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Every quasitrivial n-ary semigroup is reducible
to a semigroup

Miguel Couceiro and Jimmy Devillet

Abstract. We show that every quasitrivial n-ary semigroup is reducible
to a binary semigroup, and we provide necessary and sufficient condi-
tions for such a reduction to be unique. These results are then refined
in the case of symmetric n-ary semigroups. We also explicitly determine
the sizes of these classes when the semigroups are defined on finite sets.
As a byproduct of these enumerations, we obtain several new integer
sequences.

Mathematics Subject Classification. 05A15, 20N15; 16B99, 20M14.

Keywords. quasitrivial polyadic semigroup, reducibility, symmetry, enu-
meration.

1. Introduction

Let X be a nonempty set and let n > 2 be an integer. In this paper we
are interested in n-ary operations F: X" — X that are associative, i.e., that
satisfy the following system of identities

F(xy,. .20, F (@i, Tiin-1)s Tisny - - - T2n—1)
= F(.’L‘l, .. ';xivF($i+17 e axi+n)7mi+n+17 .. -;:EZn—l)
for all z1,..., 29,1 € X and all 1 <¢ < n - 1. This generalisation of associa-

tivity was originally proposed by Dérnte [4] and studied by Post [10] in the
framework of n-ary groups and their reductions. An operation F: X" — X is
said to be reducible to a binary operation (resp. ternary operation) if it can
be written as a composition of a binary (resp. ternary) associative operation
(see Definition 2).

Recently, the study of reducibility criteria for n-ary semigroups® gained
an increasing interest (see, e.g., [1,5-7]). In particular, Dudek and Mukhin [5]
provided necessary and sufficient conditions under which an n-ary associative
operation is reducible to a binary associative operation. Indeed, they proved

11.e., a set X endowed with an associative n-ary operation.



2 Miguel Couceiro and Jimmy Devillet

(see [5, Theorem 1]) that an associative operation F: X™ — X is reducible to
an associative binary operation if and only if one can adjoin a neutral element
e to X for F, that is, there is an n-ary associative extension F: (X U{e})" »
X U{e} of F such that e is a neutral element for F and F|x» = F. In this
case, a binary reduction G¢ of F' can be defined by

Ge(iﬂ,y)ZF(.’ﬂ, 6,...,6,y) ZL’,yEX.
—
n—2 times

Recently, Ackerman [1] also investigated reducibility criteria for n-ary
associative operations that are quasitrivial?, i.e., operations that preserve all
unary relations: for every z1,...,z, € X,

F(x1,...,zn) €{x1,...,Tn}-

The following result reassembles Corollaries 3.14 and 3.15, and Theorem 3.18
of [1].

Theorem 1. Let F: X" — X be an associative and quasitrivial operation.

(a) Ifn is even, then F is reducible to an associative and quasitrivial binary
operation G: X2 - X.
(b) Ifn is odd, then F is reducible to an associative and quasitrivial ternary
operation H: X3 - X.
(¢) If n = 3 and F is not reducible to an associative binary operation
G: X? > X, then there exist a1, a2 € X with a1 # as such that
® Fl(x\{a1,a2})? 18 reducible to an associative binary operation.
e a1 and ay are neutral elements for F'.

From Theorem 1 (c) it would follow that if an associative and quasitrivial
operation F: X" — X is not reducible to an associative binary operation
G: X? - X, then n is odd and there exist distinct a;,as € X that are neutral
elements for F'.

However, Theorem 1 (c) supposes the existence of a ternary associative
and quasitrivial operation H: X3 - X that is not reducible to an associative
binary operation, and Ackerman did not provide any example of such an
operation.

In this paper we show that there is no associative and quasitrivial n-ary
operation that is not reducible to an associative binary operation (Corollary
4). Hence, for any associative and quasitrivial operation F: X™ — X one can
adjoin a neutral element to X. Now this raises the question of whether such a
binary reduction is unique and whether it is quasitrivial. We show that both
of these properties are equivalent to the existence of at most one neutral
element for the n-ary associative and quasitrivial operation (Theorem 18).
Since an n-ary associative and quasitrivial operation has at most one neutral
element when n is even or at most two when n is odd (Proposition 16), in the

2Quasitrivial operations are also called conservative operations [11]. This property has been
extensively used in the classification of constraint satisfaction problems into complexity
classes (see, e.g, [2] and the references therein).



case when X is finite, we also provide several enumeration results (Propo-
sitions 22 and 24) that explicitly determine the sizes of the corresponding
classes of associative and quasitrival n-ary operations in terms of the size of
the underlying set X. As a by-product, these enumeration results led to sev-
eral integer sequences that were previously unknown in the Sloane’s On-Line
Encyclopedia of Integer Sequences (OEIS, see [12]). These results are further
refined in the case of symmetric operations (Theorem 30).

2. Motivating results

In this section we recall some basic definitions and present some motivating
results. In particular, we show that every associative and quasitrivial oper-
ation F: X" — X is reducible to an associative binary operation (Corollary
4).

Throughout this paper let £ > 1 and x € X. We use the shorthand
notation [k] ={1,...,k} and n-x =x,...,x (n times), and we denote the set
of all constant n-tuples over X by A% = {(n-y) | y € X}. Also, we denote
the size of any set S by |S|.

Recall that a neutral element for F: X™ - X is an element er € X such
that

F((i-1)-ep,z,(n—%):ep) = x
for all x € X and all i € [n]. When the meaning is clear from the context, we
may drop the index F' and denote a neutral element for F' by e.

Definition 2 (see [1,5]). Let G:X? — X, and H:X® — X be associative
operations.
(1) An operation F: X" — X is said to be reducible to G if F(x1,...,x,) =
Gp-1(z1,...,xy,) for all zq,...,z, € X, where G; = G and
Gm(x1,- s Tme1) = Gr-1(21, -y Tm—1, G(Tm, Time1) ), for each 2 <m < n-1.

