN g z(n) oo CNN Sy C NN z(n) C NN 2+(d+k)n+dk Py, © NN 2+(d+k)n+dk L(n),00

for any n € N. Hence, the approximation errors satisfy

E(fa wn(X’ o, g))X > E(fv Nn(Xa 0, g))X > E(f, wn2+(d+k)n+dk(X» Q»g))X~ (3.12)
By the first inequality in (3.12), [ - [[we(x,0,2) = [I - [ No(x,0,2) and W (X, 0,Z) C NQ(X’ 0, ).
When L = 2, by the remark below Equation (2.3) we get NNgdk(n) C NN((;H:k)n L (n),00} hence
E(f,No(X, 0,2))x = E(f,Warkn(X, 0, %)) x so that Lemma [3.1] shows W (X, 0, ) D Ng(X, 0,2),
with a corresponding (quasi)-norm estimate; hence, these spaces coincide with equivalent (quasi)—norrns.
For the general case, observe that n?+(d-+k)n-+dk < (n++v)? with v := max{d, k}. Let us first consider
the case ¢ < oo. In this case, we note that if (n+7)% +1 <m < (n+~+1)%, then n? <m < (2y+2)? n?,
and thus m®?—! < n2%4=2 where the implied constant only depends on «, g, and ~. This implies
(n+v+1)2
S mtl <Ol yneN
m=(n+v)?+1
where C' = C(a, q,7) < oo, since the sum has ((n+7) + 1) — (n+7)? = 2n + 2y + 1 < 4n(2y + 1) many
summands. By the second inequality in (3.12]) we get for any n € N

(nt+147)? (nt147)?
Z [maE(fvwmfl(Xa Qvg))X]q% < Z maq—l : [E(fvw(n—i-’y)z(X? Q?g))X]q
m=(n+vy)2+1 m=(n+v)2+1

<C- nea=t. [ (f7 n24(d+k) n+dk(X o, -’g))X}q
SC'T’LQaq_l' [ (f7 n(X’Q’f))X]q
It follows that

(n+14)*
S B (X0, )X A =Y Y O E(f (X, 0,2))x)" &
m>1+(y+1)?2 ne€N m=(n4+v)2+1
<CY 0 [B(fNL(X, 0, 2)x]" < OISz (x,0.20)
neN

To conclude we use that 22211)2 [MOE(f,Wmn—1(X, 0, 2))x]" L < C'||f|% < C/HfH(JZVg”(X,g,f) with
Cl Z(’Y+1) med— 1

m=1
The proof for ¢ = oo is similar. The proof for strict networks follows along similar lines. |
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The final result in this subsection shows that the inclusions in Lemma are quite sharp.

Lemma 3.10. Forr €N, define o, : R =R,z — (z4)".
Let Q C R be bounded and measurable with nonempty interior. Let L, L' € N>o, let ri,72 € N, let
D1,D2,41,q2 € (0,00], and o, 8 > 0. Then the following hold:

(1) If We (Xp, (), 00,5 L) © Np (X, (), 055 L), then L' =1 > 2 - |L/2].
(2) [f N(g(sz(Q)7 QrzaL/) - anl (X;Dl (Q)v QT‘l? ) then LL/2J Z % ( - 1)
In particular, if Wi (Xp, (), 0r,, L) = Ny (Xp, (), 01y, L), then L = 2. <

The proof of this result is given in Appendix [E}

3.5. Role of the depth growth function. In this subsection, we investigate the relation between
approximation classes associated to different depth growth functions. First we define a comparison rule
between depth growth functions.

Definition 3.11 (Comparison between depth growth functions). The depth growth function .Z is
dominated by the depth growth function £’ (denoted ¥ <X &' or ¥’ = &) if there are ¢, ng € N such
that
Vn>ng: Z(n) <L cn). (3.13)
Observe that . < %’ implies .¥ < ¥’
The two depth growth functions are equivalent (denoted ¥ ~ £') if £ <X %" and £ = &', that is to
say if there exist ¢,ng € N such that for each n > ng, £ (n) < .Z’(cn) and .£’(n) < .Z(cn). This defines
an equivalence relation on the set of depth growth functions. <

Lemma 3.12. Consider two depth growth functions £, &'. If ¥ <X ', then for each a > 0 and
€ (0,00], there is a constant C = C(£,£’',«,q) € [1,00) such that:
W;‘(X,Q,g)"—)W;‘(X7Q,$/) and H'HWq“(X,Q,f’) SCHHW;‘(X,Q,f)
Nqa(X7Q7$);>Nqa(X797$/) and H'||N;’(X7g7$’) SOH”N;’(X,Q:?)

for each activation function o : R — R, each (bounded or unbounded) set Q@ C R?, and each quasi-Banach

space X of (equivalence classes of) functions f : Q — RF.
The same holds with SW (X, 0, L) (resp. SN (X, 0,Z)) instead of W (X, 0, L) (resp. NJ (X, 0,Z)).
The constant C depends only on the constants c¢,ng € N involved in (3.13) and on «,q. P |

Proof. Let ¢,ng € N as in Equation (3.13)). For n > ng, we then have £ (n) < %’(cn), and hence

0,d;k 0,d,k 0,d.k
n,Z(n),c0 - NNn , L (en),00 - NNcn L’ (cn),00?

0,d,k 0,d,k 0,d,k
NNOO Z(n),n = NNOO L' (en),n = NNoo L' (en),en?

NN

from which we easily get
E(fWen(X,0,2") y < E(f,Wa(X,0,2))y Yn>no,
E(fNen(X,0,2")x < E(f,Wn(X,0,.2))y VYn>ng.
Now, Lemma and the associated remark complete the proof. Exactly the same proof works for strict

networks; one just has to replace NN by SNN everywhere. ([l

As a direct consequence of Lemma we see that equivalent depth growth functions induce the same
approximation spaces.

Theorem 3.13. If .Z,.%’ are two depth-growth functions satisfying .Z ~ .£’, then for any « > 0 and
€ (0, 00], there is a constant C' € [1,00) such that
WX, 0,2) =W(X,0,2") and & llwex.o2) < llwexoz) <C- |- llwex.0.2)
N3 (X,0,.%) =N (X,0,2") and &|- [N (x.0,2) I INe(x,0,2) S C | INe(x,0,.2)
for each activation function o, each Q C R?, and each quasi-Banach space X of (equivalence classes of)
functions f : @ — R¥. The same holds with SWHX, 0,2) (resp. SN X, 0,2)) instead of W (X, o, L)
(resp. Ng'(X,0,%)). The constant C' depends only on the constants ¢,ng € N in Definition and on
a,q. <
Theorem shows in particular that if L := sup,, £ (n) < oo, then W (X, 0, £) = W (X, o, L) with
equivalent “proto-norms” (and similarly with N&*(X, o, .Z) instead of W*(X, o,.Z) or with strict networks
instead of generalized ones). Indeed, it is easy to see that £ ~ &’ if sup,, £ (n) = sup,, -£'(n) = L < c0.
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Lemma 3.14. Consider £ a depth growth function and & > 0.

(1) if L +e =L then L +b~ % for each b > 0;
(2) if el <X L then al +b~.%L foreacha>1,b>1—a. <

Proof. For the first claim, we first show by induction on k € N that £ + ke < . For k = 1 this holds by
assumption. For the induction step, recall that £+ ke < £ simply means that there are ¢, ng € N such that
Z(n) + ke < Z(cn) for all n € Ns,, . Therefore, if n > ng then £ (n) + (k + 1)e < Z(cn) + e < Z(c*n)
since n’ = c¢n > n > ng. Now, note that if & < %', then also .¥ < .%’. Therefore, given b > 0 we choose
k € N such that b < ke and get £ <X £ +b =<2 + ke < %, so that all these depth-growth functions are
equivalent.

For the second claim, a similar induction yields e**.¥ < £ for all k € N. Now, given a¢ > 1 and
b > 1—a, we choose k£ € N such that a + b, < e’“‘i where b, = max{0,b}. There are now two
cases: If b > 0, then clearly . < a.Z < a.? + b. If otherwise b < 0, then b.Z < b, since .£ > 1,
and hence £ = a2+ (1 - a)? < aZ +b¥ < aZ + b. Therefore, we see in both cases that
L <a? +b<(a+b) ¥ <elc <2 O

The following two examples discuss elementary properties of poly-logarithmic and polynomial growth
functions, respectively.

Example 3.15. Assume there are ¢ > 1, o, 8 > 0 such that |.Z(n) — alog?n| < B for all n € N.
Choosing ¢ € N such that € := alog?c — 28 > 0, we have

Zn)+e<alog!n+p+e=alog?n+ alog’c—p < a(loge+logn)? — 8 = alog?(cn) — 8 < L(cn)
for all n € N; hence £ +¢ < . Here, we used that 27 + y? = |[(z,y)|{. < ()| = (& +y)? for
z,y > 0.

By Lemmal3.14) we get & ~ Z+b for arbitrary b > 0. Moreover as |alog? n| < alog?n < £ (n)+f we
have max(1, [alog?(-)]) = L+ ~ L. Similarly £ (n) < |alog?n|+F+1 hence £ ~ max(1, |alog?(+)]).

Example 3.16. Assume there are v > 0 and C > 1 such that 1/C < £ (n)/n? < C for alln € N.

Choosing any integer ¢ > (2C?)Y7 we have 2C?c~7 < 1, and hence

2.%(n) <2CnY <2Cc " (cn)? <2Cc'CZL(cn) = 2C%*c™ 7 L (cn) < Z(cn)

for all n € N; hence 2.4 <X . By Lemma |3.14) we get £ ~ af + b for each a > 1,b > 1 — a.
Moreover, we have [n7] < nY +1< CZ(n)+1 for alln € N hence [(:)7] K CL +1~ L. Similarly
Z(n) <CnY <C[n"], and thus £ ~ [(-)7].

In the next sections we conduct preliminary investigations on the role of the (finite or infinite) depth L
in terms of the associated approximation spaces for g,-networks. A general understanding of the role of

depth growth largely remains an open question. A very surprising result in this direction was recently
obtained by Yarotsky [G0].

Remark 3.17. Tt is not difficult to show that approximation classes defined on nested sets Q' € Q c R¢
satisfy natural restriction properties. More precisely, the map

W (X5 (Q),0,2) = WX (), 0,2), f = [lo
is well-defined and bounded (meaning, ||f|Q/||W;(X;§(Q,),ng) < ||f||W§x(X5(Q)7Q7$)), and the same holds
for the spaces Ni* instead of W .

Furthermore, the approximation classes of vector-valued functions f : @ — R* are cartesian products
of real-valued function classes; that is,

W (XE(GR), 0,.2) » (W (X5 R), 0,.2)" f = (fr,- - )

is bijective and ||f||W;(X§(Q;Rk),Q’$) = Zif:l ||fg||Wg(X§(Q;R)7Q72). Again, the same holds for the spaces
Ng' instead of Wi*. For the sake of brevity, we omit the easy proofs. ¢

3.6. Approximation classes are approximation spaces. We now verify that the main axioms needed
to apply Proposition are satisfied. Properties [(P1)H(P4)|[hold without any further assumptions:

Lemma 3.18. Let o : R — R be arbitrary, and let £ be a depth growth function. The sets ¥, defined in
(13.6) —(3.7) satisfy Properties on Page with ¢ = 2+ min{d, k} for Property|(P4) <
Proof. We generically write X,,(X, 0,.%¢) to indicate either W, (X, 0,.%) or N,,(X, 0, .%).

Property |[(P1)l We have X4(X, 0,-¢) = {0} by definition. For later use, let us also verify that
0 € X,(X, 0, %) for n € N. Indeed, Lemma shows 0 € NNS:?:S - NNfL”%’km for all n,m, L € NU {00},
and hence 0 € ¥,,(X, 9,.%) for all n € N.
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Property The inclusions NN%’ZI’L]TOO C NN%’,deL,_OO and NNgf’Lk’N C NN&%’iWH for W, N € Ny
and L, L' € NU{oo} with L < L’ hold by the very definition of these sets. As .# is non-decreasing (that
is, Z(n+1) > #£(n)), we thus get X, (X, 0,-¢) C X, 41(X, 0,-%) for all n € N. As seen in the proof of
Property this also holds for n = 0.

Property |(P3)l By Lemma , if f e NN%’,?’LIfN, thena- f € NN‘%[’,?’L%N for any a € R. Therefore,
a-Y,(X,0,%) C (X, 0,%) for each a € R and n € N. The converse is proved similarly for a # 0;
hence a - X, (X, 0,¢) = ¥,(X, 0,Z) for each a € R\ {0} and n € N. For n = 0, this holds trivially.

Property |[(P4)l The claim is trivial for n = 0. For n € N, let f1, fo € ¥,(X, 0,-Z) be arbitrary.

For the case of ¥,(X,0,%) = W,(X,0,%), let g1,92 € NNfl’ilg;n - such that f; = gilo. By

Lemma gi € NNfL”%,k’OO with L' := min{-#(n),n}. By Lemma , setting ¢o := min{d, k},

d,k d,F
and W' :=2n +¢o - (L' — 1) < (2+ co)n, we have g1 + g2 € NN}, C NN?ﬁJﬁco)n,f((Hcg)n) where for the
last inclusion we used that L' < #Z(n), that . is non-decreasing, and that n < (2 + ¢g)n.

For the case of ¥,,(X, 0,-%) = N, (X, 0,-%), consider similarly gi, g2 € NN&dﬁ(n) ,, such that f; = gi|q.

By (2.1), g; € NNf;d’Lk, , With L' :== min{.Z(n),n + 1}. By Lemma again, setting ¢p := min{d, k},
and N' :=2n+co- (L' — 1) < (2 +co)n, we get g1 + g2 € NNgéc,l}:k/,N' C NNij,l;i];((2+co)n),(2+co)n'
By Definitions (3.4)—(3.5)), this shows in all cases that f1 + fo € X(a4¢,)n(X, 0, L). |

We now focus on Property |(P5)] in the function space X = X*(Q) with p € (0,00] and Q C R? a
measurable set with nonzero measure. First, as proved in Appendix these spaces are indeed complete,
and each f € XF(Q) can be extended to an element f € XF(R?).

Definition 3.19 (L,-domain). For brevity, in the rest of the paper we refer to 2 C R% as an L,-domain
if, and only if, it is Borel-measurable with nonzero measure. <

Lemma 3.20. Consider Q C R? an L,-domain, k € N, and Co (R4, R¥) the space of continuous functions
f: R — R* that vanish at infinity. For 0 < p < oo, X;j(Q) ={fla: [ € X,’;(Rd)}. For p = oo,

XE(Q) ={fla: f € Co(R:RF)}. The spaces X () are quasi-Banach spaces. <
In light of definitions (3.4)—(3.5)), we have
U wn(X,0,2) = |J Wn(X,0,2) =& (N X = (X, 0,2), (3.14)
n€Ng ne€Ng

with L := sup,, £ (n) € NU {+oo}. Properties and |(P4)[imply that ¥ (X, 0,.Z) is a linear space.
We study its density in X, dealing first with a few degenerate cases.

3.6.1. Degenerate cases. Property can fail to hold for certain activation functions: when p is a
polynomial and £ is bounded, the set ¥, (X, 0, %) only contains polynomials of bounded degree, hence
for nontrivial 2, ¥ (X, ¢,-%) is not dense in X. Property fails again for networks with a single
hidden layer (L = 2) and certain domains such as @ = R%. Indeed, the realization of any network in
NNgf’Qlfoo is a finite linear combination of ridge functions = — o(A;z + b;). A ridge function is in L,(R%)
(p < 00) only if it is zero. Moreover, one can check that if a linear combination of ridge functions belongs

to L,(R?) (1 < p < 2), then it vanishes, hence Yoo (X, 0,-%) = {0}.

3.6.2. Non-degenerate cases. We now show that Property holds under proper assumptions on the
activation function g, the depth growth function .#, and the domain 2. The proof uses the celebrated
universal approximation theorem for multilayer feedforward networks [41]. In light of the above observations
we introduce the following definition:

Definition 3.21. An activation function o : R — R is called non-degenerate if the following hold:

(1) o is Borel measurable;

(2) o is locally bounded, that is, ¢ is bounded on [—R, R] for each R > 0;

(3) there is a closed null-set A C R such that ¢ is continuous at every xg € R\ A;

(4) there does not exist a polynomial p : R — R such that o(x) = p(z) for almost all z € R. <

Remark. A continuous activation function is non-degenerate if and only if it is not a polynomial. ¢

These are precisely the assumptions imposed on the activation function in [41], where the following
version of the universal approximation theorem is shown:
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Theorem 3.22 ([41, Theorem 1]). Let o : R — R be a non-degenerate activation function, K C R? be
compact, € > 0, and f : R — R be continuous. Then there is N € N and suitable bj,c; €R, w; € RY,

1 <j < N such that g : RY - R, 2 Z;V:1 cj o((wj, x) 4 b;) satisfies ||f — gL (x) < €. <
We prove in Appendix that Property [(P5)| holds under appropriate assumptions:

Theorem 3.23 (Density). Consider ¢ : R — R a Borel measurable, locally bounded activation function,
£ a depth growth function, and p € (0,00]. Set L := sup,,cx-Z(n) € NU {400}
(1) Let © C R? be a bounded L,-domain, and assume that L > 2.
(a) For p € (0,00) we have NNZ%E _ (Q) € XF(9);
(b) For p = oo the same holds if p is continuous;
(¢) For p € (0,00), if ¢ is non-degenerate then Yoo (X (), 0,.Z) is dense in XF(Q);
(d) For p = oo, the same holds if ¢ is non-degenerate and continuous.
(2) Assume that the L,-closure of NNé’f’; « N X, (RY) contains a function g : R* — R such that:
(a) There is a non-increasing function p : [0,00) — [0, 00) satisfying [, pu(|#]) dx < oo and further-
more |g(x)| < p(|z|) for all z € RY.
(b) Jga g(x) dx # 0; note that this integral is well-defined, since [, [g(z)|dz < [pq p(|z]) do < oo.

Then Yoo (XX(Q), 0,.2) is dense in XF(€2) for every L,-domain 2 C R? and every k € N. <
Remark. Claim applies to any L,-domain, bounded or not. Furthermore, it should be noted that the
first assumption (the existence of 1) is always satisfied if g is bounded and has compact support. ¢
Corollary 3.24. Property|(P5) holds for any bounded L,-domain Q@ C R? and p € (0,0] as soon as
sup,, Z(n) > 2 and o is continuous and not a polynomial. <
Corollary 3.25. Property|(P5) holds for any (even unbounded) L,-domain Q C R% and p € (0,00] as
soon as L :=sup, .£(n) > 2 and as long as ¢ is continuous and such that NN&?}}M contains a compactly

supported, bounded, non-negative function g # 0. <

In Section [d] we show that the assumptions of Corollary [3.25] indeed hold when p is the ReLU or one of
its powers, provided L > 3 (or L > 2 in input dimension d = 1). This is a consequence of the following
lemma, whose proof we defer to Appendix

Lemma 3.26. Consider o : R — R and W, N, L € N. Assume there is o € NN%’,LL{N such that

) <
o(x) = 0 fo =0 and 0<o(z)<1l VzeR. (3.15)
1, ifx>1

Then the following hold:
(1) Forde N and 0 <e < % there is h € NNs&(LV{}(N+1),2L—1,(2d+1)N with 0 < h < 1, supp(h) C [0,1]%, and
‘h(l‘) — ]1[0’1](1(3;‘” S ]1[071]d\[871_a]d($) YV S Rd. (316)
For input dimension d = 1, this holds for some h € NNg’V%,”lL’QN.
(2) There is L' < 2L —1 (resp. L' < L for input dimension d = 1) such that for each hyper-rectangle
[a,b] := Hle[ai7bi] with d € N and —oco < a; < b; < 00, each p € (0,00), and each & > 0, there is a
compactly supported, nonnegative function 0 < g <1 such that supp(g) C [a, b],

lg = Liapllz, ®ey <e

and g = R(®) for some ® € N. gﬁ;l}(NH) L (2dr1yn With L(®) = L. For input dimension d = 1, this
holds for some ® € N. 5{%}’2,’2]\, with L(®) = L'. <

With the elements established so far, we immediately get the following theorem.

Theorem 3.27. Consider p : R — R an activation function, . a depth growth function, d € N, p € (0, o0
and Q C R? an L,-domain. Set L := sup,,cy £ (n) € NU{+oo}. Assume that at least one of the following
properties holds:

(1) o is continuous and not a polynomial, L > 2, and §2 is bounded;

(2) et 0 Xp(Rd) contains some compactly supported, bounded, non-negative g # 0.

00, L,00

Then for every k € N, a > 0, ¢ € (0,00], and with X = X;f(Q) as in Equation (L.4)), we have:

e Properties [(P1)H(P5)| are satisfied for X,, = W, (X, 0,-%) (resp. for 3, =N, (X, 0,-2));
. (WL;X(X7 0,2), |l - Han(X,Q,_g)) and (Nqo‘(X, 0, %), ||N(?(Xygyg)) are (quasi)-Banach spaces. <«
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In particular, if o is continuous and satisfies the assumptions of Lemma for some L € N and if
sup,en-Z(n) > 2L —1 (or sup,ey-Z(n) > L in case of d = 1), then the conclusions of Theorem hold
on any Ly-domain.

3.7. Discussion and perspectives. One could envision defining approximation classes where the sets
3, incorporate additional constraints besides L < Z(n). For the theory to hold, one must however
ensure either that: a) the additional constraints are weak enough to ensure the approximation errors (and
therefore the approximation spaces) are unchanged—cf. the discussion of strict vs generalized networks; or,
more interestingly, that b) the constraint gets sufficiently relaxed when n grows, to ensure compatibility
with the additivity property.

As an example, constraints of potential interest include a lower (resp. upper) bound on the minimum
width miny<y<r—1 N (resp. maximum width maxi<¢<z—1 N¢), since they impact the memory needed to
compute “in place” the output of the network.

While network families with a fixed lower bound on their minimum width do satisfy the additivity
Property this is no longer the case of families with a fized upper bound on their mazimum width.
Consider now a complexity-dependent upper bound f(n) for the maximum width. Since “adding” two
networks of a given width yields one with width at most doubled, the additivity property will be preserved
provided that 2f(n) < f(cn) for some ¢ € N and all n € N. This can, e.g., be achieved with f(n) := |an],
with the side effect that for n < 1/« the set ¥,, only contains affine functions.

4. APPROXIMATION SPACES OF THE RELU AND ITS POWERS

The choice of activation function has a decisive influence on the approximation spaces W¢* (X,0, %)
and N (X, 0,-2). As evidence of this, consider the following result.

Theorem 4.1 ([43] Theorem 4]). There exists an analytic squashing functimﬂ 0 : R — R such that: for
any d € N, any continuous function from Q = [0,1]¢ to R can be approximated arbitrarily well in the
uniform norm by a strict g-network with L = 3 layers and W < 21d? + 15d + 3 connections. <

Consider the pathological activation function ¢ from Theorem and a depth growth function .Z
satisfying L := sup,, £ (n) > 2. Since g is continuous and not a polynomial, we can apply Theorem
hence W2 (X, 0,2) and N (X, 0,-2) are well defined quasi-Banach spaces for each bounded L,-domain
Q, p € (0,00 and X = XZIf(Q). Yet, if L > 3 there is ng so that Z(n) > 3 for n > ng, and the
set $,(X, 0,.%) is dense in X for any p € (0,00] provided that n > max{ng,21d? + 15d + 3}; hence
E(f,%n(X,0,2))x =0 for any f € X and any such n, showing that W (X, 0,.Z) = N (X, 0,Z) = X
with equivalent (quasi)-norms.

The approximation spaces generated by pathological activation functions such as in Theorem [I.1] are
so degenerate that they are uninteresting both from a practical perspective (computing a near best
approximation with such an activation function is hopeless) and from a theoretical perspective (the whole
scale of approximation spaces collapses to X;f (Q)).

Much more interesting is the study of approximation spaces generated by commonly used activation
functions such as the ReLU p; or its powers g, r € N. For any L,-domain, generalized and strict
o--networks indeed yield well-defined approximations spaces that coincide.

Theorem 4.2 (Approximation spaces of generalized and strict g,.-networks). Let r € N and define
or : R = R,z — (24)", where 2 := max{0,z}. Consider X := X}(Q) with p € (0,00], d,k € N and
Q C R? an arbitrary L,-domain. Let . be any depth growth function.

(1) For each a > 0,¢ € (0,00], 7 € N we have

SWHX, or, L) =W, (X,0,,2) and SN(X,0,,2L)=N(X, 0,Z)
and there is C' < oo such that
- llwex,0m2) < I+ llswex,0m,2) < Cll - lwe(x,00,2) »
[ Inve(x,0m2) S |- lsne(x002) S Cll - lInve(x,002) -
(2) If the depth growth function .Z satisfies

2, ifQi =1
sup Z(n) > { , if © is bounded or d (4.1)

neN 3, otherwise

then, for each o > 0, ¢ € (0,00], r € N and g := g,, the following hold:

2A function o : R — R is a squashing function if it is nondecreasing with limg_, _ oo o'(z) — 0 and limg_s e o(x) — 1; see
|35, Definition 2.3].
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e Properties (P5)| are satisfied for ¥,, = W, (X, 0,.Z) (resp. for ¥, =N, (X, 0, .2));
. (qu‘(X, 0,2, |l - ||W;(X’Q7$)) and (Ng(X, 0,2, |l - ||Ng(X797$)) are (quasi)-Banach spaces. <

Remark 4.3. For a bounded domain or when d = 1, the second claim holds for any depth growth function
allowing at least one hidden layer. In the other cases, the restriction to at least two hidden layers is
unavoidable (except for some exotic unbounded domains with vanishing mass at infinity) as the only
realization of a o,.-network of depth two that belongs to Xp(Rd) is the zero network. ¢

Proof of Theorem[{.2 By Lemma[2.24] o, can represent the identity using 2r + 2 terms. By Theorem
this establishes the first claim. The second claim follows from Theorem once we that show we can
apply the latter. For bounded (2, this is clear, since g, is continuous and not a polynomial, and hence

non-degenerate. For general 2, we relate g, to B-splines to establish the following lemma (which we prove
below).

