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Solutions to inverse moment estimation problems in dimension 2,
using best constrained approximation

Juliette Leblond* Elodie Pozzif

Abstract

We study an inverse problem that consists in estimating the first (zero-order) moment of
some R2-valued distribution m supported within a closed interval S C R, from partial knowl-
edge of the solution to the Poisson-Laplace partial differential equation with source term
equal to the divergence of m on another interval parallel to and located at some distance
from S. Such a question coincides with a 2D version of an inverse magnetic “net” moment
recovery question that arises in paleomagnetism, for thin rock samples. We formulate and
constructively solve a best approximation problem under constraint in L? and in Sobolev
spaces involving the restriction of the Poisson extension of the divergence of m. Numerical
results obtained from the described algorithms for the net moment approximation are also
furnished.

Keywords: Poisson-Laplace partial differential equation, inverse problems, regularization,
best constrained approximation and bounded extremal problems, Poisson and Hilbert trans-
forms, Hardy spaces, Maxwell’s equations and issues.

1 Introduction

The present study concerns the practical issue of estimating the “net” moment (or the
mean value) of some R?-valued distribution (or integrable, or square-integrable function)
supported on an interval of the real line, from the partial knowledge of the divergence of
its Poisson extension to the upper half-plane, on some interval located on a parallel line at
distance h > 0 from the first one.

This is a two dimensional (2D) formulation of a three dimensional (3D) inverse magnetic
moment recovery problem in paleomagnetism, for thin rock samples. There, the magnetiza-
tion is assumed to be some R3-valued distribution (or integrable function) supported on a
planar sample (square), of which we aim at estimating the net moment, given measurements
of the normal component of the generated magnetic field on another planar measurements
set taken to be a square parallel to the sample and located at some distance h to it. Mo-
ment and more general magnetization recovery issues are considered in [5, 6, 7]. More about
the data acquisition process and the use of scanning SQUID (Superconducting Quantum
Interference Device) microscopy devices for measuring a component of the magnetic field
produced by weakly magnetized pieces of rocks can be found in the introductory sections of
these references.

In both situations, the partial differential equation (PDE) model that drives the behaviour of
the magnetic field derives from Maxwell equations in magnetostatics, see [15]. They ensure
that the magnetic field B derives from a scalar magnetic potential U which is solution to
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a Poisson-Laplace elliptic PDE with right-hand side of divergence form, that relates the
Laplacian of that potential to the divergence of the magnetization distribution m:

B=—pogradU, AU =divm in R",

with n = 2,3, where both B, m are R™-valued quantities, and pg is the permeability of
the free space. We stick to situations where m has a compact support contained in the
hyperplane {x, = 0} and measurements of the vertical component b, of the field B are
available on another compact subset of {x,, = h} for some h > 0.

The determination of the magnetic moment (mean value of the magnetization) provides
useful preliminary information for the full inversion, i.e. for magnetization estimation, in
particular in unidirectional situations where its components are proportional one to the oth-
ers (the unknown quantity being a R-valued distribution, the direction/orientation vector
being fixed).

In 3D situation, these issues were efficiently analyzed with tools from harmonic analysis,
specifically Poisson kernel and Riesz transforms [27], in [5, 6, 7], see also references therein,
using their links with Hardy spaces of harmonic gradients. The existence of silent sources
in 3D, elements of the non-zero kernel of the non injective magnetization-to-field operator
(the operator that maps the magnetization to the measured component of the magnetic
field) was established together with their characterization in [5]. This makes non unique the
solution to the inverse magnetization issue from the corresponding field data. The mean
value of the magnetization however is uniquely determined by the field data.

In the present 2D case, we will use similar tools, Poisson kernel, Hilbert transform and har-
monic conjugation, links with Hardy spaces of functions of the complex variable [13, 14, 23];
see also [21, 25] for related issues. Considering square-summable magnetizations m sup-
ported on an interval S of the real line, we will establish that the magnetization-to-field
operator m — bo[m] is injective, whence there are no silent sources, and that the mean
value (m) of the magnetization is yet uniquely determined by the field data bs[m], provided
by values of the vertical component on the measurement interval K.

Our purpose is to establish the existence and to build linear estimators for the mean values
(m;) on S of the components m; of m for ¢ = 1,2, as was done in [6] for the 3D case.
Indeed, though an academic version of the related physical issue, the present 2D situation
possesses its own mathematical interest and specificity. These linear estimators consist in
square summable functions ¢; such that their effect (scalar product) against the data on K
is as close as possible to the moment components (m;), for all m bounded by some L? norm
(the functions being built once and for all). With e; = (xs,0), e2 = (0, xs), observe that:
(m;) = (m, e;)r2(sr?), whence, if b3 denotes the adjoint operator to by, we have:

[(b2[m], ¢3) 2y — (ma)| < [ml|za(s e [03(6:] — eilla(s,pe),

where ¢;is a square integrable function on K. We will see that the above minimization
problem is still ill-posed, even if uniqueness is granted. Specifically, there exist a sequence
of functions such that their scalar product on K against by[m] converges to (m;) as n — oc.
Their quadratic norm however diverge, which reflects an unstable behaviour, as is classical
in such inverse problems, see [1]. Regularization is thus needed (of Tykhonov type), see [20]
in order to set up and to solve a well-posed problem.

In order to construct such a numerical magnetometer, we then face the best constrained
approximation issue (bounded extremal problem, BEP) of finding the function ¢; on K
satisfying some norm constraint there, such that its scalar product against bs[m] is as close
as possible to (m;).

Such a norm constraint will be considered both in the Lebesgue space L?(K) and in the
Sobolev space Wy*(K) ¢ Wh2(K). In those Hilbert spaces, the above problems will be
shown to be well-posed, the approximation subsets being closed and convex. The results
obtained in L2(K) and in Wy ?(K) are different. In particular, the solutions in W, *(K)
demonstrate less oscillations at the endpoints of K than the ones in L?*(K), and allow



to incorporate vanishing boundary conditions. The results for moment estimation will be
compared between them.

Preliminary numerical computations in the 3D setting, with planar squared support and
measurement set, were run on appropriate finite elements bases, see [6]; they are actually
heavy. In the present 2D setting and on intervals, they are of course much less costly and we
perform some of them using expansions on the Fourier bases, in Lebesgue and Sobolev spaces.

The overview of the present work is as follows. In Section 2, we introduce some notation,
recall definitions and properties, concerning Lebesgue, Sobolev and Hardy spaces of func-
tions, together with integral Poisson and Hilbert transforms. We then study in Section 3
the properties of the operator by : m — bo[m], which maps the magnetization to the sec-
ond (vertical) component of the produced magnetic field, and of its adjoint. Section 4 is
devoted to the bounded extremal problems of which we consider two versions, in L?(K) and
in W, ?(K), establishing their well-posedness and characterizing their solutions. Compu-
tational algorithms together with results of preliminary numerical simulations are provided
in Section 5, with figures in an appendix. We finally discuss in Section 6 some concluding
remarks and perspectives.

2 Preliminaries

Let C4 ~ R2 be the upper half-plane Cy = {z + iy :y > 0} C C, RZ = {(z,y) : y > 0} C
R%. The partial derivatives with respect to = and y will be denoted by 9, and 9, respectively.

2.1 Lebesgue and Sobolev spaces

Let I C R a non empty open interval. For 1 < p < oo, we will denote by LP(I,K) with
K = R, C or R? the space of K-valued functions f such that |f|P is integrable on I; we will
simply write LP(I) = LP(I,R).

