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A multi-lane macroscopic traffic flow model for simple networks

Paola Goatin! Elena Rossi'

Abstract

We prove the well-posedness of a system of balance laws inspired by [8], describing macro-
scopically the traffic flow on a multi-lane road network. Motivated by real applications,
we allow for the the presence of space discontinuities both in the speed law and in the
number of lanes. This allows to describe a number of realistic situations. Existence of
solutions follows from compactness results on a sequence of Godunov’s approximations,
while L-stability is obtained by the doubling of variables technique. Some numerical
simulations illustrate the behaviour of solutions in sample cases.

2010 Mathematics Subject Classification: 35L65, 90B20, 82B21.

Keywords: macroscopic multi-lane traffic flow model on networks; Godunov scheme; well-
posedness.

1 Introduction

Macroscopic traffic flow models consisting of hyperbolic balance laws have been developed
in the scientific literature starting from the celebrated Lighthill-Whitham-Richards (LWR)
model [I3] [14]. Despite its simplicity, the LWR model is able to capture the basic features
of road traffic dynamics, such as congestion formation and propagation. Nevertheless, it can-
not describe many aspects of road traffic complexity. To this end, several improved models
accounting for specific flow characteristics have subsequently been introduced: second-order
models accounting for a momentum equation (see e.g. [2]), multi-population models distin-
guishing between different classes of vehicles (e.g. [3]), etc.

In this paper, we are interested in describing carefully the traffic dynamics on road net-
works with several lanes, allowing for lane change and overtaking. Multi-lane models for
vehicular traffic have been proposed in [6l 8, 11, 12]. In the macroscopic setting, these models
consist in a system of balance laws in which the transport is expressed by a LWR equation for
each lane, and the source term accounts for the lane change rate. In particular, the equations
of the system are coupled in the source term only.

Aiming to describe realistic situations in detail, we allow for the speed laws and the number
of lane to change along the road. In the study, for sake of simplicity, we consider the model
proposed in [8], but more general source terms could be taken into account.

We consider an infinite road described by the real line. Let M, C NT be the set of
indexes of the active lanes on | — oo, 0[, with M, := |M,| > 1 its cardinality, and M, C N*
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be the set of indexes of the active lanes on |0, +oo[, with M, := |[M,| > 1. Let us consider
M > max{My, M,}, its choice depending on the specific situation under study.

To cast the problem in a general setting, we extend the road considering the same number
of lanes M on the left and on the right of x = 0. More precisely, we assume that there are
M — My and M — M, additional empty lanes on | — oo, 0], respectively |0, +o0o[. Moreover, we
prevent vehicles from passing from the active to the fictive lanes added, see condition
below. In the same way, we can consider multiple separate roads, thus accounting for network
nodes.

The problem under consideration is then the following: for x € R and ¢ > 0, the vehicle
density p; = p;(t,x) on lane j solves the Cauchy problem

Op; + Oufi(x, pj) = Sj—1(@, pj—1,p5) — Sj(@, pj, pjr1) G =1,..., M,

(1.1)
p](ovx):pa,j(x) jzla"'vMa
with
vj(@,u) = H(x)vpj(u) + (1 — H(z)) vej(u), (1.2)
foj(u) = wvpj(u),  frj(u) = uo;(u), (1.3)
fi(@,u) = woj(z,u) = H(z)frj(uw) + (1= H(z)) fe;(u), (1.4)
for j = 1,..., M, where H is the Heaviside function. The velocities vg;, for d = £, and
j=1,..., M, are strictly decreasing positive functions such that vy (1) = 0. We assume that

each map fy;(u) = uvgj(u) admits a unique global maximum in the interval [0, 1], attained
at u =17, We set

W (x) = H(z) 9 + (1 — H(z)) 9. (1.5)
Moreover, we set p,j : R —[0,1] for j =1,..., M, and
poj(x) =0 for z €] —o00,0[ and j & My, (1.6)

poj(z) =1 for z €]0,+o0] and j & M,.

Concerning the source terms, accounting for the flow rate across lanes, we define, as in [§],

Sa;i(pj,pj+1) = [(vd,j+1(pj+1) —0a;(p))) " pj = (vajs1(pjs1) —vay(p;))” Pj+1]

pi Vdg+1(pi+1) = va;(pj), (1.8)

= (vajs1(pjs1) —vaj(pj))

Pi+1 Vag+1(pi+1) < va;(p;),
ford=4¢,rand j=1,...,M —1, where (a)™ = max {a,0} and ¢~ = —min{a,0}. To account
for separate lanes, such as different roads or fictive lanes, we set

Sd.j,(u, w) =0 for some jg € {1,...,M =1}, d=1¢,r. (1.9)

The functions appearing in the source term are then defined as follows
Sj(x,u,w) = H(x) Sy j(u,w) + (1 — H(x)) S j(u,w) forj=1,...,.M—1, (1.10)
So(x,u, w) = Sy (x,u,w) =0. (1.11)

For the sake of shortness, introduce the notation p = (p1,...,pn), so that the initial data

associated to problem (1.1)—(1.6)—(L.7)) read p(0,z) = p,(x).



Remark 1.1. For simplicity, and with slight abuse of notation, we consider p = p(t,z) for

t >0, z € R. However, we will show that, by (1.6)), (1.7) and (L.9), there holds p;(t,z) =0
forallt >0, x €] —00,0[ and j & My, respectively p;(t,z) =1 for allt > 0, z €]0,4o00[ and

JE M.

Following [10, Definition 5.1], see also [9) Definition 2.1 and Formula (5.8)] and [7, § 8.3],
we recall the definition of weak entropy solution for (1.1)—(1.6)—(L.7).

Definition 1.2. A map p = (p1,...,pn) € L¥([0, T] x R; [0,1]M) is a weak entropy solution
to the initial value problem (1.1) if

1. for any ¢ € CL([0, T[xR;R) and for all j =1,..., M,

T
/O /R (Pj Op + fi(w, pj) B + (Si—1(x, pj—1, pj) — Sj(, pj, pit1)) 90) dzdt

+/ po,; p(0,z) dz = 0.
R
2. for any ¢ € CL([0, T[xR;R*), for any c € [0,1] and for all j =1,...,M

T
/o /R {‘Pj — | Qe + sgn(p; — ) (fi(x, pj) — fi(x,¢)) Oap
sgn(p; = ©) (S51(2 p51,05) = S(@. pjspy41)) 0 dudt

T
[ 1@ = i@ t0.0) i+ [ o clot0.0de > o

The rest of the paper is organised as follows. In Section [2| we construct a sequence of
approximate solutions based on Godunov finite volume scheme and we prove its convergence
towards a solution of . We then provide a L-stability estimate with respect to the initial
data, which implies the uniqueness of solutions. Specific situations and the corresponding
numerical simulations are discussed in Section [3]

2 Well-posedness

We define the map v : [0,1] — R?M by setting v; = vej and vy = vy, for j=1,..., M.
Moreover we define