Lemma 4.4. For any r € N there is o, € SNN§Z;+1) 241 Satisfying (3.15). <

Combined with Lemma [3.26] we obtain the existence of a compactly supported, continuous, non-negative
function g # 0 such that g € NN27° bl N x (Rd) (respectively g € NNedl o X,(R) for input dimension

00,3,00 00,2,00

d =1). Hence, Theorem is apphcable O

Definition 4.5 (B-splines). For any function f : R — R, define Af : x +— f(x)— f(z—1). Let g := 1jg,00)
denote the Heaviside function, and 65:)) = 1jg,1) = Ago the B-spline of degree 0. The B-spline of degree n

is obtained by convolving ﬂf) with itself n + 1 times:
n 0 0
B 5O O
n+1 factors

For n > 0, 6(+n) is non-negative and is zero except for z € [0,n + 1]. We have Bsrn) € C"L(R) for n > 1.
Indeed, this follows since g, € C™ !(R), and since it is known (see [62, Equation (10)], noting that [62]
uses centered B-splines) that the B-spline of degree n can be decomposed as

n An+1 n+1 1
g = == n.Z(“ ) VFou(z — k). (4.2)
’ <

Proof of Lemmal[{.4} For n >0, ﬁsrn is non-negative and is zero except for x € [0,n + 1]. Its primitive

- / i B (t)dt
0

is thus non-decreasing, with g, () = 0 for < 0 and g, (z) = gn(n+1) for £ > n+1. Since ﬁsrn) € O L(R)
for n > 1, we have g, € C"(R) for n > 1. Furthermore, gy € C°(R) since BELO) is bounded.
For 7 > 1, the above facts imply that the function o,.(x) := g,_1(rz)/g.—1(r) belongs to C"~1(R) and

satisfies (3.15). To conclude, we now prove that o, € SNNgE;ﬂ) 91 For 0 <k <n+ 1 we have
T O if x < k Qn+1($ - ]C)
/ on(t — k)dt = )" =k n (w=k)" ise 1 '
0 [t —k)ndt = Jo T thdt = =75—, otherwise n+
By (4.2) it follows that
n+1
1 n—+
0@ =G () ) et

and hence

o (z) = gr—1(rm) _ 1 5 Z (2) (—1)kQT(T‘1' —k).

gr—1(r)  rlg._1(r =

Setting a1 := 0, ® ... ® g, : R™T! 5 R agwellas T : R — R™ 2 — (ra — k)§_, and
T T - r
Tg R +1 — R,y = (yk)k:o — Mo gT171(7”) Z <k> (_l)kyk:
k=0

and ® := ((T1, ), (T»,idg)), it is then easy to check that o, = R(®). Obviously L(®) =2, N(®) =r+1,

and ||T;]|eo = r + 1 for i = 1,2, hence as ® is strict we have ® € SNNger il O
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4.1. Piecewise polynomial activation functions ws. g,.. In this subsection, we show that approxima-
tion spaces of g,.-networks contain the approximation spaces of continuous piecewise polynomial activation
functions, and match those of (free-knot) spline activation functions.

Definition 4.6. Consider an interval I C R. A function f : I — R is piecewise polynomial if there
are finitely many intervals I; C I such that I = J, I; and f|, is a polynomial. It is of degree at most
r € N when each f|;, is of degree at most r, and with at most n € N pieces (or with at most n —1 € Ny
breakpoints) when there are at most n such intervals. The set of piecewise polynomials of degree at most
r with at most n pieces is denoted PPoly? (I), and we set PPoly” (1) := U,enPPoly! (I).

A function f € Spline’ (I) := PPoly” (I)NC"~1(I) is called a free-knot spline of degree at most r with
at most n pieces (or at most n — 1 breakpoints). We set Spline”(I) := UpenSpline! (I). <

Theorem 4.7. Consider a depth growth function %, an L, domain Q C R¢, and let X = Xllf(Q) with
d,k eN,pe (0,00]. Let r € N, set g, : R = R,z — (z4)", and let a > 0, g € (0, o0].
(1) If o : R — R is continuous and piecewise polynomial of degree at most r then,

WX, o, Z+1,2), itd=1
We(X, 0, 2) — | Vo (Koo max(L41,2)), (4.3)
WX, or, max(ZL + 1,3)), ifd > 2.
Moreover if € is bounded, or if r =1, or if £ + 1 <X %, then we further have
WX, 0, L) — WX, or, Z). (4.4)
(2) If o € Spline”(R) is not a polynomial and € is bounded, then we have (with equivalent norms)
WX, 0, L) =W (X, or,Z). (4.5)
(3) For any s € N we have
WX, 0rs, L) = WX, 00,1+ 5(Z = 1)). (4.6)
The same results hold with N*(X, -, -) instead of We*(X, -, ). <

Examples and provide important examples of depth growth functions . with Z+1 < .%, so
that (4.4) holds on any domain.

Remark 4.8 (Nestedness). For 1 <1’ < r, the function g := g, is indeed a continuous piecewise polynomial
with two pieces of degree at most r. Theorem thus implies that if  is bounded or ¥ + 1 < &,
then W (X, o/, L) — WX, 0r, L) and N (X, 0,1, L) — N (X, 0r, £). We will see in Corollary (4.14
below that if 2. < &, then these embeddings are indeed equalities if 2 < r’ < r.

The main idea behind the proof of Theorem given below is to combine Lemma [2.19| and its
consequences with the following results proved in Appendices

Lemma 4.9. Consider o : R — R a continuous piecewise polynomial function with at most n € N pieces
of degree at most r € N. Witiﬂ w:=2-(4"—1)/3 and m := 2" — 1 we have

or,1,1
0 € NNy 4 (n—1)w,2,2(r+ 1) (n—1)m>
where the closure is with respect to the topology of locally uniform convergence. For r = 1 (that is,
when o is continuous and piecewise affine with at most n € N pieces and o, = 01), we even have
or,1,1
0 € 8NNy ) o g1 <

Lemma 4.10. Consider r € N and p € Spline”(R). If p is not a polynomial then o, € NN§;1T’!112737,H,

where the closure is with respect to locally uniform convergence. <

For bounded €, locally uniform convergence on R? implies convergence in X = X;f(Q) for all p € (0, 0]
To similarly “upgrade” locally uniform convergence to convergence in X on unbounded domains, we use
the following localization lemma which is proved in Appendix

Lemma 4.11. Consider d,k € N, r € N>qo. There is c = c¢(d, k,r) € N such thaﬁ for any W, L, N € N,

g e NN%}”&IF\,, R>1,0>0, there is grs € NNf;‘}drfax{LH 3),eN such that
\QR,é(l’) - (1[—R,R]d “g) () <2 |g(z)] - ]l[—R—é,R—&-é]"'\[—R,R]"(x) Vo eR?. (4.7)
For d =1 the same holds with max{L + 1,2} layers instead of max{L + 1, 3}. <

3Note that 4 = 1 mod 3 and hence 4™ — 1 = 0 mod 3, so that w € N.
4Notice the restriction to W, N > 1; in fact, the result of Lemma as stated cannot hold for W =0 or N = 0.
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The following proposition describes how one can “upgrade” the locally uniform convergence to conver-
gence in XP(Q)7 at the cost of slightly increasing the depth of the approximating networks.

Proposition 4.12. Consider Q C R* an L,-domain and X = XF(Q) with d,k € N, p € (0,00]. Assume

o€ NN§;’2’m where the closure is with respect to locally uniform convergence and r € N>o, m € N. For

any W, N € NgU {oo}, L € NU {oo} we have, with closure in X,

X
¢2W7n2 ,max{L+1,3}, cNm(Q) nx ’
where ¢ = ¢(d, k,r) € N is as in Lemmal|{.11} If d =1 the same holds with max{L + 1,2} layers instead
of max{L + 1,3}. If Q is bounded, or if o € NNﬁg%:n with r = 1, then the same holds with ¢ =1 and L

layers instead of max{L + 1,3} (resp. instead of max{L + 1,2} when d =1). <

NG (Q) N X C NG

The proof is in Appendix [C.4] We are now equipped to prove Theorem [£.7]

Proof of Theorem[{.7] We give the proof for WX, -, Z); minor adaptations yield the results for
N} (X, -, Z).

For Claim , first note that Lemma shows that there is some m € N satisfying o € NN&:;’}W,
where the closure is with respect to locally uniform convergence. Define ¢ := 3 if d > 2 (resp. ¢ := 2 if
d=1) and .,2” = max{f + 1,4} (resp. % := % when Q is bounded or r = 1) and consider ¢ € N as in
Proposition Thus, since . is non- ~decreasing, by Proposition [4.12] u 9| and Lemma [2.14 - 4] we have for all
neN

0.d.k ordik X
Wn (X, 0, L) =007 (Q)NXC NNC;;n;j(n)m(Q) nx
d,k X >
C NN BT (NX  =Wemen(X, 00, L)

cenm?2,. % (enm?),00

Hence, for any f € X andn € N
E(f,W.(X,0,2))x ZE(fvwcm2n(X79r7o?)X)~

Thus, Lemma |3.1 yields (4 . When € is bounded or r = 1, as .Z = %, this yields 1) ‘When
Z+1 <$ as.$<max{$+1 < ZL40+1, we have & < L+ 0+1 <.$byLemma 4 yielding
again (4.4) by Lemma

For Claim , if Q is bounded and p € Spline”(R) is not a polynomial, combining Lemma with
Lemma we similarly get the converse to . This establishes (4.5]).

We now prove Claim . Since gps = g, 0 -+ 0 o, (where g appears s times), Lemma shows that

NN%&SLdA]; C NN‘%’d’(IZ_l)N Lts(z_1),sn for all W L, N. Combining this with Lemma we obtain
ors,d,k ors,d,k or,d,k or,d
NNn ,Z(n),00 - NNn ,Z(n),n NNsn ,145(Z(n)—1),sn - NNsn 1+s($(sn) 1),00 VneN.

Therefore, we get for any f € X and n € N
E(fvwn(Xa Q?"s?Z))X Z E(fvwsn(Xv Or; 1 + S("g - 1))X)
Hence, we can finally apply Lemma to obtain (4.6]). O

Remark 4.13. Inspecting the proofs, we see that if o € Spline” has exactly one breakpoint then g € NNﬁ:’;’;}l

and o, € NN%35, for some w,m € N. This is stronger than o € NNZ'3"" (resp. than o, € NN5 ) and
implies with equivalent norms even on unbounded domains. Examples include the leaky ReLU [42],
the parametric ReLU [33], and the absolute value which is used in scattering transforms [44].

Another spline of degree one is soft-thresholding, o(z) := (1 — A/|z|)4, which appears in Iterative
Shrinkage Thresholding Algorithms (ISTA) for ¢! sparse recovery in the context of linear inverse problems
[28, Chap. 3] and has been used in the Learned ISTA (LISTA) method [30]. As o € Spline!, using

soft-thresholding as an activation function on bounded 2 is exactly as expressive as using the ReLU. ¢

4.2. Saturation property of approximation spaces with polynomial depth growth. For certain
depth growth functions, the approximation spaces of g,-networks are independent of the choice of r > 2.

Corollary 4.14. With the notations of Theorem if 22 < £ then for every r € N>o we have
W;(Xagl,g);)Wtf(X7QQa$):W(?(X,QT7$), (48)
N;(X7 leg) — N;(X7 927$) = Nl;l(Xu Q’r‘7=g)7

where the equality is with equivalent quasi-norms. <
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Example 4.15. By Ezample[3.16, for polynomially growing depth we do have 2. < . This includes
the case £ (n) = n + 1, which gives the same approzimation spaces as £ = oco; see Remark ,

In words, approximation spaces of g,-networks with appropriate depth growth have a saturation
property: increasing the degree r beyond r = 2 does not pay off in terms of the considered function spaces.
Note, however, that the constants in the norm equivalence may still play a qualitative role in practice.

Proof. We prove (4.8)), the proof of (4.9)) is similar. By Lemma since 2.4 < ¥ we have a. +b~ &
for all @ > 1, b > 1 — a. In particular, £ + 1 < % hence (4.4) holds with 9 = g,», " € N, 1 < ¢/ < r.
Combined with (4.6) and Lemma since r < 2" for r € N we see

W(;X(Xa Qr,g) — an(Xa Q?"?g) — an(X7 9231 +T‘($7 1)) — an(X’ 9273) — Wz;l(Xa th)
for all » € N>5. In the middle we used that 1 +r(Z —1) < 1+rZ < (1+7r)Z < Z. O

4.3. Piecewise polynomial activation functions yield non-trivial approximation spaces. In
light of the pathological example of Theorem it is important to check that the approximation spaces
VV;‘(XI’,“(Q)7 0,-%) and N,;"(X]’,f(ﬂ), 0,-%) with ¢ = o, r € N, are non-trivial: they are proper subspaces
of X,’;(Q). This is what we prove for any continuous and piecewise polynomial activation function p.

Theorem 4.16. Let ¢ : R — R be continuous and piecewise polynomial (with finitely many pieces),
let 2 C R? be measurable with nonempty interior, and let s > 0. Let p,q € (0,0c], k € N, a € (0,00),
and X = XF(Q). Finally, let £ be a depth-growth function satisfying sup,,cy.%(n) > 2. Then
WX, 0,2) C X and N (X, 0,Z) C X. <

The proof is given at the end of Appendix [E]

4.4. ReLU-networks of bounded depth have limited expressiveness. In this subsection, we show
that approximation spaces of ReL.U-networks of bounded depth and high approximation rate a are non-
trivial in a very explicit sense: they fail to contain any nonzero function in C2(R?). This quite general
obstruction to the expressiveness of shallow ReLLU-networks, and to the embedding of “classical” function
spaces into the approximation spaces of shallow ReLU-networks, is obtained by translating [62, Theorem
4.5] into the language of approximation spaces.

Theorem 4.17. Consider  C R? an open L,-domain, p € (0,00], X = X,(), L € N, a > 0 and
q € (0, 00].

o If C3(Q) NWX(X, 01,L) # {0} then L > a/2;

o If C2(Q) N NY(X, 01,L) # {0} then L > a/2. <

Before we give a proof we immediately highlight a consequence.

Corollary 4.18. Let Y be a function space such that C3(Q) NY # {0} where Q C R? 4s an open
Ly-domain. Forp € (0,00], X = X (), L € N, a >0 and q € (0,00] we have

o IfY CWX(X,01,L) then L > a/2;

o IfY C NM(X,01,L) then L > a/2. <

Remark. All “classical” function spaces (Sobolev, Besov, or modulation spaces, ...) include C$°(€2), hence
this shows that none of these spaces embed into W (X, 01, L) (resp. into N*(X, 01, L)) for a > 2L. In
other words, to achieve embeddings into approximation spaces of ReL U-networks with a good approrimation
rate, one needs depth! ¢

Proof of Theorem [{.17. We first prove the result for N2 (X, 01, L).

By (3.3), N2(X,01,L) C N&(X, 01, L), hence {0} # C3() N N&(X, 01, L) implies the existence of
a nonzero f € C3(Q) NN (X, o1, L). Extending f by zero outside 2, we can assume f € C3(R%) with
supp(f) C 2. We claim that there is zy € supp(f) C Q with Hess¢(x¢) # 0, where Hess; denotes the
Hessian of f. If this was false, we would have Hessy = 0 on all of R?, and hence V f = v for some v € R%.
This would imply f(z) = (v,z) + b for all x € RY, with b = f(0). However since f =0 on the nonempty
open set R% \ supp(f), this would entail v = 0, and then f = 0, contradicting our choice of f.

Now, choose a non-empty, open, bounded and connected set Qg C Q with z¢ € Qo, e.g. Qo = B, (x0)
for sufficiently small radius » > 0. Then f|q, is not an affine-linear function, since Hesss(zo) # 0. For

€ (0,00), by [52, Theorem 4.5], there is a constant Cy = C(Q,p) > 0 with

I = R‘((I))HLP(QO) > Cy - (No(P) — 1)—2-L(<I>)
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for every strict ReLU network ®, where No(®) = N(®) + d + 1 is the fotal number of neurons (including
input and output layers). As |- ||x > || - ||z, (q,) this implies

If = R(®)x = Cy - (N(®) +d) > (4.10)

The same holds (after possibly shrinking the constant Cy > 0) for p = oo, since Lo (€20) < L1(£p) and

- llx = 1 o)
Now, since f € N% (X, 01,L) = SN2 (X, 01, L) (by Theorem , there is a constant C’} > 0 such that

for every n € N there is a strict ReLU network ®,, € SNN2%!  with

oco,L,n
If —R(®n)llx < Cp-n™".

Recalling Equation (4.10]), we get for arbitrary n € N
Oy (N(®y) + )2 < Cy - (N(Dy) + d)2H) < |f ~R(®)x < C-n,

so that n® < % A(N(®,)+d)*E < g—:f -(n+d)?L. Since this holds for all n € N, we get o < 2L as claimed.
We now prove the result for W*(X, 01, L). By Lemma we have W (X, 01,L) C N(X, 01, L). If
W (X, 01,L) NC3(Q) # {0} then N¥(X, 01, L) N C2(Q) # {0}, hence as just proved a < 2L. O

Our next result shows that for networks of fixred depth, neural networks using the activation function
or with r > 2 are strictly more expressive than ReLLU networks—at least in the regime of very high
approximation rates.

Corollary 4.19. Consider @ C R? an open Ly,-domain, p € (0,00], X = X,(Q), LeN. In case ofd =1,
assume that r > 4 and L > 2, or that r € {2,3} and L > 3. In case of d > 1, assume instead that r > 4
and L > 3, or that r € {2,3} and L > 5. If L < a/2 then

an(XaQT7L){7L>W;C(X791aL) and Ng((X7QT7L>(7L>N;(XaQIaL) <

Proof. We use Lemmabelow to get W(X, 0., L) N C2(Q) # {0} and N3(X, 0., L) N C2(Q) # {0},
and we conclude using Corollary [£.18 O

Lemma 4.20. Consider d,7,L € N, Q C R? an open L,-domain, p € (0,00], X = X, (). If
ifd=1,r € {2,3}
ifd=1,r>4

ifd>2,re{23}
ifd>2,r >4

L>L(d,r):=

W oot W

then for each a > 0,q € (0,00] we have N&(X, or, L) N C3(Q) # {0} # W (X, 0r, L) N C2(Q). =

Proof. Since Q) is an L,-domain, it is non empty. Begin open, € thus contains a hyper-rectangle
[a,b] := H?zl[ai, b;] C Q, where a; < b;.

For v/ > 2, let 0, € SNNSE;;E),ZT'H be the function constructed in Lemma As o, satis-
fies (3.1F)), the function g built from o,/ in Lemma [3.26}(2) for small enough ¢ is nonzero and satisfies
supp(g) C [a,b] CQ and g € NNf:g":’f; (resp. g € NNig'}éﬁi when d = 1). Note that if #/ > 4 then
o € C3(R), hence g € C3(R%) \ {0}.

When r > 4, set ' := r so that g € NNggjg)’io (g € NNgg:g:io when d = 1). When r € {2,3} set
r' =12 >4. As 9,» = 0, © 0, Lemmawith s =2yields g € NNgg:g:io (g € NNg:g:io for d =1).

Observe that if d =1 and r > 4, then L(d,r) = 2. Likewise, if d =1 and r € {2,3}, then L(d,r) = 3.
Furthermore, if d > 1 then L(d,r) = 3 provided that r > 4, and L(d,r) = 5 provided that r € {2,3}.
Thus, since L > L(d,r) we see in every case that glg € W, (X, o, L) NN, (X, o, L) for large enough n,

hence gl € Wi (X, gr,L)ﬂCf(Q)ﬁNq“(X, or, L). O

5. DIRECT AND INVERSE ESTIMATES WITH BESOV SPACES

In this section we characterize certain embeddings

e of Besov spaces into W (X, 0,,.Z) and Ng*(X, o, .Z); these are called direct estimates;
o of W(X, 0, %) and N'(X, 0., Z) into Besov spaces; these are called inverse estimates.
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Since the approximation classes for output dimension k > 1 are k-fold cartesian products of the classes
for k =1 (cf. Remark , we focus on scalar output dimension k£ = 1. We will use so-called Jackson
inequalities and Bernstein inequalities, as well as the notion of real interpolation spaces. These concepts
are recalled in Section while Besov spaces and some of their properties are briefly recalled in Section [5.2
before we proceed to our main results.

5.1. Reminders on interpolation theory. Given two quasi-normed vector spaces (Y, || - |ly,) and
(Ya, || - lyg) with Yy < X and Yp — X for a given quasi-normed linear space (X, || - || x), we say that Y
fulfills a Jackson inequality with exponent v > 0 with respect to the family ¥ = (2,,)nen,, if there is a
constant C; > 0 such that

E(f,Zn)X SCJ'n_’Y'HfHYJ VfEYJ and n € N. (J)

We say that Yg fulfills a Bernstein inequality with exponent v > 0 with respect to ¥ = (£, )nen,, if there
is a constant Cg > 0 such that

lellye <Cp-n"-[lelx  VneNand p € X, B)
As shown in the proof of 21 Chapter 7, Theorem 9.1], we have the following:

Proposition 5.1. Denote by (X,Y)q 4 the real interpolation space obtained from X,Y, as defined e.g. in
[21, Chapter 6, Section 7]. Then the following hold:

o IfY; — X fulfills the Jackson inequality with exponent v > 0, then

(X, Y7)asy.q = Ag (X, X) VOi<a<vyand0 < g < oo.
o [fYp — X fulfills the Bernstein inequality with exponent v > 0, then
AF(X,2) = (X, YB)ajyg VO<a<vyand0<qg<oo. <

In particular, if the single space Y = Y; = Yy satisfies both inequalities with the same exponent ~,
then AZ(X,Y) = (X,Y)q/y,q forall 0 <a <y and 0 < ¢ < oco.

By [21, Chapter 7, Theorem 9.3], if ¥ satisfies Properties then for 0 < 7 < 00, 0 < @ < 00
the space Y := A%(X,¥) satisfies matching Jackson and Bernstein inequalities with exponent v := a.
The Bernstein inequality reads

3C=C(a,7,X)>0 VneNand p€ X%y, :  |¢llasx,s) <C-n® - [lo]x. (5.1)
Combined with the reiteration theorem [2I], Chapter 6, Theorem 7.3], it follows that for 0 < ap < ay < o0,
0 < 719,71 <00,and a > 0, 7 € (0,00], we have
(Xa A?—‘)O,q = Aga
(A5, Ag o = Ag 00T

T0 ?

for0<0<1,0<q< o0, (5.2)

where we used the shorthand Ay = AZ (X, ) for brevity.

We will also use the following well-known property of (real) interpolation spaces (see |21, Chapter 6,
Theorem 7.1]): For quasi-Banach spaces X, X5 and Y7, Ya, assume that T : X; + Xy — Y7 + Y5 is linear
and such that T'|x, : X; — Y; is bounded for i € {1,2}. Then T'|(x, x,),, : (X1, X2)a,q = (Y1,Y2)g,4 is
well-defined and bounded for all 6 € (0,1) and ¢ € (0, 0]

5.2. Reminders on Besov spaces. We refer to [20, Section 2] for the definition of the Besov spaces
Bj () := B} (X, (§;R)) with o,7 € (0,00], s € (0,00) and with a Lipschitz domairﬁ Q C RY (see [T}
Definition 4.9] for the precise definition of these domains).

As shown in [I9, Theorem 7.1], we have for all p, s € (0,00) the embedding

B; ,((0, 1)d) — L,((0, 1)d;R), provided o = (s/d+1/p)~".

Combined with the embedding B, ,(Q2) = B, /() for ¢ < ¢’ (see [I7, Displayed equation on Page 92])
and because of o = (s/d + 1/p)~! < p, we see that

B ,((0,1)%) = B: ((0,1)%) < L,((0,1)4R), provided o= (s/d+1/p)~". (5.3)

For the special case 2 = (0,1) C R and each fixed p € (0, 00), the sub-family of Besov spaces B ,((0,1))
with o = (s/d + 1/p)~! satisfies

(Lp((0,1);R), B;,((0,1))),, = Bas((0,1)), for 0 <6 <1, where g = (6s+1/p)~". (5.4)
This is shown in [2I, Chapter 12, Corollary 8.5].

5 . .
°Here, the term “domain” is to be understood as an open connected set.
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Finally, from the definition of Besov spaces given in [20, Equation (2.2)] it is clear that
a B :
By () = By, (Q) if p,q€ (0,00 and 0 < B < a. (5.5)

5.3. Direct estimates. In this subsection, we investigate embeddings of Besov spaces into the approx-
imation spaces W (X, g,,.Z) where Q C R? is an Lj-domain and X := X, (€) with p € (0,00]. For
technical reasons, we further assume (2 to be a bounded Lipschitz domain, such as Q = (0,1)%, see [I}
Definition 4.9]. The main idea is to exploit known direct estimates for Besov spaces on such domains
which give error bounds for the n-term approximations with B-spline based wavelet systems, see [19].

For t € Ny and d € N, the tensor product B-spline is ﬁc(lt)(xl, ceyTg) = Bs_t)(ml) 6_(? (zg) - _(:) (zq),
where ,Bﬁ) is as introduced in Definition Notice that 5,(10) = 1jo,1)a.

By Lemma there is 01 € NNSE’;ﬁ) 21 satisfying (3.15)); hence by Lemma there is I < 3 such

that for € > 0, we can approximate BC(IO) with g. = R(®.) with precision ||,6’((10) — gellL, rey < &, where
L(®.) =L and . € NNﬁ;’;f;,lu for suitable w = w(d,r), m = m(d,r) € N. Furthermore, if d = 1, then
Lemma shows that the same holds for some ®. € NNﬁ;é’f;}L.

For approximating B((it) (with t € N) instead of ﬁc(lo), we can actually do better. In fact, we prove in

Appendixthat one can implement ﬁ((it) as a gi-network, provided that ¢ > min{d, 2}.
Lemma 5.2. Let d,t € N with t > min{d, 2}. Then the tensor product B-spline

By iR R, B (2) = B (20)8 (w2) - BY (20) (5.6)

satisfies Bét) e NN2hL ith L = 2 4 2[log, d] and

w,L,m

{w = 28d(t+1) and m = 13d(t + 1), ifd> 1, <

w=2(t+2) andm=1t+2, if d=1.