In this case, G is said to be a binary reduction of F.
(2) Similarly, F is said to be reducible to H if n is odd and F'(x1,...,z,) =
H, 3(x1,...,2,) for all x1,...,2, € X, where Hy = H and

Hm(mlv .. '7xm+3) = Hm72(x17 e 7'Tm7H(xm+1;xm+27xm+3))u

for each even integer 2 < m < n — 3. In this case, H is said to be a ternary
reduction of F.

As we will see, every associative and quasitrivial operation F: X" — X
is reducible to an associative binary operation. To show this, we will make
use of the follwing auxiliary result.

Lemma 3 (see [5, Lemma 1]). If F: X" — X is associative and has a neutral
element e € X, then F is reducible to the associative operation G X? - X
defined by

G*(2,y) = F(w,(n-2) -e,y), for every z,y ¢ X. (1)
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The following corollary follows from Theorem 1 and Lemma 3.

Corollary 4. FEvery associative and quasitrivial operation F: X" — X is re-
ducible to an associative binary operation.

Theorem 1(c) states that a ternary associative and quasitrivial opera-
tion F: X3 - X must have two neutral elements, whenever it is not reducible
to a binary operation. In particular, we can show that two distinct elements
a1,ay € X are neutral elements for F' if and only if they are neutral ele-
ments for the restriction F|{4, q,1 of F to {a1,as}*. Indeed, the condition is
obviously necessary, while its sufficiency follows from the Lemma 5 below.

Lemma 5. Let H: X — X be an associative and quasitrivial operation.

(a) If a1,a2 € X are two distinct neutral elements for Hlsq, 4,13, then
H(ay,a1,2) = H(xz,a1,a1) =2 = H(x,a2,a2) = H(az,as,z), x€X.

(b) If a1,a9 € X are two distinct neutral elements for H|{a17a2}3, then both
a1 and as are neutral elements for H.

Proof. (a) Let x € X. We only show that H(aj,a;,2) = x, since the other
equalities can be shown similarly. Clearly, the equality holds when x €
{ay,a2}. So let x € X \ {ay,as} and, for a contradiction, suppose that
H(ay,a1,x) = a1. By the associativity and quasitriviality of H, we then
have

H(alaalax) = H(CL17H(G1,CL2,CL2),I)
H(H(al,al,ag),ag,l‘) = H(GQ,G/Q,ZC)E{GQ,LU},

ay

which contradicts the fact that a;,as and x are pairwise distinct.

(b) Suppose to the contrary that a; is not a neutral element for H (the
other case can be dealt with similarly). By Lemma 5(a) we have that
H(ay,a1,y) = H(y,a1,a1) =y for all y € X. By assumption, there exists
x € X N {a1,a2} such that H(ay,z,a1) = a;. We have two cases to
consider.

o If H(ag,x,az) =z, then by Lemma 5(a) we have that

H(l‘anaal) H(H(x7a1aa1)7a’27a1) = H(x7a17H(a15a27a1))
H(l‘,al,G/Q) = H(H(a’laahx),ahaQ)
H(ay, H(a1,,a1),a2) = H(ai,a1,a2) = as.

Also, by Lemma 5(a) we have that
x = H(x,a1,a1) = H(H(a2,z,a2),a1,a1)
= H(as, H(z,a2,a1),a1) = H(ag,az,a1) = ay,
which contradicts the fact that = # a4.
o If H(az,x,az) = az, then by Lemma 5(a) we have that
H(z,z,a2) = H(x,H(as,a2,1),as)
H(z,a9,H(as,z,a2)) = H(x,a2,a2) = z,



and
H(ay,xz,2) = H(a1,H(z,a1,a1),2)
H(H(a1,z,a1),a1,2) = H(ar,a1,2) = w.

By Lemma 5(a) we also have that

x = H(wz,as,a2) = H(H(ay,z,),a2,as)
= H(ai,H(z,z,a2),a2) = H(a1,x,a2)
= H(ai,H(xz,a1,a1),a2) = H(H(ay,x,a1),a1,a2)
= H(ai,a1,a2) = as,

which contradicts the fact that x # as. m]

We now present some geometric considerations of quasitrivial opera-
tions. The preimage of an element x € X under an operation F: X™ — X is
denoted by F~1[x]. When X is finite, i.e. X = [k], we also define the preim-
age sequence of F as the nondecreasing k-element sequence of the numbers
|F~1[x]|, = € [k]. We denote this sequence by |F~|.

Recall that the kernel of an operation F:[k]™ — [k] is the equivalence
relation Ker(F') = {{x,y} | F(x) = F(y)}. The contour plot of F:[k]™ - [k]
is the undirected graph Cp = ([k]™, E), where FE is the non-reflexive part of
Ker(F), i.e., E={{x,y} | x#y and F(x) = F(y)}. We say that two tuples
x,y € [k]™ are F-connected (or simply connected) if {x,y} € Ker(F).

Lemma 6. An operation F:[k]™ — [k] is quasitrivial if and only if it is idem-
potent® and each (x1,...,x,) € [k]™" Aty is connected to some (n-x) e Al

Proof. Clearly, F' is quasitrivial if and only if it is idempotent and for any
(21, .y ) € [E]™" Af’k] there exists i € {1,...,n} such that F(x1,...,2,) =
x; = F(n-x;). O

In the sequel we shall make use of the following two lemmas.

Lemma 7. For each x € [k], the number of tuples (z1,...,x,) € [k]" with at
least one component equal to x is given by k™ — (k- 1)".