Vmax e HUHCO([Oyl]yRQM) = J:I{laXM Hvd,] HLOO([071]7R)7
d=t,r (2.1)

/
Vg s .
=L M H d’jHLOO([O,l];R)
d=¥,r d={l,r

V= [vlcro,1memy = P T HvdJHLOO([O,l];R) +  hax

We introduce the following quantity, which corresponds to the L'-norm of the vector p
computed on active lanes:

el = Z HijLl(]foo,O[)—i_ Z HPJ'HLI(]O,+OO[)' (2.2)
JEMy JEM,



Introduce a uniform space mesh of width Ax and a time step At, subject to a CFL
condition, to be detailed later on. For k € Z set

1
T = <k + 2) Az, Ty_1/2 = kAxz,

where zj denotes the centre of the cell, while z;/, its interfaces. Observe that » = 0
corresponds to x_j /o, so that non negative integers denote the cells on the positive part of
the z-axis. Set Ny = |T'/At| and let t" = n At, for n = 0,..., Np, be the time mesh. Set
A = At/Az. Approximate the initial data in the following way: for j =1,..., M, for k € Z

0 1 Tr41/2 d
Pjk = Aa:/ka Po,j(x) dz .

Define a piece-wise constant solution p to (L.1)) as, for j =1,..., M,

" t e [tn, v, n=0,...,N; — 1,
pia(t,z) = piy  for where (2.3)

T € [Trp_1/2, Thp1/2[; k€ Z,

through a Godunov type scheme (see [1]) together with operator splitting, to account for the
source terms:

Algorithm 2.1.

min < f; (m,min{u,ﬂj(aﬁ)}> i <a:,max{w,19j(x)}>} if © # 0,

Fy (2, u,w) = | 4 (2.4)
min < fy; (min{u,ﬂ%}) I (max{w,ﬂi})} if ¢ =0,
for n=0,...,Np —1
for j=1,...,M, for keZ
+1/2
P;-L,k 12— P?,k —A {Fj(ﬂfml/%/ﬁ,mﬂ?,kﬂ) - Fj(xk—l/%p?,kfla P?k)} (2.5)
end
for j=1,....M, for k€ Z
+1/2 +1/2 n+1/2 +1/2  n+1/2
Pl = P AES (ke 02 o0 = AES (s o R D) (2.6)
end
end

Remark 2.2. Observe that, under hypotheses f, for alln = 0,...,Np — 1 and
k < —1 (corresponding to = < 0), it holds Pir =0 forallj g My. In particular, no wave can
move backward into the segment | — 00,0[ for j & My. Similarly, for alln =0,...,Np — 1
and k > 0 (corresponding to x > 0), it holds Pir =1 for all j & M,.. In particular, no wave
can move forward into the segment 10, +oo| for j & M,.



2.1 Positivity and upper bound

We prove that, under a suitable CFL condition, if the initial data take values in the interval
[0, 1], then also the approximate solution constructed via Algorithm attains values in the
same interval [0, 1].

Lemma 2.3. Let p, € L*®(R;[0,1]M). Assume that
1

with YV as in (2.1). Then, for allt > 0 and = € R, the piece-wise constant approximate solution
pa constructed through Algom'thm is such that 0 < pja(t,x) <1, forall j=1,..., M.

Proof. By induction, assume that 0 < p) < 1forallk € Zandj=1,..., M. Consider (12.5):

it is well known that, for a Godunov type scheme with discontinuous flux function, it holds

0< pzzl/ 2 < 1, see [I, Lemma 4.3]. We now focus on the remaining step, involving the source

term. In particular, fix £ > 0, corresponding to x > 0, the other case being entirely similar.

Exploiting ([1.10]), equation ([2.6) reads

1 +1/2 +1/2 +1/2 +1/2 +1/2
Pl = R S, (o R = A S (ol R D).

To improve readability, in what follows we omit the index n 4+ 1/2. Moreover, we take into
account a complete case, in which the source term contains the contributions from both the
previous and the subsequent lane. Without loss of generality, we take j = 2 and we assume

both S, 1(p1k, p2,k) # 0 and Sy 2(pak, p3k) # 0. By and we obtain
P%l = pag + At Sp1(p1k, p2.k) — At Sy 2(p2.ks P3.k) (2.8)
= pay + AL [(vr,Q(sz) — o1 (1) ik — (ra(p2k) = vea(p1k))” P2,k]
— At [(Ur,3(p3,k) —vr2(par)) " ok — (vr3(p3k) — vr2(p2k))” pg,k} .

There are four possibilities:

vr2(p2,k) = vr1(pP1e) | vr2(p2,k) < vra1(p1k)

vr,3(p3,k) > Vr2(p2,k) Case |A. Case|C.

vr,3(p3.k) < vr2(pP2,k) Case |B. Case |D.

We analyse them in details.

A. Equation ([2.8) reads

piet = pak + At (vr2(par) — vri(p1r)) pri — At (vr3(p3k) — vr2(p2k)) pok
> pos — At (vr3(p3 k) — Ur2(p2.k)) P2k
> pog (1= Atvrs(psi))
> pogk (1 — At Viax)
>0,



by the CFL condition (2.7), since Az < 1. Moreover, since v,2(1) = 0 and pa; < 1,

pg,—ltl = poi + At (vr2(p2.k) — vr1(p1r)) pre — At (vr3(p3,) — vr2(p2k)) P2,k

< pok + Atvea(por) p1x + Atvra(p2k) P2,k
= ok + At vy 5(0) (p2k — 1) (prk + P2.k)

= pak (1 + Aty o(0) (p1e + ,02,k)) — At 5(0) (prk + p2.k)

< 1+ At(0) (s + pak) — Atul(0) (puk + o)

=1,
with o €]pa,1[ and we exploit the fact that 1 + At v,’ﬂ’2 (pl,k + pz,k) > 0, due to the
CFL condition (2.7)).

B. By equation (2.8) and the hypotheses on the signs, it follows immediately that

Pgﬁ;l = p2 + At (Ur,2(ﬁ’2,k:) - Unl(ﬁl,k)) prr — Al (Ur,3(ps,k) - Ur,z(Pz,k)) p3k = 0.

Moreover, since vg2(1) =0 and pg < 1, we get

ng;l = pag + At (vr2(p2) — vri(p1k)) P1k — AL (vr3(03,k) — vr2(p2,k)) Pk

< pog + Atvea(par) prr + At ve2(p2k) p3k
= pog + Atvy5(0) (p2k — 1) (prk + P3k)

= pak (1 + Aty o(0) (p1e + PS,k)) — At v, 5(0) (prk + P3,k)
< 1+ Atv(0) (o1 + pax) — Atvgy(o) (pre + p3r)
—1,

where o €]pa k. 1[.