In the following, we will consider n-term approximations with respect to the continuous wavelet
system generated by ﬂc(lt). Precisely, for @ > 0 and b € R, define ﬁ(% = C(lt)(a - +b). The continuous
wavelet system generated by B((it) is then DY := {ﬁ(% a € (0,00),b € R?}. For any t € Ny, we define

3o (DY) := {0}, and the reservoir of all n-term expansions from D}, n € N, is given by

2,(Dg) = {9 = Zcigii ¢ €R, g € th}

i=1

The following lemma relates 3,,(D4) to NN 5!

for a suitably chosen constant ¢ = ¢(d,r,t) € N.
Lemma 5.3. Consider d € N, t € Ny, p € (0,00], X = Xp(Rd).

(1) If t =0 and p < oo then, with L := min{d + 1,3} and ¢ = ¢(d,r) € N, we have

_ X
S.(DY) C W& N X Vn,r € N. (5.7)
(2) If t > min{d, 2} then, with L := 2+ 2[log, d] we have for any p € (0,00] that
S.(Dh) ceyyl NnX  VneN, (5.8)
where ¢ = ¢(d,t) € N. <

Proof. Part (1): Fort =0, r € N, 0 < p < 0o, we have already noticed before Lemma [5.2] that there
—X
exist w = w(d,r),m = m(d,r) € N such that 630) e W *!l A X where L = min{d + 1,3}. Since

w,L,m

551?13 = ((10) o P, for the affine map P, p : RY — R4 2 +— az + b and since ||Pa7b‘|eg,oo =1, Lemma

and Lemma 2.18- yield ﬁ((log € nN2 !

oie N XX with ¢ := max{w, m}. Thus, the claim follows from Parts

(1) and (3) of Lemma [2.17]
Part (2): For ¢ > min{d, 2}, Lemma shows that 5(% € NNf,t]fél N X with L = 2 + 2[log, d] and
¢ := max{w, m} where w = w(d, t) and m = m(d,t) are as in Lemma As before, we conclude using
Parts (1) and (3) of Lemma O

Corollary 5.4. Consider d € N, Q C R? an L,-domain, p € (0,00], X = X, (), £ a depth growth
function, L := sup,, Z(n) € NU{co}. Fort € Ny define X(D)) := (L,(D}))nen, -
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(1) If L > min{d + 1,3} and p < oo, then for any r > 1
AY(X,%(DY)) = WX, or, L) for each «a € (0,00), g € (0,00].
(2) If L > 2+ 2[log, d] then for any r > min{d, 2}, we have
AJ(X,5(Dy)) = WX, 0r, L) for each « € (0,00), g € (0, 0. <

Proof. For the proof of Part (1) let Lo := min{d + 1,3}, while Ly := 2 + 2[log, d] for the proof of Part
(2). Since L > Ly, there is ng € N such that .£(n) > Lg for all n > ny.

We first start with the proof of Part (2). By Lemma[5.3}(2), with ¢t = r > min{d, 2}, Equation
holds for some ¢ € N. For n > ng/c we have 2 + 2[log, d| = Lo < .Z(cn), whence

Su(DY) € Wen (X, 00, 2)
Therefore, we see that
E(f, (DY) x > E(fVen(X, 00, 2))x ¥f € X and > 2. (5.9)
For the proof of Part (1), the same reasoning with instead of yields with ¢t = 0 and any
r € N. For both parts, we conclude using Lemma[3.I] and the associated remark. O

Theorem 5.5. Let Q C R? be a bounded Lipschitz domain of positive measure. For p € (0, 00], define
X,(€) as in Equation (1.4)). Let £ be a depth growth function.

(1) Suppose that d =1 and sup,,cy -2 (n) > 2. Then the following embedding holds for each r € N:

B; () = WP (X,(Q),0r, %) Vp,q€ (0,00] and 0 < s <7+ min{l,p~'}. (5.10)

(2) Suppose that d > 1 and L := sup,cy-Z(n) > 3, and let » € N. Define ry := r if r > 2 and
L > 2+ 2[log, d], and ry := 0 otherwise. Then

ro + min{l,p~1}

g .

(5.11)
<

Remark 5.6. If Q is open then each Besov space Bf,fiq(Q) contains C2(12). Hence, by Corollary m the
embeddings (5.10) or (5.11)) with » = 1 imply that L > s/2. This is indeed the fact since these embeddings
for r = 1 are only established when 0 < ds < 1 +min{p~!,1} < 2, which implies s/2 < 1/d <1< L. ¢

Proof of Theorem[5.5 See Appendix O

5.4. Limits on possible inverse estimates. For networks of finite depth . = L < oo, there are limits
on possible embeddings of W*(X, 01,.Z) (resp. of N&*(X, 01,-2)) into Besov spaces.

B;,dq(Q) = Wi(Xp(Q),0r2) Yp,q€ (0,00 and 0 < s <

Theorem 5.7. Consider 2 = (0,1)%, p € (0,00], X = X,(©), £ a depth growth function such that
L :=sup,, £ (n) € N>o U{oo} and r € N. For 0,7,¢ € (0,00] and «, s € (0,00), the following claims
hold®
(1) ¥ WX, 0, L) = Bj (Q) then a > [L/2] - min{s, 2}.
(2) If NM(X, 0r,Z) = B () then a > (L — 1) - min{s, 2} <
A direct consequence is that for networks of unbounded depth (L = o0), none of the spaces
WX, 0r, L), N (X, or, £) embed into any Besov space of strictly positive smoothness s > 0.

Remark 5.8. For L =2, as |L/2] = L — 1 the two inequalities resulting from Theorem [5.7| match. This
is natural as for L = 2 we know from Lemmathat WX, or,Z) = N3 (X, 0r, £). For L > 3 the
inequalities no longer match. Each inequality is in fact stronger than what would be achieved by simply
combining the other one with Lemma Note also that in contrast to the direct estimate of
Theorem where the Besov spaces are of smoothness sd, here the dimension d does not appear. ¢

The proof of Theorem employs a particular family of oscillating functions that have a long history
[31] in the analysis of neural networks and of the benefits of depth [61].

Definition 5.9 (Sawtooth functions). Consider ﬁg_l) the B-spline of degree one, and A := 6_(:)(2) the
“hat” function supported on [0,1]. For j > 1 the univariate “sawtooth” function of order j,

2971

Aj= Y A2 k), (5.12)
k=0

6with the convention |00/2] = 0o — 1 = 0o
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FIGURE 1. A plot of the function A; (for j = 3).

has support in [0, 1] and is made of 2/~ triangular “teeth” (see Figure . The multivariate sawtooth
function A; g is defined as A; 4(x) := Aj(z1) for = (21,...,2q) € R?, j € N. <

An important property of A; is that it is a realization of a pi-network of specific complexity. The proof
of this lemma is in Appendix

Lemma 5.10. Let L € N>o and define Cp, :=4L + 2L=1 Then

. o1,1,1 . 01,1,1 .
Aj e NN oy i1 and Aj e NN 551020 1oo vVjeN <

Corollary 5.11. For L € Nxy, let C, as in Lemma[5.10 Then

01,d,1

,d,1 .
co.LL,C'p 23/ (L—1) and Ajq € NNZ Vj€eN. <

Ajq €NN Cp-23/LE/2] I, 00

Proof. We have A, = A; o T for the affine map 7 : R — R, (x1,...,24) — 1, which satisfies
|T[[ 0. = 1. Now, the claim is a direct consequence of Lemmas and (1). d

Our next observation is that the Besov norm of A; 4 grows exponentially with j.

Lemma 5.12. Let d € N and Q = (0,1)%. Let p,q € (0,00] and s € (0,00) be arbitrary. Let o € (0,2)
with « < s. There is a constant ¢ = ¢(d,p, q,s,a) > 0 such that

14,4l
Proof. See Appendix [D.4] O

B () ZC~2aj vVjeN. <«

Given this lower bound on the Besov space norm of the sawtooth function A; 4, we can now prove the
limitations regarding possible inverse estimates that we announced above.

Proof of Theorem[5.7. We start with the proof for W (X, o, .2). Let us fix £ € N with £ < [L/2], and
note that 2¢ < L, so that there is some jo = jo(¢,.%) € N such that .Z(27) > 2¢ for all j > jo. Now,
Corollary |5.11| (applied with 2¢ instead of L) shows that A q € NN%IZ’ZdQ’(l,V,j)/e’22’C>o C NN&}%},X(CQﬁJ),m for
all j > jo and a suitable constant Cy € N. Therefore, the Bernstein inequality (5.1) yields a constant
C =C(d,a,q,p) > 0 such that

1A alellwe (x.or.2) < C- (Cac2)" - [[Agjalallx < C5,C-2%7 Vj> jo.

Let sp := min{2, s}, let 0 < s’ < sg be arbitrary, and note as a consequence of Equation (4.4]) that
WX, 01,2) = Wi (X, 0, Z) = B; .(Q).
Here we used that  is bounded, so that Equation (4.4)) is applicable. Overall, as a consequence of this
embedding and of Lemma we obtain ¢ = ¢(d, s,s,0,7) > 0 and C' = C'(o,1,8,p,¢, 0, L, Q) >0
satisfying
¢- 279 <||Agdlallss ) < C- [Asalellwe (x,e0.2) < C'C5,C -2
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for all j > jo. This implies s’ - £ < a. Since this holds for all s’ € (0,sp) and all £ € N with ¢ < |L/2], we
get | L/2] - sp < a, as claimed.

Now, we prove the claim for N*(X, o, %). In this case, fix £ € N with £ +1 < L, and note that there
is some jo € N satisfying .#(27) > £+ 1 for all j > jo. Now, Corollary [5.11| (applied with £+ 1 instead of

. .d, ,d,

L) yields a constant Cyy1 € N such that Ay q € NNi;,er11,C[+12<Zj>/(<@+1>71> C NN§7$1(02+121)7C£+12J- foF all
j = jo. As above, the Bernstein inequality (5.1) therefore shows [[Agjalallve(x,01,2) < CF4 € - 277 for
all j > jo and some constant C' = C(d, «,q,p) < 0o. Reasoning as above, we get that

c- 25t < ‘|A€j7d|9”3‘;,(9) <C'- HAZj,d|Q||N;(X,Q1,$) < C/O?-‘rlc -2

for all j > jp and 0 < s’ < 59 = min{2, s}. Therefore, s’ - £ < a. Since this holds for all s’ € (0, sg) and all
e Nwith {4+ 1< L, weget a>sg-(L—1), as claimed. O

5.5. Univariate inverse estimates (d = 1). The “no-go theorem” (Theorem holds for Q = (0,1)¢
in any dimension d > 1, for any 0 < p < oco. In this subsection, we show in dimension d = 1 that
Theorem is quite sharp. Precisely, we prove the following:

Theorem 5.13. Let X = L,(2) with & = (0,1) and p € (0,00), let r € N, and let .Z be a depth growth
function. Assume that L := sup,, .-Z(n) < co. Setting v := | L/2], the following statements hold:

(1) For s € (0,00), o € (0,vs) and ¢ € (0, 00}, we have
WX, or, L) — (LP(Q;R),B;U(Q))g . where o :=(s+1/p)~ "
sv’
(2) For a € (0,00), we have
« a/v L -1
WX, 0r, L) — be{I (Q) where ¢q:=(a/v+1/p) .
The same holds for NJ*(X, o, ) instead of W (X, o, Z) if we set v := L — 1. <

The proof involves a Bernstein inequality for piecewise polynomials by Petrushev [53], and new bounds
on the number of pieces of piecewise polynomials implemented by g,-networks. Petrushev considers the
(nonlinear) set S(k,n) of all piecewise polynomials on (0, 1) of degree at most r = k — 1 (k € N) with at
most n — 1 breakpoints in [0,1]. In the language of Definition S(k,n) = PPoly” ((0,1)) is the set of
piecewise polynomials of degree at most r = k — 1 € Ny with at most n pieces on (0, 1).

By [21] Chapter 12, Theorem 8.2] (see [53, Theorem 2.2] for the original proof) the following Bernstein-
type inequality holds for each family ¥ := (S(k,n))nen, k € N:

Theorem 5.14 (|53} Theorem 2.2]). Let 2 = (0,1), p € (0,00), r € Ny, and s € (0,r 4+ 1) be arbitrary,
and set o := (s + 1/p)~!. Then there is a constant C' < oo such that we have

I1£llBs ) <C-n*-[IfllL,@  VneNand f € PPoly)(Q). <

Remark 5.15. Theoremeven holds for discontinuous piecewise polynomial functions, see [63, Theorem
2.2]. Hence, the Besov spaces in Theorem also contain discontinuous functions. This is natural, as
or-networks with bounded number of connections or neurons approximate indicator functions arbitrarily
well (though with weight values going to infinity, see the proof of Lemma . ¢

When f is a realization of a g,-network of depth L, it is piecewise polynomial [6I]. As there are L —1

hidden layers, the polynomial pieces are of degree 7“~! at most, hence [l € PP()ly:lM1 ((0,1)) for large
enough n. This motivates the following definition.

Definition 5.16 (Number of pieces). Define n,(W, L, N) to be the optimal bound on the number of
polynomial pieces for a g,.-network with W € Ny connections, depth L € N and N € Ny neurons; that is,

n.(W, L, N) := min {n eN : YgeNgpl : glo € PPoly  ((0, 1))} . (5.13)
Furthermore, let n,.(W, L, 00) := supyey, (W, L, N) and n, (00, L, N) := supy, ey, (W, L, N). <
Remark 5.17. The definition of n,.(W, L, N) is independent of the non-degenerate interval I C R used for

its definition. To see this, write ng)(W, L, N) for the analogue of n,.(W, L, N), but with (0, 1) replaced by

a general non-degenerate interval I C R. First, note that ng)(VV, L,N) < nguJ)(W, LN)itIcCJ.
Next, note for g € NN%&”}J”%\, and a € (0,00), b € R that g, := g(a - +b) € NN%{},’}J’}V as well (see
Lemma D and that g|; € PPoly;Lfl(I) if and only gapla-1(1-p) € PPoly;Lfl(a’l(I —b)). Therefore,

(W, L, N) = nl™ (W, L, N) for all a € (0, 00) and b € R.
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Now, if J C R is any non-degenerate interval, and if I C R is a bounded interval, then al + b C J for
suitable a > 0, b € R. Hence, n&” = n5a1+b) < n(‘]) In particular, this shows n(l) = m(f]) for all bounded
non-degenerate intervals I, J C R.

Finally, if g € NN@(}é%V is arbitrary, then ¢g € PPoly;Lfl(]R) for some n € N. Thus, there are
a,b € R, a < b such that g[(_ooq+1) and g|p—1,0) are polynomials of degree at most rL=1. Let
k= nl (W, L, N) = n{ O (W, L, N), so that g|(as) € PPoly; ((a,b)). Clearly, g € PPoly; ' (R).
Hence, n'™) (W, L, N) < k = n{“) (W, L, N). 'Y

We now have the ingredients to establish the first main lemma behind the proof of Theorem [5.13
Lemma 5.18. Let X = L,(Q) with Q@ = (0,1) and p € (0,00). Let r € N and v € (0,00), and let £ be a
depth growth function such that L := sup,, £ (n) < co. Assume that

sup W™ n,. (W, L, 00) < 0. (5.14)
WeN
(1) Forse€ (0,r+1), a € (0,v-s), and q € (0, 00|, we have
WX, 0r, L) = (Lp(2), By 5 () 2 4 where o:=(s+1/p)". (5.15)
(2) For a € (0,v(r+1)), we have
WX, or, L) — Bgt/l”(ﬂ) where q:= (/v +1/p)~". (5.16)
The same results hold with N*(X, 0., %) instead of W (X, or,Z) if we assume instead that
sup N™" n, (o0, L, N) < 0. (5.17)
NeEN <
Proof of Lemma[5.18 As NNfl"’:gl,’(ln)’ C NNQ” 'L for each n € N, Theorem [5.14{ and Equation (5.14) yield
a constant C' < oo such that
1flBs ) £C-n"*-|[fllz,), forall neNand feW,(X, o, 2), (5.18)

where 0 := (s+1/p)~" = (s/d+1/p)~" (recalld = 1). By (5.3) we further get that Y := Bj ,(Q) — L, (Q),
whence (5.18) is a valid Bernstein inequality for Yp with exponent v := s-v > a. Proposition with

0:=a/y=a/(sv) and 0 < ¢ < oo yields (5.15).
When 0 < a < v(r + 1), there is s e (0,7 + 1) such that 0 < o < v - s; hence, (5.15) holds for any

0<q< 0. By .7 we see for 6 := % € (0,1) and ¢ := (0s +1/p)~" = (/v +1/p)~" that the right
hand side of (5.15)) is simply Bgf (Q ) ff,{]'/( Q).
The proof for N,;" (X, 0, %) follows the same steps. |

Theorem is a corollary of Lemma once we establish (5.14]) (resp. (5.17))). The smaller v the
better, as it yields a larger value for /v, hence a smoother (smaller) Besov space in (5.16)).

Lemma 5.19. Consider L € N>y, r € N.

e Property (5.14)) holds if and only if v > |L/2];

e Property holds if and only if v > L — 1. <
Proof. If holds with some exponent v, then Lemma [5.18}(2) with . = L, arbitrary p € (0, c0),
a = v and q := (a/v + 1/p)~! yields W¥(X, 0,,.L) — B;,q(ﬂ) with Q := (0,1). If we set s := 1,
then min{s,2} = s = 1. Hence, Theorem implies v = « > | L/2]. The same argument shows that
if holds with some exponent v, then v > L — 1. For the converse results it is clearly sufficient to
establish with v = |L/2] and with v = L — 1. The proofs are in Appendix |

Proof of Theorem[5.13. We only prove Part (1) for the spaces W,'. The proof for the N;* spaces and that
of Part (2) are similar.

Let s € (0,00) be arbitrary, and choose ' € N such that » < v’ and s € (0,7/ + 1). By combining
Lemmas [5.18[ and |5.19|, we get W(X, 0p, L) — (Lp(22), B3 () o ., Finally, since Q is bounded,
Theorem [4.7| shows that W (X, o, ) — W (X, 0,1,.Z). By combining the two embeddings, we get the
claim. (]

APPENDIX A. PROOFS FOR SECTION

For a matrix A € R™*? we write AT € R4*" for the transpose of A. For i € {1,...,n} we write
A;— € R for the i-th row of A, while A(;) € R™~D*4 denotes the matrix obtained by deleting the
i-th row of A. We use the same notation b(;y for vectors b € R" = R"*1. Finally, for j € {1,...,d},
Ay € R™*(@=1) denotes the matrix obtained by removing the j-th column of A.
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A.1l. Proof of Lemma Write No(®) := din(P) + dout (P) + N(®) for the total number of neurons of
the network ®, including the “non-hidden” neurons.

The proof is by contradiction. Assume that there is a network ® for which the claim fails. Among
all such networks, consider one with minimal value of Ny(®), i.e., such the claim holds for all networks
U with No(¥) < No(®). Let us write & = (T1, 1), ..., (Tr,ar)) with T,z = Az + b®, for certain
A®) g RNexNe1 and b € RNe,

Let us first consider the case that

Vee{l,... . LyVie{l,...,N} : A #o. (A1)

By (A1), we get [A¥lp0 > Ng > [[6©]|0, s0 that
L L
Wo(®@) =D ([ADleo + 0@ ls0) <23 AT 0 = 2W (@) < done(®) +2W ().
=1 =1
Hence, with P = ®, O satisfies the claim of the lemma, in contradiction to our assumption.
Thus, there is some ¢y € {1,...,L} and some i € {1,..., N, } satisfying Ag’eﬂ) = 0. In other words,
there is a neuron that is not connected to the previous layers. Intuitively, one can “remove it” without

changing R(®). This is what we now show formally.

Let us write ay = ®;VE1 g( ) for certain g( ) e {idg, o0}, and set 8y := ay 0T}, so that R(®) =0y 0---00;.

By our choice of ¢y and i, note
(000 (@), = o) (A% +50)); ) = o) (AL, 2) +57)) = o 0™)) = ce R, (A2)

for arbitrary x € RNt%-1. After these initial observations, we now distinguish four cases:

Case 1 (Neuron on the output layer of size dou(®) = 1): We have ¢p = L and N = 1, so
that necessarily ¢ = 1. In view of Equation (A.2), we then have R(®) = ¢. Thus, if we choose the
affine-linear map S; : RV — R!,x + ¢, and set 7, := idg, then the strict p-network ® := ((Sl,'yl))
satisfies R(®) = ¢ = R(®), and L(®) =1 < L(®), as well as Wo(®) = 1 = dout(®) < dous (@) + 2W (D)
and N(®) =0 < N(®). Thus, ® satisfies the claim of the lemma, contradicting our assumption.

Case 2 (Neuron on the output layer of size do,,(®) > 1): We have ¢y = L and Nz, > 1. Define

BW .= A® O .—p®  and Bri=ay for Le{l,...,L—1}.

We then set B(L) := AEiL)) € RWe=DxNe-1 and (B .= bEiL)) € RV2=1 as well as (3, := idgny, 1.

Setting Sy := BOx + ¢ for z € RN¢-1, the network ®q := ((Sl,ﬂl), ey (SL,ﬁL)) then satisfies
R(®g)(z) = (R(@)(x))(l,) for all x € RN, and No(®g) = No(®) — 1 < No(®). Furthermore, if @ is strict,
then so is ®g.

By the “minimality” assumption on @, there is thus a network P (which is strict if ® is strict) with
R(® () = R(®g) and such that L' := L(® ) < L(®g) = L(®), as well as N(P o) < N(®) = N(®), and

W (B o) < Wo(®o) < dout(Po) +2 - W(p) < dowt(B) — 1 +2- W(D).

Let us write & = ((Ul,vl),...,(ULr,’yLr)), with affine-linear maps U, : RMe-1 — RMe g0 that
Uz =CWz4+d® for £ € {1,...,L'} and = € RMe-1, Note that My, = N;, — 1, and define

L’ '
e d™”
o) 4

o) .= 0 e RVeXMura apng gE) = c € RNz,
) 4
@) @)
CML”f d]V[L/

as well as 7/ = idg~, , and ﬁL/ RMri—1 5 RN g CEg 4 , and finally
= ((U1,m),-. -, (Up—1,70-1), (UL’,AVVL’))-

By virtue of Equation (|A.2] , we then have R (
also ®o and ®. Furthermore we have L(®) =

) = R(®), and if ® is strict, then so is g and thus
L' < L(®), and N(®) = N(Dg) < N(®P), as well
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as W(®) < Wo(®) < 14 Wo(®o) < dout(®) + 2W(®). Thus, & satisfies the claim of the lemma,
contradicting our assumption.

Case 3 (Hidden neuron on layer ¢, with Ny, = 1): We have 1 < ¢y < L and N;, = 1. In this
case, Equation implies 6, = ¢, whence R(®) = 6, 0---06; = ¢ for some ¢ € RNz,

Thus, if we choose the affine map S; : RYo — RNZ 2+ ¢, then the strict p-network o= ((Sl,'yl))
satisfies R(®) = ¢ = R(®) and L(®) = 1 < L(®), as well as Wo(®) < dowt(®) < dout(®) + 2W(®) and
N(®) =0 < N(®). Thus, ® satisfies the claim of the lemma, in contradiction to our choice of ®.

Case 4 (Hidden neuron on layer ¢, with N, > 1): In this case, we have 1 < {; < L
and Ny, > 1. Define Sy := Ty and B¢ := a4 for £ € {1,...,L} \ {lo,% + 1}, and let us choose
Spo : RNto—1 — RNeo =1 sy Bz + ¢t where

Bo) .= AES’), o) .= bgf;), and By, 1= gg&)) R -® Qgﬁ)l) ® gﬁf;’f X ® g%go).

Finally, for x € RNt =1 et
te(x) == (xh e L1, C Ty ,xNeO_l)T e RNeo |
and set By4+1 = Qyy+1, as well as
Spost RNew—1 RNZOJrl’x s AE50+1) r4c- A(Zo-i-l)ei 4 pllo+1) — A(EO-H)(LC(x)) + b(fo-&-l)7
where e; is the i-th element of the standard basis of RNt

Setting ¥y := By 0 Sy and recalling that 6, = oy o Ty for £ € {1,..., L}, we then have ¥y, (x) = (0¢,(2)) s

for all z € RN%-1. By virtue of Equation (A-2)), this implies 6, (x) = tc(J¢, (7)), so that
SéoJrl(’lg@o (.’IZ‘)) = A(Z(H_l) (Lc(ﬁfo (33))) + b(€0+1) = A(Z(H_l) (efo (.’IJ)) + b(€0+1) = T@oJrl(eéo (LU))

Recalling that Sy, 4+1 = uy+1, we thus see ¥¢,+1 0 9¢, = 0gy+1 © b4, which then easily shows R(®g) = R(P)
for &y = ((51751)7...7(SL,5L)). Note that if ® is strict, then so is ®3. Furthermore, we have
No(®) = No(®) — 1 < No(®) so that by “minimality” of ®, there is a network ®y (which is strict
if @ is strict) satisfying R(®g) = R(Pg) = R(P) and furthermore L( Py ) < L(Py) = L(P), as well as
N(®p) < N(®p) < N(®), and finally

W (o) < Wo(Do) < dous(Po) + 2W (R0) < dout(®) +2W ().
Thus, the claim holds for ®, contradicting our assumption. (Il

A.2. Proof of Lemmam We begin by showing NN%’,d"LkW C NN%{,d{/I]iW. Let f € NN%’,d’LkW. By definition
there is ® € NN%’,‘?’L%W such that f = R(®). Note that W (®) < W, and let us distinguish two cases: If
L(®) < W(®) then L(®) < W, whence in fact ® € NN%’?{,’;)W and f € NN%{}?{,’&W as claimed. Otherwise,
W(®) < L(®) and by Corollary we have f = R(®) = ¢ for some ¢ € R¥. Therefore, Lemma m

shows that f ¢ NNS:‘f:g C NN%’,C,I{,";W, where the inclusion holds by definition of these sets.