Proof. Let x € [k]. The set of tuples in [k]™ with at least one component
equal to x is the set [k]™ ~ ([k] ~ {«})", and its cardinality is k" — (k- 1)"
since ([k]~ {z})™ < [k]". ]

Lemma 8. Let F:[k]™ — [k] be a quasitrivial operation. Then, for each x €
[k], we have |F~ [z]| < k™ - (k-1)".

Proof. Let x € [k]. Since F:[k]™ — [k] is quasitrivial, it follows from Lemma
6 that the point (n-z) is at most connected to all (z1,...,2,) € [k]™ with
at least one component equal to x. By Lemma 7, we conclude that there are
exactly k™ — (k —1)™ such points. ]

3An operation F: X" — X is idempotent if F(n-x) =z for all z € X.
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Recall that an element z € X is said to be an annihilator for F' if
F(xy,...,xy) = 2,
whenever (z1,...,2,) € X™ has at least one component equal to z.

Remark 1. A neutral element need not be unique whenn > 3 (e.g., F'(xz1,x2,x3) =
x1 +x9 + 23 (mod 2) on X =Zs). However, if an annihilator exists, then it is
unique.

Proposition 9. Let F:[k]" — [k] be a quasitrivial operation and let z € [k].
Then z is an annihilator if and only if |F~[2]| = k™ — (k- 1)™.

Proof. (Necessity) If z is an annihilator, then we know that F'(i-2, %41, ..., Tp) =
z for all i € [n], all 41, ...,z, € [k] and all permutations of (i+z, i1, ..., Tn)-
Thus, by Lemma 7 (n-z) is connected to k™ — (k —1)" points. Finally, using
Lemma 8 we get |[F[z]| = k" - (k- 1)".

(Sufficiency) If |F~[2]| = k" - (k-1)", then by Lemmas 6 and 7 we have
that (n-2z) is connected to the k™ —(k-1)" points (x1, ..., 2, ) € [k]™ containing
at least one component equal to z. Thus, we have F(i+ 2,241, ..., 25 ) = 2z for
alli e [n], all z;11, ..., 2, € [k] and all permutations of (i-z, 241, ..., 5 ), which
shows that z is an annihilator. O

Remark 2. By Proposition 9, if F:[k]™ — [k] is quasitrivial, then each ele-
ment z such that [F~![z]| = k™ - (k- 1)" is unique.

3. Criteria for unique reductions and some enumeration results

In this section we show that an associative and quasitrivial operation F: X" —
X is uniquely reducible to an associative and quasitrivial binary operation
if and only if F' has at most one neutral element (Theorem 18). We also
enumerate the class of associative and quasitrivial n-ary operations, which
leads to a previously unknown sequence in the OEIS [12] (Proposition 24).
Let us first recall a useful result from [6].

Lemma 10 (see [6, Proposition 3.5]). Assume that the operation F: X" - X
is associative and reducible to associative binary operations G: X? - X and

G"X?% > X. If G and G' are idempotent or have the same neutral element,
then G = G'.

From Lemma 10, we immediately get a necessary and sufficient condi-
tion that guarantees unique reductions for associative operation that have a
neutral element.

Corollary 11. Let F: X™ — X be an associative operation that is reducible
to associative binary operations G: X? - X and G: X? - X that have neu-
tral elements. Then, G = G’ if and only if G and G’ have the same neutral
element.

Using Lemma 3, Corollary 11, and observing that
(i) a binary associative operation has at most one neutral element,



(ii) the neutral element of a binary reduction G: X2 - X of an associative
operation F: X™ — X is also a neutral element for F, and

(iii) if e is a neutral element for an associative operation F: X" — X and
G: X% —» X is a reduction of F', then G,,_2((n—-1)-¢) (see Definition 2)
is the neutral element for G,

we can generalise Corollary 11 as follows.

Proposition 12. Let F: X" — X be an associative operation, and let Er be the
set of its neutral elements and Rp of its binary reductions. If Ep + &, then
for any G € Rp, there exists e € Ep such that G = G®. Moreover, the mapping
o:Er - Rp defined by o(e) = G¢ is a bijection. In particular, e is the unique
neutral element for F if and only if G is the unique binary reduction of F'.

As we will see in Proposition 16, the size of Fr, and thus of Rp, is at
most 2 whenever F' is quasitrivial.

Let Q3(X) denote the class of associative and quasitrivial operations
G:X? - X that have exactly one neutral element, and let A%(X) denote
the class of associative operations G: X2 — X that have exactly one neutral
element e € X and that satisfy the following conditions:

o G(x,x)e{eg,z} forall z e X,

o G(z,y) € {z,y} for all (x,y) e X*\ A%,

o If there exists x € X \ {eg} such that G(z,z) = eg, then z is unique and
we have G(x,y) = G(y,z) =y for all y e X ~ {z,eq}.

Note that Q%(X) = A?(X) = XX when |X]| = 1. Also, it is not difficult to
see that Q%(X) ¢ A3(X). Actually, we have that G € Q3(X) if and only
if G € A?2(X) and |G7'[e]| = 1, where e is the neutral element for G. A
characterization of the class of associative and quasitrivial binary operations
as well as Q3(X) can be found in [3, Theorem 2.1, Fact 2.4].

Recall that two groupoids (X, G) and (Y, G’) are said to be isomorphic,
and we denote it by (X,G) ~ (Y,G’), if there exists a bijection ¢: X — Y
such that

¢(G(z,y)) = G'(o(2), 9(y)),
for every x,y € X. The following straightforward proposition states, in par-
ticular, that any G € A3(X) \ Q3(X) gives rise to a semigroup which has a
unique 2-element subsemigroup isomorphic to the additive semigroup on Zs.

Proposition 13. Let G: X? — X be an operation. Then G € A?(X)\ Q¥ (X) if
and only if there exists a unique pair (x,y) € X*\ A% such that the following
conditions hold

(a) ({LE, y}, G|{z,y}2) = (Z2a +);

(b) Gl(x{a,y})? s associative and quasitrivial, and

(c) every z e X \{x,y} is an annihilator for Gl -y2.