C. By equation ([2.8) and the hypotheses on the sign, we get

phkt = pak + At [(Um(ﬂzk) —vr1(p1k)) P2k — (Ur3(p3) — vr2(p2k)) P2,k}

> pok (1= Atvra(p1k) — Atvrs(psi))
ZPQ,k(l —2At Vmax)
>0,

by the CFL condition (2.7)), since Az < 1. Moreover, since v, 2(p2k) — vri1(p1k) < 0
and vy 3(p3.k) — vr2(p2k) > 0, we get

pgf = poi + At [(Ur,2(p2,k) —vp1(p1k)) P2k — (Ur3(p3k) — vr2(p2k)) ,02,4 <poi <1
D. By equation ([2.8) and the CFL condition ({2.7]) we obtain

Pg}:l = pak + At [(Ur,2(/’2,k) —vr1(p1k)) P2k — (vr3(p3k) — vr2(pak)) /73,1@}
> poi + At (vr2(p2,k) — vr1(PLE)) P2,k



> pak (1= Atw1(p1r))
> p?,k(l — At Vmax)
> 0.

Moreover, since v, 2(1) =0 and paj < 1,

p;f = po i + At [(Ur,z(pzk) —vr1(p1k) P2k — (vr3(p3k) — vr2(pak)) ,03,1@}

< pok + Atvea(pok) poi + Atvra(pa k) p3k
= pok + At v 5(0) (p2,k — 1) (P2, + P3k)

= P2k (1 + At vy 5(0) (p2k + p&k)) — At 5(0) (p1k + P3.k)
<1+ Aty o(0) (P2 + p3k) — At vy 5(0) (p2k + p3k)
-1,

where o €]pa i, 1[.

Hence, we conclude that pﬂrl €[0,1] forall j=1,...,M and k € Z. ]

2.2 L'-bound

The following Lemma shows that, if the initial datum p, satisfies |||p, ||| < +oo, i.e. it is in L!
on the active lanes, the same holds for the corresponding solution. Moreover, the L1-norm
(2.2) is constant, thus the total number of vehicles is preserved over time.

Lemma 2.4. Let p, € (L} NL*®)(R;[0,1]M). Let p, € L>®(R; [0, 1]M), with |||p,|| < +oo .
Under the CFL condition (2.7), the piece-wise approzimate solution px constructed through
Algorithm [2.1] is such that, for allt > 0,

a1l = llpoll (2.9)

Proof. By induction, assume that (2.9)) holds for t™ = n At. The Godunov type scheme (2.5|)

is conservative, see [1], hence

o2 = Az 30 ST |+ A 3

JEMp k<-1 JEM k>0

+1/2
o = lleol.

Pass now to (2.6): by the positivity of pa, see Lemma and the assumptions on the source
terms (T.11), it follows immediately that [||[p" ]| = |[[2"t2|l| = |llp,]l- O

2.3 L! continuity in time

Following the idea introduced in [9, Lemma 3.3], we now prove the L!-continuity in time
of the numerical approximation, constructed through Algorithm The result is of key
importance in the subsequent analysis.



Proposition 2.5. Let p, € BV(R;[0,1]M) with ||p,|| < +oo . Assume that the CFL
condition (2.7)) holds. Then, forn =0,...,Np —1

M M
Ax > S ot = o] < 2e*YT At (v > TV (6)) + M Vinax + 2 Vinax m,uu), (2.10)
j=1keZ J=1

with Vinax and V as in (2.1)).

Remark 2.6. Observe that, by Remark the sums appearing in (2.10) are actually sums
over the active lanes only, the terms corresponding to fictive lanes being equal to 0. For
example

n+l _ n
Pjk Pk

S = X S ol %

j=1keZ JEMp k<-1 JEM k>0

However, for the sake of shortness, we keep the first notation throughout the proof.

Proof. Fix k€ Z and j € {1,...,M}. By (2.6) we have:

+1 n+1/2 n—1/2
Pik — Pk = Pix " = Pk
+1/2 n+1/2 -1/2 n—1/2
+1/2  n+1/2 1/2 1/2
— At Sj(zg, ?k / ,/)?_Hyé€ ) + At Sj(ﬂUmPZk / ,p?HQ )

Observe that, by (L.11]), terms of type At (Sj(xk,pyzlm,p?:llf) -5, (:Uk,p?kl/Q,p?Hlf))

are non zero for j = 1,...,M — 1. Forx € Rand j =1,...,M — 1, the function (u,w)
Sj(z,u, w) defined in (1.10), together with (L.8) and (L.9)), is Lipschitz in both variables, with
Lipschitz constant

V(@)

with V as in (2.1). Hence, for j =1,..., M — 1, we get

() +v741(a,0),

K; =
j = max {’ Lo ([0,1])

+vi(x,0) p <V,
Lo ([0,1]) i )}

+1/2 nt1/2 n—1/2 n-1/2
At‘S](xk,p?k / ,P?+12)_S (xk’p]k / ’p?-‘rl,éﬂ)’

n+1/2 n 1/2 n+1/2 n—1/2
<Atv< |+ op i - o D
By (2.11)), taking into account also (|{1.11]), we conclude

M

Dokt = o

j=1

S / /

n+1/2  n—1/2

< Z Pik = Pik ’

j=1

LoVAL p?:};l/Q n— 1/2‘+2 Z n+1/2 n 1/2’+ n+l/2 pnMi;/Q




M
< (L+4VAH)D |p

n+1/2 n—1/2
ik Pik ‘
j=1
< 4vmz n+1/2 o7 1/2‘_ (2.12)
Exploit now (2.5): we have, for fixed j € {1,...,M} and k € Z,
+1/2 —-1/2 —1
sz /2 _ P?,k /2 = P;'l,k - P?k - A [F}'(xk+1/27p?,kap?,k+1) - Fj(%q/mﬂﬁk—pﬂﬁk)]
+)\ |: ($k+1/23p]k ap] k+1) F}(xk—l/27p?’;£1)p?,;1)i| . (213)

We closely follow the proof of [9, Lemma 3.3]. In (2.13) add and subtract A Fj(zj11/2, 0} p?;}rl)
and A Fj(zg_1/2, P} 1, ,0?;1) and, setting

/

Fj(xkfl/% ka_la ka:) - Fj(xkfl/Zv p;ik_lu PZ;I)
n —A n n—1 lfpjk#pjk )
O = Pik ~ Pjk (2.14)
0 if py = Pyt
( F. n n—1\ I, n—1 n—1
J(xk+1/27pj,k7pj,k+1) J(karl/??pj,k 7pj,k+1)
n A n n—1 1fpjk7ép]ka
ik = Pik ~ Pjk (2.15)
0 if p;?’k = p}fgl,

rearrange the resulting expression to obtain

+1/2 —1/2 -1
’O;L’k /2 _ P?,k = (p?,k - sz ) (1 - O‘Zk - 67?k)

1 1 (2.16)
+ a5k (P?,kﬂ - /’?,EH) + Bk (p?,k—l - P?,E_J :

