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Abstract The paper presents a simple proof of global existence of strong
and classical solutions of Navier-Stokes equations in R?® accepting that their
existence for small initial data is already proven, for example, in [2] and [4].
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1 Introduction

In this short note we exploit a very simple idea to prove global existence of the
strong solutions of the Navier-Stokes equation, which is explained by means
of the following trivial example in R".

Let a vector field f : R™ — R" be symmetric with respect to a dilation of
the argument, i.e. Ja € R such that

flefu) = e@*Vsf(u), YueR™ Vs, e R
If u(-) : [0, +00) — R™ is a classical solution of

du
-7 t

with the initial condition u(0) = ug then
us(t) := e*u(e*’t)
is defined on [0, +00) and, due to symmetry, we derive

dus

dt = e(a+1)5f(u(east)) = f(us(t))a t>0,
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i.e. ug is a classical solution of the same differential equation with the initial
condition us(0) = e*xq, where s € R.

Let Je > 0 such that a classical solution of the differential equation exists
on [0,4o00) for any initial value u(0) = up € Be := {u € R" : |u| < }. To
construct a solution for ug ¢ B. we first need to scale uy — e*°ug, where
so € R is such that

le®oug| < e.
If u(,e®0ug) is a solution with the initial condition u(0) = Agug then u(t) =
e %0u(e”*%0 e%0yuyg) is also a solution of the considered system and, obviously,

w(0) = e*°u(0, e ug) = e~ *e* ug = ug.

In this paper we use the well-known dilation symmetry (see, [1, formula
(1.5)]) to prove global existence of strong solutions of the Navier-Stokes equa-
tions in R3

Ou =vAu — (u- Vu)u — Vp,
0 = divu

where u denotes the velocity of a fluid, p denotes the scalar pressure and v > 0
denotes viscosity of the fluid. The main assumption is that a global-in-time
existence of strong or classical solutions of the Navier-Stokes equations for
small initial data is already proven, as for example, in [2] and [4]

The standard notation is utilized through the paper, e.g. R is the field
of real numbers; L}, .((0,T) x R™,R) denotes the space of locally integrable
functions (0,7) x R™ — R; LP(R",R™), 1 < p < +00 is a Lebesgue space of
function R™ — R™ the norm || - ||; C((0,T") x R™,R™) is a space of smooth
functions (0,7T) x R" — R™ with compact support and C§°([0,T) x R™, R™)
is a space of smooth functions which vanish at infinity, where 0 < T < co. For
composition of operators A, B we also use the notation A o B.

2 Preliminaries: Dilations in functional spaces

The following lemmas deal with the most common dilation groups in functional
spaces.

Lemma 1 The operator d(s) given by
(d(s)z)(x) = e**z(e7%t, ), (1)
where s € R, z is a function (0,T) x R* - R™, 0 < T < 400, z € R"
and a, 8,7 € R are constant parameters,
— maps C((0,T) x R™",R™) onto C((0,e~7°T) x R*,R™);
— maps C§°([0,T) x R™,R™) onto C§°([0,e~7°T) x R™,R™).
=d(—s).

The inverse operator is given by [d(s)]~*
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Proof 1) Since the linear function (t,z) — (e7°t,e’*z) maps a compact in
(0,7) x R™ to a compact in (0,e”7*T) x R™ then d(s) defined on whole
Ce((0,T),R™) and if z € C((0,T),R™) (i.e. z is smooth and has a com-
pact support in (0,7) x R™) then d(s)z € C((0,e~7°T),R™) (i.e. d(s)z is
also smooth, but it has a compact support in (0,e~7*T) x R™). Obviously,
(d(s) od(—$))z = (d(—s) od(s))z = z for any z € C°((0,T),R™) and any
s e R.

Let us show that d(s) maps C°((0,7),R™) onto C’OO((O e~ 7%),R™). Sup-
pose the opposite: 3z* € C((0,e~7°T),R™) such that z* # (s)y, Vy €
C((0,T),R™). This is impossible, since d(—s)z* € C((0,T),R") an
(d(s) 0 d(5))2" € d(s)C22((0, T), ™).

2) The proof for C§° is almost identical. Obviously, if z € C§°([0,T),R™)

),R

d(—s)od(s)z =z for any z € C5°([0,T),R™).