We equip the space L?(I,R?) with the following inner product: for f = (fi, f2) and g =
(91,92) € L*(I,R?),

(f,9) 2 r2)y = ((f1, f2), (91, 92)) L2 (1r2) = (f1, 91) 20y + (f2, 92) L2(1)
while L?(I,C) is equipped with:

(f.9)r2(.c) = (Re f,Re g) 2y + (Im f,Im g) 2y for f, g € L*(1,C). (1)

For I C R, for ¢ € L*(I), we will write 5 = ¢ V0 € L?(R), the function equal to ¢ on I and

equal to 0 on R\/. Note that we identify L2(I) to x; L?(R) and to the subspace of L?(R)
of functions supported on I. We also have ¢, = Ry ¢ = ¢ for ¢ € L?(I) and the adjoint of
the restriction operator Ry from L2(R) to L?(I) is the extension operator - on L2(I).

e~

When I is bounded, L2(I) C L*(R) N L*(R). Moreover, functions in L2(I) are compactly
supported on R.

For I C R, the Sobolev space W12(I) is the space of real-valued functions f € L?(I) such
that their (distributional) derivative f’ belongs to L?(I); W12(I) is equipped with the norm
(see [9, Sec. 8.2]):

I fllwrey = 1 fllz2 ) + ||fl||L2(I) . fewh().

A function in W'?(I) can be extended to a function in W'?(R), see the extension operator
in [9, Thm 8.6]. The space C(I) denotes the space of continuous functions on I with the
norm

£l =suplf(@)], feC).

xzel

Note that W12(I) C C(I), the space of continuous real-valued functions on I, with compact
(hence continuous) injection, see [9, Thm 8.5]. If I is bounded, C*(I) ¢ W2(I) will denote



the space of functions in C(I) with (strong) derivative in C(I). The space is equipped with
the norm
Fllendy = sup £ ()| +sup /(@) . f € CA(I).
zel zel

where the (strong) derivative coincides with the distributional derivative. The space C*°(R)
will denote the space of functions such that derivatives at all order are continuous. The
subspace Wy 2(I) of W12(I) is the collection of functions f € W2(I) such that f = 0 at
the endpoints of I. A consequence is that f € W2(R) for f € Wy 2(I); in other words, T
is the extension operator from W,*(I) to WH2(R) (see [9, Sec 8.3, Remark 16]. We equip
Wy ?(K) with the norm:

||¢HW&2(K) = ||¢/||L2(K)7 ¢€W01’2(K)7

which is equivalent to ||¢||y1.2(x) by Poincaré’s inequality (see [9, Prop 8.13]).

2.2 Poisson kernel, conjugate Poisson kernel and Hilbert transform

For y > 0, we denote by P, the Poisson kernel of the upper half-plane and by @, the
conjugate Poisson kernel. For z € R:

1y 1 =z
y(ﬂf):;my Qy(x)zgm-
see [13, 14, 27]. Let z € R, y > 0. Then

1 oo
Pyxule) = /m mu(t)dt, e L*(R),

and P, : u — P, xu is a bounded (real linear) operator from L*(R) to L*(R) ([27, Thm
1.3)).

The map, = — P,(z) belongs to L'(R) (where its norm is equal to 1). Moreover, (z,y) —
P, (x) belongs to C>(R3). Therefore, its partial derivatives are also C°° (R )-smooth func-
tions, whence for y > 0, z — (0, P,)(z) and  — (9, Py)(x) belong to C*°(R). The functions
P, and @, satisfy the Cauchy-Riemann equations on Cy: 0y Py = —0,Qy, 0. Py = 0,Qy.

It can be checked by direct computations that z — (0,P,)(z) and = — (9yP,)(z) be-
long to L'(R), and [0, Pyllpr) = 10y Pyl m) = 2/(7y). Hence, u — (0, P,) * u and
u — (0yP,) * u are bounded operators from L?*(R) to L*(R). Further, for v € L*(R),
(z,y) — Pylu](z) = (P, u)(z) is also harmonic in R?, hence a C°°(R? )-smooth function.
Thus, its partial derivatives « — 0, (P, x u)(z) and  — 0y (P, xu)(z) belong to C*(R), for
y > 0.

Using the Fourier transform as in [7, Sec. 2.2], we see that convolution by the Poisson kernel
and differentiation commute: for y > 0 and u € L?(R), we have that 0, (P, xu) = (0, P,) xu.
In particular, the operator P, maps continuously L?(R) onto W12(R). By Cauchy-Riemann
equations, @, satisfies the properties of P, described above. Indeed, u +— 0,(Qy * u) and
u > 0, (Q, * u) are bounded on L?(R) and for y > 0, z — 9,(Q, * u) and = — 9,(Q, * u)
are C*°(R).

In order to simplify the notations, we may not use any parentheses in expressions like
0Py % u, 0y Py xu, 0,Qy *xu and 9,Q, xu for v € L*(R) and y > 0.

Let I, J C R be non empty open bounded interval. Then, for y > 0, R; P, is a Hilbert-

Schmidt operator on L2(J,C) C L?(R, C) (see [18, p. 264, Ex. 2.19]). Indeed, for u € L*(J),
we have

RiPyful(x) = Ry (P, %) (x) = ;LMu(t)dt, vel,



and R; P, is an integral operator on L2(J,C) with kernel k(x,t) = P,(z —t), k € L*(I x J),
since P,(z) is a smooth function for y > 0. Thus, it is compact. The same conclusion holds

—_~—

for the operator u — R (0, Py *w) (and uw— Ry (0y P, xu)) on L2(J,C).

For u € L*(R), the functions P,[u] = P,xu and @, *u have non-tangential limits as y tends
to zero and

;ii% Py *u(z) = u(x) and 513% Qy * u(z) = Hu(z), (2)

where H is the Hilbert transform from L?(R) to L?(R) defined by

1 u(t)

Hu(xz) = — lim dt.
T e—0 ‘:E—t‘>6 xr—t
The Hilbert transform is bounded and isometric on L?(R) and satisfies H? = —I, whence
its adjoint H* = —H. The Hilbert transform commutes with the Poisson operator (which

can be proved using the Fourier transform):
H(Py > u) = H(Pylu]) = Py Hu = Py[Hu]. (3)
For y > 0, z € R and u € L?(R), one can prove using [23, Thm 11.6] that:
Qy*u = PyxHu = Py[Hu]. (4)

Hence, from (3) and (4), we get that Q, = H P, on L*(R). We will also use in the sequel
the following equality, for g € L?(R):

9y Pylgl = —H (0:Pylg]) - (5)

It can be obtained using the Fourier transform as in [7, 27]. Actually, for g € L%*(R),
Oy Pylg] = — [0, Qy * g], and 9, Pylg] = 9, Qy * g. And as a consequence of (5), and the
isometric character of H, we get [|0,Py[g]llL2®) = [10:Py[9]ll 12(®)-

We also have the following uniqueness result, from [7, Lem. 2.19]:

Lemma 1 Let h > 0 and g € L*(R) such that d, Py[g] = 0 on a non-empty open subset of
R. Then g =0 on R.

As a corollary to Lemma 1, we get that if g € L?(R) is such that Pp[g] = P, xg = 0 on a
non-empty open subset of R for some h > 0, then ¢ =0 on R.

2.3 Hardy space H?

For u € L*(R), the complex-valued function Py*u+iQ,*u belongs to H*(C,) = H*(C,C),
the space of analytic functions F' on C, such that

o0 1/2
| Fllf2(cyy := sup (/ |F(x+z'y)2d:lc> < o0, (6)

y>0 —o0
see [13, 14]. A function F' € H?(C, ) admits a non-tangential limit F* € L?(R, C) as y tends
to 0, almost everywhere on R. The function F* belongs to the space H?(R) = H?(R,C) of
functions f € L?(R) such that

O

The space H?(R) coincides with the space of boundary values on R (also “traces”, if smooth-
ness allows) of H?(C ) functions. Indeed, the map f € H?(R) — P, % f is an isometric
isomorphism from H?(R) onto H?(C,).