The inclusion NNa}d}:kW C NN%’,d’Lk oo Is trivial. Similarly, if L > W then the inclusion NN‘Q,{,d{,[Ii w C NN“;{/d’LkW

is trivial.
Thus, it remains to show NN%’,d’LkOO C NN%’,d’LkW. To prove this, we will show that for each network

¢ = ((Ty,1),...,Tx,ax)) € N. fj{,fl’Llfoo (so that necessarily K < L) with N(®) > W, one can find a
neural network @’ € NJ\/’%}?]:’TOO with R(®’) = R(®), and such that N(®') < N(®). If ® is strict, then we
show that ® can also be chosen to be strict. The desired inclusion can then be obtained by repeating this
“compression” step until one reaches the point where N(®') < W.

For each £ € {1,..., K}, let b©) € RN¢ and A®) ¢ RNexNew1 be such that T, = A®) e +b(*). Since
D e NN%’?};’TOO, we have W (®) < W. In combination with N(®) > W, this implies

K—1 K K—1 Ny
SN =N@)>W2W(@) = A0, > 33 A .
/=1 /=1 /=1 i=1

Therefore, K > 1, and there must be some ¢y € {1,...,K —1} and i € {1,..., Ny, } with Agfﬂ) =0. We
now distinguish two cases:

Case 1 (Single neuron on layer ¢y): We have Ny, = 1. In this case, Al) = 0 and hence Ty, = plto).
Therefore, R(®) is constant; say R(®) = ¢ € R*. Choose S; : R? — R* 2+ ¢, and f; := idgs. Then
R(®) = ¢ =R(’) for the strict p-network ¢ := ((S1,51)) € N. g;f;’g CN. %’,‘?’L’foo, which indeed satisfies
N(@)=0<W < N(2).
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Case 2 (Multiple neurons on layer ¢y): We have N, > 1. Recall that ¢y € {1,. — 1}, so that
l+1e{l,...,K}. Now define Sy :=T; and B¢ := ap for £ € {1,..., K} \ {o, 4o + 1} Further, define

(Tgo J))j, lf] <1,

o7 forjedl,...,Ny, — 1}
(Tey ) j41, ifj>1i { ° '

Spy : RN0-1 5 RN~ with (S, x); ::{

Using the notation A, b(;) from the beginning of Appendix this means Sy, = A([O) +bE€;’) (Teo ) (i)

Finally, writing a, = gﬁa ® - (é) for £ € {1,..., K}, define By 41 := g1, as well as
Be = Q&EO) ®--® g§_f ® gfiol) C® 9%33 : RNl RN
and
Spor1 s RN 5 RNeo+1 gy s Ty 4y (yl, ce Yist, Qz(eo)(b('éo))yyi, e ayN(D—1>

_ Aff]‘)“)erb“O“) +g§fo)(b§€0)) CAllo+D) ¢

(3
where e; € RV% denotes the i-th element of the standard basis, and where Ap;) is the matrix obtained
from a given matrix A by removing its i-th column.

Now, for arbitrary z € RNow-1, let y := Sy, z € RNV ~! and 2 := Ty, x € RV%. Because of AE-@ =0,
we then have z; = bl@o). Further, by definition of S;,, we have y; = (Ty, x); = z; for j < i, and
yj = (Tyy ©)j4+1 = zj41 for j > 4. All in all, this shows

Séo-i-l (BKU(S&):E)) = Séo-‘rl(ﬂ[o( ))
= Tpger (&8 ()o-o0) im). 0 ), 000w 052 (i, 1))

O)(
14 £
= Typir (0 20), oo 0 (i), 0 (20), 080 (i), 00 (2, ) )
= Tzo+1 (afo (Z)) = Tzo+1 (afo (Tfox)) .

Recall that this holds for all z € RM-1. From this, it is not hard to see R(®) = R(®’) for the network
= ((S1,61),-...(Sk.Bk)) € ./\/’Ngod;oo - J\/J\/'godfoo Note that ®' is a strict network if ® is strict.

Finally, directly from the definition of @', we see W (®') < W (®) < W, so that ® € NNGH" . Also,
N(®') = N(®) — 1 < N(®), as desired. O
A.3. Proof of Lemma Write ® = ((Ty, 1), ..., (T, o)) with L = L(®). If Ly = 0, we can

simply choose ¥ = ®. Thus, let us assume Ly > 0, and distinguish two cases:
Case 1: If £ < d, so that ¢ = k, set

i (T 00), o (T ), (idges idgs ), g idg) ),
Lo terms
and note that the affine map T := idgs satisfies | T|lp0 = k = ¢, and hence W(¥) = W(®) + ¢ L.
Furthermore, R(¥) = R(®), L(¥) = L(®) + Lo, and N(¥) = N(P) + cLy. Here we used crucially that the
definition of generalized neural networks allows us to use the identity as the activation function for some
neurons.
Case 2: If d < k, so that ¢ = d, the proof proceeds as in the previous case, but with

U= ((ide,ide),...,(ide,ide),(Tl,al),...,(TL,aL)). 0

Lo terms

A.4. Proof of Lemma For the proof of the first part, denoting ® = ((T17 a1),...,(Tr, aL)), we set
U= ((Ty,01),...,(c:Tr,ar)). By Deﬁnitionwe have a7, = idgs, hence one easily sees R(¥) = c-R(®).
If @ is strict, then so is ¥. By construction ® and ¥ have the same number of layers and neurons, and
W(¥) < W(®) with equality if ¢ # 0.

For the second and third part, we proceed by induction, using two auxiliary claims.

Lemma A.1. Let Uy € NN@Y* gnd Wy € NN@Y*2 There is a network W € NN@GF TR iy
L(V) = max{L(Vy), L(V3)} such that R(V) = g, where g : R? — RFTF2 g s (R(Wq)(2),R(V2)(2)).
Furthermore, setting ¢ := min {d, max{ki, kg}}, WU can be chosen to satisfy

W) <W(¥1) + W(¥2) +c- [L(P2) — L(¥1)]

N(P) < N(Uy) + N(P2) 4+ ¢ |L(Pa) — L(Tq)]. <
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Lemma A.2. Let Uy, Uy € NN There is U € NN@UF with L(W) = max{L(¥,), L(Vs)} such that
R(¥) =R(¥;) +R(V2) and, with ¢ = min{d, k},

W(V) < W(¥1) + W(V3) + ¢ [L(Vs) — L(V1)]
N(¥) < N(Wy) + N(V2) +c- |[L(P2) — L(Pq)]. <

Proof of Lemmas[A1 and[A23. Set L := max{L(¥;),L(¥2)} and L; := L(¥;) for i € {1,2}. By
Lemma applied to W; and Ly = L — L; € Ng, we get for each i € {1,2} a network ¥, € NN @%Fi
with R(P) = R(¥;) and such that L(P)) = L, as well as W(¥}) < W(¥;) + ¢(L — L;) and further-
more N (V%) < N(U;) + ¢(L — L;). By choice of L, we have (L — L1) + (L — La) = |L; — Lo|, whence
W () + W (W) < W)+ W(Us) + ¢|Ly — La|, and N(¥)) + N(U,) < N(Uy) + N(U3) +¢|Ly — Lo|.

First we deal with the pathological case L = 1. In this case, each W} is of the form W} = ((T}, idgx)),
with T; : RY — R* an affine-linear map. For proving Lemma we set W := ((T,idge, +x,)) with the
affine-linear map 7' : RY — RFF2 ¢ (T (x), To(z)), so that R(¥) = g. For proving Lemma we
set W := ((T,idgx)) with T =T 4 T3, so that R(¥) = T} + T = R(¥}) + R(¥5) = R(¥;) + R(¥2). Finally,
we see for both cases that N(¥) =0 = N(¥}) + N(T}) and

W) =Tl < T1llpo + [T2llp = W(¥}) + W(P5).
This establishes the result for the case L = 1.

For L > 1, write ¥} = ((T1,1),...,(Tr,ar)) and ¥4 = ((S1,51),...,(Sc,BL)) with affine-linear
maps Ty : RNe-1 — RNe and Sy : RMe-1 — RMe for ¢ € {1,...,L}. Let us define 0y := oy ® 3¢ for
te{l,..., L}—except for £ = L when proving Lemma in which case we set 6, := idgx. Next, set

Ry :RY - RMHM iy (Tyz, S1x) and Ry : RNe-vtMen s RNeEMe (0 0y oy (T 22, Sy )

for 2 < ¢ < L—except if £ = L when proving Lemma [A2] In this latter case, we instead define Ry, as
Rp : RNi—1+Mi—v s RF (3 y) s Tpx + Spy. Finally set ¥ := ((Rl,el), ..y (Rr, HL)).
When proving Lemma it is straightforward to verify that W satisfies

R(¥)(z) = (R(P})(2),R(¥3)(2)) = (R(¥1)(2), R(¥2)(x)) = g(z) Vo eR".

Similarly, when proving Lemma one can easily check that R(¥) = R(¥]) +R(¥%) = R(¥1) + R(Ty).
Further, for arbitrary £ € {1,..., L}, we have ||Re||e0 < ||T2]l¢0 + ||Selleo so that

L L
W) =3 |[Relleo <Y (ITelleo + [|Selleo) = W (TY) + W (W5).
(=1 £=1

Finally, N(¥) = L;f(Ng + M) = N(U)) + N(¥,). Given the estimates for W (/) + W (¥%) and
N(T}) + N(¥,) stated at the beginning of the proof, this yields the claim. O

Let us now return to the proof of Parts 2 and 3 of Lemma Set f; := R(®;) and L; := L(P;).
We first show that we can without loss of generality assume L < --- < L,. To see this, note that
there is a permutation o € S, such that if we set I'; := ®,;), then L(I';) < --- < L(I',,). Furthermore,

> R([y) = >0 R(®;). Finally, there is a permutation matrix P € GL(R?) such that

Po (R(T1),...,R(Tn)) = (R(®1),...,R(D,)) = (f1,..-, fn) = 9.

Since the permutation matrix P has exactly one non-zero entry per row and column, we have || P|[gpo,.c = 1 in
the notation of Equation (2.4). Therefore, the first part of Lemma (which will be proven independently)
shows that g € NN“;‘}C}’L{{N, provided that (R(I'1),...,R(I'y)) € NN%’,’LN. These considerations show that we
can assume L(®q) < --- < L(®,) without loss of generality.

We now prove the following claim by induction on j € {1,...,n}: There is ©; € NN@*5i sat-

istying W(0;) < S, W(®;) + ¢(L; — L), and N(©;) = SI_, N(®;) + ¢(L; — L1), as well as
L(©;) = L;, and such that R(©,) = g; :== >_]_, fi and K; := k for the summation, respectively such that
R(©;) =g; := (f1,..., f;) and K; := > ]_, k; for the cartesian product. Here, ¢ is as in the corresponding

claim of Lemma
Specializing to j = n then yields the conclusion of Lemma [2.1

We now proceed to the induction. The claim trivially holds for j = 1—just take ©; = ®;. Assuming
that the claim holds for some j € {1,...,n — 1}, we define ¥; := ©; and ¥, := ®;;,. Note that
L(V,) = L(©®;) = L; < Ljy1 = L(¥3). For the summation, by Lemma there is a network
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U e NN@UF with L(W) = L1 and R(¥) = R(¥) + R(U2) = R(O;) + R(®j11) = gj + fijr1 = gj+1, and
such that

W(W) < W(W1) + W(P2) + - [L(V2) — L(W1)| < W(O;) + W(Pj11) + ¢+ (Ljy1 — Ly)
and likewise N(¥) < N(©,) + N(®,11) + ¢ - (Ljy1 — L;), where ¢ = min{d, k} = c. For the cartesian
product, Lemma yields a network U e NN@Kithiv1 — AN edKivt gatisfying

R(P) = (R(¥1),R(¥2)) = (R(O;),R(®;j+1)) = gj+1

and such that, setting ¢ := min {d, max{Kj, k;;1}} < min{d, K — 1} = ¢, we have

W(¥) < W(W1) + W(P2) + ¢ - [L(V2) — L(P1)] = W(O;) + W(®jq1) + ¢ (L1 — Ly)
and N(¥) < N(O;) + N(®j41) + ¢ - (Ljp1 — Lj).

With 0,41 := ¥ we get R(041) = gj+1, L(©;11) = Lj+1 and, by the induction hypothesis,

Jj+1
©j+1) <ZW )+ (L — L) + W(®j41) + ¢ (Ljs1 — ZW Ljy1—Lq).

Similarly, N(©;41) < 3771 N(®;) + ¢+ (Lj41 — L1). This completes the induction and the proof. O

A.5. Proof of Lemma We prove each part of the lemma individually.

Part : Let &, = ((Tl,al), ceey (TLl,aLl)) S ./\/./\/Q’d’d1 and &, = ((Sl, 61), ey (SszﬁLz)) S NNQ’dl’d2
Define

U= ((Th al)v DR (TLlyaLl)a (Sla /61)7 R (SL27BL2)) .
We emphasize that W is indeed a generalized g-network, since all T; and all Sy are affine-linear (with “fitting”

dimensions), and since all ay and all 5, are ®-products of ¢ and idg, with £, = idge,. Furthermore, we
clearly have L(V) = L + Ly = L((I)l) + L(®3), and

Z Tl + 3 1Sl = W)+ (D).
=1
Clearly, N(¥) = N(®y) +dy + N(CIDQ). Finally, the property R(¥) = R(®2) o R(P;) is a direct consequence
of the definition of the realization of neural networks.
Part ([): Let ® = ((Th,),...,(TL,aL)) € NN@EF - We give the proof for Q o R(®), since the
proof for R(®) o P is similar but simpler; the general statement in the lemma than follows, since
QoR(®P)oP=(QoR(P))oP=R(Vy)0P.

We first treat the special case ||Q||p. = 0 which implies ||@]/;0 = 0, and hence Q o R(®) = ¢
for some ¢ € R¥*. Choose Ny,..., Ny such that T, : RNe=1 — RN for ¢ € {1,...,L}, and define
Sy RNe-t s RNe s 0 for £ € {1,...,L — 1} and Sg : RV2-1 — R* 2+ ¢. It is then not hard to
see that the network W := ((S1,a1),...,(SL,ar)) satisfies L(¥) = L(®) and N(¥) = N(®), as well as
W(¥) =0 and R(¥) =c=QoR(D).

We now consider the case ||Q||¢. > 1. Define Uy := Ty for £ € {1,...,L — 1} and UL, := Q o T. By
Definition we have oy, = idgs, whence ¥ := ((Ul, a1),...,(Up—1,ar-1), (Ug,idgx, )) € ./\/'Niﬁf’lN(q))
satisfies R(V) = Q o R(®). To control W (¥), we use the following lemma. The proof is slightly deferred.

Lemma A.3. Let p,q,r € N be arbitrary.
(1) For arbitrary affine-linear maps T : RP — RY and S : R? — R", we have

180Tl < ISl - [Tl and 1S 0Tl < ISl - [T o .
(2) For affine-linear maps Ty, ..., T,, we have [Ty @ -+ @ Tplleo < >0 | Tilleo, as well as
|ITh ® - @ Tyl < max |[[Til|pe  and [[T1 @ @Ty||000 < max |Til[oe. <
i€{1,...,n} ic{l,...,n} .

..........

Let us continue with the proof from above. By definition, ||Upllpo = [|T¢]le0 < ||@|l0. - || T¢||eo for
¢e{l,...,L—1}. By Lemma[A.3| we also have ||UL|lp0 < [|Q||¢o. - || T ||¢0, and hence

L L
= el < 1|Qlle0o - <Z Teec) = [Qlleo. - W(®).

(=1 (=1
Finally, if ® is strict, then W is strict as well; thus, the claim also holds with SNN instead of NN.

Part (3): Let &1 = (T1, 1), ..., (Tr,ar)) € NN@PM and &y = ((S1,51),-- ., (Sk, Br)) € NN @I,
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We distinguish two cases: First, if L = 1, then R(®;) = T}. Since T} : RY — R% | this implies
|71l 0.0 < d. Thus, Part shows that

dd dyd
R(P2) oR(P1) = R(P2) o T1 € NNGZG ) ke n(@s) © NN (B0 ) 4 N (00), Lt I 1N (1) + N ()
where N := max{N(®,),d}.

Let us now assume that L > 1. In this case, define
U= ((Th,en),...,(To-1,0-1), (S10TL, 1), (S2,B2) - . -, (Sk, BK)) -
It is not hard to see that N(¥) < N(®1) + N(P2) and—because of oy, = idgae, —that
R(U)=(BgoSk)o---o(f1081)o(aroTy)o-- o (ayoT))=R(P2) oR(Dy).

Note T, : RMe-1 — RMe for certain My,..., My € N. Since L > 1, we have M;_; < N(®;) < N.
Furthermore, since Ty, : RMz-1 — RMz  we get | Tr|ljo0e < Mp_y <N directly from the definition. Thus,
Lemmashows [S10TLll0 < [[S1lleo - [[TLllgo.c < N - [|S1]le0. Therefore, and since N > 1, we see that

L-1 K K

W) =Y | Telleo+[1S10TLllo+ > ISelleo < W (1) +N-|[Silleo+ N> [ISelleo = W (D1)+N-W(Py).
=1 =2 =2

Finally, note that if ®;, ®5 are strict networks, then so is . O

Proof of Lemma[A.3 For the first part, note for affine-linear maps 7' = A e +b and S = B e +c that
SoT = BAe+Bb+ c. Thus, it suffices to show the claim for matrices instead of affine-linear maps. For
arbitrary A € R?7*P and = € RP, we have

p
| Az = Hin~Aei <Y el < el - Al -
=1

i:x; 70

2

Thus, for matrices B € R™*? and A € R7*P, we get

P P
IBAlleo = [ BAeilleo <D [|Aeilleo - | Bl = [|Bllgo.ce - | Allgo -
i=1 i=1
Using this estimate, we also get
IBAlleo = [(BA) [leo = [|ATBT |leo < [|AT (|00 - [ BT [leo = [|Blleo - [| All 0. -

This completes the proof of the first part of the lemma.

For the second part, note that if T; = A; e +b;, then T} ® --- ® T,, = A e +b, where the matrix
A = blockdiag(Ay, ..., Ay) is a block-diagonal matrix. This easily implies |71 ®---@T, [0 < Y7y [| T3]0

Next, with A; € RP**%  let N; := Zf;ll g € Ng for j € {1,...,n+ 1}. Then, for j € {1,...,n} and
any N; <i < Njyq, it is not hard to see Ae; = (0,...,0,A4je;,_n;,,0,...,0) for a suitable amount of zeros.
Therefore, ||[Ae;llpo = |[Ajei—n;[lo0 < [|Ajleo., which easily implies

[Tlleore = [lAlleose < max [ Ajlleoce = max [ Tlleo -

Finally, AT = blockdiag(AT,... AT, and thus

Al 000 = [|AT |0, < max
Al g = AT ow < _max_|

A.6. Proof of Lemma We start with an auxiliary lemma.

ATl 0.0 = ma Al 0,00 . O
ATloe = _max_[|14;],0

0,1,1
w,,m

Lemma A.4. Consider two activation functions g,c such that o = R(¥,) for some ¥, € N. with

L(¥,) =¢eN, we Ny, m €N. Furthermore, assume that o % const.
Then, for any d € N and «; € {idg,0}, 1 <i < d we have a1 ® -+ @ ag = R(P) for some network
d,d
q): ((Ula'Yl)va(UZ,’YZ)) €N gw,Ldm
satisfying ||Utl|p.cc <m, [|Ur]lo0c <1, [[Uellpoe <1, and |Ue|| 0.0 < m.
If U, is a strict network and o; = o for all i, then ® can be chosen to be a strict network. <«

Proof of Lemma[A.]} First we show that any « € {idg, o} satisfies « = R(¥,,) for some network
\Ija:((Uf(,’)/fé),,(Uéx,'yg))eN 0,1,1

w,l,m

with [Uf [l < m, U]l g < 1, [U oo < 1 and U oo < m.
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For o = 0 we have « = R(VU,,) where VU, is of the form ¥, = ((Tl,ﬂl), ce (Tg,ﬂg)) cN. fulélm For

a = idg, observe that o = R(Wiq, ) with

\Ijidm = ((Tll, id]R), ey (Té7 ldR)) = ((idR, idR), ey (id]R, idR)),
where it is easy to see that N(Uig.) =€ —1 < m and W(¥;q,) = ¢ < w. Indeed, Equation shows
that £ = L(¥,) <14 N(¥,) <1+ m. On the other hand, since o # const, Corollary shows that
t= L(\IIU) < W(\I’U) < w.

Denoting by N; the number of neurons in the i-th layer of ¥, (where layer 0 is the input layer, and
layer £ the output layer), we get because of ¥, € NN ilelm that N; < m for 1 <i < L — 1. Furthermore,
since Ty : R — R, we have [|T1 [0 < Ny <m and || Ty[[0. < 1. Similarly, as Ty : RV-* — R we have
|T¢[[eo.« < 1 and [|Ty[|j0.c < m. The same bounds trivially hold for 77 and T}.

We now prove the claim of the lemma by induction on d. The result is trivial for d =1 using ® = ¥,,.
Assuming it is true for d € N, we prove it for d + 1.

Definea =1 ® - - ®@agand @ = a1 ® -+ ® agy1 = a @ agy1. By induction, there are networks
Uy = (Vi, M), (Vs M) € ./\/'./\/'g;ﬁ:g,dm and Wy = (Wi, p1),...,(We, ) € ./\/’./\/fulﬁn such that
R(V1) = a and R(V¥2) = ag41 and such that [[Vi .0 <m, [[Vi] 000 <1, [[Vel[o.e <1, and [Vl .00 < m,
and likewise for W instead of V; and W, instead of V,.

Define U; :=V; @ W; and v; :== A\; @ p; for 1 < i < /¢, and ¢ := ((Ul,"}/l),...,(Ug,’}/g)). One can
check that R(®) = @. Moreover, Lemma [A.3] shows that ||U;|[s0 = [|Villeo + [[Willeo for 1 < i < ¢, whence
W(®) =W (U1)+W(¥;3) < dw+d = (d+1)w and similarly N(®) = N(¥1)+ N(¥3) < (d+ 1)m. Finally,
Lemma [A3] shows that

1U1[¢0.20 < max {[|Va [0, [|Wlleo. } < m, 101000 < max {[[Va[l 0., [Wallgoe } <1,
1Uelleo.oe < max {[|Velleo.o, [Welleoe } < 1, 1Uell o0 < max {[[Vll 0., [[We

oo p <
Clearly, if ¥, is strict, and if o;; = o for all 4, then the same induction shows that ® can be chosen to be a
strict network. O
Proof of Lemma[2.19. For the first statement with £ = 2 consider f = R(¥) for some

U= ((S1,01), ... (Sk—1,aK-1), (Sk.idgr)) € NNGHE L.

In case of K = 1, we trivially have ¥ € NN %’,d’Lk ~» SO that we can assume K > 2 in the following.

Denoting by N; the number of neurons at the i-th layer of ¥, Lemmal[A.4]yields for each i € {1,..., K — 1}
a network ®; = ((U{,;), (U4,idgw,)) € N./\/fvjijév}vm satisfying a; = R(®;) and ~; : RVN(®) — RN (®:)
with N(®;) < Nym and finally [|Uf[|[e0.c <m and [|Us]|,0.c <m. With Ty := U{ 0 Sy, Ti := Sk o Ukt
E:ZUfOS¢OU2i*1 for2<i< K —1and

b = ((Tl,"}/l), RN (TK_l,’YK—l)a (TK71de)) ;

one can check that f = R(®). 4
By Lemma [A.3] [|Tilleo < |Uflleo. [Silleo|U5~ [l j0.0 < m?||Silleo for 2 < i < K —1, and the same
overall bound also holds for i € {1, K}. As a result we get L(®) = K < L as well as

K K K—-1 K—-1
w(e) 1T || o N(®) N(®:)

S :; o sgllsilleozw(qf)sw and - :; - g;Ni:NOIf)gN.
For the second statement, we prove by induction on L € N that NN%’,?L’TN C NN&%C+NM)1+(L71)E7N(1+T”).

For L = 1, it is easy to see NN‘;[}fll’{CN = NN%’,‘jli]fN, simply because on the last (and for L = 1 only)

layer, the activation function is always given by idgs. Thus, the claim follows from the trivial inclusion
d

0,d.k 0,d.k ;
NN i v © NNy Nuw,1,N (14m)> SiRCE T 2 1.
o,d,k

Now, assuming the claim holds true for L, we prove it for L + 1. Consider f € NNy7" | . In case of

o,d,k 0,d,k o,d,k . .
feNNy G Ny we get f € NN v i —1e N (4m) © YNy N1+ ((L+1)—1)e, N (14m) PY the induction

hypothesis. In the remaining case where f ¢ NN‘;{,?’LITN, there is a network ¥ € NN ‘;[}fl’L’iL y of the form
v = ((Sl, a1),...,(SL,ar), (Sp+1, ide)) such that f = R(¥). Observe that Sr11 : RF — RF with k := Ny,
the number of neurons of the last hidden layer. Defining ¥, := ((Sl, a1),...,(Sp—1,a5-1),(SL, ing)),

we have ¥ € NNUW’d’LEN where W := W(¥;) and N := N(¥,) satisfy

W+ [|Spqilleo <W(@)<W and N+k<N(¥)<N.
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Define g := R(W1), so that f = Spy1 0y 0g. We now exhibit a g-network ® (instead of the o-network W)

of controlled complexity such that f =R(®). As g :=R(V¥;) € NNUWde +> the induction hypothesis shows

that g = R(®;) for some network

@1 = (T, B1), - - (Tk -1, Br—1) (T, idgr)) € Nanctl/[/kJer L1 N (m) -

Moreover, Lemma shows that o, = R(®3) for a network

(1)2 = ((Ulﬂ/l)a---7(U27177Z—1>7(U£7id]1@)) ENNI?u]j?km

with ||Ug||,0..c < m. By construction, we have f = Sr 1 0ar og=R(®) for the network

® = ((T1, 1), -, (Tk-1, Br-1), (T, idgr), (U1,71), - - - s (Up—1,7e-1), (Sp41 0 U, idgs ).
To conclude, we observe that L(®) = K + £ <1+ (L—1){+{=1+ ((L+1) — 1)/, as well as

W(®) = W(®1) + (W(P2) — |Uelleo) + Sz 41 0 Uelleo
(Lemma M) < mW—&—Nw + W(@g) + ||SL+1||50 . ||U€||£2°°
<mW + Nw+kw+m-||Sp1lle < mW + Nuw.