Let us show that d(s) maps C§°([0,T),R™) onto C5°(]0,e~7*T),R™). Sup-
pose the opposite: there exists z* € C§°([0,e~7*T),R™) such that d(s)y # z*,
Yy € C§°([0,T),R™). This is impossible since d(—s)z* € C§°([0,T),R™) and
z* =d(s)od(—s)z* € d(s)C§°([0,T),R™).

Lemma 2 The operator d(s) given by

(d(s)2)(z) = e**z(e”*x), (2)

where s € R, z is a function R™ — R™, x € R™ and o, B € R are constant
parameters, is a linear bounded invertible operator on LP(R™,R™),

ld(s)zll, = €= 7/P2| 2], 2 € LP(R",R™),s €R,

where 1 < p < oo. The inverse operator is given by [d(s)]™! = d(—s).

Proof Let 1 <p < oo. If z € LP(R™,R™) then

/n |z(z)|P do < +00

and using the change-of-variable theorem for the Lebesgue integral (see e.g.
[3]) we derive

/n |2(2)|P dz = P /R |2(e%°2)|P dx = e(P—P)s / |(d(s)2)(z)|P dz < +oc.

Since e(#=P)s > 0 for any «, 8,p,s € R then d(s)z € LP(R™,R™) for any
s € R. Obviously, d(s) is a linear operator on , i.e. d(s)(u121+22) = p1d(s)z1+
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pad(s)za, for any pi,pu2 € R and 21,20 € LP(R™,R™). Moreover, the latter
identities imply that

1/p
I (s)z[l, =52, 2]l = (/R |Z($)|pdm) '

Hence, the operator d(s) : LP(R™,R™) — LP(R™ R™) is bounded for any
seR.
Let p = co. If 2z € L (R™,R™) then

ess sup|z(z)| = ess sup|z(e”*z)| < 00

for any 8,5 € R and ||d(s)z|lcc = €**||2||co for any s € R. Therefore, d(s) is
also a linear bounded operator on z € L (R"™,R™).

Obviously, (d(s)od(—s))z = (d(—s)od(s))z for any z : R — R™ and any
s € R and we derive [d(s)]™! = d(—s).

3 Global Existence of Strong Solutions of Navier-Stokes Equations

Below for shortness we omit R in the notations of fRB, LP, C§° and CX if
the context is clear. Without loss of generality (see e.g. [4, page 4]) we also
assume that v = 1, where v is a viscosity coefficient.

Let us consider the weak form of the Navier-Stokes equations

Ju€o)+ /T Ju@ng A9 +pdive = /T Jurtwie, e € C(0.1)xRS B
0 0 (3)

with u(t) € V for t € (0,T), where V is a set of the so-called weakly divergence
free velocity fields:

V::{ueL2: /u~v¢=o, v¢ecg°}.

The classical idea of analysis is to prove existence and regularity of weak
solutions and next to show that any weak solution is smooth. For Navier-
Stokes equations this analysis has been initiated by Jean Leray in 1938 (see
[2]). We use the recent review [4] of his results.

Definition 1 ([4], Definition 3.7) A pair (u,p) is said to be a strong
solution of the Navier-Stokes equations on [0,7") if u(t) € V for t € (0,T),
p € L, ((0,T) x R% R)),

loc
uwe C([0,7),L*) N C((0,T), L),

lu(t)||oo is bounded as t — 0T and (3) is satisfied.
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A possible way for expansion of regularity to a larger set of initial condi-
tions is to use the dilation symmetry as explained in the introduction. Several
symmetries for Navier-Stokes equations are known (see e.g. [1] and references
therein). Below we use just one of them (see [1, formula (1.5)]).

Lemma 3 If (u,p) is a strong solution of the Navier-Stokes equations
with the initial data w(0) = ug € VN L*>® defined on [0,T) then for any
s € R the pair (us,ps) given by

us(t, ) = e*u(e®t,e’x), ps(t,x) = e**p(e*t,ex), t >0,z €R", s €R.

is a strong solution of the Navier-Stokes equations defined on [0,e=2°T)
with the initial value us(0) = d(s)ug.

Proof 1) Let d;(s) be defined by the formula (2) with a =1, g =1.