It is not difficult to see that (I + iH) L?(R) = H?(R). As a consequence, the map u —



Py (I +iH)u is an isomorphism from L?(R) onto H?(C.). A function f € H?(C.) satisfies
the boundary uniqueness Theorem [24, Cor. 6.4.2]: if FF € H?(R) is such that ' = 0 on
I C R with |I| > 0 then F =0 on R.

Note that if I C R, the space (I + iH)(L?(I)) coincides with the space of functions F* of
H?(R) such that suppRe F* C I.
Observe that for f € L?(R,C),

(I +iH) f = 2(1 +iH) [Re Py ()] = 2P, (f),
where Py (f) is the orthogonal projection from L*(R,C) onto H%(R), see [21].

Finally, an amazing property of the Hilbert transform is given by the following Lemma (of
which a proof can be found in [1, Lem. 2.12)):

Lemma 2 If I, J C R with |I], |J| > 0 such that I NJ = 0, then for any g € L*(R) such
that H(xsg) =0 on I, we have g =0 on J.

Lemma 2 can be seen as a consequence of the boundary uniqueness Theorem in H?(R).
Indeed, if H(xsg) = 0 on I then the function in H?(R) given by F = xsg + iH(xs9) is
equal to 0 on I (as J NI =@). By the boundary uniqueness Theorem, it follows that F =0
on R and g =0 on J.

When INJ # @ and I € J, Lemma 2 still holds true in some cases:

e J C I: indeed, the function F' = x;g9 + iH(xsg) is equal to zero on I\J and the
boundary uniqueness Theorem implies that g = 0 on J, whenever [I\J| > 0;

e INJ#0and I ¢ J: the same function F is equal to zero on I\(I N J) and g = 0 on
J by the boundary uniqueness Theorem, provided that |I\(I N J)| > 0.

However, if I C J are bounded intervals, then there exists a function g € L?(R), g # 0,
buch that H(x.sg) # O With I = (a,b), the (non-zero) function defined on R by g(z) =

z)/+/(x —a)(b— ) is such that H(xrg) = H(g) = 0 on I. Indeed, the function = —
1/\/ x — a)(b — x) is shown in [19, Lem. 2.1] to be an eigenfunction of the operator H(xr-),,
associated to the eigenvalue 0.

e If [ = J, the function g furnishes a solution to the issue.

o If I C J, one can write H(xs9) = H(xr9) + H(x\19)- The above function g vanishes
outside I hence on J\I. Thus, H(x.nrg) = 0 on R. Further, H(xsg) = 0 on I, whence
H(xs9) =0o0n I, but g # 0 on J.

3 Main operators
Let S and K C R be two nonempty open bounded intervals. Fix h > 0. Let m € L?(S,R?).

Taking the convolution of the PDE AU = divm by the fundamental solution to Laplace
equation in dimension n = 2 and applying Green formula, we obtain, for X € R? \ supp m:

1 1
Um](X) = ~5- /R2 (divy m) (V) log | X-Y|dY = o //}R2 m(Y)-grady log| X-Y|dY

m(Y) (X -Y)
ay .
//]R IX Y[

Since the support of m is a subset of S x {0}, we get, at X = (z,y) € R?\ S x {0}, with
Y = (¢,0):

—t) 1
Ulm(z, y) /m1 (z +m2()ydt:7
“or (x —t)2 4 y? 2

(Qy *m1 + Py ma2) (z,y) .



Let then by[m] = — (9, U[m)])
fio/2):

(from now, we will ignore on the multiplicative constant
|k x {h}
by:  L?(S,R?) — L*K)

m = (my,my) +— —0y (Qy*ﬁﬁ +Py*ﬁ1{2)mx{h} ,

with the use of Cauchy-Riemann equations, which also allow to get
bylm] = — (9, Py[mi] + 9, Py[ms])
= =0, Py[my — Hm]

lesqny 00 (Pyxmi1 — Qy *n/‘ié)]le{h,}
|K><{h,}7

where the second equality follows from (4). Using the boundedness of the convolution by
P, from L*(R) to W2(R), the boundedness of the Hilbert transform and the equality
lmill 2y = Imillz2(s), for i € {1,2} (see Section 2), one can prove that the operator by is
bounded L?(S,R?) — L?(Q).
Proposition 1 The adjoint operator b5 to by is given by
by L*(K) — L*(S,R?)
¢ '—>(aI (Py*¢)|sX{h}7az (Qy*(rb)‘sx{h})

and is such that
b;[(}ﬂ = (((8”6 Py) * %)\sx{h}a ((81 Qy) *$)|S><{h}) = 61 (Py * (I7H)$)|sx{h}'
Proof: Let y > 0 fixed. For m € L?(S,R?) and ¢ € LQ(K), we have that

2(k) = —(0z(Py *ml) )2 (k) + (02(Qy x M2), ) 12 (k)

//8 (x —1t)) dtdx—|—//6 (Qy(z —1)) ) (t)p(z)dtda
/R(/Rat(Py(xt))qﬁ(:v)dx) dt+/ (/ 9(Qy(x — 1)) (w)d > (1)t
/Sat (/R (= 2)d(x )dx) ml(t)dt+/s<9t (/RQy(t—z)a(x)dx> ma (£)dt

= (m1,0i(Py* 9))12(5) + (M2, 0:(Qy * ) 2(s)

= ((m1,m2), (B(Py * 6),0:(Qy * §))) 12 (5.82),
with [ |
These operators have null kernel, as follows from the next results.

Proposition 2 The operator by is injective.

Proof: Let m € Kerby. Then, 0,P, x (m; — Hma) = 0 on K x {h}, which implies that
my — Hme = 0 on R in view of Lemma 1. Hence, m; = Hmy which implies that Hma = 0
outside S whence so does msy + iHmy. Because it coincides with the boundary value of a
function in H?(C,), namely Py x (mg + iHmz), this implies that mg = 0 (see [13, 14]).
Therefore, m; = 0 and Ker by = {0}. n

In particular, contrarily to the situation in dimension 3 (and in higher dimensions) see
[5], there are no non-vanishing “silent” sources (the corresponding so-called “null-space” is
reduced to {0}).

Proposition 3 The operator b3 is injective.

Proof: Let f € Kerb;. Then, we have that 0, (P, * (I, H)f) = (0,0) on S x {h} which implies

that 9, (P * f) = 05(Py*Hf) = 0 on S. By Lemma 1, it follows that f =0 on R and f =0
onS. [ |

Moreover:



Corollary 1 The operators by and b5 have a dense range.

Proof: Since b} is continuous (because so is by ), the following orthogonal decomposition holds
true:
L*(S,R?) = Ker by ® Ranbj .

Hence, using Proposition 3, b has dense range in L?(S,R?). Similarly,
L*(K) = Ker by @ Ranb, .
Hence, using Proposition 2, by has dense range in L?(K). [ ]
Remark 1 Using the following equality for f € L*(R,C):
(I+iH)f=(I+iH)Re f—H Im f). (7)

with Hu = H[—i%u] = —iH[iu] whence Hiu] = iHu, we could consider the analytic versions
of by and bl denoted by By and B3 respectively (see [21]):

By : I2(S,C) — L*(K)
m=mj+itmg +—— —Reaw(Py*(I‘FiH)m)lxx{h},
By LX(K) — L2(S,C)
¢ — ar(Py*(IJriH)gb)lsMh}'

Let J be the isomorphism from L*(S,C) onto L?(S,R?) defined by J(¢1 + ipa) = (o1, P2)
which is unitary when L*(S,C) is equipped with the inner product (1). We have that By =
by o J and b3[p] = J o Bj[¢], ¢ € L*(K). As a consequence, By and B are injective and
Ran By = L*(K), RanB; = L*(S,C).

Proposition 4 The ranges of by (respectively Bs) and b (respectively B3 ) are not closed:
Ranby C L*(K), Ranby C L?(S,R?).

