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Abstract

An existence result for a class of mean field games of controls is provided. In the considered
model, the cost functional to be minimized by each agent involves a price depending at a given
time on the controls of all agents and a congestion term. The existence of a classical solution is
demonstrated with the Leray-Schauder theorem; the proof relies in particular on a priori bounds
for the solution, which are obtained with the help of a potential formulation of the problem.

Keywords: Mean field games of controls, extended mean field games, strongly coupled mean
field games, potential formulation, Holder estimates.

AMS Classification: 91A13, J9N70.

1 Introduction

The goal of this work is to prove the existence and uniqueness of a classical solution to the following
system of partial differential equations:

(1) -0 — o Au+ H(z,t, Vu(z,t) + ¢(z,t)TP(t)) = f(z,t,m(t)) (z,t) € Q,
(i7) Ogm — o Am + div(vm) = 0 (x,t) € Q,
(141) P(t) = W (¢, ra (2, t)v(z, t)m(z,t) dz) t€[0,T7,
(iv) v(z,t) = —Hp(z,t, Vu(z,t) + ¢(z,t)TP(t)) (x,t) € Q,
\ (v) m(z,0) = mo(z), wu(z,T)=g(x) r €T,
(MFGC)

where
u=u(z,t) ER, m=m(z,t) R, v=uv(z,t)cR) P=P(t)cRF
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with (x,t) € Q := T x [0, T]. The parameters T > 0, ¢ > 0 are given and

H: (z,t,p) € Q x R = R, U: (t,2) €[0,T] xRF - RF,  ¢: (2,t) € Q — RFX?,
f:(z,t,m) e Q@ xDy(T9) =R, mp:2zeT!—R,, g:reT? - R

are given data. The set D;(T?) is defined as
Dl(Td)—{meLoo(']I‘dﬂmZO,/ miz) dz =1}, (1)
Td

Here we work with Z%-periodic data and we set the state set as the d-dimensional torus T¢, that is
a quotient set R?/Z¢. The Hamiltonian H is assumed to be such that H(x,t,p) = L*(z,t, —p), for
some mapping L, where L*(x,t, —p) denotes the Fenchel transform with respect to p. The mapping
L is assumed to be convex in its third variable.

The function u, as a solution to the Hamilton-Jacobi-Bellman (HJB) in equation (i)(MFGC) is
the value function corresponding to the stochastic optimal control problem:

T
ing[ /0 L(Xt,t,0u) + (X, t)TP(t), o) + f(Xp, t,m(t)) dt + g(X7)|, (2)

subject to the stochastic dynamics dX; = a; dt + V20 dB;, Xo=x € T<. The feedback law v given
by (iv)(MFGC) is then optimal for this stochastic optimal control problem. Equation (ii)(MFGC)
is the Fokker-Planck equation which describes the evolution of m; = L(X;) when the optimal
feedback law is employed. At last, (i7i)(MFGC) makes the quantity P(¢) endogenous.

An interpretation of the system (MFGC) is as follows. Consider a stock trading market. A
typical trader, with an initial level of stock X¢ = z, controls its level of stock (X;)¢c[o, 7] through the
purchasing rate o with stochastic dynamic dX; = o,dt + V20dB;. The agent aims at minimizing
the expected cost (2) where P(t) is the price of the stock at time ¢. The agent is considered to
be infinitesimal and has no impact on P(¢), so it assumes the price as given in its optimization
problem. On the other hand, in the equilibrium configuration, the price P(t) (¢t € [0,T]) becomes
endogenous and indeed, is a function of the optimal behaviour of the whole population of agents as
formulated in (i77)(MFGC). The expression D(t) := [rq ¢(z,t)v(z,t)m(z,t) dz can be considered
as a weigted net demand formulation and the relation P = ¥(D) is the result of supply-demand
relation which determines the price of the good at the market. Thus, this system captures an equi-
librium configuration. Similar models have been proposed in the electrical engineering literature,
see for example [2, 10, 11] and the references therein.