Since u is a strong solution then the function ¢ — u(t) is continuous in L?
and in L*™. According Lemma 2, d;(s) is a linear bounded invertible operator
on L? and on L°°. Hence, for any fixed s € R the function ¢t — di(s)u(t)
is also continuous in L? and L*, consequently, us € C([0,e~2°T), L?) and
us € C((0,e725T), L>).

Notice ||d1(s)z]|cc = €°]|2]|co for any z € L and any s € R (see Lemma
2). Since ||u(t)||oo is bounded as t — 07 then ||us(t)||co = €*|lu(e®t)]| is also
bounded as t — 0.

If ug € V then d;i(s)ug € V for any s € R. Indeed,

/u0~V¢=0, Vo € C°

and using the change-of-variable theorem in the Lebesgue integral we derive

0= /uo(x) -V(x)dx = €° /uo(esx) (Vo) (e*z)dr = e™2* /(dl(s)uo) Vo,
where ¢ = d;(s)¢. Since d(s) maps C5° onto Cg° (see Lemma 1) then

0= /(dl(s)uo) Vé,  VeCy,

i.e. di(s)up € V for any s € R. Hence, the inclusion u(t) € V, ¢ € [0,T) implies
us(t) € V, t € [0,e7%T).

2) Let da(s) be given by the formula (1) with & =2, § =1 and v = 2.
Since p € L}, _((0,T) x R™,R) then

loc

T
| [0t oldn < 400, v € C2(0.7) x BB
0
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hence using the change-of-variable theorem in the Lebesgue integral for the
functions t — e*t and z — ez we derive

T e T
/ /|p(t,:c)£(t,:1:)|d:1:dt = 638/ /|p(625t,65x)§(625t,65x)|d:cdt =
0 0

e~ 25T
- . o 3
o [ [l < oo v e CR(0.1) < B R)

Since the operator da(s) maps C°((0,7) xR?, R) onto C°((0,e=25T) x R?, R)
then

e~ 25T
/ / Ips - €] < oo, VE € C((0,eT) x R, R).
0

Therefore, ps € L}, .((0,e72T) x R3 R).

loc

3) Let us show that (us,ps) satisfies the equation (3). Since (u,p) is a
solution defined on [0, +00) then V¢ € C5°([0,T) x R3,R?) we have

T
/ u(0, 2)-£(0, 2)d+ / ﬁ(t,m«ats(t,xwms)(t,x>>+p<t,x><div5><t,x>dx i =
0

T
/ /u(t,x) -t @) - V)E(t, @) de dt
0

Using the change-of-variable theorem in the Lebesgue integral for the functions
t — €2t and x — e*z we derive

e~2°T

e’ /u(O, ex) - £(0,e’z)dx + €3 0/ ﬁ(e%t, er) - (0p&(e*t, e’x)+

(A€)(e2°t,ex)) + p(e?t, e x) (dive) (e**t, e*x)dx dt =
e

e / /u(ezst,esx) (u(e*t etx) - V)E(e25t, et )dr dt
0

or, equivalently,

e~2eT

/us(O,a:) -£(0,e*z)dx + / /eZSus(t,x) (8:(e*"t ') + (AL)(e*°t, e°x))
0

+e*ps(t, 2)(dive) (e**t, e’ z)dx dt =
e~25T

e’ / ﬂs(t, ) - (us(t,x) - V)E(e*t, efx)da dt
0



On global existence of strong and classical solutions of Navier-Stokes equations 7

Let us denote &(t, z) = £(e?*!, ex). Hence,
(A&)(t,x) = e*°(AE)(e*, e”x),
(V&) (t ) = e*(VE)(e*t, e"x),
(0:6s)(t, ) = €**(9:6) (¥, e*x),
(dive,)(t, z) = e (dive)(e**t, e’x),
and

/us(O) +&5(0) :/25%3 (0h€s + ALy + ps(dives) =75%s “(us - V)&s,
0 0

where & € C§°([0,e72T), xR3,R?). Since for any s > 0 the operator ds(s)
defined as
(d3(s))(t, ) = £(e*t, e*w), t> 0,2 €R

maps C§°([0,T) x R3,R3) onto C§°([0,e72°T), xR, R3) (see Lemma 1), then

—2<T e ST

//Mm (1 + AL, + pa(dive,) = /ﬁm (us(t,2) - V)&,

holds for all & € C§°([0,e #*T) x R3,R3). Therefore, (us,ps) is a strong
solution of the Navier-Stokes equations on [0,e~2¢T) and us(0) = d(s)uo.