Proof: If we assume that the range of B3 is closed, then Corollary 1 and Remark 1 are to
the effect that Bj is surjective. Hence, for I C S, with |I| > 0, there exists ¢ € L?(K) such
that B

Ou(Prx (I +1H)d)1s = X1, (8)

It follows that O, (P, * (I + iH)¢) = 0 on S\I whence (I +iH)¢ = 0 on R by Lemma 1.
As in the proof of Proposition 2, this leads to ¢ = 0 which contradicts Equation (8). We
conclude that Bj is not surjective. As b5 = J o B3, we get that b3 is not surjective.

Now, if the range of By is closed, then for any g € L?(K), there would be ¢ € L?(S, C) such
that

9=—Redu(Pnx (I +iH)B)| (- (9)
Let I € K with |[I| > 0 and g = x;. Then, there exists ¢ € L?(S,C) such that

Re 0, (Py x (I + iH)3) . = s (Ph «Re (I + m)&s)l —0 on K\I

By Lemma 1, we get that Re (I + zH)$ =0 onR, and Re¢ — HIm¢ = 0 on R. This
means that H Im 5 = Re 5 on R whence H Imcz = 0 on R\S, which proves that Im (Z =0on
R by Lemma 2, and thus Re$ = 0 on R. We conclude that ¢ = 0 on R which contradicts
Equation (9). It follows that the range of B is not closed and thus b = J~ 1o By is not
surjective. ]

Remark 2 The ranges of b (and Bz) and by (and Bj) are actually made of C°°-smooth
functions on K and S, respectively, see Section 2.2.

Proposition 5 The operators by, By, b5 and B are compact.



—_~—

Proof: Because v — (9, P, % u)ls and u — (9y P, x u)‘s are compact operators on L2(K,C)
for y > 0 (see Section 2.2), so is B3 = (0, Py, (I +iH)),,, and thus also By. As b; = Jo B3
and by = By o J~!, we get that by and b5 are compact. [ |

Remark 3 We will also make use of the operator as defined by

as : L*(S,R?) — L*(K)
m = (my,m2) +—— [P, *(my _H%)]Ixx{h} ’
which is such that bo[m] = —0,(az[m]).

We deduce from the proof of Proposition 1 that a[¢] = (Py*qz, Py*H(E)\qul} , for ¢ € L*(K),
and from the one of Proposition 5 that ay and ab are Hilbert-Schmidt operators. Further,
whenever ¢ € Wy (K), then bi[¢] = —a3[0.6)].

4 Bounded extremal problems for moments estimates

We are interested in solving the following bounded extremal problem (BEP), with e €
L*(S,R?) and M > 0: find ¢, € L*(K), ||¢ollr2(x) < M that satisfies

13]¢0] — ellL2(sz)y = min - [|b3[0] — elL2(sr2) (BEP )
peL2(K)

el g2 gy<M

Our motivation is as follows. Let e; = (xs,0), e2 = (0,xs). A solution ¢, to (BEP,,,)
furnishes a linear estimator in L?(K) for net moment estimates: indeed, for i € {1,2},

|(b2[m], @) r2(x) — (ma)| = [(m, b3[ds] — €)r2(sre)| < |Iml|p2(sre)lb3[di] — €illL2(s,r2)

where ¢; = ¢,[e;] is the solution of (BEP,,,) with e = e; and (m;) = [¢m;(t)dL.

Below, we consider BEP both in the Lebesgue space L?(K) and in the Sobolev space
WO1 ’2(K ) in order to control the derivative and the oscillations of the solution.

4.1 BEP in LQ(K)
4.1.1 Well-posedness

Proposition 6 Let e € L?(S,R?) and M > 0. Problem (BEP,,,,) admits a unique solution
b0 € L2(K). Moreover, if e ¢ Ranb}, then ¢, saturates the constraint: lPollr2(xy = M.

Note that ||¢,||r2(x) = M also if e = b3[¢] for some ¢ € L*(K) such that |||/ 2(x) > M.

Proof: Since Ran b} is dense in L?(S,R?), the assumptions of [11, Lem. 2.1] (see also [12]
and [21, Lem. 1)) are satisfied, to the effect that if M > 0, Problem (BEP,,,) admits a
solution, which is unique and saturates the constraint if e € Ranb} (or if e = b}[¢] for
¢ € L*(K) such that ||¢||z2(x) > M). Observe further that because b} is injective (from
Proposition 3), uniqueness still holds when e € Ran bj. [ ]

Existence and uniqueness could also be established by projection onto the closed convex
set [9, Thm 5.2] b} [By], for By = {¢ € L2(K), ||¢|lr2(x) < M}. Indeed, By is weakly
compact as a ball in L?(K) and the weak closedness property of b3 [Byy] follows from the
continuity of b3, see [6, Prop. 1]. By convexity of By; and continuity of b3, b3[¢,] strongly
converges to bj[#] in L?(S,R?) whenever ¢,, weakly converges to ¢ in L?(K). Note that the
compactness of b3 is enough to get that b3 [Bys] is closed. That the constraint is satisfied if
e & b3 [Byy] could be established by differentiation of the squared criterion.



Remark 4 The density property of b} [Lz(K)] in L?(S,R?) implies that without the norm
constraint, Problem (BEP,,,) above is ill-posed. Indeed, if e ¢ b3 [L*(K)] the density gives
the existence of a sequence (¢n) of functions in L?(K) such that ||b3[¢n] — €| r2(sr2) — 0.
We claim that ||én||2x) — 00 as n — oo. This can be seen by assuming ||¢nllr2(x) to
remain bounded and extracting a weakly convergent subsequence, say (¢n) again, to some
¢ € b5 By (the later being weakly closed as we saw in the proof of Proposition 6). By
converity of bl [Ba], it follows that (¢,) converges strongly to ¢ in L?(S,R?) and this
implies that e = b3[@] € Ranbl which leads to a contradiction.

4.1.2 A constructive solution
Assume that e ¢ Ranbj. From Proposition 6, the solution of (BEP,,,) is a minimum on
L?(K) of the functional ¢ + ||b3 [¢]—e|\%2(37R2) which satisfies the constraint H¢||%2(K) = M2
Differentiating the criterion and the constraint w.r.t. ¢, we get that such a critical point ¢,
is given by the equation:
(b2b3[o], V) L2 (1) — (b2l€], V) Lo (i) = = A (Por V) L2(k) »

with v € R and for all ¢ € L?(K). It follows that:

(b2 b5 [do] + XG0y ) 12 (1) = (b2(€), ¥} 12k, for all ¢ € L*(K), (10)

whence:
b2 b; [QSO} + A ¢0 = by [e] . (CPEmo)

We have A > 0. Indeed, taking 1) = ¢, in Equation (10), we get
—A (@0, Po) L2(K) = —A ||¢o||2L2(K) = (b5(¢P0) — €,05(d0)) L2(5,R2)-
By [9, Thm 5.2], for any g € L*(S,R?),
Re(b5(¢0) — €,b5(d0) — 8)2(s,r2) < 0.

Taking g = 0, we obtain that (b5(¢,) — €,05(do)) 2(s,r2) < 0. Thus, =X < 0. As A =0 if
and only if e € Ran b3, we conclude that —A < 0.

Assume that e ¢ Ranbs. Then there exists a unique A > 0 such that (CPE,,,) holds true
and [|¢o || z2(x) = M. In this case,

A ||¢o||2L2(K) =AM = —(b5(¢0) — eab§(¢0)>L2(S,R2) .

From now on, when there is no ambiguity, we will write f' = 9, f for the derivative of
real-valued differentiable functions f defined on R or on intervals of R.