Finally, we also have N(®) = N(®;)+k+N(®y) < N(1+m)+k+k-m = (N+k)(1+m) < N(1+m). O

A.7. Proof of Lemma- Let ¥ = ((S1,a1),...,(Sk-1,2k-1), (Sk,idgs)) € N/\/’%’,fl’L]fN be arbitrary

and g = R(¥). We prove that there is some ® € /\/'N%’,dfs DNts(L-1),sy Such that g =R(®). This is

easy to see if s = 1 or K = 1; hence we now assume K > 2 and s > 2. Denoting by N, the number of
neurons at the ¢-th layer of ¥, for 1 < /¢ < K — 1 we have oy = aﬁl) ®...® a(NE)
For1</(<L—-1,1<j< K 1<1i<s, define

where ozl € {idg, o}

B _Jo, if al(zj) =0,
s(e—1)+i idg, otherwise
and let Byg_npi = By ® .o ® B, ;o Define also Tygop)pr = Sp : RVt — R and
Ty(4—1)+i = idgn, for 2 <i < s. It is painless to check that

ap oSy = Bse—1)4s © Tst—1)45°*** ° Bsr—1)42 © Ts(e—1)42 © Bst—1)+1 © Tse—1)+1
- BSZ o TSZ o--+0 Bs([—l)+1 o Ts(2—1)+1 )

and hence
g=Skoag_108k-10-0a1085 =SgoByrx_1)0Tsx-1)0---0B1oT1.
That is to say, g = R(®) with
: ,d,k ,d,k
D= (<T17ﬁ1>7"'7(TS(Kfl)vﬁs(Kfl)%(SK7lde)) ENN[%[// 14s(K—1), CNNﬁvl JA4+s(L—1),sN>

where we compute

s(K-1) K-1 s
W= 1Skllw+ Y I Tilleo = 1Sklleo + > N Tsqe—1)+illeo
j=1 =1 i=1
K-1 s
= 1Sklleo + (||Ts(z71)+1||eo +>° ||Ts(471)+i||éo)
=1 =2

=

K-1
— Sxcllo + 3 (ISelleo + (5 — V) Znsfnw (s=1) 3 N
1 =1
:W(\I/)—i—(s—l)N(\Il)§W+(s—1)N.

o~
I

We conclude as claimed that ® € NN %E

W (s—1)N,145(L—1),sN" Finally, if ¥ is strict, then so is ®. O
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A.8. Proof of Lemma I2.21|> For f € NN{'/VdeN there is ® = ((S1,1),...,(Sp,ar)) € NN L, N With
L(®) = I’ < L and such that f = R(®). Replace each occurrence of the activation function o by opn

in the nonlinearities a; to define a oj-network @), := ((Sl,agh)), ooy (S, ozL/ )) € NN%{}’SZ?N and its
realization fj := R(®p,) € NN%f}fCN. Since o is continuous and o}, — ¢ locally uniformly on R as h — 0,
we get by Lemma (which is proved independently below) that f;, — f locally uniformly on R%. To
conclude for ¢ = 2 observe that o5, = R(¥},) with ), € N. ﬁ)lﬁn and L(¥) = ¢, whence Lemma [2.19
yields
.k Jd,k dk
fn €NNGHT N CNNEES 10 v © NNGESS 1 N
For arbitrary ¢ we similarly conclude that
. d,k ; )

frn € NNGETT C NNQ +Nw 14 (L'—1)(641),N(24+m) & NN€V+N1U 14 (L—1)(¢4+1),N(24+m) *
A.9. Proof of Lemmas [2.22] and [2.25] In this section, we provide a unified proof for Lemmas
and 2:25] To be able to handle both claims simultaneously, the following concept will be important.

Definition A.5. For each d,k € N, let us fix a subset Gg 1 C {f : RY — Rk} and a topology 74 % on the
space of all functions f: R — R¥. Let G := (Gax)aren and T := (Tax)aren. The tuple (G, T) is called
a network compatible topology family if it satisfies the following:

(1) We have {T : R? — R* | T affine-linear} C Gy for all d, k € N.
(2) If p € N and for each i € {1, ... ,p}, we are given a sequence (f( ))neNo of functions f(") R—R

T n T;
1,1 f(O then f] L® f( ) 1"” f(o) R ® f;[EO)

O

satisfying f-(o € G1,1 and f

0 0
f1()® ®f()€gp7p~
(3) If £, : R — R* and g, : R¥ — R’ for all n € Ny and if fo € Gax and go € Gir as well as

Ta, Tk.e Ta,e
fn —— fo and g, —— go, then gg o fo € Ga,¢ and g, o fr, —— go © fo. <

Remark. Roughly speaking, the above definition introduces certain topologies 74 and certain sets of
“good functions” Gg4 ) such that—for limit functions that are “good”—convergence in the topology is
compatible with taking ®-products and with composition.

By induction, it is easy to see that if p € N and if for each ¢ € {1,...,p} we are given a sequence (fi(n))neN
with fi(n) :R%-1 — R% and f-(o) € Gq,_,.d; as well as fi(n) —1d> f(O) then also fp ) -ofl(o) € Gdy.d,
Ta
as well as f,g") e f1 BALLUN 00 fl(o). Indeed, the base case of the induction is contained in
—>oo

Definition [A.5] Now, assuming that the claim holds for p € N, we prove it for p + 1. To this end, let

F(n) f(") f(") and F(n) fz()i)l By induction, we know F( ) e Gdo,d, and F(") Tao.dp F(O) Since
n—oo

also F{” = £, € Ga, a,., Deﬁnitionimplies F2F" € Gyya,,, and F{MoF™ ij; FOF®,

which is precisely the claim for p + 1 instead of p. ¢

We now have the following important result:

Proposition A.6. Let o: R — R, and let (G,T) be a network compatible topology family satisfying the
following

LIRS gl,l 5
o There is some n € N such that for each m € N there are affine-linear maps E,, : R — R"™ and

Du : R® = R such that Fy = Do (0® -~ ® 0) 0 By : R — R satisfies Fy, — s idg.
m— o0
Then we have for arbitrary d,k € N, W, N € Ng U {oo} and L € NU {0} the inclusion

o,d o,d
NGRSty

where the closure is a sequential closure which is taken with respect to the topology Tq .- <

Remark. Before we give the proof of Proposition we explain a convention that will be used in the
proof. Precisely, in the definition of W (®), we always assume that the affine-linear maps Ty are of the
form T, : RNe-1 — RN, Clearly, the expressivity of networks will not change if instead of the spaces
RN ... ,RM2-1 one uses finite-dimensional vector spaces Vi,...,Vy_; with dimV; = N;. The only
nontrivial question is the interpretation of || Ty||¢0 for an affine-linear map Ty : Vy—1 — Vp, since for the case
of RN¢, we chose the standard basis for obtaining the matrix representation of T}, while for general vector
spaces Vy, there is no such canonical choice of basis. Yet, in the proof below, we will consider the case
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Vi =R™ x --- x R®» . In this case, there is a canonical way of identifying V; with RN for N, = Z;nzl nj,
and there is also a canonical choice of “standard basis” in the space V;. We will use this convention in the
proof below to simplify the notation. ¢

Proof of Proposition[A.6, Let ® € NN%’,d’LkN. We will construct a sequence (®,,)men C SNNfl’zd‘;{f_L N
Ta,k

satisfying R(®,,) — R(®). To this end, note that ® = ((T1, ), ..., (Tk,ax)) for some K < L and

that there are NO, o NK € N (with Ny = d and Nx = k) such that T, : RNe-1 — RN¢ is affine-linear for
each £ € {1,...,K}.

Let us first consider the special case K = 1. By definition of a neural network, we have ax = idgx, so
that @ is already a strict po-network. Therefore, we can choose ®,, := ® € S/\/'N‘Q,{,fl’L]fN C SN. fl’zd‘}{f’LmN
for all m € N.

From now on we assume K > 2. For brevity, set g; := p and g2 := idg, as well as D(1) := 1 and
D(2) := n, and furthermore

B :=idg : R - RPM and E{™:=FE,, : R - RP®
as well as D™ :=idg : R°M 5 R and D{™:=D,, :RP® 5 R.
By definition of a generalized o-network, for each ¢ € {1,..., K} there are L(e), .. L(e) € {1,2} with
1 Ny
(= 0w ® 0w, and with () = 2 for all j € {1,...,Nx}. Now, define V := R? = R0,
1 Ny -
Vi :=RF = RNK, and
D) o D()) o RN, DY)
Ve =R\ x R7UN 2R i for 1</<K-1.
Since we eventually want to obtain strict networks ®,,,, furthermore set
B = p: RPO) , RPM) and B =p® - ®p: RP? o RPO),
Using these maps, finally define S := idg«, as well as
0
B =B8N @ BNV, 5V, for 1<l<K—1.
Finally, for £ € {1,..., K} and m € N, define affine-linear maps
P =B e 0B RN 5V and QU =D w0 DO v RN
1 1

(4)
Nz

The crucial observation is that by assumption regarding the maps D,,, E,,, we have

DY o 3 o E{™ = F,, —>Tl idr = 02,

(A.3)
and ng) oﬂ(l) oEi ™) =idgropoidg = 0= 01 .
Finally, for the construction of the strict networks ®,,,, we define for m € N
s = pl™ oy RY=RNM =V, 1,
S = Ty 0 Q) Vi — RVE = RF = Vg,
and S = P™ o Tyo Q™ : Vi -V for2<(<K—1,

and then set @, := ((S§m),ﬁl), ce (Sg(m),ﬂK)). Because of D(t;0)) € {1,n}, we obtain

K—-1 K—1 Ny
=Y dimV, =Y > D) ZnNg:nN(é)gnN.
=1 (=1 i=1 =1

Furthermore, by the second part of Lemma and in view of the product structure of Pz(m), we have
12 e < max (B o, [ B5™ o0 } < max{D(1), D(2)} <,

for arbitrary £ € {1,..., K}, simply because E](m) :R — RPU) for j € {1,2}. Likewise,
Q™ (1), D@)} <n,

because Dj(-m) :RPU) 5 R for j € {1,2}. By the first part of Lemma we thus see for 2 < /< K —1
that

DS

< max {||

1SS™ leo < 1PE™ 0,00 - | Tl eo - <n? || Telpo -
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Similar arguments yield [|S™ |0 < n- | Tiflo < n2-||Th]le0 and [[ST]l0 < n- | Ti|leo < 12 | Ti|leo. All
in all, this implies W (®,,) < n?- W(®) < n?W, as desired.

Now, since g1 = ¢ € G1,1 by the assumptions of the current proposition, since p; = idg € G1,1 as an
affine-linear map, and since (G, T) is a network compatible topology family, we see for all 1 </ < K —1
that ay = 0,® R ® QL%Z € Gn,,n, and furthermore that

Q™ 0,0 P = (D%) o 504 OE%)) B ( 0 B o Bl )))
Ly 31 LN[ tNy (A 4)

TN, N
(Eq. (A-3) and compatibility of (G,7) with ®) et 0w R @ =ay.
m—oo 4 ‘N

Finally, since 8 = idgs = o € Gg k, and since (G, T) is a network compatible topology family and
thus compatible with compositions (as long as the “factors” of the limit are “good”, which is satisfied
here, since ay € Gy, N, as we just saw and since Ty € Gn,_, n, as an affine-linear map), we see that

R((I)m) = /BK OSﬁ(m) O - 061 Osfn'l)
=ag 0Tk o (QTY, 0Bk _10PT ) oTk_10---0(Q™ 0B oP™)oTy

-
(Bq. &9) ——— agoTkoaxg 10Tk 10---0a; 0T =R(®),
m—r 00

and hence R(®) € SNNQ’QdM],CL AN O

Now, we use Proposition [Af to prove Lemma [2.25]

Proof of Lemma[2.25 For d,k € N, let Gg := {f : RY — RF}, and let Ty = 294+ be the discrete
topology on the set {f : R — R¥}. This means that every set is open, so that the only convergent
sequences are those that are eventually constant. It is easy to see that (G,7) is a network compatible
topology family and ¢ € Gy 1.

Finally, by assumption of Lemma there are a;,b;,¢; € R for i € {1,...,n} and some ¢ € R such
that v = c+ > 1 a; 0(bix + ¢;) for all € R. If we define E,,, : R - R™, 2 — (byz +c1,...,b,x +¢p)
and Dy, : R"™ = R,y — ¢+ > 1, a; y;, then E,,, D,, are affine-linear, and idg = D,, 0 (0@ - ® ) 0 B,
for all m € N. Thus, all assumptions of Proposition are satisfied, so that this proposition implies

NNGGE N C SNNESE Ly =SNG forall dk € N, W, N € N U {oo} and L € NU {oo}. Here, we
used that the (sequentlal) closure of a set M with respect to the discrete topology is simply the set M

itself. O

Finally, we will use Proposition to provide a proof of Lemma [2.22] To this end, the following
lemma is essential.

Lemma A.7. Let (fn)nen, and (gn)nen, be sequences of functions f, : R? — RF and g, : R¥ — R’.
Assume that fo, go are continuous and that f, — fo and gy, — 9 with locally uniform convergence.

Then gg o fo is continuous, and g, o f — go o fo with locally umform convergence. <
n—

Proof. Since R is locally compact, locally uniform convergence is equivalent to uniform convergence on
all compact sets. Thus, let K C R? and ¢ > 0 be arbitrary. By continuity of fo, fo(K) C R¥ is compact;
hence there is R > 0 with |fo(z)| < R for all € K. Furthermore, by locally uniform convergence, we
get [, — fo uniformly on K. Hence there is ng € N satisfying | f,(x) — fo(z)| <1 for all x € K and

n > ng. As aresult, |f,(z)] < R+ 1for all z € K and n > ny.
Define K’ := Br11(0) C R¥. By compactness and by locally uniform convergence, we have g, —— go
n—r oo

uniformly on K’, so that there is ny € N with |g,(y) — go(y)| < ¢ for all y € K’ and n > ny. Furthermore,
by compactness and continuity, go is uniformly continuous on K’; that is, for a suitable § > 0, we have
lgo(y) — go(y')| < e for all y,y' € K’ with |y — ¢'| < 6. Finally, by uniform convergence of f,, to fo on K,
there is some ny € N with |f,(x) — fo(x)| < 6 for all x € K and n > ns.

All in all, for n > max{ng,n1,n2} and arbitrary z € K, we have

|9 (fn(2)) = go(fo(2))] < |gn(fn(2)) = go(fu ()| + |90 (fn(2)) = go(fo(z))| < e+ e,
where the last step used that f,(z), fo(x) € K’ with |f,(z) — fo(z)| < 6. O

Given this auxiliary result, we can now prove Lemma
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Proof of Lemma[2.23 For d,k € N, define G, := {f : R = R* | f continuous}, and let 7y denote the
topology of locally uniform convergence on {f : R — R¥}. We claim that (G, 7)) is a network compatible
topology family. Indeed, the first condition in Definition is trivial, and the third condition holds
thanks to Lemma Finally, it is not hard to see that if fi(n) : R — R satisfy fi(n) — fl-(o) locally
uniformly for all ¢ € {1,...,p}, then fl(n) QR ® f,g") — fl(o) Q- ® f,§°> locally uniformly. This
proves the second condition in Definition o

We want to apply Proposition with n = 2. We have p € G;, since g is continuous by the
assumptions of Lemma Thus, it remains to construct sequences (Ep,)men, (Dm)men of affine-linear
maps E,, : R — R? and D,,, : R? — R such that D,,0(o®)o E,, — idg with locally uniform convergence.
Once these are constructed, Proposition shows that NN%{,?’LIT N C SNNi#,:ZQ N> Where the closure is with
respect to locally uniform convergence. This is precisely what is claimed in Lemma, [2.22]

To construct E,,, D, let us set a := ¢'(zg) # 0. By definition of the derivative, for arbitrary m € N
and &,, := |a|/m, there is some §,, > 0 satisfying

h) —
‘Q(x”;t Q($°)—a'gsm=|;| V heR with 0 < |h| < 8y, - (A.5)
Now, define affine-linear maps
Sy - T
E, R—-R%z+— (xo—i— \/ﬁf’m) and D, :R* =5 R, (y1,92) — % (1 —y2),

and set Fy,, := D, 0 (0 ® ) o Eypy.
Finally, let 2 € R be arbitrary with 0 < |z| < v/m, and set h := 6, - z/+/m, so that 0 < |h| < ,,. By
multiplying Equation (A.5)) with |h|/|a|, we then get
‘ o(zo + h) — o(o)
a

1hl

m

—h

<

(mul 1b\ﬁ5):>7”m +5m'$ (z0) < A |9'3|< 1

multi /S m x —olzo) ) — x = -

plv by m/ a6, \Z\T0T Ty ) O =G M m = m

where the last step used that |z| < \/m. This estimate is trivially valid for z = 0. Put differently, we

have thus shown |F,,(x) — x| < 1/y/m for all x € R with |z| < \/m. That is, F,,, —— idg with locally
m—ro0

uniform convergence. U

A.10. Proof of Lemma We will need the following lemma that will also be used elsewhere.

Lemma A.8. For f:R—>Randa e R, let T,f : R - R,z — T,f(z) = f(x — a). Furthermore, for
n € Ny, let X" :R — R,z — 2™ and V,, := span{T, X" : a € R}, with the convention X° = 1.
We have V,, = Raeg<n[z], that is, V}, is the space of all polynomials of degree at most n. |

Proof. We prove the claim by induction on n € Ny. For n = 0, the claim is clear. For the induction step

n — n+ 1, first note that Ryeg<n+1[7], equipped with ||p[|. := max,¢[_1,17[p(z)] is a normed vector space,

since a polynomial vanishing on [—1, 1] must be the zero polynomial. Since clearly V,, 411 C Raeg<n+1[z],

the normed vector space (Vi,41, | - ||«) is finite dimensional, and hence complete; thus, V;, 11 is closed.
Next, for z € [-1,1] and h € (—1,1) \ {0}, the binomial theorem implies that

(.’E + h)nJrl _ anrl

n+1 n+1
_ n| _ =1, (n41)—t | n
. n+1)a (;( ’ )h x > (n+1)x
n+1 n+1
n-+1 _ 1) () n+1 "
SZ( ¢ )W a7 < |h|'Z< ¢ ) S
=2 =0

Here, the step marked with (x) used that |h| < 1, so that |h|*~ < |h| for £ > 2, and that |z| < 1,
so that |z|("*D=¢ < 1 for £ < n + 1. We have shown ||h~1(T_, X"t — X" — (n + 1) X", — 0 as
h — 0, and hence (n + 1)X™ € V.11 = V,,11. Furthermore, we clearly have T,V,,y1 C V,,41 for all a € R,
so that we get V,, C Vj41. Since V,, = Ryeg<n[z] by induction, and since X™! € V11, we easily see
Raeg<n+1[x] C Vg1, as desired. O

Proof of Lemma[2.2] First, note

or () + (=1)" 0, (—x) = {m(a:) = (f+)
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Next, Lemma shows that V, = Rgeg<r[z] has dimension r + 1. Thus, given any polynomial

f € Raeg<r[z], there are a1,...,a,41 € Rand by,...,b,11 € R such that for all z € R
r+1
F@) =3 a0 05w S - o~ b + (~17en(— (@ 4 b)) 0
=1 =1

A.11. Proof of Lemma For Part (1), define w; := 6n(2j —1) and m; := (2n+1)(2/ —1) — 1. We
will prove below by induction on j € N that My; € NNfU’ QJ m; . Let us see first that this implies the result.

For arbitrary d € N>o and j = [log, d] it is not hard to see that
PR 5 RY oo (2,19-0) = (2,00 -0) + (0a, 12 -4)

is affine-linear with || P||,0.c =1 (cf. Equation (2.4)) and that My = My, o P. Using Lemma we

27,1
get Mg € NG00

We now proceed to the induction. As a preliminary, note that by assumption there are a € R,
at,...,an, € Rand By,..., 0, € R such that for all x € R

as claimed.

z? = G+Zﬂg9(‘f70¢2).
Put diﬁerently, the affine-linear maps T RoR 2 (z—a))and Th :R* > Ry —a+ >, Beye
satisfy 22 = Ty 0o (0 ® -++ ® g) o Ty(z) for all z € R, where the ®-product has n factors. Since
T-y=7 ((x—|—y) —(x— ))forallxyeR if we define the maps Tp : R? — R?, (z,y) — (v +y,7 — )

and T3 : R? = R, (u,v) — 1 (u —v), then for all z,y € R o et

_1 2 o —— 1
Ty = 1~((x+y) —(z—y) ) = (S2O(Q®"'®Q)051)($,y)-
where S; := (T1®T1>OT()ZR2 — R?” and Sy := T30 (T2 ® Tg) : R — R. As ||Sl||£0 < 4n and

|92l < 2n we obtain My = R(®;) where &1 = ((51,0® -+ ® 0), (S2,id)) € /\/Ng;izjﬁzn. This establishes
our induction hypothesis for j = 1: My € SNNg;i’ngn C NNﬁ)’ ’2J m, for j =1

We proceed to the actual induction step. Define the affine maps Uy, Us : R 5 RY by
Ui(z) = (21,...,22) =7 and Us(x) = (Tar41,...,001) = ' for zeR¥ .
With these definitions, observe that Myj+1 () = My, (T) My, (z') = My (Ma; (Ur(x)), Ma; (Ua(x))).
By the induction hypothesis there is a network ®; = ((Vi,n),...,(Vz,id)) € N 0.1 , with

’w],2]1m

L(®;) = L < 2j such that My; = R(®;). Since [|Ui]l,0.~ = 1, the second part of Lemma [A.3] shows
V1o Uilleo < ||Villeo, whence My; o U; = R(¥;), where ¥; = ((V1 oU;,a1), (Va,as), ..., (VL,idﬁsatisﬁes

W(T,) < W(®;), N(¥;) < N(®,), L(\I/) = L, and ¥; € NN? 2]2 . Thus, Lemma |A.1| shows
Wy, 7,m
that f = (My o Ul,MQJ- olh) € NNgj 2 gm Since M, € NNg;lg%, Lemma 2.18- shows that

A 0,277 1
Myjer = My o f € NN2w +6n,25+2,2m;+2n+2"

To conclude the proof of Part (1), note that 2w; + 6n = 12n(27 — 1) + 6n = 6n(2/! — 1) = w;;; and
2m; +2n+2=22n+1)(27 = 1)+ 2n= 2n+ 1)(2 ! —=2) +2n + 1 — 1 = m, 1.

To prove Part (2), we recall from Part (1) that the function My : R? — R, (z,y) — z - y satisfies
My = R(V) with ¥ € SNNE?y,, and L(¥) = 2. Next, let PO : R x R¥ — R x R, (z,9) — (2,y,)
for each i € {1,...,k}, and note that P() is linear with [P0 = 1 = [|[PO)] 0. Lemma
shows that My o P() = R(V¥;) where ¥; € S./\/'Ngnlggnl and L(V;) = L(¥) = 2. To conclude,
observe that we have (My o P®)(z,y) = 2 - y; = [m(x,y)];, for the “vector valued” multiplication map
m:R xR¥ - RF (x,y) — x-y. Thus, m = (Myo PM ... Myo P®)) ¢ NNg};jfzkkn by Lemma .

APPENDIX B. PROOFS FOR SECTION [3

B.1. Proof of Lemma Let f € AJ(X,¥). For the sake of brevity, set e, := E(f,¥,)x and
on = E(f,%¥])x for n € Ny. First, observe that ¢, < ||f|lx = do for all n € Ny. Furthermore, we have
by assumption that €., < §,, for all m € N. Now, setting m,, := L"—;lj € N for n € N>.41, note that

n—12>cm,, and hence €,_1 < ecpm, < C -y, . Therefore, we see

do, if1<n<ec,
En—lg .
C-opm,, ifn>c+1.
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Next, note for n € N>.4q that m, > 1 and m, > "—;1 — 1, whence n < cm, +c+1 < (2¢+ 1)m
Therefore, n® < (2c + 1)*m2. Likewise, since m,, < n, we have n=! < m, ! for all n € N> ;1.
There are now two cases. First, if ¢ < oo, and if we set K := K(a, q,¢) := > ._, n®?" 1 then

[ee] c (oo}
1 1
q :E:a 9 - < q,E:aq—l QE: a 9=
HfHAg(XQ;) [n 6n—l] p— 50 n +C (n 5mn) -
n=1 n=1 n=c+1
> 1
< K88+ C9 (2 + 1)™ o S [
KB+ 0T Qe ™ 3 (midn, )’

Further, for n € N>y satisfying m,, = m for some m € N, we have m < #— L < m + 1, which easily
implies |{n ENscr1:mp=m}| < |{neN:em+1<n<cem+c+ 1} =c Thus,

oo

1 > 1
N G b, )1 = Y (m6,) 7 = [{n € Nseyr: my, = ml]
n=c+1 Mn m=1 m
_— q
gcm:1(m Om)?— < mZ:: m® om1)"— = ¢ || fl%g x5

Overall, we thus see for ¢ < oo that
7% < (K 4+ C92e+ 1D0) - [ ) < -

where the constant K + C?(2¢ + 1)*¥¢ only depends on «, ¢, ¢, C.
It remains to consider the (easier) case ¢ = co. Here, we simply note

Il fllae(x,5) = supn®e,_1 < max{ max n%dy, C- sup n® 6m“}
? neN 1<n<c n>c+1

(since Smp <mp-1) < max{ max n%dy, C- sup (2¢+ 1)*my 6mn_1}

1<n<c n>c+1
< max{1,C} (2¢+ 1)® sup m“d,,—1
meN
:max{l,C} (20+ 1)a . ||f||Ag(X,E’) < 0. O

B.2. Proof of Proposition In [2T, Chapter 7, Discussion around Equation (9.2)] it was shown
that the embedding (3.3) holds. All other properties claimed in Proposition follow by combining
Remark 3.5, Proposition 3.8, and Theorem 3.12 in [4]. O

B.3. Proof of Lemma We first consider the case 0 < p < oco. The fact that L,(Q;R*) is
complete is Well known. If f € L,(R%R¥), as Q is measurable, we get f|o € L,(Q;R¥). Conversely, let
g € X} (Q) = L,(;R¥) be arbitrary. For each i € {1,...,k}, extend the i-th component function g; by
zero to a function f; € L,(R?), and observe that f = (f17 ooy fa) € L,(RY RF) with g = fq.