In most mean field game models, the individual players interact through their position only,
that is, via the variable m. The problem that we consider belongs to the more general class
of problems, called ezxtended mean field games, for which the players interact through the joint
probability distribution p of states and controls. Several existence results have been obtained for
such models: in [13] for stationary mean field games, in [15] for deterministic mean field games. In
[6, Section 5], a class of problems where p enters in the drift and the integral cost of the agents
is considered. We adopt the terminology mean field games of controls employed by the authors of
the latter reference. Let us mention that our existence proof is different from the one of [6], which
includes control bounds. In [3, Section 1], a model where the drift of the players depends on p is
analyzed. In [14], a mean field game model is considered where at all time ¢, the average control
(with respect to all players) is prescribed. We finally mention that extended mean field games



have been studied with a probabilistic approach in [1, 8] and in [7, Section 4.6], and that a class of
linear-quadratic extended mean field games has been analyzed in [19].

A difficulty in the study of mean field games of controls is the fact that the control variable,
at a given time ¢, cannot be expressed in an explicit fashion as a function of m(-,t) and u(-, ).
Instead, one has to analyze the well-posedness and the stability of a fixed point equation (see for
example [6, Lemma 5.2]). In our model, if we combine (iii) and (iv)(MFGC), we obtain the fixed
point equation

v = —Hy(Vu+ W(] gvm)) (3)

for the control variable v. A central idea of the present article is the following: equation (3) is
equivalent to the optimality conditions of a convex optimization problem, when L is convex and ¥
is the gradient of a convex function ®. This observation allows to show the existence and uniqueness
of a solution v (to equation (3)) and to investigate its dependence with respect to Vu and m in a
natural way. More precisely, we prove that this dependence is locally Holder continuous.

The existence of a classical solution of (MFGC) is established with the Leray-Schauder theorem
and classical estimates for parabolic equations. A similar approach has been employed in [16] and
[17] for the analysis of a mean field game problem proposed by Chan and Sircar in [9]. In this model,
each agent exploits an exhaustible resource and fixes its price. The evolution of the capacity of
a given producer depends on the price set by the producer, but also on the average price (with
respect to all producers).

The application of the Leray-Schauder theorem relies on a priori bounds for fixed points. These
bounds are obtained in particular with a potential formulation of the mean field game problem:
we prove that all solutions to (MFGC) are also solutions to an optimal control problem of the
Fokker-Planck equation. We are not aware of any other publication making use of such a potential
formulation for a mean field game of controls, with the exception of [17] for the Chan and Sircar
model. Let us mention that besides the derivation of a priori bounds, the potential formulation
of the problem can be very helpful for the numerical resolution of the problem and the analysis of
learning procedures (which are out of the scope of the present work).

The article is structured as follows. We list in Section 2 the assumptions employed all along.
The main result (Theorem 3.1) is stated in Section 3. We provide in Section 4 a first incomplete
potential formulation of the problem, incomplete in so far as the term f(m) is not integrated. We
also introduce some auxiliary mappings, which allow to express P and v as functions of m and wu.
We give some regularity properties for these mappings in Section 5. In Section 6 we establish some
a priori bounds for solutions to the coupled system. We finally prove our main result in Section 7.
In the last section, we give a full potential formulation of the problem, prove the uniqueness of the
solution to (MFGC) and prove that (u, P, f(m)) is the solution to an optimal control problem of
the HJB equation, under an additional monotonicity condition on f.

2 Assumptions on data and parabolic estimates

2.1 Notation and assumptions

Let us introduce the main notation used in the article. Recall that D;(T¢) was defined in (1). For
all m € D1(T9), for all measurable functions v: T? — R? such that |v(-)|>m(-) is integrable, the



following inequality holds true,

2
)/ﬂrd v(x)m(z) dx’ < » lv(z)|*m(z) dz. (4)

by the Cauchy-Schwarz inequality.