For f € L?(K), at y = h > 0, we have that:
b b31S) = [P (cs (Pox ) + Qe (s (@ x )]

= [~ Phx (s (B ) + Qe (s (@4 )]

The critical point equation (CPE,,,) can be written as:

[ Pi e (x5 (P % 80)) + Qi % (xs (Qh % @) |+ Ado = —Phx (61 = Hé3)

|k

where (e1,e3) =e.

10



Observe that, if the function n € L?(K) represents the error on the measurements of by[m),
then

[(bo[m] + 1, i) 2y — (ma)| = [(m, b3[di] — €i) L2(s,p2) + (1, 0i) 2(k6) |
Im || 22(s,r2)[163[i] — €ill 2(sr2) + 101l L2y 19l L2 (k)
|m || p2(s,r2) [|b3[¢:] — eillL2(sr2) + M ([0l L2 (k)

VANVAN

For a choice of M > 0, the solution of (BEP,,,) guarantees that ||b5[¢;] — eil|12(sr2) is
minimal and the term ||n||z2(xy is controlled by M = |¢;||r2(k). The challenge of the nu-
merical implementations is to choose a right M > 0 such that ¢; satlsﬁes the two conditions
mentioned above. We will observe in numerical implementations that the solution ¢; can
oscillate at the endpoints. However, since Ranby C W12(K), then (CPE,,,) is to the effect
that ¢; € WH2(K) ¢ C(K).

4.2 BEP in W,*(K)

An alternative is to formulate the BEP in a space of functions such that these osc111at10ns
are controlled. It thus seems natural to search for a solution in the Sobolev space WO *(K).
We denote by b the restriction of b3 to Wy ?(K). For ¢ € Wy (K),

b3[0] = b3, [6] = (Pax )] (Qnr0)],) = (Phxd)is: (Q1%0)1s) = (Paxd)is, (Qurd)s),

where (a)’ = ¢' = ¢' Vv 0. Notice that ¢ € W2(R) only when ¢ € W0172(K) (see [9]).
Let e € L?(S,R?) and M > 0. The problem can thus be stated as the one of finding
bo € Wy (K), I@ollyw2 sy < M such that:

1163,y [#0] — €llz2(sr2) = min (|65, [6] — ellz2(sre) - (BEPn0,w)
¢€W0 2 (k)

<M
191 1,2 ey

4.2.1 Well-posedness

Proposition 7 Let e € L?(S,R?) and M > 0. Problem (BEP,,,,,w) admits a unique solu-
tion ¢ € WyA(K). If e & bt Wy (K)], then ¢, saturates the constraint: ||¢O||W01,2(K) =
M.

2|W[

Proof: We apply again [11, Lemma 2.1] in order to get existence and uniqueness of a solution
b0 € Wy *(K) to (BEP,,,w) saturating the constraint if e ¢ b, [Wol’Q( )]. Yet, because
b5 is injective (from Proposition 3), uniqueness still holds when e € by W) 2(K)]. Note

that in this case, the constraint is saturated also if e = b3[¢] for ¢ € L?(K) such that
||¢HWOL2(K) > M. u

Remark 5 Let ¢ € L?(K) with zero mean on K. There exists a unique ¢ € Wy > (K) such
that ¢' = (and ||¢||W01,2(K) = |¢'lL2(k)). Then, (BEPpo,w) is equivalent to the following

problem: let e € L?(S,R?) and M > 0, find v, € L*(K) such that fK Yo(z)dx = 0,
ol L2y < M that satisfies

la3[to] — ellL2(s,r2) = min laz[¢] — ellL2(sr2) - (11)
wEL2(K)
Jie w(@)da=0, %]l 2 o) SM

Proposition 7 is to the effect that a unique solution ¢, to (BEP,,,w) does ezist, whence
also a unique solution v, to (11), which is such that ¢. = 1,.

We also have the following density result.

Lemma 3 b} [WOM(K)} is dense in L?(S,R?).

11



Proof: First, observe that Wy ?(K) is dense in L2(K) since the set C°(K) of C*°(K) func-
tions with compact support C K is dense in L*(K) (see [9, Cor. 4.23]). As W13(K) C
L?(K), we use the continuity of b} to get:

i} . M e ) I ey L L
L A R T S Y (TS

Recall that b3[L?(K)] is dense in L?(S,R?) (for the L*(S,R?) norm), from Corollary 1. We
therefore conclude to the density of b5[W,*(K)] in L2(S,R?). ]

Yet, Lemma 3 implies that without the norm constraint, Problem (BEP,,, w ) is ill-posed.
The minimum is in this case an infimum and is equal to 0 while minimizing sequences
diverge.

4.2.2 A constructive solution

Observe that by = (b3),,)", since b3~ = a3(¢'), where ¢’ denotes the derivation from
Wy (K) onto the space of L?(K)-functions with zero mean. Thus, for f € Wy*(K), we get

b2 b3, [f] = {—Pﬁ*(XSPh*f’)+QZ*(Xth*J7’)

|k

Assume that e ¢ b;‘W[VVO1 2(K)]. From Proposition 7, we obtain a critical point equation
somewhat different from (CPE,,,) for the solution ¢, in this case (see also Section 4.1.2):

(bab [80) 0) | = (bale] ) pagaey = 7 (0 ¥ hr2ac) = =7 (0 V) 2y

L2(K)
with v < 0 and Vi € Wy *(K). The solution ¢, € Wy>(K) of (BEP,,, ) is thus given by

ba b3, [do] + v, = bale], (CPEp0,w)
with 7 < 0, such that ||gollwr2(r) = [dollr2(x) = M if e ¢ Ranby . The equation

CPE,,,, w is considered in the weak sense in L?(K). Thus,

[~ i (s (Pux 00) + @ x (xs (@ux )] 476 = ~Pix (61— Hea),

4.2.3 An equivalent problem in H?

Let Cy = {z +iy € C:x € R,y > 0} and H?(C,) denotes the Hardy space of the upper
half-plane defined in Section 2.3. As a function F' € H?(C,) can be identified to its bound-
ary function F* € H%(R) so that Flg, (o) can be defined as F}" .

Given a function g € L?(S,C), for ¢ > 0, there is a function F € H?(C,) such that
lg — Fllz2(s,c) < e Indeed, if f € (HQ(]R)B)l, then for g € H*(R),

(f:915)L2(s,0) = (f, 9 r2mc) = 0.
Taking g(t) = i with z € C such that Im z > 0, it follows that

+oo I
/ MZO, Z€C+,

t—%2

— 00

and fe H?(R). By the boundary uniqueness Theorem, f = 0 on S so H? (R)|s is dense in
L?(S,C).

For M > 0, let
By ={F € H*(Cy) :supp Re F* C K and ||Re F*||r2(x) < M} C H*(Cy).

12



Proposition 8 Let g € L*(S,C). The problem (BEP,,,w) is equivalent to the following
bounded extremal problem (with L*(S,C) norm):

Anin IF(-+ih) s — gll2(s,c)s - (BEPc, bis)

Proof: Let e € L?(S,R?) be such that J(g) = e. By Proposition 7, there exists a function
¢o € Wy (K) such that

162, [@o] — ellL2(s.2) = mllgl 1031, (@] — ellL2(s,r2) -
sew? (k)
191 1,2 o) SM

Using the isomorphism J, we get for any ¢ € Wg’z(K),
1631, [0] — ell(L2(s,r2) = IJ (B3, [9]) — ell2(sr2) = |1 B3, [4] — J el L2 sc) s

where B3| [¢] = (P + (I + i’H)iZ)‘S and ¢ is the (unique) function of L?(K) such that
¢ = 1. Let F, € By defined by P, x (I + Z’H)% = F, with ¢/, = 1,. It follows that
Fo(. +ih) = B3|, [do] = (Pax (I + iH)1hy) and (Re FY)|,. = Yo. Then,

[Fo(- +ih)s —gllrzsc) = 1Bz, [00] — Jellr2s,0)
= min | B3y, [¢] — J el r2(sr2)
sewb2(x)
Hd)le,Q(K)SM
= min | (Pr* (I + i’H)&)\s — J el p2(s,r2)
pewy 2 ()
H¢HW1,2(K)SM
= min  [[(Py* (I +iH)Y)1s — J "e|ln2(sr2)

YEL?(K)
vl L2 peysM

= i F . h -
FIQIBILH (. +ih)s — gll2s,c)s

where we use that P, x (I + iH)Y € By for any ¢ € L2(K). ]

5 Algorithms and numerical computations

5.1 Construction of the algorithms

5.1.1 Bases functions

Let S = (-s,8), K =(—q¢,q), 8, ¢ € Ry. For n € Z, let g,(z) = exp (inmx/q), for v € K.
They are eigenfunctions of the Laplacian on K:

2 2
nm nm
gl = - [q} On = —lin gn, Where p, = {q} >0.