Proposition 14. Let F: X" — X be an associative and quasitrivial operation.
Suppose that e € X is a neutral element for F.

(a) Ifn is even, then F is reducible to an operation G € Q3(X).
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(b) If n is odd, then F is reducible to the operation G¢ € A3(X).

Proof. (a) By Theorem 1(a) we have that F' is reducible to an associative and
quasitrivial binary operation G: X? - X. Finally, we observe that G,,_o((n -
1) - e) is the neutral element for G.

(b) By Lemma 3 we have that F is reducible to an associative operation
G° X? > X of the form (1) and that e is also a neutral element for G¢. Since
F is quasitrivial, it follows from (1) that G°(x,z) € {x,e} for all x € X. If
| X| =2, then the proof is complete. So suppose that | X| > 2 and let us show
that G¢(x,y) € {x,y} for all (z,y) € X? \ A%. Since e is a neutral element
for G¢, we have that G°(x,e) = G°(e,x) = z for all z € X \ {e}. So suppose to
the contrary that there are distinct =,y € X \ {e} such that G°(z,y) ¢ {z,y}.
As G° is a reduction of F' and F' is quasitrivial, we must have G°(z,y) = e.
But then, using the associativity of G¢, we have that

Yy= Ge(e7y) = Ge(Ge(x7y)vy) = Ge(que(%y)) € {Ge(mvy)vGe(x7e)} = {6,1‘}7

which contradicts the fact that z, y and e are pairwise distinct.
Now, suppose that there exists x € X \ {e} such that G°(z,z) = e and
let y € X \ {z,e}. Since

Y= Ge(eay) = Ge(Ge(xax)vy) = Ge(xa Ge(l',y)),

we must have G¢(x,y) = y. Similarly, we can show that G¢(y,z) = y.

To complete the proof, we only need to show that such an z is unique.
Suppose to the contrary that there exists 2’ € X \{x, e} such that G¢(a',2") =
e. Since z,z’" and e are pairwise distinct and

' =G(e,2") = G(G*(x,2),2") = G°(x, G*(x,2")),
and
r=G(z,e) =G(z,G°(2',2")) = G*(G*(w,2"),2),

we must have z = G¢(x,2") = a’, which yields the desired contradiction. O

We observe that the associative operation F:Z5 — Zs defined by
n
F(xl,...7xn)52xi (mod 2), T1,..., Ty € Lo,
i=1

has 2 neutral elements, namely 0 and 1, when n is odd. Moreover, it is quasi-
trivial if and only if n is odd. This also illustrates the fact that an associative
and quasitrivial n-ary operation that has 2 neutral elements does not nec-
essarily have a quasitrivial reduction. Indeed, when n is odd, G(x1,z2) =
x1 + z9 (mod 2) and G'(z1,22) = 21 + 2 + 1 (mod 2) on X = Zy are two
distinct reductions of F' but neither is quasitrivial.

Clearly, if an associative operation F: X™ — X is reducible to an op-
eration G € Q3(X), then it is quasitrivial. The following proposition pro-
vides a necessary and sufficient condition for F' to be quasitrivial when

Ge A2(X)\ Q¥X).



Proposition 15. Let F: X" — X be an associative operation. Suppose that F
is reducible to an operation G € A3(X) ~ Q3(X). Then, F is quasitrivial if
and only if n is odd.

Proof. To show that the condition is necessary, let € X \ {e} such that
G(z,r)=e. If nis even, then F(n-z)=Gz_1(5 -G(z,7)) = e, contradicting
quasitriviality.

So let us prove that the condition is also sufficient. Note that G ¢
A3(X) N Q?(X), and thus we only need to show that F is idempotent. Since
F is reducible to G, we clearly have that F(n-x) =z for all z € X such that
G(z,x) =x.

Let y € X ~ {e} such that G(y,y) = e. Since n is odd, we have that

F(n-) =G (0.Gon s (57 60 ) = 6w e) =
Hence, F' is idempotent and the proof is now complete. O

It is not difficult to see that the operation F:Z; | — Z,_1 defined by
F(xl,...,xn)szi (mod (n-1)), T1yenry Xy € Lop1,
i=1

is associative, idempotent, symmetric* and has n — 1 neutral elements. How-
ever, this number is much smaller for quasitrivial operations.

Proposition 16. Let F: X™ — X be an associative and quasitrivial operation.

(a) Ifn is even, then F has at most one neutral element.
(b) If n is odd, then F has at most two neutral elements.

Proof. (a) By Theorem 1(a) we have that F' is reducible to an associative
and quasitrivial binary operation G:X? — X. Suppose that ej,es € X are
two neutral elements for F. Since G is quasitrivial we have

es = F((n-1)-e1,e3) = G(Gpa((n-1)-e1),e2)
= G(ey,er) = Gle1,Gpa((n—=1)-e2)) = F(e;,(n-1)-e3) = e3.

Hence, F' has at most one neutral element.

(b) By Theorem 1(b) we have that F' is reducible to an associative and
quasitrivial ternary operation H: X® - X. For a contradiction, suppose that
e1,e2,e3 € X are three distinct neutral elements for F'. Since H is quasitriv-
ial, it is not difficult to see that ey, es, and ez are neutral elements for H.
Also, by Proposition 14(b) we have that H is reducible to the operations
G ,G°,G% e A?(X). In particular, we have

Gel (62,63) = Gel(Gel(el,eg),eg) = H(€1762, 63) = G62 ((;e2 (61762),63) = Gez(el,eg)
and

H(ey,ez,e3) = G%(e1,G(e2,e3)) = G(e1,€2).