Since the numerical flux F; defined in (2.4)) is non decreasing in the second variable and non
increasing in the third, we get oz;”k, ﬁ?k >0 forall j =1,...,M and k € Z. Moreover,
Fj(z,-,-) is Lipschitz in both arguments, for z € R, with Lipschitz constant bounded by V as

n (2.1). Therefore,

A -1 -1 n-1
k= T (Fj(fﬂkﬂ/%P?,k,PZkH) — Fj(@pi1/2, 05, 7/)?7]@-&-1))
Pk — Pjk
< A it =av<l
no_ 3k 2’
Pik =~ Pik

by the CFL condition (2.7]). A similar argument apphes to a K As a consequence, 1 — o o
5" > 0, thus all the coefﬁments appearing in are pos1t1ve and so

n—1 n n
> - !(1—%— )

kEZ
n n n—1 n n n—1
+> Al ‘pj,k—i-l - ijq—l—l‘ +> B ‘pj,k—l —Pjk-1
keZ keZ

Pk

n+1/2 n 1/2‘




= > |-t (2.17)

keZ

Collecting together (2.12)) and (2.17) leads to

»S

1 4V At +1 2 1/2 1
-] <SS < o= i
j=1keZ j=1k€EZ j=1keZ
which applied recursively yields
M M
1 AVT 1 0
I 39 D) TSR FEILIS 3 pl KIS 219

j=1 keZ J=1keZ

where we also multiplied both sides of the inequality by Ax.

Using (2.5)) and (2.6, compute

1/2 12 1/2 /2 1/2
Pl — 00k = py2 = 2+ ALS 1, )2 1) — ALS (e, 15 0 )
= =X | Fi(@g1/0 0 W) = Fi(@no1os s 0] (2.19)
/2 1/2 /2 1/2
+ At S 1 (zk, Pj/ 1k Pj/k ) — At S;(z ap]/k apjil k) (2.20)
Focus first on (2.20)): by the definition of S; (1.8)—(1.10)—(1.11), for j =1,..., M —1 we have
/2 1/2 1/2 1/2

)S (xka Pj k apj+1 k)‘ < Vinax (Pj k + ijrl,k) . (221)

Therefore, recalling Remark with slight abuse of notation

1/2 1/2  1/2 1/2
szzﬁt‘% 1@k, 0y g if) = S (@ 7p/k,pjilk)‘ <AchthaxZZ4 g
j=1keZ j=1 keZ

= 4 At Vigax [[l0"2]
= 4 At Vinax [[[ o], (2.22)

where we use Lemma 2.4

Pass now to . Since we are interested in the sum over k € Z, we distinguish among
four cases: k< -1,k >0, k=—1and k£ =0.

The first case, k < —1, amounts to x;_1/2 < ZTpy12 < 0. Thus, by the definition of
F; , together with , the numerical flux does not depend on the variable z, namely

forx <0: Fjz,u,w)= min{fm (min{u,ﬁg}),fm <max{w,19£}) },

and the function above is clearly Lipschitz in both u and w, with Lipschitz constant V as
in (2.1)), leading to

0 0 0 0
Z ’ﬂ(%ﬂ/z,ﬂj,mpj,kﬂ) - Fj(xk—l/Qapj,kflapj,k)‘
k<—1

0 0 0 0
<V Z (‘Pj,k - pj,k—l) ™ ‘Pj,im B Pj,k‘) :
k<—1

(2.23)
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The case k£ > 0 can be treated analogously, leading to

0 0 0 0
Z ’Fj(xkﬂ/z, Pj k> Pj,k+1) - Fj(‘rk—l/% Pjk—1> pj,k)‘
k>0

0 0 0 0
=V Z <)pj,k N pj,k:fl‘ + ’pj,kJrl - pj,kD :
k>0

Pass now to k = 0. Recall that z_;,, = 0. By the definition of F; (2.4), together with (1.4)),
we have

Fy(w1 0, 00 #0) = Fy 10, 1, 0) = min{ 5 (minfeo, 97} ), frg (mac{pl, 941) }

— min{f&j (min{p?},l,ﬂin g (max{p?70,0£}> }

(2.24)

We immediately get

‘Fj(‘rl/%pg‘),07pg,l)_Fj(xfl/%p?,fhp], ‘ HfjHLoo_ maxs (225)

with Vijax as in (2.1). The case k = —1 follows analogously.
Hence, collecting together (2.23)), (2.24]) and (2.25)) and using the fact that A Ax = At, we
obtain

Az Z A ’Fj(xk—&-l/% P9 10 Y k1) — F(@—1/2: 1115 P?,k)’
kez

S VALY, (‘ng - P?,k—l‘ + ‘P?,k:ﬂ - P?,kD + 2 At Vinax
keZ

<2vary (,og{k —pg{k,l‘ + 2 At Vinax. (2.26)
kEeZ

By (2.19)- -7 insert (2.22) and (2.26]) into (2.18)):

M
AmZZ pZJrl P?,k > 4VTAt<V ZTV (P?) "‘MVmax—f'QVmaxmpom),
Jj=1keZ j=1
concluding the proof. O

2.4 Spatial BV bound

We follow the idea of [4, Lemma 4.2] of providing a local spatial BV bound, in the sense that
the estimate in (2.27)) below blows up if one of the endpoints of the interval [a, b] approaches
x = 0.

Lemma 2.7. Let p, € BV(R;[0,1]M) with ||p,||| < +o0o. Assume that the CFL condi-
tion (2.7) holds. For any interval [a,b] C R such that 0 ¢ [a,b], fir s > 0 such that
2s < min{|al, |b|} and s > Axz. Then, for any n = 1,...,Np — 1 the following estimate

holds:

. 2C

> ‘p?,kﬂ—p}‘,k) 4VT<ZTV Po.j +8MVmaxT+> (2.27)
Jj=1keK?

with K& = {k € Z: a < 2, < b}, Vinax and V as in and C independent of Ax and At.
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Proof. Let
Ap = {kGZ:xk,l/ge[a—s—Ax,a]}, Ba = {kGZ:xk+1/2€[b,b+s+Ax]}.

By the assumptions on s, observe that there are at least 2 elements in each of the sets above,
i.e. |Aal, |Ba| > 2. Moreover, |Aa| Az > s and |[Ba|Az > s. Furthermore, notice that

e if 0 <a <b: it holds zy_1 /o > 0 for any k € Ax;
e if a <b<O0: it holds z 1/ <0 for any k € Ba.