Up to multiplication by the constant factor T )1 =173 for normalization, the family of functions

(9n),» n € Z, is the Hilbertian Fourier basis of L?(K,C) (see [9, Sec. 8.6]). We use it
to expand and compute the solutions to the above bounded extremal problems, (BEP,,,)
in L2(K) and (BEP,,,w) in W, ?(K). Indeed, functions ¢ in L?(K) can be expanded in
Fourier series on the basis (g,,),., n € Z:

¢ = chgna

ne”Z

n’

with ¢, € I?(Z), c_p, = €n, co € R (since ¢ is real-valued). Moreover, ¢ belongs to W2(K)
if, and only if, the coefficients of its expansion on (g,),, n € Z, are such that nc, € [>(Z)
and ¢, = —c_, € iR.

n?

13



Another family of appropriate functions in L?(K) is made of piecewise constant functions on
small intervals (say K;, I =1,---, L) covering K = (—¢q, q) (so called P, finite elements), see
also [6]. We use it for the computations of the solutions to the associated forward problem
(Section 5.1.3).

5.1.2 Operators, matrices in L?(K) and Wol’2(K)

For all ¢ € L?(K), we use the expression

6316 = (0. ) x 6. (0: Q) %) = (P *6.Q, %)

lsx{n} [sx{n}

Solutions to (BEP,,,) in L?(K) (actually in W12(K) C L?(K)) are provided by the critical
point equation (CPE,,,).

For moments estimation, we consider the specific functions e = e; , €5, with e; = (xg,0) for
(mq), e2 = (0, xs) for (mg). From Lemma 1 and the relation (4), it holds that e; & Ranbj.
Hence, the constraint in the BEP is saturated by the approximant, following Propositions
6 and 7.

Hence, using the Fourier basis (g,) in order to express solutions to (CPE,,,) as ¢, =
> nez Cn 9n, We get that, Vk € Z:

D cn (0519n], 398} pas ey + A = (@, b3[gn]) 12(s,22) (12)
neE”Z

for A > 0 such that ||¢0||2L2(K) = ez len]? = M2
Forty, to € K, x € S, let:

I(t1,t2,2) = Pp(z — t1) Pp(@ — t2) + Qpz — 1) @ (2 — t2),

and

k‘(tl,tg) = / I(tl,tg,x)dl‘.

—S

Following the expressions of the operator b3 in Section 3, we obtain:

Lemma 4
Lo i T (nty+kt
(03[gn], 03[9k]) 25 R2) = ﬁ/ / k(ty, tz) €' "TRR) gty dt, (13)
—q/—q
These are the Fourier coefficients of x i (t1) x i (t2) k(t1, t2).

Proof: Observe that

316) 030D sy = (Phxd Phad) | 4 {(Quxd Gt | o

= / P,’l*g(x)P;'L*qZ(x)dm—i— Q’h*g(x)Qﬁl*qZ(a:)dx

—S8

= /sv /q /q (P (x —t1) Py (x — t2) + Q) (x — t1)Q), (x — t2)) ¢(t1)(t2)dt 1 dtadx .
We have, for ¢, 1 € L*(K),

S q q
Wl bl = =5 [ [ [ 1t taw) oftr) vita) dt dtada
—sJ—qJ—q

We can interchange the integrals, which leads to

W36 sllinsiny = =5 [ [ kit oftr) vita) e doa.
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Taking ¢ = g, and ¢ = g leads to the expression (13). [ |
This allows to compute the left-hand side of (CPE,,,) and of (12).

Similarly, solutions to (BEP,,, w) in I/Vol’Q(K)7 are furnished by (CPE,,, ). Notice that
b3, (0] = b3[9] if ¢ € W, *(K). Using (g,) in order to express the solutions to (CPE,o.w)
as ¢o = D, ez dn gn, we get that, Vk € Z:

D du (b3190], b3108]) 125 m2y — 7 1k i = (€, b3[9K]) L2(5.82) - (14)
nez

for v < 0 such that || ]|72 k) = ez bn |d,|* = M2, which has to be compared with (12).
Note that the above functions I(¢y,te, z) and k(¢1,t2) admit explicit expressions which can
be used to more precisely compute the quantities (b3[#], b3[¢]) 12(s r2) in Lemma 4.

5.1.3 Forward problems, by[e;], b2[m)]

Concerning the computation of the right-hand sides (e, b3[gx]) - (s,r2) of the critical point
equations, following the definition of the operator by in Section 3,

bolm] = — (P} %71 — Q +7iz), » Vi = (m1,my) € L2(S,R?),
we first compute, from the above definition of e; for i = 1, 2:

(e1,b5 [Qk]>L2(s,R2) = <b2[e1]7gk>L2(K)

s - q o
:/ / P/l(:['—t)e”ﬁﬁ dtdx:/ (Ph(s_t)—Ph(S—i—t)) 6“”5 dt
—-q

—s —q
and
(e2,b5 [Qk]>L2(s,R2) = (bz[e2], 9k>L2(K)

s q _ q »
- / / Qp(x —t) e dtdm:/ (Qn(s —t) — Qn(s + 1)) e*™a dt.
S Y

These expressions are computed by discretization on a family of piecewise constant functions
on K = UK, summing up the contributions on Kj, although they are linked to the Fourier
coefficients of xx Pp and xx Qp-

This is all we need in order to solve the linear systems (12) in ¢, and (14) in d,,, and to
compute the solutions ¢; related to e; and M.

In order to generate synthetic data, the components m; of magnetizations m € L?(S,R?)
are also modelled as finite linear combinations of a family of piecewise constant functions
onS=U;S,l=1,---L.

The quantity bs[m)] is computed from its Fourier series, while its Fourier coefficients (equal
to (b2[m], gk);2(g)) are computed as those of by[e;] above, summing up the contributions of
the intervals S;, [ =1,--- L.