4 An operation F: X" — X is symmetric if F(x1,...,xy) is invariant under any permutation
of x1,...,xn.
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Hence, H(eq,es,e3) € {ea,e3} n{er, ez} n{er, e}, which shows that eq, ez, e3
are not pairwise distinct, and thus yielding the desired contradiction. |

Corollary 17. Let F: X" — X be an operation and let e; and e be distinct
elements of X. Then F is associative, quasitrivial, and has ezxactly the two
neutral elements e; and es if and only if n is odd and F' is reducible to exactly
the two operations G, G € A2(X) ~ Q3 (X).

Proof. (Necessity) This follows from Propositions 12, 14, and 16 together
with the observation that G° (e, e2) = e; and G (ey,€e1) = es.
(Sufficiency) This follows from Propositions 12 and 15. ]

We can now state and prove the main result of this section.

Theorem 18. Let F: X" — X be an associative and quasitrivial operation.
The following assertions are equivalent.

(i) Any binary reduction of F is idempotent.
(ii) Any binary reduction of F' is quasitrivial.
(iii) F' has at most one binary reduction.
(iv) F has at most one neutral element.
(v) F((n-1)-z,y) = F(z,(n-1)-y) for any z,y ¢ X.

Proof. The implications (i) = ((ii) and (v)) and (v) = (iv) are straight-
forward. By Proposition 16 and Corollary 17 we also have the implications
((ii) or (ili)) = (iv). Hence, to complete the proof, it suffices to show that
(iv) = ((i) and (iii)). First, we prove that (iv) = (i). We consider the two
possible cases.

If F" has a unique neutral element e, then by Proposition 12 G = G° is the
unique reduction of F’ with neutral element e. For the sake of a contradiction,
suppose that G is not idempotent. By Proposition 14 we then have that n is
odd and G € A3(X) \ Q3(X).

So let x € X \ {e} such that G(x,z) # x. Since G = G°, we must have
G(z,xz) = e. It is not difficult to see that F(y,(n-1)-xz)=y=F((n-1)-z,y)
for all y € X. Now, if there is i € {2,...,n— 1} such that

F((i-1)-z,e,(n-1)-x) ==z,

then we have that ¢ — 1 and n — ¢ are both even or both odd (since n is odd),
and thus

z=F((i-1)-z,e,(n-1)-7) € {Ga(x,e,7),G2(e,e,e)} = {e},

which contradicts our assumption that = # e. Hence, we have F((i—1) -
x,e,(n-1i)-x)=ecforallie{l,... ,n}.
Now, if | X| = 2, then the proof is complete since e and x are both neutral
elements for F', which contradicts our assumption. So suppose that | X| > 2.
Since e is the unique neutral element for F', there exist y € X \ {e,x}
and i € {2,...,n -1} such that

F((i-1)-z,y,(n—1)-x) =x.
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Again by the fact that n is odd, ¢ — 1 and n — i are both even or both odd,
and thus
T = F((l - 1) *T,Y, (TL—Z) .’b) € {Gz(x,y,x)Gz(e,y,e)} = {GZ(xvyvx)vy}’

Since z # y, we thus have that Go(x,y,x) = z. But then

G('/L'7 I) = G(.’E, G2(-ra Y, .’IJ))

G(G(z,2),G(y,2)) = G(e,G(y,x)) = G(y,2) € {z,y},

which contradicts our assumption that x,y, and e are pairwise distinct.
Now, suppose that F' has no neutral element and that G is a reduction

of F that is not idempotent. So let z € X such that G(z,z) # =, and let y €

X ~{x,G(x,z)}. By the quasitriviality of F' we have F((n-1)-z,y) € {z,y}.

On the other hand, by the quasitriviality (and hence idempotency) of F' and

the associativity of G we have

F((n-1)-2,y)

e

F(F(n-z),(n-2)-z,y)
= G(Gn—Q(Gn—l(n'w)7(n_2)':E)ay)
= G(G2n73((2n_2)'x)vy)
= G(Gn2((n-1)-G(z,2)),y)
= F((n-1)-G(z,7),y) € {G(z,z),y}.
Since ., G(x, ), and y are pairwise distinct, it follows that F'((n—-1)-z,y) =y,
which implies that G(Gp—2((n-1)-x),y) = y. Similarly, we can show that
G(y;Gn2((n-1)-2)) = y.
Also, it is not difficult to see that
G(Gn—Q((n - 1) 'LU),G(.’L’,$)) = G(m,x) = G(G(xa$)7Gn—2((n - 1) : l‘))
Furthermore, since F' is idempotent and reducible to G, we also have that
G(Gp-2((n-1)-z),z) =2 =G(z,Gp-2((n-1) - x)).

Thus G,—2((n—1)-x) is a neutral element for G and therefore a neutral ele-
ment for F'; which contradicts our assumption that F' has no neutral element.

As both cases yield a contradiction, we conclude that G must be idem-
potent. The implication (iv) = (iii) is an immediate consequence of the im-
plication (iv) = (i) together with Lemma 10. Thus, the proof of Theorem 18
is now complete. O

Remark 3. We observe that an alternative necessary and sufficient condition
for the quasitriviality of a binary reduction of an n-ary quasitrivial semigroup
has also been provided in [1, Corollary 3.16].

Theorem 18 together with Corollary 4 imply the following result.

Corollary 19. Let F: X" — X be an operation. Then F' is associative, quasi-
trivial, and has at most one neutral element if and only if it is reducible to an
associative and quasitrivial operation G:X? — X. In this case, G is defined

by G(%y) ZF($7(H—1)'y),
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Recall that a weak ordering on X is a binary relation $ on X that is
total and transitive (see, e.g., [8] p. 14). We denote the symmetric part of < by
~. Also, a total ordering on X is a weak ordering on X that is antisymmetric.
If (X, 5) is a weakly ordered set, an element a € X is said to be mazimal for
Sif x $a for all x € X. We denote the set of maximal elements of X for $ by
M (X).