By Proposition there exists a constant C' such that
Np—1 M

DI

n=0 j=1 keZ

n+1

Pik = Pk =G,

with C = 2T e*VT (V TV (p,) + M Vinax + 2Vinax ||pol|]). Hence, when restricting the sum
over k in the set Aa, respectively Ba, it clearly follows that
Np—1 M

Np—1 M
DD DD DRV e LD B DI Dl ey N S
n=0 j=1 keAx n=0 j=1 k€Ba
Choose k, € Aa and kp with k + 1 € Ba such that
Nr—1 M Np—1 M
1 : 1
Do Dk P = min DD oikt = A,
n=0 j=1 A p=0 j=1
Nr—1 M Nr—1 M
+1 . +1
> Y e = Pk = min 0T |t = ol
n=0 j=1 A n=0 j=1
Thus, by (2.28),
Nr—1 M
> Sl e = e =
Pike = Pike| = T ANAZ = 5
n=0 j=1
Nt (2.29)
- c C
+1 n
Z Z 'O?,kb-l-l _pj,karl‘ < =
o e |BA| Az — s

In view of the next steps, observe that

>

k=kq+1

kp
Piky+1 ~ Pk |-

D

k=kq
Focus on the central sum on the right hand side of (2.30). By ({2.6]), for k, < k < kp and

j=1,..., M, we have

n+1 n—+1

n+1 n+1
Pjkat+1 ~ Pjka

n+1 n+1
Pik+1 = Pjk ’ +

Pjk+1 ~ Pk

) _

n+1 nt+l _ n+1/2 n+1/2

Pik+1 ~ Pik = Pik+1 ~ Pjk
. n+1 n+1 . n+1 n+1
+ At (S]—l(xkapj_l,k+l = Pirr) = Si—1(@r, P70 — 05

12



. n+l _ n+l . n+l  n+l
—=Si(@k, P51 — Py 1) + 55 (@, P pj+17k>)'

By the Lipschitz continuity of the map (u,w) — Sj(z,u,w) forx € Rand j=1,...,M —1,
we get

+1/2 +1/2
el (231)

M M
> loih = et < a+avan >
j=1 J=1

Fix now j € {1,...,M}. Recall that for all k, < k < k; either z}_1/o > 0 or Tpy1/2 < 0.
Therefore, when applying ({2.5)), observe that the numerical flux F} (2.4]) is never computed

at x = 0, leading to

n+1/2 n n n n )
Pj; /2= Pik — A |:Gd,j<pj,kapj,k+1) - Gd,j(ﬂj,kﬂaﬂj,k)] ) (2.32)
for d = £, r, with
Gaj(u,w) = min{fd’j (min{u,ﬂzl}) s fa (max{w,z?é )} (2.33)

Clearly, it is d = ¢ whenever a < b < 0 and d = r whenever 0 < a < b. Adding and
subtracting A G ;(0} ., i) = A fa,;(P})) into (2.32) and setting

A Gdyj(p?,kJrl? P?k) - Gd,j(P?,ka P?k) £ o0 n
" - o i P k1 7 P
Vdjk = Pik+1 ~ Pjk (2.34)
L 0 if P ki1 = Pk
\ Gd,j(P?,ka P;Z,k) - Gd,j(ﬂ?,k_pf’?,k) if 7 # 7
Od ik = Pik = Pik-1 PRI (2.35)
L 0 it Py = Pir-1s
we can rearrange (2.32)) to get
+1/2
ot = i (P = P ) = 0 (P = i) - (2.36)

The function G4 ; is non decreasing in the first argument and non increasing in the second,
so that we easily get v} ik oy ik = 0. Furthermore, Gy ; is Lipschitz continuous in both
variables, with the same Lipschitz constant V (2.1)) as F}: by the CFL condition (2.7)

1 1
Yijk S AV S5 Oajr <AV =5,

and hence vy, + 07 ;41 < 1. Therefore, for kg <k < ky
+1/2 +1/2
P?,k+/1 — P /?= (P?,Hl - P?k) (1 —Vd gk~ 5g,j,k+1> 237
n noo_m P PR (2.37)
+Ydj k1 \Pik+2 ~ Pik+1 ) T 0djk \ Pik — Pik—1) -

We are left with the boundary terms in (2.30). Fix j € {1,...,M}. For k = k,, applying
first (2.6 then (2.5)), in the form of (2.36]), we have

n+1 n+1
Pjkat+1 ~ Pjka

13



_ pn+1/2 +AtSJ_1($ka+1, n+1/2 n+1/2) o AtS]( TL+1/2 ’I’L+1/2 ) n+1

= Pikat1 Pj—1ka+17 Pjka+1 That1 Pj kot 1 Pt ka+1) ™ Pika
_ Va3 n Vel 3 n 3 Vel
= Pika+1 T Vdjka+1 (pj,ka+2 - pj,ka—i-l) — 0d j kat1 (pj,ka—H - pj,ka)
) n+1/2 n+1/2 ) n+1/2 n+1/2 n+1
+ ALSj 1 (Thy 41505 1 oy 410 Pk s 1) — DES (ko105 10,410 Pj1 ot t) = Pl -
Add and subtract p;-‘ka, then take the absolute value and sum over j = 1,..., M: exploit-
ing (2.21]) leads to
M M M
n+1 n+1 n—+1 n n n n
D Pikans = 5k S D (PSR = P+ 20— 5d,j,ka+1)‘/)j,ka+1 ~ Piika
j:l j:l j:l
(2.38)

M M
n n n n+1/2
+ D Vi kot ’Pj,km - Pj,ka+1‘ +AA Vi D0y, 41
j=1 j=1

Proceed similarly for k = ky:

n+1 _ n+l
Piky+1 ~ Pk,

_ n+tl n+1/2 A n+1/2  n+1/2 A n+1/2 n+1/2
= Piggr1 ~ Pk, — AES-1(@ry, 05 1 Pik, )+ AES (@ ik, P ,)
_ n+l n n n n n n n

= Pikyr1 ~ Piky — Vdjky (Pj,kbﬂ - Pj,kb) + 0dj ks (Pj,kb - Pj,kb—l)

_ AtSj_l(.kajanrl/Q pn+1/2) +At5j(l’kb,pn+1/2 n+1/2)'

i—=Lky? Pk Gk 2 Pit1ky
Now add and subtract p?} k,+1- take the absolute value and sum over j =1,..., M:
M M M
Z pﬂ_blﬂ - P;;gbl < Z PZZ}H - p;'l,kb+1’ + Z(l = Vi) | Phkot1 — Pk
=t . =t Ny (2.39)
+ D O [Pk r — Pk, |+ 4D Vi Yy 01
j=1 j=1

By (2.30)), collect together (2.31)), (2.37)), (2.38) and (2.39)): since all the coefficients ap-

pearing there are positive, we obtain

Mk
n+1 n+1
> [Pk = A )
=1 k=kq
M M
n+1 n n n n n n n
< Z Pike — Pika| t Z(l - 5d,j,ka+1)‘pj,ka+1 ~ Pjka| T Z 7d,j,ka+1’pj,ka+2 - pj,ka+1’
Jj=1 Jj=1 Jj=1
M M ky—1
n+1/2 4V At n n n n
A Vinax ) oy etV <1 = Vdjk 5d,j7k+1> ‘Pj7k+1 ~ Pk
j=1 j=1 k=kq+1
M kp—1 M kp—1
4V At n n n 4V At n n n
te > 2 Vd,j,kH‘Pj,m - pj,kJrl‘ te > > 5d,j,k’Pj,k - Pj,k—l‘
j=1 k=ko+1 §=1 k=kq+1
M M M
n+1 n n n n n n n
T Z Pjkt1 ~ Pj,ka‘ t Z(l = Vdgey) | Pyt~ Piky | F Z O j oy | ko1~ Pk,
j=1 j=1 j=1
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M
AV 3O

