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z i = (z 1 i , . . . , z K i ) ∈ {0, 1} K z k i = 1 if y i belongs to cluster k, z k i = 0 otherwise
Gaussian mixture: y 1 , . . . , y n are i.i.d. from the mixture

f (y i ; θ) = K k=1 π k φ k (y i ; θ k )
where:

π k = P(z k i = 1) φ k (.; θ k ): d-variate
Gaussian pdf with mean vector and covariance matrix θ k = (µ k , Σ k ), d-multinomial pdf with θ k = p k probabilities vector or mixed pdf. θ = (π1, . . . , π K , θ1, . . . , θ K ) 

Question we address in this work

Distance along one variable

Center's distance Good Classification 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3 q q q q q q q q q q q q q ||β||2 0 0.4 0. The expected complete log-likelihood conditional related to observed data is: 

E L(θ, ψ; c, y, z); θ, ψ|y o , c = Qy (θ; θ, ψ) + Qc (ψ; θ, ψ) Qy (θ; θ, ψ) = n i=1 K k=1 τ k i E log(π k φ k (y i ; θ k ))|y o i i , c i ; θ, ψ Qc (ψ; θ, ψ) = n i=1 K k=1 τ k i E log(P(c i |z k i = 1, y i ; θ, ψ))|y o i i , c i ; θ, ψ τ k i = P(z k i = 1|c i , y o i i ; θ, ψ) = π k φ k (y o i i ; θ o i k )P(c i |z k i = 1, y o i i ; ψ) K h=1 π h φ h (y o i i )P(c i |z h i = 1, y o i i ; ψ) A model-
τ k i ∝ π k φ k (y o i i ; θ o i k )
MNARz : needs some new calculus but still simple . . . . . . . . . . . . . . . (EM , SEM)

τ k i ∝ π k φ k (y o i i ; θ o i k ) d j=1
(1 + exp(-r 

j i β k )) -1 where r j i = 1 if c j i =
o i i , z k i = 1; ψ) =        +∞ -∞ 1 1+exp(-(α j y j i )) φ k (y j i ; θ j k )dy j i if c j i = 1 1 1+exp(α j y j i ) otherwise
In the Gaussian case, there is no closed form [START_REF] Pirjol | The logistic-normal integral and its generalizations[END_REF] (same for MNARyz) But SEM is still simple in that case thanks to random drawing instead of expectation 15/24

Link with some usual procedures! Concatenation [START_REF] Jones | Indicator and stratification methods for missing explanatory variables in multiple linear regression[END_REF]: model equivalence 

  y = {y 1 , . . . , y n }: full dataset with n individuals y i = (y 1 i , . . . , y d i ) ∈ R d : full individual i ∈ {1, . . . , n} c = {c1, . . . , cn}: pattern of missing data for the full dataset c i = (c 1 i , . . . , c d i ) ∈ {0, 1} d : pattern of missing data for individual i ∈ {1, . . . , n} c j i = 1 ⇔ y j i is missing o i = {j : c j i = 0}: the observed variables indexes for individual i y o i i : the observed variables values for individual i y o = {y o 1 1 , . . . , y on n }: the observed values in y m i = {j : c j i = 1}: the missing variables indexes for individual i y m i i : the missing variables values for individual i y m = {y m 1 1 , . . . , y mn n }: the missing values in y y = {y o , y m } is the full dataset with its observed and missing parts Partition with K clusters: z = (z 1 , . . . , zn) where

  Which distribution P(c|y, z; ψ) to propose in this clustering context? i |y, z; ψ) MCAR , with ψ = α0 logit(P(cj i = 1|y, z; ψ)) = α0 MNARz ( MNARz j ), with ψ = (α0, β 1..ψ = (α0, α1, . . . , α d ) logit(P(c j i = 1|y, z; ψ)) = α0 + α j y j iMNARyz , with ψ = (α0, α1, . . . , α d , β1, . . . , β K ) logit(P(c j i = 1|y, z; ψ)) = α0 + α j y MNARz analysis: pattern c gives information on partition z! Draw Bayes error of a MNARz model with two components and 20% of missing data π k = 0.5, µ 2 -µ 1 varies, Σ 1 = Σ 2 = I, |β 2 -β 1 | varies

  MNARz j (y o , c) ⇐⇒ MCAR( (y o |c) ) MNARz(y o , c) ⇐⇒ MCAR Cases" [Little and Rubin, 2002]: estimation equivalence In case of conditional independence between variables, whatever MCAR or MNAR*: Classical (S)EM ⇐⇒ (S)EM without estimating missing y m . . . an opportunity to reduce the computing

  (and also MAR . . . ): classical formula! . . . . . . . . . . . . . . . . . (EM , SEM)
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	EM and/or SEM algorithms	

MCAR

MNARz analysis: it depends on y through z! and with parameters of the logit expression:

A missing mechanism is ignorable if likelihoods can be decomposed as 

ICL Comparison

Number of Clusters ICL q q q q q q q q q MCAR MNARz MNARy MNARyz 

Summary

Interest to put a model on c

Interest of the simple but meaningful model MNARz Link between our models and usual methods

Ongoing works

Deeper analysis of the previous results with doctors. . .

Implement the proposed models/algo. in the Mixmod software a

Use mixed data algorithms for medical study with the same MNAR* models a http://www.mixmod.org