Given a weak ordering < on X, the n-ary mazimum operation on X for
S is the partial symmetric n-ary operation max? defined on

X"~ {(z1,..yxpn) e X" (Mc({z1, ..., 20 })| 2 2}

by maxZ(x1,...,2,) = x; where i € [n] is such that x; < x; for all j € [n].
If < reduces to a total ordering, then clearly the operation maxg is defined
everywhere on X™. Also, the projection operations 71: X" - X and m,: X" -
X are respectively defined by m(z1,...,2,) = 21 and 7, (z1,...,2,) =z, for
all z1,...,2, € X.

Corollary 19 together with [9, Theorem 1] and [3, Corollary 2.3] imply
the following characterization of the class of quasitrivial n-ary semigroups
with at most one neutral element.

Theorem 20. Let F: X™ — X be an operation. Then F s associative, quasi-
trivial, and has at most one neutral element if and only if there exists a weak
ordering s on X and a binary reduction G: X% - X of F such that

VA, Be X/ ~. (2)

Ti|laxp or ma|axp, if A=DB,
Glaxp = 5 ,
maxz |axB, otherwise,

Moreover, when X = [k], then the weak ordering $ is uniquely defined
as follows:

sy = [GT] <G ], wyelk] 3)

Now, let us illustrate Theorem 20 for binary operations by means of
their contour plots. We can always represent the contour plot of any operation
G:[k]? - [k] by fixing a total ordering on [k]. In Figure 1 (left), we represent
the contour plot of an operation G: X2 — X using the usual total ordering <
on X ={1,2,3,4}°. It is not difficult to see that G is quasitrivial. To check
whether G is associative, by Theorem 20, it suffices to show that G is of the
form (2) where the weak ordering < is defined on X by (3). In Figure 1 (right)
we represent the contour plot of G using the weak ordering < on X defined
by (3). We observe that G is of the form (2) for $ and thus by Theorem 20
it is associative.

Let < be a total ordering on X. An operation F: X™ — X is said to be
<-preserving if F(z1,...,x,) < F(2],...,2]), whenever x; < x} for all i € [n].
Some associative binary operations G: X2 — X are <-preserving for any total
ordering on X (e.g., G(z,y) = z for all 2,y € X). However, there is no total

5To simplify the representation of the connected components, we omit edges that can be
obtained by transitivity.
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T
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1 2 3 4 2 4 3 1

FI1GURE 1. An associative and quasitrivial binary operation
G on X ={1,2,3,4} whose values on (1,1),(2,2),(3,3) and
(4,4) are 1,2,3 and 4, respectively.

ordering < on X for which an operation G' € A3(X) \ Q?(X) is <-preserving.
A typical example is the binary addition modulo 2.

Proposition 21. Suppose |X| > 2. If G € A3(X) \ Q3(X), then there is no
total ordering < on X that is preserved by G.

Proof. Let e € X be the neutral element for G and let 2 € X \ {e} such that
G(x,z) = e. Suppose to the contrary that there exists a total ordering < on
X such that G is <-preserving. If z < e, then e = G(z,z) < G(x,e) = x, which
contradicts our assumption. The case x > e yields a similar contradiction. 0O

Remark 4. Tt is not difficult to see that any <-preserving operation F: X" — X
has at most one neutral element. Therefore, by Corollary 4 and Theorem 18
we conclude that any associative, quasitrivial, and <-preserving operation
F: X™ - X is reducible to an associative, quasitrivial, and <-preserving op-
eration G: X2 — X. For a characterization of the class of associative, quasi-
trivial, and <-preserving operations G: X? — X, see [3, Theorem 4.5].

We now provide several enumeration results that give the sizes of the
classes of associative and quasitrivial operations that were considered above
when X = [k]. Recall that for any integers 0 < £ < k, the Stirling number of
the second kind {’;} is defined by

(i} - 7 zeo-()-

For any integer k > 0, let ¢*(k) (resp. ¢"(k)) denote the number of associative
and quasitrivial binary (resp. n-ary) operations on [k]. For any integer k > 1,
we denote by ¢?(k) the cardinality of Q?([k]). Also, we denote by a?(k) the
cardinality of A%([k]). By definition, we have a3(1) = 1. In [3] the authors
solved several enumeration problems concerning associative and quasitrivial
binary operations. In particular, they computed ¢?(k) (see [3, Theorem 4.1])
as well as g7 (k) (see [3, Proposition 4.2]). These sequences were also intro-
duced in the OEIS [12] as A292932(k) and A292933(k). The following result
summarizes [3, Theorem 4.1] and [3, Proposition 4.2].
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Proposition 22. For any integer k > 0, we have the closed-form expression

9 ko k=i p k\ (k—¢
2w =y e (N faron ko
i=0 =0 4 ¢

where ¢*(0) = ¢*>(1) = 1. Moreover, for any integer k > 1, we have ¢3(k) =
kq*(k-1).

Proposition 23. For any integer k > 2, we have a3(k) = kq*(k - 1) + k(k -
1% (k-2).