Jiko
=1
M kp
4V At n n n+1 n n+1 n
<> |e > ‘pj,k:—i—l - pj,k) + ‘Pj,ka I ‘pj7kb+l = Pikyr1| | +8M Vg At,
j=1 k=kq

where we exploit also Lemma [2.3] Proceeding recursively we finally get, for 1 <n < Np — 1,

Sy

M
Ptk = o] < Y OEDATS TV () 4 €1V ATS M Vi (n 1) At

3=1 k=kq j=1
n M
4VnA 1 1
S 90 DI (VrARMERVRTEr )
m=0 j=1
S 20
< AVT T ‘ 20
<e Z V (poj) +8M Vinax T+ == |,
J=1
where we used also (2.29)). Noticing that [a,b] C [z, , Zk,+1] completes the proof. O

2.5 Discrete Entropy Inequality
We follow the idea of [9, Lemma 5.1].

Lemma 2.8. Let p, € BV(R;[0,1]M) with ||p,||| < +o0o. Assume that the CFL condi-
tion holds. Then the approrimate solution p defined by through Algom'thm
satisfies the following discrete entropy inequality: for oll 5 = 1,....M, for k € Z, for
n=0,...,Npr —1 and for any c € [0,1]

/’ﬂ_l - C’ — Pk — C’ +A (9}6,“1/2(0?@ P ks1) — yjc,kflﬂ(p?,k—l?p?,k))
—-A ‘Fj(.’l?k_'_l/Q, c,c) — Fj(wy_1)9,¢, c)‘ (2.40)
+1/2 +1/2 +1/2 +1/2
—At Sgn(p;‘i—}gl - C) (Sj—l(xka p?_lé 7p7;’k; / ) - S](xkvp?,k / 7p‘?+172 )) < Oa

with

ﬂﬁkﬂﬂ(u, w) = Fj(zp11/2,uV c,wVe) = Fj(wp1/2,uAc,wAc),

where a V b = max{a, b}, a A b =min{a,b}.

Proof. Fix je{l,...,M} and k € Z. Let

Gik(u,w,2) =w— A Fj($k+1/2,w,z) fFj(xk_l/Q,u,w) .

+1/2
Clearly pzk /2 = %,k(ﬂzk,pﬁ’;kaf’;kﬂ)- Set

AkF;: = Fj(xk+1/27 ¢, C) - Fj(xk—l/Q’ ¢ C)’
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so that ¥; (¢, c,c) = ¢ — AARFY. By the properties of the numerical flux Fj, the map &, is
non decreasing in all its arguments. Therefore,

Gik(Pie—1V ¢ Pje V€ pirr1 V ©) 2 Gik(Pf k-1, Pk Pirg1) V Gjk(c, ¢, 0),
~ k(P N Pi R NPT i1 NC) = =G k(P 1 P Piae1) N Gik(cs e, ).
Sum the two inequalities above: since a Vb —a A b= |a — b|, observe that
gj,k(ﬂqu Ve, Pk V¢ Py V ) — gj,k(ﬂ?,kq NC, Pk N C Py y1 NC)
= ‘P?k - C) —A (yﬁk+1/2<p?,kap?,k+l) - yﬁkqp(ﬂ;kq, P?k)) )
and
gqj,k (ka—l’ p;L,k’ p?,k—‘,—l) v gj,k (Ca ¢, C) - gj,k(p?,k;—la p;n,k;a p?;k-t,-l) A gj,k(cv ¢, C)
= pzzl/Q —c+ AARFY

+1/2 +1/2 +1/2 +1/2
= P}l};—l —c+ ANARF; — At (Sj—l(fEkvP;l_l;g 5k 2y - Si(zk, Py / 7P?+1§g ))’

Y

pnzl — c‘ - A ‘Aijc
]7

+1/2 +1/2 +1/2 +1/2
— At Sgn(p?jﬁl — C> <Sj—1($ka0?,172 e B TSR N A )) :

where we used also (2.6) and the inequality |a + b > |a| + sgn(a)b. The thesis immediately
follows. O

2.6 Convergence

Theorem 2.9. Let p, € BV(R; [0, 1]M) with ||p,||| < +oc. Let Az — 0 with A = Azx/At
constant and satisfying the CFL condition . The sequence of approximate solutions pa
constructed through Algom'thm converges in L _ to a function p € L°°([0,T] x R; [0, 1]M)
such that [||p(t)||| = lllpoll| for t € [0,T]. This limit function p is a weak entropy solution to

problem (L.1)—(L.6)~(L.7) in the sense of Definition[1.3

Proof. We follow [5, Theorem 5.1] and [9, Theorem 5.1].

Lemma 2.3] ensures that the sequence of approximate solutions p is bounded in L, in
particular pja(t,x) € [0,1], for allt >0,z € Rand j =1,..., M. Proposition proves the
L!-continuity in time of the sequence p A, while Lemma guarantees a bound on the spatial
total variation in any interval [a, b] not containing z = 0. Standard compactness results imply
that, for any interval [a, b] not containing 2z = 0, there exists a subsequence, still denoted by
pa, converging in L1([0,T] x [a, b]; [0, 1]M).

Take now a countable set of intervals [a;, b;] such that |J,[a;, b;]) = R\ {0}: by a standard
diagonal process, we can extract a subsequence, still denoted by p A, converging in Llloc([O, T]x
R; [0,1]), and almost everywhere in [0,7] x R, to a function p € L>([0,7] x R; [0, 1]™).
Moreover, Proposition and in particular formula , implies that this limit function is
such that p € CO([0, T]; L (R; [0, 1]M)), with slight abuse of notation concerning the L!-norm.

It remains to show that the limit function p satisfies the integral inequalities in Defini-
tion [I.2] Concerning point [T} i.e. the weak formulation, it suffices to apply a Lax-Wendroff-
type calculation, similarly to what has been done in [9, Theorem 3.1]. Notice that the presence
of the source terms does not add any difficulties in the proof.
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As for point [2[ in Definition i.e. the entropy inequality, we follow [9 Theorem 5.1].
Fix j € {1,...,M}. Let p € CL([0, T[xR;RT). Multiply the inequality (2.40) by Az ¢} =
Az p(t", xk), then sum over k € Z and n =0,..., Np — 1:

Np—1
0= a0 30 S|t~ of - IE: (2.41)
n=0 keZ
Np—1
+ At Z Z [ Jk+1/2 '03 ks Pj, Fht1) — ch,k—l/Q(p?,k—lap}l,k)] s (2.42)
n=0 keZ
Np—1
~ At Y Z)F Tht1/2, ¢, ) = Fj(zp_1y2, ¢, C)(sok (2.43)
n=0 ke€Z
Np—1
/2 n+1/2 +1/2 1/2
— AtAz Z ngn p?—lgl SJ 1($k,P?+1é 7p7;k / ) S( 7P7;k / 70?1172 )] 902-
n=0 keZ
(2.44)

Take into account each term separately. Summing by parts and letting Az — 0%, the Domi-
nated Convergence Theorem yields

’ o — it

Nr—1
[(2.41)] = —AwZ)p?,k—c‘gog—Aa:At Tk —c

keZ n=1 keZ (2.45)

A 0+ /|p07] c|g00x daz—/ /‘p]ta: —c‘@tnpt:z ) dx dt,
z—

and
Nr—1 O — on
k k—
[(2.42)] = — Az At E E k+1/2 Pg ks Pj, k+1)7AIE !
n=0 keZ (2.46)

T
A;(>)+ —/0 /ngn(pj(t,x) —0) (fj(x,pj(t,x)) — fj(x,c)) Opip(t,x) dadt.