We finally compute (with a quadrature method):

(ba[m], ¢i) 2y = D cn (b2[m], gn)r2(x) »

neZ

which is expected to furnish the approximation (m$) = (b2[m], ¢;)r2(k) to (m;). For error

estimation, we will compare (m¢) to the actual moments (m;) (i = 1,2).
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5.2 Numerical illustrations

In this section, we discuss preliminary numerical results concerning the computation of
(mg§) = (b2[m], ¢i)r2(k) in order to estimate the mean value (m;) of each component of m.
Recall that the solutions to (CPE,,,) in L*(K), ¢; = ¢,|e;], i = 1,2, are given by:

~ ~ — (P! i =1,
B (8 0 (s @8] v = f B T

|x

for X > 0; we have ||¢;||r2(x) = M(N).
The solutions ¢; = ¢,le;], i = 1,2, to (CPE,,w) in W, *(K) are given by:

~ ~ — (P! % 1=1,
—Pj, % (x5 (Ph* ¢})) + Qf * (xs (Qn * ¢})) o Ay = { (PEIL :chi))li
with A = —y > 0, and yet [[¢;]ly1.2x) = M(A), in the weak sense in L*(K).
The quantities (coefficients) (b3[gn], 03[gk]) 12(g g2y in (12) and (14) are computed with [ft
(fast Fourier transform), following Lemma 4, while for numerical purposes, the series will
be truncated at some order N € N,.
Various situations can be examined, with respect to the distance h between the magneti-
zation support S contained in R x {0} and the measurement set K C R x {h}, and to
their length |S|, |K|. In order to match with the physics of the model, we assume that
S = (—s,5) and K = (—q,q) are centered at the origin, and that |K| > |S| > h > 0, with
(approximately) |K| ~ 1.5|5], |S| ~ 20h. We will take h = 0.1, s = 1 and ¢ = 1.5. The
order of truncation will be N = 250.
We will compare the estimates (m¢) of (m;) for functions ¢; solutions to the BEP in L? or
in WO1 2 associated to particular values of \, for some magnetizations m. The computations
are performed with Matlab, R2017a.
Tables below furnish the estimated moments (m$) for ¢ € {1,2}, the corresponding values
of the relative errors ; and norm constraints M, ||¢;||r2(k) or ||<;SZ-HW01,2(K). Figures are
provided in the Appendix.
Below, for the computation of the solutions ¢; to the corresponding BEP, we choose A = \;
such that 1 < —logyy(A;) < 9 is an integer and such that the relative error for moments
estimation given by

[{mi) — (mf)]

[(ma)]

is small enough among this range for the corresponding data m, while still providing an
acceptable value for the quantity M()\;), say between 10 and 20, see Table 1. Observe
that this trade off is made possible by the fact that the data are available for the present
simulations. Elsewhere, in general, A = \; has to be chosen in terms of the behaviour of the
error ||b3[¢;] — €|l r2(s,r2) (and of the associated constraint M();)), independently of the
unknown magnetization m.

In all the numerical experiments, the net moment will be kept fixed to: (m;) = —0.1 and
(mg) = 0.1, whence:

E; =

&i =10 [(ms) — (m{)| = |(=1)""" + 10 (m{)| -

7

5.2.1 Solutions ¢; to BEP

The solutions ¢; € L?(K) for i = 1,2 are plotted in Figure 5, 6 (A\; = 1072 and 107°). The
solutions ¢; € W, *(K) can be seen in Figures 7, 8 (A; = 108 and 10~?). Their norms are
given in Table 1.
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bi Ai | el | (g2l
in L2(K) [ 1073 ] 48 | 44
107° | 144 | 8.2
in Wy*(K) | 1078 | 19.9 | 10.4
1079 | 645.5 | 221.7

Table 1: Values of \j, M (\i)= ||¢illz2(k) or H(bi”WOl’Q(K)’ i=1,2.

The solutions in L?(K) show quite many oscillations close to the boundary of S, less in
VVO1 ’2(K ), as expected. Interestingly, these functions behave as affine or constant in a large
interval contained in the interior of S. We also see that as \; decreases, the corresponding
constraint M (\;) grows, which also increases the oscillating phenomenon, mainly in L?(K).

5.2.2 Constant magnetizations

Take m; = —0.05 on S = [—1,1] and mg = 0.05 on S (whence m = 0.05 (e; — e3) and
m; = 0.05(—1)%xg). See Figure 1 and Table 2 for plots of m; and of by[m], computed as
explained in Section 5.1.3.

i Ai (m{) (m35) €1 €2
in L2(K) | 107° | —0.1044 | 0.09581 | 4.4-10=% [ 4.2-1073
in W,*(K) | 1078 | —0.0996 | 0.0994 | 3.8-1073 | 6.4-1073

Table 2: m identically constant.

5.2.3 Magnetizations with large support

Take my = —0.1 on [—1,0], 0 elsewhere in S, and my = 0.1 on [0, 1], see Figure 2, together
with Table 3.

i Ai (mi) | (m3) €1 €2
in L2(K) | 107° | —0.0999 | 0.0994 | 6.4-10% | 5.5-10~3
in W,?(K) | 1078 | —0.1000 | 0.0995 | 4.4-10~* | 4.6-10~3

Table 3: m with large support.

5.2.4 Other magnetization

Here we take m; and ms as below. See Figure 3 and Table 4.

—0.05 on [-0.2,0], 0.05 on [-0.8,-0.6],

—0.1 on [0,0.2], 0.1  on [-0.6,—-0.4],

—0.2  on [0.2,0.4], 0.2 on[-04,-0.2],
my = mo =

—0.1 on [0.4,0.6], 0.1  on [-0.2,0]

—0.05 on [0.6,0.8], 0.05 on [0,0.2],

0 elsewhere in S, 0 elsewhere in S.
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b Ai (mf) (m3) €1 €2
in L2(K) | 107° [ —0.0981 | 0.09855 | 1.9-10"% | 1.4- 1072
in W, ?(K) | 1078 | —0.0977 | 0.0989 | 2.3-1072 | 1.1-102

Table 4: Other m.

5.2.5 Magnetizations with small support

Here we take m; and ms as described below. See Figure 4 and Table 5.

10 on [—0.5,—0.49], 10 on [—0.9,—0.89],

—10 on [0,0.0.1], —10 on [-0.3,-0.29],
my; = mo =

~10 on [0.2,0.21], 10 on [0.2,0.21],

0 elsewhere in S, 0 elsewhere in S.

bi Ai (mg) (ms3) €1 €2

in L*(K) | 107° | —0.104 | 0.0958 | 4.4-1072 | 4.2-10~2
in W,?(K) | 1078 | —0.1015 | 0.0969 | 1.5-1072 | 3.1- 102

Table 5: m with small support.

5.2.6 Comments, discussion

Overall, as presented in the above tables, we obtain quite accurate results for net moment
estimation. The net moments of magnetizations with large support are more precisely
estimated than those of magnetizations with small support: the value g; of the error decreases
whenever the size of the support increases, for a same value of the parameter A;. This
phenomenon is mostly true in L?(K) for the present examples. These examples may not
always provide smaller estimation errors &; in W, '?(K) than in L2(K), since the behaviour
of &; depend on the specific data (smoothness properties of m, size of its support, ...) and
parameters. These properties, together with the influence of the noise in the computations
and in the data, will be studied in a forthcoming work.

6 Perspectives, conclusions

In order to complete the results of Section 3, some properties of by remain to be studied. Even
if b is injective, it is not coercive (strongly injective), in the sense that [|ba[m]]| 24 can
be small even when ||m][; g ey is not small: there may exist such “almost silent” source
terms m. However, lower bounds for ||b2]| can be established if we restrict to truncated
Fourier expansions, showing that these cannot be “almost silent”. Also, one can estimate
the constants involved in the upper bounds of ||bz|| and ||b5]|. The spectral study of the
operator by b3 remains to be fulfilled, in view of the numerical analysis of the BEP.

The BEP studied in Section 4 can be stated with slightly more general constraints. In
particular, let f € L?(K). Consider the following BEP in L?(K):

Lo - [05]¢] — ellzasre) (BEPy)
lo=Fll 2y <M

One can prove existence and uniqueness of the function ¢, € L*(K) solution of (BEP;)
using the same arguments as in the proof of Proposition 6. Moreover, if e ¢ Ranb} (or
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if e = b3[¢] for some ¢ € L*(K) such that |[¢ — f|l12(x) = M), then the solution ¢, still
saturates the constraint, i.e. [|¢, — f|lz2(x) = M, and is given by the following implicit
equation, with v < 0, see (BEP,,,):

b2b3[do] — v¢o = bole] +7f .
Let now f € Wy?(K). The BEP can be stated as follows:

min [B506] — ellasne) (BEP1v)
pewy 2 (K)
=1l 1,2, 0 SM

L1200
Again, as for (BEP,,,w), a solution ¢, € W01’2(K) exists, is unique, and saturates the
constraint if e ¢ b’z“W[WOm(K)] (orif e = b3 [¢] for ¢ € L?(K) such that ||¢ — f||W01,2(K) >
M): ||po — f||W01’2(K) = M. It satisfies the following equation, with v < 0:

bab [@o] + vy = bale] +f .