Proof. We already have that Q?([k]) ¢ A%([k]). Now, let us show how to
construct an operation G € A?([k]) ~ Q3([k]). There are k ways to choose
the element z € [k] such that G(z,z) = e and G(z,y) = G(y,z) = y for
all y € [k] \ {x,e}. Then we observe that the restriction of G to ([k] \ {z})?
belongs to Q3([k]~{x}), so we have ¢7(k-1) possible choices to construct this
restriction. This shows that a3 (k) = ¢3 (k) +kq?(k—1). Finally, by Proposition
22 we conclude that a?(k) = kq®(k-1) + k(k - 1)¢*(k - 2). ]

For any integer k > 1 let ¢'(k) (resp. qf(k)) denote the number of
associative and quasitrivial n-ary operations that have exactly one neutral
element (resp. that have no neutral element) on [k]. Also, for any integer
k > 1, let ¢§(k) denote the number of associative and quasitrivial n-ary
operations that have two neutral elements on [k]. Clearly, ¢"(1) = ¢} (1) =1
and ¢4 (1) = 0. The following proposition provides explicit forms of the latter
sequences. Table 1 below provides the first few values of all the previously

considered sequences®.

Proposition 24. For any integer k > 1 we have ¢ (k) = ¢?(k) and ¢3 (k) =
?(k) - ¢2(k). Also, for any integer k > 2 we have

n (LY - 0 if n is even
G =1 ()2k-2) ifn s odd
and
") (k) if n is even
q" (k) = q2(k) + (’;)QQ(k_Q) if n is odd.

Proof. By Theorem 18 we have that the number of associative and quasitriv-
ial n-ary operations that have exactly one neutral element (resp. that have
no neutral element) on [k] is exactly the number of associative and quasitriv-
ial binary operation on [k] that have a neutral element (resp. that have no
neutral element). This number is given by ¢3(k) (resp. ¢*(k) - ¢3(k)). Also,
if n is even, then by Theorem 1(a) and Proposition 16(a) we conclude that
¢ (k) = ¢*(k) and g (k) = 0.

Now, suppose that n is odd. By Corollary 17 and Propositions 22 and
23 we have that ¢3 (k) = M = (g)qQ(k —2). Finally, by Proposition 16
we have that ¢" (k) = qf (k) + q7' (k) + g3 (k) = ¢*(k) + (§) ¢ (k - 2). a)

8In view of Corollary 17, we only consider the case where n is odd for g5 (k) and ¢" (k).
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R Il O N (O W (O N () N O N ()
1 1 1 0 0 1 1
2 4 2 2 1 5 4
3 20 12 8 3 23 18
4 138 80 58 24 162 128
5 1182 690 492 200 1382 1090
6 12166 7092 5074 2070 14236 11232
OEIS | A292932 A292933 A308352 A308354 A308362 A308351

TABLE 1. First few values of ¢*(k), ¢i(k), q5(k), ¢5(k),
¢ (k) and a3 (k)

4. Symmetric operations

In this section we refine our previous results to the subclass of associative and
quasitrivial operations that are symmetric, and present further enumeration
results accordingly.

We first recall and establish some auxiliary results.

Fact 25. Suppose that F: X" — X s associative and surjective. If it is re-
ducible to an associative operation G: X2 — X, then G is surjective.

Lemma 26 (see [6, Lemma 3.6]). Suppose that F:X™ — X is associative,
symmetric, and reducible to an associative and surjective operation G: X? —
X. Then G is symmetric.

Proposition 27. If F: X" — X is associative, quasitrivial, and symmetric,
then it is reducible to an associative, surjective, and symmetric operation
G:X? » X. Moreover, if X = [k], then F has a neutral element.

Proof. By Corollary 4, F is reducible to an associative operation G: X? — X.
By Fact 25 and Lemma 26, it follows that G is surjective and symmetric.
For the moreover part, we only have two cases to consider.

e If G is quasitrivial, then by [3, Theorem 3.3] it follows that G has a
neutral element, and thus F' also has a neutral element.

e If G is not quasitrivial, then by Proposition 16 and Theorem 18 F' has
in fact two neutral elements. O

Proposition 28 (see [1, Corollary 4.10]). An operation F: X" — X is associa-
tive, quasitrivial, symmetric, and reducible to an associative and quasitrivial
operation G: X% - X if and only if there exists a total ordering < on X such
that F' = maxZ.

Proposition 29. A quasitrivial operation F:[k]™ — [k] is associative, symmet-
ric, and reducible to an associative and quasitrivial operation G:[k]* - [k] if
and only if |F~1 = (1,27 = 1,..., k" — (k- 1)").
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Proof. (Necessity) Since G is quasitrivial, it is surjective and hence by Lemma
26 it is symmetric. Thus, by Proposition 28 there exists a total ordering < on
X such that G(z,y) = max2(z,y) for all z,y € [k]. Hence F' = max?, which
has an annihilator, and the proof of the necessity then follows by Proposition
9.

(Sufficiency) We proceed by induction on k. The result clearly holds for
k = 1. Suppose that it holds for some k£ > 1 and let us show that it still holds
for k+ 1. Assume that F:[k +1]" - [k + 1] is quasitrivial and that

|[F7Y = (1,2" -1,..., (k+ )" = k™).
Let < be the total ordering on [k + 1] defined by
x <y if and only if |[F~*(z)| <|F*(y)|,

and let z = max®*1(1,... k+1). Clearly, F' = F|([k+1]n{z})» is quasitrivial and

|F~Y = (1,27 - 1,...,k™ - (k- 1)™). By induction hypothesis we have that
F' =max?,, where <’ is the restriction of < to [k+1]~ {z}. By Proposition 9,
|F~[2]| = (k+1)" — k™ and thus F = max". ]

We can now state and prove the main result of this section.

Theorem 30. Let F: X™ — X be an associative, quasitrivial, symmetric oper-
ation. The following assertions are equivalent.

(i) F is reducible to an associative and quasitrivial operation G: X? — X.
(ii) There exists a total ordering < on X such that F' is <-preserving.
(iii) There exists a total ordering < on X such that F = maz?.

Moreover, when X = [k], each of the assertions (i)- (iii) is equivalent to each
of the following assertions.

(iv) F has exactly one neutral element.