Now, we consider the case p = co. We first prove completeness of X% (Q). Let (f,)nen C X5 (Q) be
a Cauchy sequence. It is well-known that there is a continuous function f : Q — R* such that f, — f
uniformly. In fact (see for instance [60, Theorem 12.8]), f is uniformly continuous. It remains to show
that f vanishes at infinity. Let € > 0 be arbitrary, and choose n € N such that || f — fu|lsup < §. Since f,
vanishes at 0o, there is R > 0 such that |f,(z)| < § for x € Q with |z| > R. Therefore, also | f(z)| < ¢ for
such x, proving that f € X% (Q), while || f — fullxx (@) — 0 follows from the uniform convergence f,, — f.

Finally, we prove that X% (Q) = {f|a : f € Co(R%R¥)}. By considering components it is enough to
prove that {f|q : f € Co(RY)} = X (Q). We first prove the inclusion {f|q : f € Co(R%)} C X ().
It is well-known E| that if f € Cy(R?), then f is not only continuous, but in fact uniformly continuous.
Therefore, f|q is also uniformly continuous (and vanishes at infinity), whence f|o € X (Q).

We now prove the inclusion X (Q) C {f|a : f € Co(RY)}. Consider g € X_(Q2). By definition of
X (), g is uniformly continuous. It follows by standard arguments (see [3, Lemma 3.11]) that there is a
(uniformly) continuous function g : Q — R satisfying g = g|o, with Q@ C R? the closure of Q. Now, the
Tietze extension theorem (see [3, Theorem 2.47]) shows that there is a continuous function h : R — R
such that hl|g = g.

"For instance, [26, Proposition 4.35] shows that each function in Cg (Rd) is a uniform limit of continuous, compactly
supported functions, [27, Proposition (2.6)] shows that such functions are uniformly continuous, while [60, Theorem 12.8]
shows that the uniform convergence is preserved by the uniform limit.
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There are now two cases: If Q is bounded, there is ¢ € C.(R?) satisfying ( = 1 on Q. Hence,
fi=C-h e Cu(RY) C Co(RY) and flg = g.

Thus, let us assume that §2 is unbounded. Since g € X__(f2), it vanishes at infinity; hence there is some
Ry > 0 such that [g(z)| < 1if z € Q with |z| > Rg. Furthermore, on the compact set Q N B, (0), the
continuous function g is bounded; say |g(z)| < C for all z € Q with |z| < Ry. In combination, this implies
that

m(R) = sup |g(x)] <max{l,C} < o0 VR eR.
z€Q,|z|>R

Clearly, m is nonincreasing and nonnegative; since g vanishes at infinity, we further have m(R) — 0 as
R — oo. Now, let ¢, :=m(n — 1) for n € Ny, and define

@:[0,00) = [0,00),r—= (n+1—71)cy, + (r—n)epr1 if r€[n,n+ 1] for some n € Ny .
It is not hard to see that p is continuous, and that
Cnt1 = min{ey, cpp1}t < p(r) <max{c,,cpy1} =¢, for ren,n+1].

In particular, 0 < u(r) < ¢,) = m([r] —1) = 0 as 7 — oo. Now, define

R SRz max{ — p(|z|), min { pu(|z]), h(x)}} .
Clearly, f is continuous with |f(x)| < p(|z]) T> 0, that is, f € Co(R?). Finally, note for x € Q and
Tr|—0o0
n € No with |z| € [n,n + 1] that

[h(2)] = |g(z)] = [g()] < S l9(W)] = enr < p(lzl)

which easily implies f(z) = h(z) = g(x) = g(z). Hence, g = f|a. O
B.4. Proof of Theorem [3.23]

B.4.1. Proof of Claims[Id{Il We use the following lemma.

Lemma B.1. Let C be one of the following classes of functions:

locally bounded functions;
Borel-measurable functions;
continuous functions;

Lipschitz continuous functions;
locally Lipschitz continuous functions.

If the activation function o belongs to C, then any f € NN©%F also belongs to C. <

Proof. First, note that each affine-linear map 7' : R — R* belongs to all of the mentioned classes.
Furthermore, note that since R? is locally compact, a function f : R? — R¥ is locally bounded [locally
Lipschitz] if and only if f is bounded [Lipschitz continuous] on each bounded set. From this, it easily follows
that each class C is closed under composition. Finally, it is not hard to see that if fi,..., f, : R — R all
belong to the class C, then so does f1 ® -+ ® f, : R” — R™.

Combining these observations with the definition of the realization of a neural network, we easily get
the claim. ([l

As p is locally bounded and Borel measurable, by Lemma each g € NN®%* is locally bounded and
measurable. As ) is bounded, we get glo € L, (Q;R*) for all p € (0,00], and hence g € XF(Q) if p < oo.
This establishes claim Finally, if p = oo, then by our additional assumption that o is continuous, g is
continuous by Lemma On the compact set €, ¢ is thus uniformly continuous and bounded, so that
gla is uniformly continuous and bounded as well, that is, gl € X% (€2). This establishes claim O

B.4.2. Proof of claims . We first consider the case p < co. Let f € X;f(Q) = L,(Q;R*) and € > 0
be arbitrary. For each ¢ € {1,...,k}, extend the i-th component function f; by zero to a function
gi € Ly(R?Y). As is well-known (see for instance [25, Chapter VI, Theorem 2.31]), C>°(R?) is dense
in L,(R?), so that we can find h; € C°(R?) satisfying ||g; — hil|r, < e. Choose R > 0 satisfying
supp(h;) C [~ R, R]¢, as well as Q C [~ R, R]%. By the universal approximation theorem (Theorem 7

we can find v; € NNg(’f’;’OO C NNiﬁ}}m satisfying [|h; —illL (- r,R)%) < £/(4R)%?. Note that the inclusion
NNdevl

0,d,1 . . . . .
0,200 C NN used above is (only) true since we are considering generalized neural networks, and
since L > 2.
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Using the elementary estimate (a + b)? < (2max{a,b})? < 2P(a? + bP), we see

Ep
i) = i@ < (i) = hi(a)| + 1hi(w) = @) < 2 (g + i) —gi(e)l?) Ve[RRI
which easily implies ||y; — giHip([_R,R]d) < 2(eP + ||hy — giuzzp([_Rﬂ]d)) < 9l+pep,

Lemma shows that v := (v1,...,7) € NN&C’I’L]“,DO, whence 7o € oo (XF(Q), 0,.£) by claims
of Theorem [3.23| Finally, since g;|q = fi, we have

k

”f - ’Y|Q||ip(9) < Z ”gi - ’YiH;zp([_R,R]d) < 21 Pk P
i=1

Since € > 0 was arbitrary, this proves the desired density.

Now, we consider the case p = co. Let f € X* (Q). Lemma shows that there is a continuous
function g : R? — RF such that f = g|o. Since L > 2, we can apply the universal approximation
theorem (Theorem [3.22) to each of the component functions g; of g = (¢1,...,gx) to obtain functions

vi € NNé’f’Ql’oo C NNgéiloo satisfying |lg; — villL(~r,r%) < & where we chose R > 0 so large that
Q C [-R, R]¢. Lemma [2.17|shows that v := (y1,...,7) € NNggf}ioo, whence 7]q € X0 (XF(Q), 0,.2) by

claims of Theorem [3.23] since p is continuous. Finally, since g;|q = fi, we have

sup [|f(z) —7(@)lle= < sup - max |gi(z) —vi(z)] <e.
z€Q ze[-R,R)4 t€{1,....k}

Since € > 0 was arbitrary, this proves the desired density. O

B.4.3. Proof of Claim Set V= NNgf’L1 N Xp(Rd). Lemma easily shows that V is a vector space.
Furthermore, Lemma shows that if f € V, A € GL(R?), and b € RY, then f(A e +b) € V as well.
Clearly, all these properties also hold for V instead of V, where the closure is taken in Xp (R%).

It suffices to show that V is dense in Xp(Rd). Indeed, suppose for the moment that this is true. Let
fe X;f (Q) be arbitrary. By applying Lemmato each of the component functions f; of f, we see for each
i€ {l,...,k} that there is a function F; € Xp(Rd) such that f; = Fj|q. Now, let € > 0 be arbitrary, and
set po := min{1,p}. Since V is dense in X, (R?), there is for each i € {1,...,k} a function G; € V such that
HGZ-—FZ»H%; < gPo/k. Lemmashows g:=(Gila,...,Grla) € NNggff(Q)ﬂX;f(Q) = Yo (XE(Q),0,2),
and it is not hard to see that || f — g||?§£(9) < Zle |1F; — Gi”];g,’f(ﬂ) < &P, and hence || f — 9||X;;(Q) <e.
Ase >0 and g € X}(Q) were arbitrary, this proves that .o (X} (), ¢, %) is dense in X%(Q), as desired.

It remains to show that V C Xp(Rd) is dense. To prove this, we distinguish three cases:

Case 1 (p € [1,00)): First, the existence of the “radially decreasing Li-majorant” p for g, [II, Lemma
A.2] shows that Plg| € Loo(R?) C L;*°(R?), where P|g| is a certain periodization of |g| whose precise
definition is immaterial for us. Since g € L,(R?) and Plg| € Li*(R%), and [, g(x) dz # 0, [LI, Corollary
1] implies that Vo := span{g; 1: j € N,k € Z9} is dense in L,(R?), where g; (z) = 207 . (272 — k). As
a consequence of the properties of the space V that we mentioned above, and since g € V, we have Vy C V.
Hence, V C L,(R?) is dense, and we have L,(R?) = Xp(Rd) since p < oo.

Case 2 (p € (0,1)): Since g € L1(R?) N L,(R?) with [;, g(x) dz # 0, [38, Theorem 4 and Proposition
5(a)] show that Vo C L,(R?) is dense, where the space Vy is defined precisely as for p € [1,00). The rest
of the proof is as for p € [1,00).

Case 3 (p = 0): Note X, (R%) = Co(R?). Let us assume towards a contradiction that V is not dense in
Co(R9). By the Hahn-Banach theorem (see for instance [26, Theorem 5.8]), there is a bounded linear
functional o € (Co(R?))* such that ¢ # 0, but » =0 on V.

By the Riesz representation theorem for Cy (see [26l, Theorem 7.17]), there is a finite real-valued
Borel-measure 1 on R? such that ¢(f) = [z f(2)du(x) for all f € Co(R?). Thanks to the Jordan
decomposition theorem (see [26] Theorem 3.4]), there are finite positive Borel measures p; and pu— such
that p=py — p—.

Let f € Co(RY) be arbitrary. For a > 0, define g, : R — R, 2 + a? g(az), and note T,g, € V (and
hence ¢(T,g,) = 0) for all x € R?, where T,9,(y) = gua(y — x). By Fubini’s theorem and the change of
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variables y = —z, we get

[ ra@anta = [ [ 160t~ 2) dzduto
/ f(= /Rd go(y + ) dp(z) dy = /Rd F—y) o(T_y ga) dy =0

for all @ > 1. Here, Fubini’s theorem was applied to each of the integrals [(f * g,)(x) du+ (), which is
justified since

/ / (=) gale — 2)| dz dps(2) < s R || | Toalls = s R |l lgallz, < oo

(B.1)

Now, since f € Co(R?) is bounded and uniformly continuous [26 Theorem 8.14] shows f * g, — f
0

uniformly as a — co. Therefore, (B.1]) implies ¢(f) = [a f( =limg oo fpa(f * ga)(x) du(z) = 0,
since pu is a finite measure. This implies ¢ = 0 on C’o (RY), Wthh is the desired contradiction. ]

B.5. Proof of Lemma [3.26] Part (1): Define
t:RoRz—o(z/e) —o(l+(z—1)/e).

A straightforward calculation using the properties of o shows that

Ha) = {0, if 2 € R\ [0, 1], B2)

1, fzel,l—¢l.
We claim that 0 < ¢ < 1. To see this, first note that if » > 1, then o(x — r) < o(x) for all z € R. Indeed,
if <7, then o(x —r) =0 < o(x); otherwise, if x > r, then > 1, and hence o(x —r) < 1 = o(z). Since
r:=1-12>1, we thus see that t(z) = 0(%) — (£ —r) > 0 for all z € R. Finally, we trivially have
t(xr) <o(% )<1fora11x€R
Now, if we define

d
gO:RdﬁR7xr—>a<l+Zt(xi)d>,

i=1
we see 0 < go < 1. Furthermore, for z € [,1 — ¢]?, we have t(x;) = 1 for all i € {1,...,d}, whence
go(x) = 1. Likewise, if = ¢ [0,1]¢, then t(x;) = 0 for at least one i € {1,...,d}. Since 0 < t(z;) < 1 for
all 7, this implies Z?:l t(x;) —d < —1, and thus go(z) = 0. All in all, and because of 0 < go < 1, these
considerations imply that supp(go) C [0, 1]¢ and

l90(z) = g, pja (@) < Lo gjayie,1-gja(z) ¥z € R (B.3)
Now, for proving the general case of Part (1), let h := go, while h := ¢ in case of d=1. As a consequence
of Equations (B.3]) and (| - ) and of 0 <t < 1, we then see that Condition is satisfied in both cases.
Thus, all that needs to be shown is that h = gg € NNZdW(N+1) an—1,(2d41)N OF that h=te NNé’W’L oy N
case of d = 1. We will verify both of these properties in the proof of Part (2) of the lemma.

Part (2): We first establish the claim for the special case [a,b] = [0,1]?. With A denoting the
d-dimensional Lebesgue measure, and with h as constructed in Part (1), we deduce from (3.16)) that

= Rgogallf, < M0, 1\ [e,1 = &)%) = [1 = (1 2e)7).

Since the right-hand side vanishes as ¢ — 0, this proves the claim for the special case [a,b] = [0, 1]¢, once
we show h = R(®) for & with appropriately many layers, neurons, and nonzero weights.

By assumption on o, there is Lo < L such that o = R(®,) for some ®, € NN o with L(®,) = Lo.
Forie {1,...,d} set fi1: R - R,z o(%) and fip: R —» R,z — —o(1 + ””1 1), By Lemma.
there exist U;1,¥; 5 € N, I’j{,dLl ~ With L(¥; 1) = L(¥;2) = Lo for any i E {1,...,d} such that
fia =R(¥;1) and f; 2 = R(¥; 2). Lemma u. then shows that

d

d
F:R' SR,z Zt(xi) = Zfi,l(x) + Zfi,z(l‘)
=1 =1

i=1
satisfies ' = R(® ) for some O € N./\/gg}[} Lo.2an With L(®p) = Lo. Hence, Lemma u shows that
G:RY = Rz 14+ 30 t(x;) — d satisfies G = R(®¢) for some g € NNQdWLO ogn With L(®¢) = Lo.

In case of d = 1, set L' := Ly and recall that h = ¢ = F, where we saw above that F = R(®r) and
Op € NNS{};}LOQN with L(®r) = Lg. For general d € N set L' := 2L — 1 and recall that h = gy = 0 0 G.
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Hence, Lemma shows h = R(®},) for some &, € NN with L(®y,) = L', N(®y) < (2d +1)N
and W (@) < 2dW + max{2dN, d}W < 2dW (N + 1).

It remains to transfer the result from [0, 1]¢ to the general case [a,b]. To this end, define the invertible
affine-linear map
To : Rd — Rd,l‘ — ((bZ — ai)_l . (J?z — a,))
A direct calculation shows 1 17407y = Lo, 1¢ = Lia)- Since || Tpl| 0.« = 1, the first part of Lemma2.18
shows that g := h o Ty = R(®) for some & € NNS&C%}[}(NH)QLO_L(MH)N with L(®) = 2Lo — 1 = L'
(resp. g := h o Ty = R(®) for some & € NNgi}/’,lLo,zN with L(®) = Ly = L’ in case of d = 1) with h as
above. Moreover, by an application of the change-of-variables-formula, we get
”g - ]l[a,b] ”Lp = ||h o1y — ]].[0,1]d o TOHLp
d

. _ -1
= | det diag((b; — a;) 1)1,6{17__.@}| . lg — 0,04l = lg — Lpo,132llz,, - H(bz —a;)'/P.
i=1

As seen above, the first factor can be made arbitrarily small by choosing ¢ € (0, %) suitably. Since the
second factor is constant, this proves the claim. (I

ApPPENDIX C. PROOFS FOR SECTION [4]
C.1. Proof of Lemma We begin with three auxiliary results.

Lemma C.1. Let f : R — R be continuously differentiable. Define f, : R — R,z + h=1-(f(x+h)— f(x))
for h € R\ {0}. Then fy, — f as h — 0 with locally uniform convergence on R. |

Proof. Let R > 0 and € > 0 be arbitrary. Since f’ is continuous on the compact set [—(R + 1), R + 1],
there is 6 € (0,1) such that |f'(z) — f'(y)] < € for all z,y € [-(R+1),R + 1] with |z —y| < 4.
Now, the mean value theorem yields for arbitrary « € [-R, R] and 0 < |h| < § an intermediate point
E=¢&(x,h) € (r,x+h)U(x+h,z) C (x—0,z+0) C [-(R+1), R+ 1] such that

) — £ = [LEE IO =) - ) <

Hence, fr, — f’ uniformly on [—R, R]. Since R > 0 was arbitrary, this proves the claim. ]

Since 9,41 is continuously differentiable with o)., = o,, the preceding lemma immediately implies the
following result.

Corollary C.2. Forr € N, h>0, 0, : R Rz~ (r+1)7" - b7 (gr1(z + h) — 0r41(x)) we have
on, = R(¥y) where ¥y, € S./\/’Nij‘;é’l’l, L(¥,) =2, and limy_yg o), = o, with locally uniform convergence
on R. <

We need one more auxiliary result for the proof of Lemma

Corollary C.3. For any d,k,r € N, j € Ng, W,N € Ny, L € N we have

or,d,k Or+j,d,k
NNW,L,N C NN4J'V[},L,21'N (C.1)
where closure is with respect to locally uniform convergence on RY. <

Proof. We prove by induction on § that the result holds for any 0 < j < §. This is trivial for 6 = 0. By
Corollary we can apply Lemma to 0 := gp+1 and o := g, (which is continuous) with w = 4,
¢ =2, m = 2. This yields for any W, N € No, L € N that NNg "% < N5 %Y which shows that our
induction hypothesis is valid for § = 1. Assume now that the hyp(;thesis holds for some § € N, and consider
W,N eNg, L eN 0<j<d+1 If j <4 then the induction hypothesis yields 7 so there only
remains to check the case j = § + 1. By the induction hypothesis, for v’ =+ 6, W’/ = 4°W, N’ = 2°N,

. 0r+s,d,k Or+5+1,d,k . or,d,k 0r+5,d,k 0r+s+1,d,k
j =1 we have NN 53 o v © NNt gy s sy Finally, NNy N C NN s v © NN s by the
induction hypothesis for j = 4. a

Proof of Lemma[{.9 The proof is by induction on n. For n = 1, g is a polynomial of degree at most r.

By Lemma o, can represent any such polynomial with 2(r + 1) terms, whence ¢ € NNiGﬁ)&Q(Hl).

When r = 1, ¢ is an affine function; hence there are a,b € R such that o(z) = b+az = b+api(x) —ap1(—x)

for all z, showing that ¢ € SNN§};;! = SNNgéijrll) o1
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Assuming the result true for n € N, we prove it for n + 1. Consider ¢ made of n + 1 polynomial pieces:
R is the disjoint union of n + 1 intervals I;, 0 <4 < n and there are polynomials p; such that o(x) = p;(z)
on the interval I; for 0 < i < n. Without loss of generality order the intervals by increasing “position”
and define g(x) = o(z) for x € U?:_OIIZ- =R\ I, and g(x) = pp—1(x) on I,. It is not hard to see that g
is continuous and made of n polynomial pieces, the last one being p,_1(x) on I,,_; U I,,. Observe that
o(x) = o(x) + f(x — t,) where {t,} = I,,_1 NI, is the breakpoint between the intervals I,,_; and I,,, and

0 for x <0
pn(x +ty) — pp—1(x+t,) foraz>0.

flx) = o(z +t,) — oz +tn) = {

Note that g(x) := pp(z + tn) — pn—1(z + t,) satisfies ¢(0) = f(0) = 0, since p is continuous. Because
¢ is a polynomial of degree at most r, there are a; € R such that g(z) = Y_;_; a;z*. This shows that
f=>i_,a;0;- In case of r = 1, this shows that f € SNNQl’l’1 For r > 2, since p; € NNg‘é?il, Corollary

yields p; € NNgzi’ll 2.0 where the closure is with respect to the topology of locally uniform convergence.
Observing that 221 At =2.(4"-1)/3=wand ), 2" =2"—1=m, Lemma implies

tha fenn?l Since P:R — R,z +— x + t, is affine Wlth [Plle0.c = || P||j0.c = 1, by the induction

w,2,m"
hypothesis, Lemma and Lemma again, we get
= v, 1,1 _ r
o(e) = o(®) + f(- —tn) € NNi(r+1)+(n Dw4w,2,2(r+1)+(n—1)m+m — NNi(r+1)+(n+1 Dw,2,2(r+1)+(n+1-1)m"
For r = 1, it is not hard to see ¢ € SNN%’}QHQ 2mtlel = SNN;’E(’nH)H) 2, (nt1)1° O

C.2. Proof of Lemma [4 First we show that if s € N and if 9 € Spline® is not a polynomial, then
there are «, B,tp € R, ¢ > () and p a polynomial of degree at most s — 1 such that

0s(2) = ap(to + 2) + Bo(to — 2) —p(z) Vz € [¢, +¢]. (C.2)

Consider any tg € R. Since ¢ € Spline®, there are € > 0 and two polynomials p_, p4 of degree at most s,
with matching s — 1 first derivatives at ¢y, such that

_Jpy(x) for x € [to,to + €]
o= {P(:E) for z € [ty — &, o).

Since p is not a polynomial, there is ty such that the s-th derivatives of pi at ¢y do not match, i.e.
a_ :=p® (to)/s! # ps_s)(to)/s! =: ay. A Taylor expansion yields

z)+ayz® for ze€|0,e
Q(t()“rZ) _ q( ) + . [ ]
q(z) +a_z5 for z € [—¢,0],

where ¢(z) :=Y0_ Opg?)(to)z”/n! is a polynomial of degree at most s — 1. As a result, for |z| <e
(a3 —a?)-z5 for z€[0,€]

0 for z € [—¢,0] = (a3 —a%)-0.(2).

+-lo(to+2) —q(2)] = (=1)* a—[o(to —2) —q(=2)] = {
Since a4 # a_, setting a := ay /(a3 —a?) and § := (—1)*Tta_/(a% —a? ), as well as p(z) := aq(z)+Bq(—=)
we get as claimed ps(2) = ap(z + to) + Bo(—z + tg) — p(z) for every |z| < e.

Now consider » € N. Given R > 0 we now set
fr(z) = (?)r [ao(ex/R +tg) + Bo(—ex /R + ty) — p(ex/R)]
with a, 8, tg, €, p from (C.2). Observe that g,(x) = (R/e)"or(ex/R) = fr(x) for all x € [-R, R], so that

fr converges locally uniformly to g, on R.
We show by induction on 7 € N that fr € NN25!

w.2.m Where w = w(r),m =m(r) € N only depend on r.

For r = 1, this trivially holds as the polynomial p in is a constant; hence fr € NNi’%:;.

Assuming the result true for some r 6 N we now prove it for r + 1. Consider g € Spline™t! that is not
a polynomial. The polynomial p in with s = r + 1 is of degree at most r; hence by Lemma m
there are ¢, a;, b;, ¢; € R such that p(x ) =c+ ZZ 1 @; or(biz + ¢;) for all x € R. Now, observe that since
0 € Spline”*! is not a polynomial, its derivative satisfies ¢’ € Spline” and is not a polynomial either.

The induction hypothesis yields o, € NN 3oL for w = w(r),m =m(r) € N. It is not hard to check that

w2m

this implies p € NN ( Finally, as ¢'(x) is the locally uniform limit of (o(z + h) — o(x))/h as

r+1)w 2,(r+1)m"

8This implicitly uses that p; is not affine-linear, so that o, € NN§'4T i ggr—i \NNgg 100"
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h — 0 (see Lemma , we obtain p € NN&(T,—&-l)w 2.2(r+1)m thanks to Lemma [2.21L Combined with the
0,1,1

4(r+1)w+4,2,2(r+1)m+2"

Finally we quantify w,m by observing that w(l) = 4 , 2 < 3, and furthermore
w(r+1) <4(r+Dw(r)+4 <5+ Dw(r) and m(r +1) < 2(r+1)m+2 < 3(r + 1)m. An induc-
tion yields w(r) < 57r! and m(r) < 3"rl. O

definition of fr we obtain fr € NN

C.3. Proof of Lemma Step 1: In this step, we construct 6g s € Nyer bl satisfying

w,l,m

0r5(x) = L_pra(2)| <2-U_p_spiorRe Vo €R, (C.3)
with ¢ =3 (resp. £ =2 if d = 1) and with w, m only depending on d and r.
d
The affine map P : R? — RY z = (x;)%, (m + %) . satisfies ||P||p.c = [|P[/;0.0 = 1. For

r € RY we have z € [-R — §, R + 0]¢ if and only if P( ) € [0,1]¢, and = € [-R, R]? if and only if
P(z) € [e,1 — €], where ¢ := 0] +5 ; thus, ]l[ rope(Pra) =11 _qa(x) for all z € R™.

Next, by combining Lemmas and 6 (see in particular Equation (3.16))), we obtain f € NNfU";f;i
(with the above mentioned properties for w, £, m and m > d) such that |f(z) — L[g,17¢(2)| < Lo, 170\[c,1-)¢
for all z € R?. Therefore, the function Or,s := f o P satisfies

|0r,s(7) — L_g,pa(x)| = [f(Pzr) - Il[71::,1::]d(P_lpﬂfﬂ
< |f(Pz) — Lo 0 (Px)| + [Ljg 170 (Pz) — Lo 1_gja(P)]

<2 L_r_s,Rts5)9\[-Rr,R)*(T)
for all z € R?. Finally, by Lemma -., we have g s € Nyer bt

w,l,m”

Step 2: Consider g € NN, L N and define gp s(z) := 0g s(x) - g(z) for all z € R?. The desired estimate
is an easy consequence of - It only remains to show that one can implement grs with a
0= network of controlled complexity.