Pass now to (2.43). Observe that, by the definition of the numerical flux (2.4), when x # 0
it holds Fj(x,c,c) = faj(c), with d = £ if x <0 and d = 7 if > 0. Therefore (2.43)) gives a
contribution only for k = —1 and k = O:

Np—1

(243)] = — At Z Z ‘F (Try1/2:6¢) — Fi(xp_12, ¢ C)‘S"k

n=0 k=-—1

T
_/0 (1E5(0..¢) = fog(e)] + | frgle) = F5(0.¢.)]) o(t,0)at

—
Axz—0t

A careful analysis of all the possible cases yields
|F5(0,¢,¢) = foi(c)| + | frj(c) = Fj(0,¢,0)| = | frj(c) = foj(c)],

so that

Az—0+

T
(X e S | fr(c) = fej(c)| o(t,0) dt . (2.47)
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Focus now on the last term (2.44)): by the Dominated Convergence Theorem

[(2.44) / /sgn Sj-1(x, pj—1,p5) — Sji(x, pj, pir1)) p(t, x) dedt. (2.48)
A$—>O+
Collecting together (12.45)), (2.46)), (2.47) and (2.48) completes the proof. O

2.7 Ll-Stability and uniqueness
The following Theorem ensures that the solution to (I.I)-(T1.6)—(1.7) depends L!-Lipschitz

continuously on the initial data, thus guaranteeing the uniqueness of solutions.

Theorem 2.10. Let p, o be two weak entropy solutions, in the sense of Definition to
problem (T.1)-(1.6) -(L.7) with initial data p,, o, € L°(R;[0,1]™) and such that p, — o, €
LY(R; [0,1]™). Then, for a.e. t € [0,T],

M M
Z Hpj(t) - O—j(t>HL1(R) < Z Hpoyj - O—O,jHLl(R)' (249)
j=1 j=1

Remark 2.11. Notice that the sums appearing in (2.49) are actually sums over the active
lanes only, the terms corresponding to fictive lanes being equal to 0.

Proof. The idea is to combine together the results contained in [10} § 2 and § 5], in particu-
lar [10, Theorem 5.1], and in [5, Theorem 3.1], and then adapt [8, Theorem 3.3].

Indeed, fix j € {1,..., M}. Following [10, Theorem A.1 and Formula (2.22)], it is possible
to derive the following inequality for any ¢ € C1(]0, T[xR\ {0};RT)

T
_/0 /R{|Pj - aj\&sso +sgn(p; — 0j) (fj(;p’pj) _ fj(xjgj)) By

(2.50)
+sgn(p; — ;) (S(x,p,5) = Sz, 0, j)) ¢} dwdt <0,
where, for the sake of simplicity, we set
S(l‘, u, j) = Sj_l({L', Uj—1, Uj) — Sj(.’L', Uyj, Uj+1). (2.51)

Inspired by [8, Theorem 3.3], since p;, respectively o;, satisfies Point |1} in Definition we
subtract to the above inequality the equation for p; and add the equation for o;, arriving at

/ / —03) " Owp + Hpj — ;) (fi(, p5) = fi(,05)) Ougp
+H(p; — 0;) (S(z,p,j) — S(z,0,j)) <p} dzdt <0,

for ¢ € CL(]0, T[xR\{0}; RT). Now, we extend the above inequality to ® € CL(]0, T[xR;R™).
The procedure is similar to that in [I0, Theorem 2.1] and it leads to

/ / )"0 + H(pj — ;) (fi(w, ) — fi(w,05)) 0@

+H(pj — 0j) (S(:J;,p,j) — S(ac,a',j)) @} dzdt < E,

(2.52)
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for all ® € CL(]0, T[xR;R"), where

=071

B = /0 [Hs - 0) (5wp) — Swo))] B0t

z=0"

Analogously to [10, Theorem 2.1] and [5, Theorem 3.1], it can be proven that E' < 0. Following
again [8, Theorem 3.3] and choosing ® ~ 1 |, for 7 €]0,T7], we get

[ =i ar < [ (ps0) - 0,00))*
R R

. (2.53)
—i—/o /RH(pj —0;) (S(z,p,j) — S(z,0,7)) dzdt.

It is easy to verify that, for fixed =, the map S;(x, u, w) defined in (1.10)), together with (1.8)),
is non decreasing in the second argument and non increasing in the third: setting for the sake
of convenience A v; = vjy1(z, w) — vj(z,u) we obtain

0uS; = (Atvj)t — vz, u) w — H(Ayvj) vi(z, u) (u —w) >0,

0wS; = — (D)™ + 0 (@, w) w+ H(A ;) )y (2,w) (u — w) < 0.
Hence, if p; > o; we have
S(m,p,j)_'s($70)j)
= j—1(33,/?j—1,/>j) - Sj—1(CU,Uj—1,Uj) - Sj(l“,/?japjﬂ) + Sj(%ffjaﬂjﬂ)

< Sj1(z,pj-1,05) = Sj1(w,05-1,05) — Sj(x, pj, pjs1) + Sj(x, pj, 0541)
= OuSj1(z,mj-1,05) (pj—1 = 0j-1) = OwSj(2, 05, Tjt1) (P41 — Tjy1)

<y ((Pj—l —oji—)t + (pjg1 — Uj+1)+> ,

with 741 in the interval between p;11 and 041 respectively and V as in (2.1]). Thus,

M M
> H(pj —0y) (S(x,p,§) = S(x,0,5)) <2V > (pj — o))" (2.54)
j=1 Jj=1
Define
M
o(t) = ;/R (pj(t,x) — oj(t,z)) " da

By (2.53)) and (2.54)) it follows that
O(1) < 0(0) + ZV/ O(t)dt.
0
Gronwall’s inequality then implies that O(¢t) < ©(0) exp (2Vt). Therefore, if ©(0) = 0,
ie. poj(z) < 0,(x) a.e. in R and for all j, then ©(t) = 0 for t > 0, i.e. pj(t,z) < oj(t,x)

a.e. in R and for all j. An application of the Crandall-Tartar Lemma [7, Lemma 2.13]
concludes the proof of the L —contractivity. O
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3 Numerical experiments

We present some applications of our result in test cases describing realistic road junction ex-
amples. The study is not exhaustive: in particular, specific cases of diverging junctions could
be handled adding some information on drivers’ routing preferences upstream the junction.
Yet, these situations go beyond the scope of this paper.