The above problem will be considered for ¢, € W?(K) with norm constraint therein, where
it is also well-posed and gives promising numerical results. Moreover, W2(K) functions
are continuous on K in the present 1-dimensional setting, which is a suitable property of
the solution, in view of computing its inner product with the available measurements in a
pointwise way. Note however that the continuity of the solution is already granted by the
critical point equation (CPE,,,) above and the smoothness properties of functions in Ran bs.
Some BEP of mixed type, with constraints in other norms, like uniform, L', BMO, could
also be formulated, as well as related extremal problems consist in looking for the best
bounded extension of a given data by ~ by[m] from K to R.

Following Section 5, further numerical analysis and improvements of the computational
schemes will be considered. In particular, we expect that refined implementations of the com-
putations in the Fourier domain will provide more efficient and accurate recovery schemes,
in the present setting as well as in the 3D one, see [6]. Both a quantitative and a qualitative
study of the relations A — M(A) and A — ¢;(\) (for the different error terms) remain to
be done. This will be the topic of a further work, together with a study concerning the
influence of the parameters s, q, h, and of the characteristics of m;, on the behaviour of the
solutions.

Both explicit and asymptotic expressions, in terms of the size ¢ of the measurement set K,
relating the first moments of m to those of ba[m], could also be derived, as in [8] for the 3D
situation. Besides, the quantities b3[z*] for monomials z* could be exactly computed.
Other functions e may be considered as well, both for the present net moment estimation
problem or for higher order or local moments recovery. One can also take the components
e; to be appropriate band-limited basis functions, of Slepian type [22].

Particularly interesting magnetizations are the unidirectional ones, of which the moment
recovery using the above linear estimator process still requires a specific study. Also, more
general situations where m belongs to L(S,R?) or is a measure remain to be considered,
see [5], together with magnetizations supported on a two-dimensional set.

Finally, the full inversion problem of recovering m in L?(S,R?) itself from bo[m] will be

considered in a further work. It can also be stated as a BEP of which the solution will
involve the operator by b5. Again more general magnetization distributions will be studied.

Acknowledgments

The authors warmly thank Jean-Paul Marmorat for his help in numerical implementations.

19



References

1]
2]

[17]
(18]
[19]

[20]

R. Alaifari Analysis of the truncated Hilbert transform arising in limited data com-
puterized tomography, PhD thesis, University of Brussels, 2014.

R. Alaifari, M. Defrise, A. Katsevich, Spectral analysis of the truncated Hilbert trans-
form with overlap, STAM J. Math. Anal., 46, 192-213, 2014.

R. Alaifari, L.B. Pierce, S. Steinerberger, Lower bounds for the truncated Hilbert
transform., Rev. Mat. Iberoamericana, 32, 23-56, 2016.

S. Axler, P. Bourdon, W. Ramey, Harmonic Function Theory, Springer-Verlag, 2nd
edition, 2001.

L. Baratchart, D.P. Hardin, E. A. Lima, E. B. Saff, B. P. Weiss, Characterizing ker-
nels of operators related to thin-plate magnetizations via generalizations of Hodge
decompositions, Inverse Problems, 29 (1), 2013.

L. Baratchart, S. Chevillard, D. Hardin, J. Leblond, E. A. Lima, J.-P. Marmorat,
Magnetic moment estimation and bounded extremal problems, Inverse Problems &
Imaging, to appear, 13 (1), 2019 (hal.archives-ouvertes.fr/hal-01623991).

L. Baratchart, S. Chevillard, J. Leblond, Silent and equivalent magnetic distribu-
tions on thin plates, Theta Series in Advanced Mathematics, Proceedings of the
Conference “Analyse Harmonique et Fonctionnelle, Théorie des Opérateurs et Ap-
plications” 2015 (in honor of Jean Esterle), eds. Ph. Jaming, A. Hartmann, K.
Kellay, S. Kupin, G. Pisier, D. Timotin, Theta Series in Advanced Mathematics,
11-28, 2017.

L. Baratchart, S. Chevillard J. Leblond, E. A. Lima and D. Ponomarev. Asymptotic
method for estimating magnetic moments from field measurements on a planar grid.
In preparation.

H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations,
Springer, 2011.

I. Chalendar, J. Leblond, J.R. Partington, Approzimation problems in some holo-
morphic spaces, with applications, Systems, Approximation, Singular Integral Oper-
ators, and Related Topics, Proceedings of IWOTA 2000, eds. A.A. Borichev, N.K.
Nikolski, Integral Equations and Operator Theory 129, 143-169, 2001.

I. Chalendar, J. R. Partington, Constrained approzximation and invariant subspaces,
J. Math. Anal. Appl., 280, 176-187, 2003.

I. Chalendar J. R. Partington, Modern approaches to the invariant-subspace problem,
Cambridge Tracts in Mathematics, 188, Cambridge University Press, 2011.

P. L. Duren, Theory of HP spaces, Pure and Applied Mathematics, 38, 1970.

J.B. Garnett, Bounded analytic functions, Graduate Texts in Mathematics, 236,
Springer, 2007.

J. D. Jackson, Classical Electrodynamics, 3rd ed., Wiley, 1999.

B. Jacob, J. Leblond, J.-P. Marmorat, J. R. Partington, A constrained approzimation
problem arising in parameter identification, Linear Algebra and its Applications,
351-352, 487-500, 2002.

P. Jaming, E. Pozzi, B.D. Wick, Lower bounds for the dyadic Hilbert transform,
Annales de la Faculté des Sciences de Toulouse, 27, 265-284, 2018.

T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, 132, 2nd ed.,
1976.

W. Koppelman and J.D. Pincus, Spectral Representations for Finite Hilbert Trans-
formations, Mathematische Zeitschrift, 71, 399-407, 1959.

R. Kress, Linear Integral Equations, Springer-Verlag, 1989.

20



[21]

J. Leblond, D. Ponomarev, On some extremal problems for analytic functions with
constraints on real or imaginary parts, Festschrift in Honor of Daniel Alpay’s 60th
Birthday, F. Colombo & al. (eds.), Advances in Complex Analysis and Operator
Theory, Trends in Math., Birkh&user, 219-236, 2017.

J. Ledford, Recovery of bivariate band-limited functions using scattered translates of
the Poisson kernel, Journal of Approximation Theory, 189, 170-180, 2015.

J. Mashreghi, Representation Theorems in Hardy Spaces, London Mathematical
Society Student Texts, Cambridge University Press, Cambridge, 74, 2009.

N. K. Nikolski, Operators, functions, and systems: an easy reading. Vol. 1, Mathe-
matical Surveys and Monographs, 92, American Mathematical Society, Providence,
RI, 2002.

D. Ponomarev, Some inverse problems with partial data, PhD thesis, Université
Nice Sophia Antipolis, 2016.

W. Rudin, Functional Analysis, McGraw-Hill, 1991.

E. M. Stein, G. Weiss, Introduction to Fourier analysis on FEuclidean spaces, Prince-
ton Univ. Press, 1971.

21



Appendix: numerical illustrations
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Figure 1: mq, mo constant, associated ba[m)].
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Figure 2: mq, mg with large support, associated be[m].
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Figure 3: Others my, mo, associated be[m].
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Figure 4: mq, ms with small support, associated be[m].
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Figure 5: Solutions ¢; € L?(K) for i = 1,2, A\; = 1073.
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