Since we assume W > 1 we can use Lemma combining it with Equation we get g € NN‘Q,(}:Z’,’T N
with L' = min{L, W, N + 1} and N’ = min{N, W}. Lemma yields (0rs,9) € NNQT,’{yf—‘_l, with
L" = max{L’, ¢} as well as w’' = W + w 4+ min{d, k} - (L” — 1) and m' = N’ + m + min{d, k} (L” 1).
Since L" — 1 =max{L' — 1,/ -1} <max{W — 1,/ -1} < W 4+ ¢ —2 and N' < W, we get

w <W +w+min{d,k} - (W +£—-2)=W - (1 +min{d, k}) + c1
m' < W +m+min{d,k} - (W +£—2) =W - (1+ min{d, k}) + c2.

where c1, ¢y only depend on d, k, r.

As r > 2, Lemma shows that g, can represent any polynomial of degree two with n = 2(r 4 1)
terms. Thus, Lemma shows that the multiplication map m : R x RF — R¥ (z,y) — z -y satisﬁes
m € NNi’v%l(jJ’ilk) 9 ak(rp1)- Finally, Lemma proves that grs = mo (Ors,9) € NNw,/ L,/, s
where L' = L" +1 and m”" = m' +4k(r +1) = N’ + m 4+ min{d, k} - (L — 1) 4+ 4k(r + 1) as well as
w” = w' + max{m’,d} - 12k(r + 1).

As L = max{L’, ¢} < max{L,¢} we have L" < max{L + 1,4} (respectively L'’ < max{L + 1,3} if
d = 1). Furthermore, since m’ > m > d we have max{m’,d} = m/. Because of W > 1, we thus see that

w' =w' +m' - 12k(r+1) < W - (1 +min{d, k}) - (1 +12k(r + 1)) + c3 < caW

where c3, ¢4 only depend on d, k,r. Finally, L” — 1 =max{L’ —1,{ — 1} <max{N,{ -1} < N+/{—1.
Since N’ < N, we get m"” < N - (1 +min{d, k}) + ¢5 < cgN where again c5, ¢ only depend on d, k,r. To

conclude, we set ¢ := max{cq, cg}. O
C.4. Proof of Proposition When r =1 and ¢ € NN&%}W the result follows from Lemmam
Now, consider f € NN%{,‘?L’TN such that f|o € X. Since p € NNgg:%ﬁn, Lemma shows that

NG C NN

sz L.nm»  With closure in the topology of locally uniform convergence on RY. (C.4)

For bounded 2, locally uniform convergence implies convergence in X = X;f () for all p € (0, 00] hence
the result.
For unbounded 2 we need to work a bit harder. First we deal with the degenerate case where W = 0

or N =0. If W =0 then by Lemma f is a constant map; hence f € NNgj‘l’%k. If N =0 then f is

affine-linear with || f]le0 < W; hence f € NN%;K’S . In both cases the result trivially holds.
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From now on we assume that W, N > 1. Consider £ > 0. By the dominated convergence theorem (in

case of p < 00) or our special choice of X% (Q) (cf. Equation (T.4))) (in case of p = co) we see that there is
some R > 1 such that

5
/ Pp—
1f = L-rmall, ) < € = gy
Denoting by A(+) the Lebesgue measure, (C.4) implies that there is g € NNﬁ;fL’f 1 Nm Such that

1
1 = gl n-vmsoms <</ MR =1, R+ 19"
Consider ¢ = ¢(d, k,r), £ = min{d + 1,3}, L' = max{L + 1, ¢} and the function gr1 € NNE’;{,"f;?L,,CNm
from Lemma By (4.7) and the fact that || - ||mm{1’p} is subadditive, we see
min{1, min{1, min{1,
If = grall} gngﬁ) (VRS P i e L (WA LY i e

»(SGRF)
min{1
Fllg- Vg rpa () — grally g{mll})

min{1,p} min{1,p}
€
<t (If = gl r e - MR B)7)
min{1,
+ ([ 2- gl - L g1, 1\~ rR)4 |, () ok
min{1,p} i
e min{1,p}

< T + (|| 2-|gl- ]1[—R—1,R+1]d\[—R,R]d||Lp(9)) "

To estimate the final term, note that

min{1,p}
(H lg] - ]l[fRfl,RJrl]d\[fR,R]d||LP(Q))
{1,p} min{1,p}
< <|| lg— fl- ﬂ[fRfl,RJrl]d\[fR,R]d”L;,(Q)) + (H | f] - ﬂ[fRfl,RJrl]d\[fR,R]d||LP(Q))
min{1l,p} min{1,p}
< (1) = gl tomorpngesmsy - (=R = 1, R+ 1]9)]/7) + (I = £ 1 m el @m0 )
Emin{l,p} N Emin{l,p}
- 8 8
inf1 L. . min{1l,p} mm{l »}
Because of 2m"{1.P} < 2 this implies (|| 2 gl L g1, rrn\[-R,R)| L, () . Overall,

we thus see that ||f — gr1llz,@mrr) < € < co. Because of flo € X, this implies in partlcular that

X
grila € X. Since € > 0 was arbitrary, we get as desired that f|g € NNf;{,i’;Z L enm 1 X, where the

closure is taken in X. O

APPENDIX D. PROOFS FOR SECTION [5]

D.1. Proof of Lemma 5.2 In light of ( we have ﬁ(t € NN§Z;+2) 2.t42" This yields the result for
d =1, including when t = 1
For d > 2 and t > min{d,2} = 2, define f; : R = R by f; := ,85:) om; with m; : R = R, 2 — x5,

j=1,...,d. By Lemma together with the fact that [|m;l[,0.c =1 we get f; € NN§E;+2) 2.640"

Form the vector function f := (f1, f2,..., f4). Using Lemma , we deduce f € NNSE((ifz) 2,d(t4+2)"

Ast > 2, by Lemma[2.24] o; can represent any polynomial of degree two with n = 2(¢+1) terms. Hence,
for d > 2, by Lemma [2.26] the multiplication function My : R¢ — R, (21,...,2q) — 1 - xq satisfies

Mgy € NNigng)’zj’(an)(zj71)71 with j := [log, d]. By definition, 27! < d < 27, hence 29 —1 < 2(d — 1)
and 6n(2? — 1) < 12n(d — 1) = 24(¢t + 1)(d — 1), as well as

n+1)(2 —1) = 1< (dn+2)(d—1)— 1= (8t +10)(d — 1) — 1,
so that My € NNSZgiD(dq) 2j,(86410)(d—1)—1- AS ﬁdt = Mo f, by Lemma we get

(t) c NNQt s
2d(t+2)+24(t+1) (d—1),2542,d(t+2)+(8t+10)(d—1)—1+d"

To conclude, we observe that

2d(t +2) +24(t + 1)(d — 1) < d(2t + 4 + 24t + 24) = d(26t + 28) < 28d(t + 1)
dt+2)+ Bt +10)(d—1)—1+d <d(t+2+4+8+10+1) =d(9t + 13) < 13d(t + 1). O
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D.2. Proof of Theorem We divide the proof into three steps.

Step 1 (Recalling results from [I9]): Using the tensor B-splines ﬁ((it) introduced in Equation (5.6]),
define N := N() .= ﬂc(;_l) for 7 € N, and note that this coincides with the definition of N in [I9] Equation
(4.1)]. Next, as in [19, Equations (4.2) and (4.3)], for k € Ny and j € Z%, define N,gT)(x) .= N(T)(2kz) and
N;fk) (z) := N (2kz — j). Furthermore, let Qg := (—1, )¢ denote the unit cube, and set

AT (k) = {j € 2% NJ(T)|Q0 #0} and Z(T) = span{N k 1 j e Ak)},

and finally s( )(f)p := inf
[19, Theorem 5.1] shows

ges(” 1f—gllz, for f € X,(Q) and k € No. Setting A("P) := 7—1+min{1,p~'},

1£115g ,00) = Il + || (s (f (Do) ke lles VPra € (0,00), € (0,AP)), and f € BS (Q). (D.1)

Here, ||(ck)ken,lles = (29 e ) ke, || ea; see [19, Equation (5.1)].

Step 2 (Proving the embedding B2 (o) — A2(X,(Q0), 2(D]"))): Define (DY) := (E,,(Dh))nen,-
In this step, we show that BJ% () < AZ(X,(Q ),E(Dg_l)) for any 7 € N and all p,q € (0, 00] and
a >0 with 0 < da < AP,

To this end, we first show that if we choose X = X,(), then the family ¥(D] ') satisfies the
properties (P1)H(P5)l To see this, we first have to show ,,(D; ') C X,(Q). For p < oo, this is trivial,
since N(7) = 5(T D is bounded and measurable. For p = oo this holds as well, since if 7 > 2, then

N = ﬂ{(f D s continuous; finally, the case 7 = 1 cannot occur for p = oo, since this would imply
0<da<AP) =1 _14 min{1,p~ '} = 0.

Next, Properties |(P1) are trivially satisfied. Finally, the density of |J27, %, (D} ™") in X, () is
well-known for 7 = 1, since then BéTﬁl) = 1jp,1)e and p < oo. For T > 2, the density follows with the same
arguments that were used for the case p = co in Section [B

Next, note that suppN (™) C [0, 7]¢ and thus suppN(T) —k(j410,7]%). Therefore, if j € A7) (k), then
@ # QoNsupphN; i, so that there is some z € QpN2~ k(j—i—[() 7'] ). This implies j € Z4 N [-2F~1 — 7, 2k—1]d,
and thus [A(k)| < (2¥ + 7 + 1)9. Directly by definition of X, (D}) and E,(J), this implies

E,(CT) C E(2k+7—+1)d (Dg_l) Vk € Np. (D.2)

Next, since we are assuming 0 < ad < A\(7P), Equation (D.1)) yields a constant C; = C1(p,q, o, 7,d) > 0
such that [/ ][z, + H(SI(CT)(f)P)keNOHeda < - Hf”Bgz(QO) for all f € Bi%(Qp). Therefore, we see for

fe Bz‘fﬁ;(QO) and ¢ < oo that

Hf”q ;x(Xp(QoLz(Dg*l)) = Zn_l ! [na ! E(f7 Enfl(D:l-il))Lp(QO)]q

(1+2)¢ o (2R 4Ty

<Az, Z n Y Y et B B (D)L, 0]

k=0n=(2k+7+1)4+1

Y. IS, + Ca Z gkdgdk(aa—1)[5(D) (1) 4
k=0

< (Co+C) - (1l + [ (57 (F)0) peni lage)* < CF - (Ca 4 Ca) - [l -

At the step marked with (%), we used that Equation (D-2) yields %,,_1(D; ") D 2(21%7“)4(7);71) D E;CT)
for all n > 1+ (2 + 7 + 1)%, and furthermore that if 1 + (2F + 74+ 1)¢ < n < (2¥! + 7+ 1)?, then
20k < < (174 3)d 24k 50 that n®1~1 < C32%(@4=1) for some constant Cs = Cs(d, 7, cv, q), and finally

T+1
that Zn (2:;:;1))%1 1< (2 474 1)4 < (7 +3)4 . 20k,
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For ¢ = oo, the proof is similar. Setting £ := (2% + 7 + 1)? for brevity, we see with similar estimates as
above that

11l as (x, (90), (D5 1))

_ ap Zn— DT—l , ap 7Zn— DT—] }
max{ogn?(a:iwn (fs2n-1(D} 7))L, (90) swp . wax, on (f 1Dy ) L,(90)

<max {(7 42 fllr,00,  sup(r+3)* 257 (f), |
0

< (743 (1 00 + 157 Dpdrerollge) < Cu (7 +3)° £l 8o (00
Overall, we have shown Bda(ﬂo) — Aa( (Qo) S(D; ) for 7 €N, p,g € (0,00] and 0 < ad < A(™P).

Step 3 (Proving the embeddings (5 and (| -) In case of d =1, let us set rog := r, while rg is
as in the statement of the theorem for d > 1. Since Q is bounded and Qo = (—3, )¢, there is some R > 0
such that Q C R- €. Let us fix p,q € (0,00] and s > 0 such that ds < rg + min{1,p~1}.

Since Q and R - g are bounded Lipschitz domains, there exists a (not necessarily linear) extension
operator £ : B (Q) — B (RS) with the properties (5f)|Q = f and ||(€f||Bds‘ (R < C ||fHBds (o) for
all f € B (Q). Indeed, for p € [1,00] this follows from [36, Section 4, Corollary 1], since this Corollary
yields an extension operator € : X,(Q2) — X,(R) with the additional property that the j-th modulus of
continuity w; satisfies w;(t, € f)ra, < M, -w;(t, flo for all j € N, all f € X,(Q), and all ¢ € [0,1]. In view
of the definition of the Besov spaces (see in particular 21 Chapter 2, Theorem 10.1]), this easily implies
the result. Finally, in case of p € (0, 1), the existence of the extension operator follows from [20, Theorem
6.1]. In addition to the existence of the extension operator, we will also need that the dilation operator
D1 : B (RQq) — B (Q), f — f(Re) is well-defined and bounded, say || D1|| < C1; this follows directly
from the definition of the Besov spaces.

We first prove Equation , that is, we consider the case d = 1. To this end, define 7:=r+1 € N,
let f € By () be arbitrary, and set f1 := Di(£f) € B, ,(€0). By applying Step 2 with a = s
(and noting that 0 < da = s < 7+ min{l,p~'} = AP, we get f; € Ay (Xp(Q0), X(Dy)), with
Ilf1 (),2(0y) < CC1Cs - l|f||Bg:sq(Q), where the constant Cs is provided by Step 2.

Next, we note that L := sup,cy -Z(n) > 2 = 2+ 2[log, d] and r > 1 = min{d, 2}, so that Corollary [5.4
(2) shows f1 € A;(X,(Q0), 2(Dg)) — W, (Xp(0), 0r, £). But it is an easy consequence of Lemma@ (1)
that the dilation operator Do : Wi(X, (), 07, L) — W (Xp(RQ0), 01, L), g = g(e/R) is well-defined
and bounded. Hence, we see that Do f1 € W7 (X, (RQ), QT,.,S”) with [ D2 f1l[w (x,(R90) 00 2) < ||f||Bg)sq(Q).
Now, note Dy f1(z) = fi(z/R) = Ef(x) = f(x) for all x € Q C RQy, and hence f = (D2 f1)|q. Thus,

Z)

Remark implies that f S WS( ( ) Or, with ”f”W;(X,,(Q),Qm_%’) S llf”BgSq(Q)’ as claimed.

Now, we prove Equation . To this end, define 7 :=1r9+1 € N, let f € B;%(Q) be arbitrary, and set
fi:=D1(Ef) € Bds 2 (Q0). Applying Step 2 with & = s (noting 0 < dov = ds < o + min{1,p~'} = ATP))
we get f1 € Aj(X, (QO) ¥(Dy°)), with llflllAg(Xp(Qo),Z(DZD)) < CCLCy - llfllBgf'q(Q)v where the constant Cy
is provided by Step 2.

Next, we claim that A% (X, (), 2(Dy°)) = W7 (Xp(Q0), 0r, Z). Indeed, if r > 2 and L > 2+ 2[log, d],
then this follows from Corollary |5.4 ' . Otherwise, we have ro = 0 and L > 3 > min{d + 1,3}, so
that the claim follows from Corollary '(1); here, we note that p < oo, since we would otherwise
get the contradiction 0 < ad < ro + min{l,p~'} = 0. Therefore, f; € W;(X,(), or,-Z) with
11 llws (x,(00).002) S ||f||Bgfq(Q). The rest of the argument is exactly as in the case d = 1. O

D.3. Proof of Lemma Lemma shows that deeper networks can implement the sawtooth
function A; using less connections/neurons than more shallow networks. The reason for this is given by
the following lemma.

Lemma D.1. For arbitrary j € N, we have Ajo Ay = Aj4q. <

Proof. It suffices to verify the identity on [0, 1], since if € R\ [0,1], then A;(z) = 0= A,11(z), so that
Aj(Ar(z)) = Aj(0) =0=Aj11(x). We now distinguish two cases for z € [0,1].
Case 1: x € [0, 3]. This implies A1 (z) = 2z, and hence (recall the definition of A; in Equation (5.12))
9i-1_1 9i—1_q

Z A (27122 — k Z AL 20Dy By = Ay ().

In the last equality we used that 272 —k < 2971 —k < 0 for k > 297!, so that A1(2jx — k) =0 for those k.
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Case 2: x € (3,1]. Observe that Aj(z) = Aj(1—z) forallz € R and j € N. Since 2’ :=1—z € [0,1/2],
this identity and Case 1 yield Ajo Aj(x) = AjoA(1—2) =Aj1(1 —2) = A (). O

Using Lemma we can now provide the proof of Lemma [5.10

Proof of Lemma[5.10 Part (1): Write j = k(L — 1) + s for suitable k € Ny and 0 < s < L — 2. Note that
this implies k& < j/(L — 1). Thanks to Lemma we have A; = Apys0 Ay o0y, where Ay occurs
L — 2 times. Furthermore, since Ay : R — R is affine with 2 + 2* pieces (see Figure |l, and note that we
consider Ay as a function on all of R, not just on [0, 1]), Lemma shows that Ay € NN2V1L . By the

00,2342k
same reasoning, we get Ay, € NNi(lJ ; §+2k+5. Now, a repeated application of Lemma li shows that

J— 01,
A] = Agrs0Ago OAkENNooL(L 2)(342K) 43425+

Finally, A; € NNQl’i’lC i/ With Cp =4 L+ 2571 since
(L—2)(3+2F) 43428+ = 3(L—1)+(L—2+2%)2F < (4L—5+2L72)2F < (4L42F~1)20/(E=1) — ¢ .99/ (L=1),

Part (2): Set k := |L/2]| and write j = kx + s for kK € Ny and 0 < s < k — 1. Note that
k < j/k=3j/|L/2]. As above, Aj = Ajpys0Ago-- oAy, where Ay occurs £ — 1 times, and since

Ar : R — R is affine with 2 + 2¥ pieces, using Lemma again shows that Ay € NN&_;,}H 2,007 and
Apys € NNgi;;cl-%—e+l 2.00 . Now, a repeated application of Lemma shows that

Aj=Dpys o D o---0 Mg € NNELL L (1 (62040 242 (k1) 00
Finally, A;, € NN201! ,as 242k —1) =2k <L,s+1<k<L/2<L—1 (since L >2) and

Cr23/LL/2] | L/2],00
6+2k+8+1 +(K}* )(6+2k+1) :6I€+(28+1+2)2k S (3L+2L71 +2)2j/LL/2J S CLQ']/LL/QJ 0

D.4. Proof of Lemma For h € R?, we define the translation operator T}, by (T, f)(z) = f(x — h)
for f : RY — R. With this, the h-difference operator of order k is given by DZ = (Dp)*, where
Dy, := (T-p —id). For later use, we note for a > 0 that Dy[f(ae)](z) = (Darf)(ax), as can be verified
by a direct calculation. By induction, this implies D¥[f(ae)] = (D%, f)(ae) for all k € N. Furthermore,
TwaL = D,’iTw for all z,h € R% and k € N.

A direct computation shows

— — — — 1
Al = Al + 2A1(. - %) + Al(. - %) = (T1/4 + 1d)2A1 where Al = §A1(20)
Next, note that (T_; /4 —id)(73/4 +id) = T_y,4 — T4 and hence, since T_, /4 and T} /4 commute,
1/4A1 ( —1/4 —ld) (T1/4+ld) Al ( —1/4 —T1/4) Al ( —1/2 —21d+T1/2)A1 (Dg)

Moreover by induction on £ € Ny, we see that
20
ZTk s —2id+T1) =T 1 + Teess +2 (—1)7' Ty (D.4)
-2 2 2 2 — 2
1=
Deﬁne h =2-0+D and observe that 2971h; = 1/4. Because of A; = k 0 1(TkA1)(2j‘1o) (cf. Equa-

tion ) Equatlons and (D.4) and the properties from the beginning of the proof yield for z € R
that

29—t 29—t

(D7, AN (@) = ) [D3-1p, (TiA)] (27 12 { Z T(D3 4 ](2j‘1x)
J—0
9 _o (D.5)
:(Tfégl)(zjilm)"‘(TzJ 1A 2j 1 —1—22 )(2] 1 )

Recall for g € X,(2) that the r-th modulus of continuity of g is given by

wr(9)p(t) :=  sup  [[Drgllx, ., where Q.;:={x€Q:x+uhecQ foreachuc[0,r]}.
heRd,|h|<t ’

Let e; = (1,0,...,0) € R% For h = hjey, we have Qa5 D (0,3) x (0,1)47! since Q = (0,1)%. Next,
because of supp A; = [0, l] the family (7;/2A1)iez has pairwise disjoint supports (up to null-sets), and

supp[(Ts A1) )] =279(i +[0,1)) € [0,4]  for 0<i<2™!—1.
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Combining these observations with the fact that (T%Al)(2j*10) = A1(27 e —i/2) = A1(27 @ —i)/2,
Equation (D.5|) yields for p < oo that

2i—1_1 g
2 A .
1Dk e 83l o, 2 2 ZIEADE O omsirioy = 2 18127 @ =DIE, osirioay
27711 AL}
) iae I,
- Z; 271AnlL, o = 2
i

and hence ||D}21jelAj,d||Lp(Q2,hjel) > Cp, where C), := 27V/P ||Ay ||, for p < co. Since Q5 e, C Q= (0,1)¢

has at most measure 1, we have || - |1, (,, .,) < |- llz hence the same holds for p = oo with
v

00(92,hjel)’
Cw = C1. By definition, this implies w2 (A; 4),(t) > C, for t > |hjeq| = 270+,
Overall, we get by definition of the Besov quasi-norms in case of ¢ < co that
14;.all7 = /Oo[t_aw2(A'd) 2 > oo /Oo g1 gy — 5B goati+n)
2By @) = | 3,d)p T S aq )
Cp
(ag)t/a
18jallBg ) = sup ¢ wa(Aja)p(t) = Cp- (27UFTV) 7 = €, - 200FD
pod te(0,00)

and hence [|A;4llpa (0) = 20(+1) for all j € N. In case of ¢ = oo, we see similarly that

for all j € N. In both cases, we used that a < 2 to ensure that we can use the modulus of continuity of
order 2 to compute the Besov quasi-norm. Finally, note because of a < s that B, () < By, (); see
Equation ((5.5)). This easily implies the claim. a

D.5. Proof of Lemma In this section, we prove Lemma based on results of Telgarsky [61].

Telgarsky makes extensive use of two special classes of functions: First, a function ¢ : R — R is called
(t, B)-poly (where t € N and 3 € Np) if there is a partition of R into ¢ intervals Iy,. .., I; such that ol
is a polynomial of degree at most § for each 5 € {1,...,t}. In the language of Definition these are
precisely those functions which belong to PPolyf (R). The second class of functions which is important
are the (¢, o, 3)-semi-algebraic functions f : R¥ — R (where t € N and «, 3 € Ng). The definition of
this class (see [61 Definition 2.1]) is somewhat technical. Luckily, we don’t need the definition, all we
need to know is the following result:

Lemma D.2. (see [61, Lemma 2.3-(1)]) If 0 : R — R is (t, 8)-poly and q : R — R is a (multivariate)
polynomial of degree at most a € Ny, then o o q is (t, o, af)-semi-algebraic. <

In most of our proofs, we will mainly be interested in knowing that a function o : R — R is (¢, a)-poly
for certain ¢, «. The following lemma gives a sufficient condition for this to be the case.

Lemma D.3. (see [61, Lemma 3.6]) If f : R¥ — R is (s, a, B)-semi-algebraic and if g1,...,gx : R = R
are (t,~)-poly, then the function fo(g1,...,9x) : R — R is (st(l +ay) -k, 67) -poly. |

For proving Lemma [5.19) we begin with the easier case where we count neurons instead of weights.

Proof of the second part of Lemma[5.19 We want to show that for any depth L € N>o and degree r € N
there is a constant Az, , € N such that each function f € NNgolLlN is (ALmNL_l7 rE=1)-poly. To show this,
let € . ggilN with f =R(®), say ® = ((Tl,al), e (TK,aK)), where necessarily K < L, and where
each Ty : RNe-1 — RMe ig affine-linear.

Forte{l,...,K} and j € {1,..., N}, we let f]@ : R — R denote the output of neuron j in the ¢-th

layer. Formally, let f;l) R Rz~ (al(Tl x))j, and inductively

[ED R SR o [am (Te+1(f;§é)($))ke{1 N/})} for 1<(<L-1land1<j<Ny. (D6)
wsNeY) L

We prove below by induction on £ € {1,..., K} that there is a constant Cy, € N which only depends on

£,r and such that f]@ is (CM f;é Ny, TV(Z))—poly, where y(¢) := min{¢, L — 1}. Once this is shown, we

see that f =R(®) = 1(K) is (CK,r HtK;Ol Nt,rL_l)—poly. Then, because of Ny =1, we see that
K—1 K—1 K-1
Cro [[ Ne < Apw [T Ne <Ay [ N(@) < Apy - [N(@))F T < Ay N7
t=0 t=1 t=1

where Ay, := maxj<x <, Ck . Therefore, f is indeed (Ar, NE=1 rE=1)-poly.
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Start of induction (¢ = 1): Note that L > 2, so that y(¢) = £ = 1. We have Tyx = ax + b for certain
a,b € RN and oy = oM @---® M) for certain V) € {idg, p,}. Thus, oU) is (2, r)-poly, and thus (2, 1,7)-
semi-algebraic according to Lemma Therefore, Lemma shows because of f;l)(a:) = 09 (b; + a;x)
that fj(l) is (2(1 +1),r)-poly, for any j € {1,..., N1}. Because of Ny = 1, the claim holds for C , := 4.
Induction step (¢ — £+ 1): Suppose that £ € {1,..., K — 1} is such that the claim holds. Note that
(< K—1<L-—1,so that y(¢) = ¢£.