(v) |[F7Y=(1,2"-1,...,k" = (k- 1)").
Furthermore, the total ordering < considered in assertions (ii) and (i) is
uniquely defined as follows:

zxy ifand only if |G7'[z]| <|GT'[yll,  wyelk]. (4)
Moreover, there are k! operations satisfying any of the conditions (i) — (v).

Proof. (i) = (iii). This follows from Proposition 28.

(iii) = (ii). Obvious.

(ii) = (i). By Corollary 4 we have that F' is reducible to an associative
operation G:X? — X. Suppose to the contrary that G is not quasitrivial.
From Theorem 18 and Proposition 16, it then follows that F' has two neutral
elements e, es € X, which contradicts Remark 4.

(i) < (v). This follows from Proposition 29.

(i) = (iv). This follows from Theorem 18 and Proposition 27.

(iv) = (i). This follows from Lemma 3 and Theorem 18.

The rest of the statement follows from [3, Theorem 3.3]. ]
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Now, let us illustrate Theorem 30 for binary operations by means of
their contour plots. In Figure 2 (left), we represent the contour plot of an
operation G: X? — X using the usual total ordering < on X = {1,2,3,4}. In
Figure 2 (right) we represent the contour plot of G using the total ordering
< on X defined by (4). We then observe that G = max?, which shows by
Theorem 30 that G is associative, quasitrivial, and symmetric.

Bl ]

1 2 3 4 3 2 4 1

FIGURE 2. An associative, quasitrivial, and symmetric bi-
nary operation G on X = {1,2,3,4} whose values on
(1,1),(2,2),(3,3) and (4,4) are 1,2,3 and 4, respectively.

Based on this example, we illustrate a simple test to check whether
an operation F:[k]™ — [k] is associative, quasitrivial, symmetric, and has
exactly one neutral element. First, construct the unique weak ordering 3 on
[k] from the preimage sequence |F71|, i.e., x sy if [F'[2]| <|F~*[y]|. Then,
check if 5 is a total ordering and if F' is the maximum operation for x.

We denote the class of associative, quasitrivial, symmetric operations
G: X? - X that have a neutral element e € X by QS7(X). Also, we denote by
AS?(X) the class of symmetric operations G: X2 - X that belong to A?(X).
It is not difficult to see that QS7(X) ¢ AS(X). In fact, G € QS7(X) if and
only if G € AS?(X) and |G~![e]| = 1, where e is the neutral element for G.

For each integer k > 2, let ¢s"(k) denote the number of associative,
quasitrivial, and symmetric n-ary operations on [k]. Also, denote by as? (k)
the size of AS?([k]). From Theorems 18 and 30 it follows that gs*(k) =
|QSZ([k])| = k!. Also, it is easy to check that as?(2) = 4. The remaining
terms of the sequence are given in the following proposition.

Proposition 31. For every integer k >3, asi(k) = gs*(k) + kqs®(k - 1) = 2k!.

Proof. As observed QS?([k]) € AS?([k]). So let us enumerate the operations
in AS?([k])\ QS?([k]). There are k ways to choose the element x € [k] such
that G(x,z) = e and G(z,y) = G(y,z) =y for all y € [k] \ {z, e}. Moreover,
the restriction of G to ([k] ~ {x})? belongs to QSZ([k] ~ {z}), and we have
qs*(k — 1) possible such restrictions. Thus as? (k) = gs?(k) + kqs*(k - 1). By
Theorems 18 and 30 it then follows that as?(k) = k! + k(k - 1)! = 2k!. ]

For any integer k > 2 let ¢s7' (k) denote the number of associative, quasi-
trivial, and symmetric n-ary operations that have exactly one neutral element
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on [k]. Also, let gsh (k) denote the number of associative, quasitrivial, and
symmetric n-ary operations that have two neutral elements on [k].

Proposition 32. For each integer k > 2, qst(k) = qs*(k) = k!. Moreover,

gsy (k) =%, and qs" (k) = 2.

Proof. By Theorems 30 and 18 and Lemma 26 we have that the number of
associative, quasitrivial, and symmetric n-ary operations that have exactly
one neutral element on [k] is exactly the number of associative, quasitrivial,
and symmetric binary operations on [k]. By Theorems 18 and 30 this number
is given by ¢s?(k) = k!. Also, by Corollary 17, Proposition 31, and Theorems

18 and 30, we have that ¢5 (k) = M = %’ and by Proposition 16 we

have that ¢"(k) = ¢s7 (k) + ¢s5 (k) = 37’“' |
Remark 5. Recall that an operation F: X™ — X is said to be bisymmetric if
F(F(ry),...,F(rn)) = F(F(c1),...,F(cyn))

for all n x n matrices [c; - ¢,] = [r1 - r,]T € X™™. In [6, Corollary 4.9
it was shown that associativity and bisymmetry are equivalent for opera-
tions F: X™ — X that are quasitrivial and symmetric. Thus, we can replace
associativity with bisymmetry in Theorem 30.

5. Conclusion

In this paper we proved that any quasitrivial n-ary semigroup is reducible
to a semigroup. Furthermore, we showed that a quasitrivial n-ary semigroup
is reducible to a unique quasitrivial semigroup if and only if it has at most
one neutral element. Moreover, we characterized the class of quasitrivial (and
symmetric) n-ary semigroups that have at most one neutral element. Finally,
when the underlying set is finite, this work led to four new integer sequences
in the Sloane’s OEIS [12], namely, A308351, A308352, A308354, and A308362.

Note however that there exist idempotent n-ary semigroups that are not
reducible to a semigroup (for instance, consider the idempotent associative
operation F:R3 — R defined by F(z,y,2) = x —y + z for all 2,5,z € R).
This naturally asks for necessary and sufficient conditions under which an
idempotent n-ary semigroup is reducible to a semigroup. This and other
related questions constitute topics for future research.
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