The proven lemma implies the following result.

Theorem 1 Let there exist € > 0 such that for any
up € {u € VN L®: ||lul3|ulle < e}

a strong solution (u,p) with the initial data u(0) = ug exists on [0, +00).
Then a strong solution of the Navier-Stokes equations with the initial
condition u(0) = ug exists on [0, +00) for any ug € V.N L.

Proof Let d; be defined as in the proof of Lemma 3 and let an initial value
up € VN L be such that ||ugl|3|lug|le > €. Let us show that in this case the
Navier-Stokes equations also have a strong solution on [0, +00).

In the proof of Lemma 3 we have shown that di(s)ug € V for any s € R
and dj(s)ug € L™ for any s € R.

By Lemma 2 we derive ||d; (s)uol|2 = e/2||uol|2 and ||d1 (8)uo|leo = €°||to]]oo-

11 (s)uoll3lld1 (s)uollee = €**JuolI3]|uolloo-
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Let us select
€

1
—0<s< —In——ms——.
2 Juoll3]luolloo
In this case, we, obviously, have
Hdl(50)u0||§”d1(50)'u0”oo < € and dl(so)uo eV nNL*®.

Hence, by assumption of the theorem, a strong solution (u,p) with u(0) =
d; (sp)up exists on [0, +00).
By Lemma 3 the pair (@, p) given by

a(t,x)=e"*ou(e 2%t e~ x), p(t, x) =€ 20p(e” 20t e *0x),t €0, +00), z €ER3

is also a strong solution of the Navier-Stokes equation. Since u(0) = d(so)uo
means that
u(0,z) = e*ug(e*z), = e€R3
then
w(0,2) = e~ u(0,e”%x) = ug(x),

ie. 4(0) = up.

Finally, let us mention the following properties of the strong solutions in-
troduced by Definition 1 proven before:

— Global-in-time existence for small initial data [4, Corollary 3.13 and Lemma
3.10]
There exist € > 0 and C' > 0 such that for any

ug € {fu e VNL™: ||u\|§||uHOo <e}

a strong solution (u,p) with the initial data u(0) = ug exists on [0, +00)
and [|u(t)]loo < Cllto]loo:
— Uniqueness of strong solutions [4, Theorem 3.9]
For any ug € V N L™ a strong solution with «(0) = ug is unique.
— Smothness [4, Corollary 3.3].
If (u,p) is a strong solution of the Navier-Stokes equation then

OEV™u, dFV™p € C((0,T), L*) N C((0,T), L), VYm,k>0

and, in particular, u,p € C*°(R? x (0,T)) constitute a classical solution of
the Navier-Stokes equations on (0,77 x R3.

Theorem 2 For any initial condition on u(0) = ug € VNL*> the Navier-
Stokes equations have a unique strong solution on [0,+00) x R? (that is,
in fact, a classical C> solution on (0,+00) x R3) and there exists C > 0
such that for any solution (u,p) we have

[u(®)]lso < Cllugllos, t>0.
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Proof The global existence and uniqueness of the strong and classical solu-
tion is the straightforward combination of Theorem 1 with [4, Corollary 3.13,
Theorem 3.9 and Corollary 3.3].

The existence of a constant C' > 0 such that |[u(t)|lecc < Cl|uo]|eo for all
t > 0 is proven by [4, Lemma 3.10] for any ug € {u € VNL>® : ||ul|3]|u/|e < €}

Let d;(s) be defined as in the proof of Theorem 1 and (u,p) (with ug €
{u e VN L®: ||ull3||ul|e < €}) and (us,ps) be two pairs of solutions given
by the statement of Lemma 3. Since us(t) = di(s)u(e*t) for all ¢ > 0 and
ld1(s)z]lco = €°||2||oo for all z € L™ then

s (8)l]oo = €*[[u(e**t) | oo < Ce®[|u(0) | oo = Clld1 (5)u(0) [loc = Cllus(0)].
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