We have Tyy1y = Ay + b for certain A € RVe+1XNe and b € RVe+1 | and ayyq = oM @ - ® pWer)
for certain oU) € {idg, 0.}, where oU) = idg for all j € {1,..., Ny} in case of £ = K — 1. Hence,
o) is (2,7)-poly, and even (2,1)-poly in case of £ = K — 1. Moreover, each of the polynomials
pie R 5> Ry (Ay+0b); =bj + Ziﬁl Aj ¢y is of degree at most 1, hence by Lemma oD op;,
is (2,1, r)-semi-algebraic, and even (2, 1, 1)-semi-algebraic in case of £ = K — 1.

Each function ft(e) is (Co,r Hf;é Ny, r%)-poly by the induction hypothesis. By Lemma since

7 @) = 0 ([A @) gy +8,) = @7 0 i) (@), £ (@),

it follows that f;“l) is (P,r**1)-poly [respectively, (P, r¢)-poly if £ = K — 1], where

—1 (e+1)—1
P <2C,(1 Jr?"e) - Ny - HNt =: Coq1,r - H Ny.
t=0 t=0

Finally, note in case of { < K —1 that {+1 < K —1< L —1, and hence y({+ 1) = ¢+ 1, while in case of
¢ =K-1wehave { <min{¢+1,L—1} = v(¢+1) . Therefore, each f;”l) is (Cog1,r- iﬁ(_)l)_l Ny, r7 D).
poly. This completes the induction, and thus the proof. (]

The proof of the first part of Lemma [5.19| uses the same basic arguments as in the preceding proof, but
in a more careful way. In particular, we will also need the following elementary lemma.

Lemma D.4. Let k € N, and for each i € {1,...,k} let f; : R — R be (t;,«)-poly and continuous. Then

the function Zle fi is (t,a)-poly, where t =1 —k + Zle t;. |

Proof. For each i € {1,...,k}, there are “breakpoints” b(()i) = —00 < bgi) <-e < bif)_l < 00 =: bg) such

that fi‘Rm[b“) on is a polynomial of degree at most « for each 0 < j < t; —1. Here, we used the continuity
5 %54

of f; to ensure that we can use closed intervals.

Now, let M := Ule{bgl),...,bg)_l}. We then have |M| < Zle(ti —1) =t—1, with ¢t as in
the statement of the lemma. Thus, we can write M = {by,...,bs} for some 0 < s < ¢t — 1, where
by := —00 < by < -+ < bs < 00 =:bsiq. It is easy to see that F' := Zle fi is such that Flrap, p,,.]
is a polynomial of degree at most « for each 0 < j < s. Thus, F is (s + 1,a)-poly and therefore also
(t, a)-poly. O

Proof of the first part of Lemma[5.19 Let us first consider an arbitrary network ® € NN %Siloo satisfying
L(®) = L. Let Ly := | L/2]| € Ng. We claim that

R(®) is (max{1, Ar, W5}, r%~1)-poly where Ay, € N only depends on L, . (D.7)

In case of L =1, this is trivial, since then R(®) : R — R is affine-linear. Thus, we will assume L > 2 in
what follows. Note that this entails Ly > 1.

Let & = ((Tl, ar), ..., (Tr, aL)), where Ty : RVe-1 — RM¢ is affine-linear. We first consider the special
case that ||Ty||,0 = 0 for some £ € {1,...,L}. In this case, Lemma shows that R(®) = ¢ for some
c € R. This trivially implies that R(®) is (max{1, Ay, WL} rL=1)poly. Thus, we can assume in the
following that ||T¢||e # O for all £ € {1,...,L}. As in the proof of the first part of Lemma we
define f]@ : R — R to be the function computed by neuron j € {1,..., Ny} in layer ¢ € {1,...,L},
cf. Equation .

Step 1. We let Ly := L%J € Ny, and we show by induction on ¢ € {0,1,..., L1} that

t
£ (ct,r I1 ||T25||go,r7(t))—poly Vte{0,1,..., L} and j € {1,..., N1}, (D.8)
=1

where v(t) := min{L — 1,2t + 1} and where the constant C; , € N only depends on ¢, 7. Here, we use the
convention that the empty product satisfies ngl 1T2¢]| 0 = 1.
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Induction start (t = 0): We have Tyz = ax + b for certain a,b € RV and a; = oM @ --- @ o) for
certain o) € {idg, o,}. In any case, o) is (2, 7)-poly, and hence (2, 1, 7)-semi-algebraic by Lemma
Now, note f(2t+1)(x) f(l)( )= g(j)((le) ) = 0 (a;z + by), so that Lemmashows that f (2t11) 4
(2(1+1),7)- poly Thus, Equatlon ) holds for ¢ = 0 if we choose Cy, := 4. Here, we used that L>2
and t =0, sothatL—lZ?t—&—landhencey()—2t+1—1

Induction step (t — ¢+ 1): Let t € Ny such that ¢t + 1 < £3! and such that Equation holds
for t. We have Ty 08 = A e +b for certain A € RN2t+2XNot+1 and b € RM2¢+2, and furthermore
opyr = oM @ --- @ pN2t+2) for certain pU) € {idg, 0, }. Recall from Appendixthat Aj_ € RPNt
denotes the j-th row of A. For j € {1,..., Not1o}, we claim that

{f(2t+2) = (j)(b,)’ if A;_ =0, D)
PR s (€ My Tl || Tae |0, 72+2)-poly, if A~ #0, .
where M; := ||A; ||, and where the constant Cy . € N only depends on ¢, 7.

The first case where A; _ = 0 is trivial. For proving the second case where A; _ # 0, let us
define Q; := {i € {1,..., Nogr1}: Aj; # 0}, say Q; = {iy,...,ip;} with (necessarily) pairwise distinct
i1 yim,- By 1ntroducmg the polynomial p; ; RMi 5 R,y — bj + Z Aj i, Ym, we can then write

2442 2t+1 j 2t+1 2t+1
f; (@) =09 (b + A5 (V@) e vy ) = (@7 0 i >(f< @) S @)

Since o) is (2,7)-poly and p,, is a polynomial of degree at most 1, Lemma shows that o) o pjt
is (2,1, r)-semi-algebraic. Furthermore, by the induction hypothesis we know that each function fi(itﬂ)
is (Cpr [To—y IToe]l 0, 725 1)-poly, where we used that ~(t) = 2t + 1 since t + 1 < (L — 1)/2. Therefore—
in view of the preceding displayed equation—Lemma shows that the function f;2t+2) is indeed
(Cy - M; - Tl | Toel|e0, v2+2)-poly, where Cf . := 2C;,. - (1 + r2t+1).

We now estimate the number of polynomial pieces of the function fi(2t+3) fori e {l,...,Na3}. To
this end, let B € RN2t+3XN2ei2 and ¢ € RN2¢+8 such that Th;,3 = B e +c¢, and choose o) € {idg, o} such

that agp3 =M ® - ® cN2e3) For i € {1,..., Noty3}, let us define

Gie R Rz 3 Bij ;) (@),
JE{1,....,Nap 2} such that A;,_#0

In view of Equation (D.9)), Lemma shows that G, is (P,7?'72)-poly, where

t
P<1—|{j e {L Naa}: Ay # 04+ Cl e ([T I atlo) > M,
4 je{l,...,N2t+2} such that Aj17$é0
t+1

<, (HHT%HeO) JAllo = €1, TT I Taelleo
(=1

Here, we used that ||T5;+2]|,0 # 0 and hence A # 0, so that [{j € {1,...,Noqo}: A; _ # 0} > 1.
Next, note because of Equation and by definition of G;, that there is some 6; ; € R satisfying

Natyo2

189@) =0 (e + > By £ (@) = 09 (014 + Giala) Vo eR.
j=1

Now there are two cases: If 2t +3 > L — 1, then 2t +3 = L, since t +1 < L . Therefore, ¢ = idg, so
that we see that f(2t+3 =0;1+ Gy is (C) Ht+1 | Toe]| 0, 721 F2)-poly, Where 20+2=L—-1=~(t+1).

Otherwise, if 2t +3 < L — 1, then ~(¢ —|— 1) = 2t + 3. Furthermore, each o¥) is (2,7)-poly and hence
(2,1, r)-semi-algebraic by Lemma [D.2) m In view of the preceding displayed equation, and since G;; is
(Ctr - TIE53 I Toelleo, 7+2)-poly, Lemma [D.3|shows that £ is (2(1 +r2+2)Cf - [T} [ Taelleo, r243)-
poly

In each case, with Cyy1, := 2(1 +7r*"+2)C] , we see that Equation holds for t 4+ 1 instead of ¢.

Step 2. We now complete the proof of Equation (D.7)), by distinguishing whether L is odd or even.
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If L is odd: In this case L1 = LL L= 2 1 so that we can use Equation (D.§)) for the choice ¢ = _1
to see that R(®) = fl(L) = (2t+1) is (P, rX=1)-poly, where
(L—1)/2
P<Cyr H 1 Tatlleo < Coe [ W(®) < Cop- W(@)]ED2 <0, WIE,
=1 £=1

If L is even: In this case, set t := % —1€4{0,1,...,L1}, and note 2t + 1 = L — 1 = ~(¢). Hence, with
A€ R™Ne—1 and b € R such that 77, = A e +b, we have
2t+1 2t4+1
R(®) = T ( k(: i )(x))ke{l,...,NL—l} =b+ Z f( Pa).
ke{l,...,Nr_1} such that A; ;7#0
Therefore, thanks to Equation , Lemma shows that R(®) is (P, r%'*1)-poly, where

t
P<1—|{ke{l,...,Np_1}: Aij # 0} +Cyr > T 172ele0

ke{l,..,Np_i} £=1
such that Aq p#0

£-1 L/2
<Cor Al - [ I1Tell0 = Co [T I Teleo
=1 =1

<Ci,- [W(@)]L/Q =Cy,- [W(¢)]LL/2J <Cp,- wL/2]),
In the second inequality we used [{k € {1,...,Np_1}: A1 # 0} = ||Alleo = || TL|le0 > 1. We have thus
established Equation (D.7)) in all cases.

Step 3. It remains to prove the actual claim. Let f € NN‘%,%’})O be arbitrary, whence f = R(®) for some
NS NN%{,‘”Il{”loc with L(®) = K for some K € N<,. In view of Equation (D.7), this implies that f =R(®)
is (max{1, Ay, WLE/21} pK=1) poly. If we set Or . := max;<x<r Ak, then this easily implies that f
is (max{1,©y , WLE/21Y rL=1)poly, as desired. |

APPENDIX E. THE sPACES W (X, 0, L) AND N2(X,,, 0, L) ARE DISTINCT

In this section, we show that for a fired depth L > 3 and = (0, 1)¢ the approximation spaces defined
in terms of the number of weights and in terms of the number of neurons are distinct; that is, we show

Wi (X, (), or, L) # NG (X,(Q), or, L). (E.1)
The proof is based on several results by Telgarsky [61], which we first collect. The first essential concept
is the notion of the crossing number of a function.
Definition E.1. For any piecewise polynomial function f : R — R with finitely many pieces, define
f:R—{0,1},z — Ly(5)>1/2. Thanks to our assumption on f, the sets f~1({0}) C R and f~*({1}) CR
are finite unions of (possibly degenerate) intervals. For i € {0,1}, denote by Ij(f) C 2R the set of connected
components of f~1({i}). Finally, set Iy := IJ([O) U Ij(cl) and define the crossing number Cr(f) of f as
Cr(f):=|If| e N. <

The following result gives a bound on the crossing number of f, based on bounds on the complexity of
f. Here, we again use the notion of (¢, 3)—poly functions as introduced at the beginning of Appendix

Lemma E.2. ([61l Lemma 3.3]) If f : R — R is (¢, «)—poly, then Cr(f) < t(1+ «). <

Finally, we will need the following result which tells us that if Cr(f) > Cr(g), then the functions f,g
introduced in Definition differ on a large number of intervals I € Iy.

Lemma E.3. ([6I, Lemma 3.1]) Let f : R = R and g : R — R be piecewise polynomial with finitely many
pieces. Then

Cl(f).’{Ieff:VxGI:f(x)#ﬁ(x)}‘2;(1_28:((%). )

The first step to proving Equation (E.1)) will be the following estimate:
Lemma E.4. Let p € (0,00]. There is a constant C, > 0 such that the error of best approzimation
(¢f. Equation (3.1)) of the “sawtooth function” A; (cf. Equation (5.12)) by piecewise polynomials satisfies
29 +1
E(A,;,PPoly§ >C Vjia€N, VI<N<S-—-—. <
(A, PPolyR)r,((0,1)) = Ch J TS
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For proving this lower bound, we first need to determine the crossing number of A;.

Lemma E.5. Let j € N and A; : R — R as in Equation (5.12). We have Cr(A;) =1+ 27 and

1 i
/ |Aj(x)f§‘dx22 i=3 VIE Ip,. <
1N[0,1]

Proof. The formal proof is omitted as it involves tedious but straightforward computations; graphically,
the claimed properties are straightforward consequences of Figure (]
Proof of Lemmal[E] Let j,a € N and let N € N with N < 4%1;) and f € PPoly% be arbitrary.
Lemmashows Cr(f) < N(1+a) < 274“, so that Lemmaimplies 0:=1-— QC?E(A’?) =1- Z?i(gj) > 1.
Now, recall the notation of Definition and set

G:={I€lp |Vael: K](x) # f(x)}

By Lemma ﬁ%)IGI > ¢ > 1 which means |G| > 1+T2j > 2772 since we have Cr(A;) =1+ 27,
1

Z 9 Z 4>
For arbitrary I € G, we have E;(a:) # f(x) for all z € I, so that either f(z) < 5 < Aj(x) or

Aj(z) < 3 < f(z). In both cases, we get |Aj(z) — f(z)| > |Aj(z) — 1|. Furthermore, recall that
0 < A; <1,s0 that |Aj(z) — 3| < § < 1. Because of |A; — fllz,0,1)) = 185 — fllLi(0,1)) for p > 1, it is
sufficient to prove the result for 0 < p < 1. For this range of p, we see that
1—
|8(2) = 5] = |A;(@) = 5|77 [Ay(2) = 3" < |Aj(@) - 5]".
Overall, we get |A;(z) — f(2)|P > |Aj(z) — 3P > [Aj(z) — 4| for all z € ] and I € G. Thus,

/m INCECIED o > NCE LI

] |Aj(x) = fx)P do =

reg/INo.1 I€G
(LemmaZH) > » 27979 = |G| 27778 > 277227778 = 27",
IeG
This implies |[Aj — fllz,(0,1)) = 279/P =: C,,. |

As a consequence of the lower bound in Lemma [E-4] we can now prove lower bounds for the neural
network approximation space norms of the multivariate sawtooth function A; 4 (cf. Definition [5.9))

Proposition E.6. Consider Q =[0,1]¢, 7 € N, L € N>y, a € (0,00), p,q € (0,00]. There is a constant
C=C(d,r,L,a,p,q) >0 such that

1A dllwe (x,©@),000) = C - 2220 and || allng(x, @00 = C -2/ 57D, VieN <«
Proof. According to Lemma there is a constant Cy = Cy(r, L) € N such that

NN‘Q/&:}J’}OO C PPolygl‘WlL/2J and NNgg:]lL’}N C PPolygl_NL,1 where 3 :=rF L (E.2)

We first prove the estimate regarding ||A; 4 ‘W;x(Xp(Q)ygryL). To this end, note that there is a constant
git1 )1/LL/2J — Oy - 2UtD/IL/2], Now, let W € N,

Cy = Co(L,3,C1) = Co(L,r) > 0 such that (m
with W < Cp - 2UFD/IL/2] and F e NN§fL be arbitrary. Define Fyo : R — Rt > F((t,2")) for
2’ € (0,11, According to Lemma(l) and Equation (E.2)), we have F, € NN"Q,(,:}J’,; - PPoly’ngLL/2J )
Since C, - WE/21 < ¢ - 2 27 Temma yields a constant C3 = C3(p) > 0 such that

1C.(1+8) — A(1+B)
C3 < ||Aj = Fu|lz,(0,1))- For p < oo, Fubini’s theorem shows that

p
||A_j,d - FHIEJP(Q) 2 / / ’A](xl) - F(($17Z‘/))‘ d$1 dl‘/
[0,1]¢=* J[0,1]

= A; — F P dz' > C% . dx' = CY.
/[071]011 | J IlLP((O71)) 3 [0,1]4—1 3
Therefore,

E(Aj 0, MNP )1, ) = Cs >0 YW € Ny satisfying W < Cy - 20F1/LE/2), (E.3)

Since || ® || () > || ® ||L1(q), this also holds for p = oc.
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In light of the embedding (3.3, it is sufficient to lower bound [|A; 4llwe(x, (@),e,,L) When ¢ =oco. In
this case, we have

I8llwe 05, 0.0y = max {185l sup [(14 )" B 075 L) |
1A.allz, > Cs, if Cy - 20+ D/LE2) <
Cs- (14 |Co - 2U+D/LE2I e if €y . 20+D/LL/2] > 1
> O3 Oy - 27/ L2

(Equation ) > {

as desired. This completes the proof of the lower bound of [|A; allwe(x,,0,,L)-

The lower bound for [|Aj 4| e (x, o,,z) can be derived similarly. First, in the same way that we proved
Equation (E.3)), one can show that
E(Aj)d,NNgg”CLl’,lN)LP(Q) > (O3>0 VN e N satisfying N < ¢} - 20D/ (E=1)
for a suitable constant C4 = C4(L,r) > 0. The remainder of the argument is then almost identical to that

for estimating ||Aj7dHW;t(Xp(Q)7QT’L)7 and is thus omitted. |

As our final preparation for showing that the spaces W (X, (), 0., L) and N'(X,(Q2), 0., L) are
distinct for L > 3 (Lemma , we will show that the lower bound derived in Proposition is sharp
and extends to arbitrary measurable 2 with nonempty interior.

Theorem E.7. Let p,q € (0,00], a > 0,7 € N, L € N>y, and let Q C R? be a bounded L,-domain with
non-empty interior. Consider y € R? and s > 0 satisfying y + [0, s]¢ C Q and define

AP R [0,1],2 Aj,d<x y) for j € N.

Then there are C1,Cs > 0 such that for all j € N the function AE-y’S) satisfies

Cy - gje/L/2] < ||A§'y’5) ||W’§"(XP(Q),QT»,L) <Oy - gja/L/2]

and

Cy - gje/(L—1) < HA;y)S)HN(?(Xp(Q) L < Cy - gje/(L=1) <

Ors

Proof. For the upper bound, since €2 is bounded, Theorem [4.7| (Equation (4.4), which also holds
for Ng* instead of W(?) shows that it suffices to prove the claim for » = 1. Since the affine map

T,s R — RY 2 s71(x — y) satisfies [Ty,sl 0. = 1, a combination of Lemmas and shows
that there is a constant C, > 0 satisfying

(y,8) 01,d,1 (y,s) 01,d,1 .
AT ENNT 6 isn | and A ENN ST Ly . VIEN

Furthermore, Agy’s) € X,(2) since Q is bounded and Agy’s) is bounded and continuous. Thus, the
Bernstein inequality (5.1) yields a constant K7 > 0 such that

||A§‘y’s)||Ng(Xp(Q),g1,L) < K- LCL . 2J'/(L71)Joz < KCf - gja/(L—1)
for all j € N; similarly, we get a constant Ky > 0 such that
HA;y’S)HW;X(Xp(Q),QhL) < Ky - I_CL . QJ/LL/QJJa < chg . Qja/LL/QJ
for all j € N. Considering Cy := max{K;, Ky} - C¢ establishes the desired upper bound.
For the lower bound, consider arbitrary W, N € Ny, F' € NN%&’?}V, and observe that by Lemma
we have F' := FoT, ! € NN“Q,{}:?/’,}V. In view of Proposition the lower bound follows from the inequality
IAYF ||, ) > [AY =Pl 1, (g 0,690 = 185.00Ty s = F 0Ty ol 1, g f0,610) =577 [185.a=F | 1, 0,7y 0
We can now prove Lemma
Proof of Lemma[3.10. Ad (1) If W (Xp,(Q), 0r,, L) C NP (Xp, (), 0r,, L), then the linear map
L W(ﬁ (Xpl (Q)a Ory) L) - Nqﬁg (sz (Q)a Oray ) L/)a f = f
is well-defined. Furthermore, this map has a closed graph. Indeed, if f, — f in W (X, (Q), 0r,, L) and
fn = tfn = g in N (Xp,(Q), 0r,, L'), then the embeddings W (X, (Q), 0r,, L) = Xp, () < Ly, ()

g1
and Nqﬁ2 (Xp, (), 0y, L) = Xp, (Q) < Ly, () (see Proposition and Theorem imply that f, — f
in Ly, and f, — ¢ in L,,. But L,-convergence implies convergence in measure, so that we get f = g.
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Now, the closed graph theorem (which applies to F-spaces (see [56, Theorem 2.15]), hence to quasi-
Banach spaces, since these are F-spaces (see [63, Remark after Lemma 2.1.5])) shows that ¢ is continuous.
Here, we used that the approximation classes W¢ (X, (), or,, L) and N (Xp,(2), 0r,, L') are quasi-
Banach spaces; this is proved independently in Theorem

Since €2 has nonempty interior, there are y € R? and s > 0 such that y + [0, sdhc Q. The continuity of

¢, combined with Theorem H implies for the functions A;y’s) from Theorem for all j € N that

i8/(L'—1 (y,s) (y,s) jo/ | L/2
2D S AT g, (@00 ) S 185" W, (%, (2000, S 2722,

where the implicit constants are independent of j. Hence, 3/(L'—1) < /| L/2]; that is, L' —1 > g |L/2].
Ad (2) Exactly as in the argument above, we get for all j € N that

gje/L/2) < ”Agyw‘?) < 9iB/(L'-1)

||W(;*1 (Xpy (R),0r1,L) ~ ||A HNB Xpy (Q),005,L7) ~
where the implied constants are independent of j. Hence, o/| L/2] < 8/(L'—1); thatis, |L/2] > %-(L’—l).

Proof of the “in particular” part: If W2 (X,,(Q),0:,,L) = N (X,,(Q), 0r,, L), then Parts (1)
and (2) show (because of a = ) that L — 1 = [L/2]. Since L € N>, this is only possible for L =2. O

As a further consequence of Lemma [E.4] we can now prove the non-triviality of the neural network
approximation spaces, as formalized in Theorem |4.16

Proof of Theorem [{.16, In view of the embedding W (X¥(), 0, £) — N2 (XF(Q), 0, ) (see Lemma,
it suffices to prove the claim for Ng* (lef (Q), 0,-Z). Furthermore, it is enough to consider the case ¢ = oo,
since Equation shows that N*(XF(Q), 0, £) — N&(X}(Q), 0,.Z). Next, in view of Remark 3.17L it
suffices to consider the case k = 1. Finally, thanks to Theorem [£.7] it is enough to prove the claim for the
special case g = g, (for fixed but arbitrary r € N).

Since 2 has nonempty interior, there are y € R? and s > 0 such that y + [0,5]? C Q. Let us fix
¢ € Ce(R?) satisfying 0 < ¢ <1 and ¢|, (g qe = 1. With A;y’s) as in Theorem define for j € N

gi :RY S Rz Ag-y’s)(x) ().

Note that g; € C.(R?), and hence g;lo € X. Furthermore, since 0 < Agy’s) < 1, it is easy to see
lsballx < 195y < ol o) = C for all j € N

By Theorem and Proposition we know that Ng (X,(2), or,-Z) is a well-defined quasi-Banach
space satisfying N& (X,(2), 0r,-Z) — X,(2). Let us assume towards a contradiction that the claim
of Theorem fails; this means N3 (X, (2), 0, £) = X, (). Using the same “closed graph theorem
arguments” as in the proof of Lemma @), we see that this implies ”fHNéé(Xp(Q),gmf) <C- ||f||Xp(Q) for
all f € X,(Q2) and a fixed constant C” > 0. In particular, this implies ||gj‘QHNgO(XP(Q)’QM$) < C'C for
all 5 € N. In the remainder of the proof, we will show that Ilgj|Q||Ng¢o(Xp(Q),gm$) — 00 as j — oo, which
then provides the desired contradiction.

To prove ng|Q||Ngo(Xp(Q)7QT7$) — 00, choose Ny € N satisfying Z(Ny) > 2, and let N € N>y, and

fe NN& "PN)N be arbitrary. Reasoning as in the proof of Theorem since o =1 on y + [0, s]¢, we

see that if we set T}, s : R — RY 2+ s71(y — 2), then

lgj = fllz, @) = lg; = fllz,y+10.510) = ||A§-y’s) — Fllz, 0,50 = 577 1185 — f o Tyt 0,134

Now, given any 2’ € R4, let us set for : R = R, ¢t — (foT, })((t,z')). As a consequence of Lemma
(1), we see f, € NNgg’i;l(N) ~- According to Part 2 of Lemma , there is a constant K € N such that
far € PPoly}'(N " Hence, Lemma yields a constant Cy = Ca(p) > 0 such that [|A;— fo ||z, (0,1)) = Ca
assoon as 2 +1 >4 Ky - (1 +rZM~1) = K}.. Because of 2/ + 1 > j, this is satisfied if j > K/ ,. In
case of p < oo, Fubini’s theorem shows

A4 — 1||p / / ’A S ‘ dt dx’ :/ 1A — for||? de' > C?,
’ (fo.y* 0,1]4=* J[0,1] [0,1]4-1 J Lp((0,1)) 2

whence ||g; — fllL, @) > sYPI8qa— f o T, iz, qoae) = 02 sd/p For p = oo, the same estimate remains

true because || o [|1_(0,174) < [| ® ||z (j0,14)- Since f € NNOO .,%(N) N Was arbitrary, we have shown

E(gj’NNggzbé(N),N)Lp(Q) >Cy- Sd/p =:C3 VN € NZNO and j > K;\/
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Directly from the definition of the norm [|g;|allna (x,(©),0.,2), this implies that for arbitrary N € N>,

lgjlellne (x, @),002) = (1+N)*- E(gijNg;:él(N)vN)Lp(Q) >C3-(1+N)* Vj>Ky.

This proves ||gj|QHN°ao(Xp(Q)7QT7$) — 00 as j — 0o, and thus completes the proof. |
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