In all the numerical experiments, we choose

vgj(u) =Vy(1—u) ford=4¢randj=1,...,M,

thus the maximal speed is the same for all the lanes before, respectively after, x = 0. In
particular, in each situation we consider two cases, Vp; < V,. and V; > V..

3.1 1-to-1 junction: from 2 to 3 lanes

We consider problem ([1.1)—(1.6)—(L.9), with M, = {1,2}, M, = {1,2,3} and Sy 2(u,w) = 0.

| lane 3
lane 2 :
lane 1 f
=0
The initial data are chosen as follows:
po1(x) = 0.7, po2(x) = 0.6, Po3(x) = 0.5 x (z). (3.1)

[0,400]

Moreover, we choose V;, = 1.5, and V. = 1 or 2 respectively. Figure [1| displays the solutions
in both cases at time ¢t = 1: on the right the maximal speed decreases, on the left it is
increasing. We notice the effect of the flow between neighbouring lanes: all along the z-axis
vehicles moves from lane 1 to lane 2, for x > 0 vehicles pass also from lane 2 to lane 3, and
this is particularly evident near x = 0.

t=1.00 t=1.00
== lanel == lanel
1.0 lane 2 101 lane 2
=+ lane3 ===+ lane 3
0.8 JrermrsreT= 0.8 §
I
_____ ! | T ——
-------------------- - e
061 0.6 1 ’.."‘ I' ----------
PR P - :'
: 1
0.4 H 0.4 4 1
: I
I
: S——
0.2 4 : 0.2 4
0.0 derrrmnrrrnnnrinaraninaiaeaaaet 0.0 4 v rernmrnnnnnnrnnnne ettt
T T T T T T T T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X X

Figure 1: Solutions to (1.1)—(1.6)—(1.9), with M, = {1,2}, M, = {1,2,3} and initial
data (3.1]) at time ¢t = 1. V;, = 1.5: left V,. = 1, right V,, = 2.
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3.2 1-to-1 junction: from 3 to 2 lanes

We consider problem (L.1)—(1.7)—(1.9), with M, = {1,2,3}, M, = {1,2} and S, 2(u, w) = 0.

The initial data are chosen as follows:
pO,l(x) = 077 10072('%.) = 06? p0,3(x) = 0'5X]—OO,O] ($) + 1 X]O’+m[(x)' (32)

We choose Vp, = 1.5, and V,, = 1 or 2 respectively. Figure [2] displays the solutions in both
cases at time ¢ = 1: on the right the maximal speed decreases, on the left it is increasing.
We display the solution also for the positive part of the third lane: it is constantly equal to
the maximal density 1. As in the case of an increasing number of lanes, we notice the effect
of the flow between neighbouring lanes. Observe that no vehicle passes from lane 3 to lane 2
for z > 0: indeed, lane 3 for 2 > 0 is a fictive lane and we impose (Sr2(u,w) =0).

t=1.00 t=1.00
1O e 1.0 I LR R LR E LR EIELE R R AL
087 E ________ 0.8
{ _________________ 1T~
___________ b ~~. (e e e e e
Gl R os fIi )
P P N :
I
0.4 0.4 I
I
I
F
0.2 4 0.2
== lanel —=— lanel
0.0 lane 2 0.0 lane 2
! weee lane 3 ! w=ee lane 3
T T T T T T T T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
X X

Figure 2: Solutions to (L.1)—(1.7)—(1.9), with M, = {1,2,3}, M, = {1,2} and initial
data (3.2)) at time ¢t = 1. V;, = 1.5: left V,, = 1, right V,, = 2.

Focus on the queue forming before x = 0 and compare the two cases, V. < Vy and V,. > V.
When the maximal speed diminishes, the queue is longer and the number of vehicles in the
queue is greater with respect to the case of increasing maximal speed: for x < 0, in the former
case it is more difficult for vehicles in lane 3 to pass in lane 2, since here the decrease in the
maximal speed diminishes the flow at x = 0.

3.3 2-to-1 junction : from 3 to 2 lanes

We consider the same setting of Section thus problem (1.1)—(1.7)—(L.9), with M, =
{1,2,3}, M, = {1,2} and initial data (3.2)), with the additional assumption that there is no

flow of vehicles between the first and the second lane on | — 00, 0[, i.e. Sy (u,w) = 0 (we keep
Sra(u,w) =0):
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We choose V; = 1.5 and V. € {1, 1.5, 2}. Figure [3|displays the solution in the three cases at
time ¢t = 0.5: on the right the maximal speed decreases, in the centre it stays constant, on
the left it increases. As before, we display the solution also for the positive part of the third
lane, where it is constantly equal to 1.

-100 -0.75 -050 -0.25 000 025 050 075 100 -1.00 -0.75 -050 -0.25 000 025 050 075 100 -1.00 -0.75 -0.50 -0.25 000 025 050 075 100
X X X

Figure 3: Solutions to (L.1))—(L.7)—(1.9) and Sp;(u,w) = 0, with M, = 3, M, = 2 and initial
data (3.2) at time ¢t = 1. Vp = 1.5: left V. = 1, centre V; = 1.5, right V, = 2.

3.4 2-to-1 junction: from 4 to 2 lanes

We consider the problem (1.1))—(1.7)—(1.9), with M, = {1,2,3,4}, M, = {2,3} and initial
data

poa(@) = 0.Tx___ (@) +1x, (@), poale) = 05

po3(x) = 0.6, poa(x) = 04x

00,0]
(3.3)

() +1x (),

]—00,0] 10,400

with the additional assumption that there is no flow of vehicles between the second and the
third lane on | — 00, 0[, i.e. Sp2(u, w) = 0 (we also impose S, 1(u,w) = S, 3(u, w) = 0). The
situation under consideration looks as follows:

lane 4 |
""" fame 3”75
S 1 (S S
lane 1 |
z=0

We choose Vp = 1.5 and V, € {1, 1.5, 2}. Figure [4] displays the solution in the three cases at
time ¢ = 1: on the right the maximal speed decreases, in the centre it stays constant, on the
left it increases. As before, we display the solution also for the positive part of the first and
fourth lane, where it is constantly 1.

Acknowledgement: The authors are grateful to Rinaldo M. Colombo for stimulating dis-
cussions.
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t=1.00 t=1.00 t=1.00

s wN e
s wN e

— lane
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Figure 4: Solutions to (1.1)—(1.7)—(1.9) and Sy 91(u,w) = 0, with M, = {1,2,3,4}, M, =
{2,3} and initial data (3.3) at time ¢t = 1. V; = 1.5: left V. = 1, centre V,, = 1.5, right V, = 2.
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