The gradient of the data functions with respect to some variable is denoted with an index, for
example, H),, denotes the gradient of H with respect to p. The same notation is used for the Hessian
matrix. The gradient of v with respect to x is denoted by Vu. Let us mention that very often, the
variables  and ¢ are omitted, to alleviate the calculations. We also denote by [ ¢um the integral
de ¢vm dz when used as a second argument of . For a given normed space X, the ball of center
0 and radius R is denoted B(X, R).

Along the article, we use the following Hélder spaces: C%(Q), C*t%(T9), and C2t1+/2(Q),
defined as usual with o € (0,1). Sobolev spaces are denoted by WP the order of derivation k
being possibly non-integral. We fix now a real number p such that

p>d+ 2.
We will also make use of the following Banach space:

W2LP(Q) = LP(0, T; W2P(T) N WH(Q).

Convexity assumptions We collect below the required assumptions on the data. As announced
in the introduction, H is related to the convex conjugate of a mapping L: @ x R¢ — R as follows:

H(xz,t,p) = L*(x,t,—p) = sup —(p,v) — L(z,t,v). (5)
vER™

The mapping L is assumed to be strongly convex in its third variable, uniformly in = and ¢, that
is, we assume that L is differentiable with respect to v and that there exists C' > 0 such that

1
<L”U<x7t7v2) - Lv(l',t,?}l),’l)g - U1> Z 6"02 - ’Ul‘2, (Al)

for all (z,t) € Q and for all v; and vy € R?. This ensures that H takes finite values and that H is
continuously differentiable with respect to p, as can be easily checked. Moreover, the supremum in
(5) is reached for a unique v, which is then given by v = —Hp(z,t,p), i.e.

H(x,t,p) + L(x,t,v) + (p,v) = 0 <= v = —Hy(z,t,p), V(z,t,p,v) € QxRIxRL  (6)

We also assume that ¥ has a potential, that is, there exists a mapping ®: [0,7] x RF — R,
differentiable in its second argument, such that

U(t,z) = ®,(t,2), Y(t z)€0,T] xR (7)

Regularity assumptions We assume that L, is differentiable with respect to x and v and that ¢
is differentiable with respect to z. All along the article, we make use of the following assumptions.



Growth assumptions: there exists C' > 0 such that for all (z,t) € Q, y € T% v € R?, z € R¥, and
m € Dy (T?),

o L(z,t,v)< C’|v|2 +C (A2)
o |L(y.t,v) = L(z,t,0)] < Cly — z[(1+[v]?) (A3)
o |U(t,2)| <Clz|+C (A4)
o |f(x,t,m)| <C. (AD)

Holder continuity assumptions:

e For all R > 0, there exists a € (0, 1) such that
Le Ca(BR)
L, € CQ(BR, ),
Lyz € CY(Bg,R¥¥9),
Ly, € C*(Bg,R¥%),

U e CYBy RY,
¢ € C*(Q,RM), (AG)
Dz¢ c CO‘(Q,RkXdXd),

where B = Q x B(R%, R) and By, = [0,T] x B(R*, R).
e There exists o € (0,1) and C > 0 such that
|[f (@2, t2,m2) — fl@1,t1,m1)| < Cla — 2] + [t2 — 81| + [m2 — maToo(qay) s (A7)
for all (x1,t1) and (ze,t2) € Q and for all my and mqy € Dl(']I‘d).
e There exists a € (0,1) such that my € C>T*(T%) and g € C*T(T%). (A8)

We finally assume that

mo(z) >0, VreT? and , mo(z) do = 1. (A9)
T
Let us mention here that the variables C' > 0 and « € (0, 1) used all along the article are generic
constants. The value of C' may increase from an inequality to the next one and the value of the
exponent o may decrease.
Some lower bounds for L and for ® can be easily deduced from the convexity assumptions. By
Assumption (A6), L(z,t,0) and L,(x,t,0) are bounded. It follows then from the strong convexity
assumption (A1) and (A2) that there exists a constant C' > 0 such that

1
5]1}\2 — C < L(z,t,v), forall (z,t,v) € Q x RY (8)

Without loss of generality, we can assume that ®(¢,0) = 0, for all ¢ € [0,T]. Since ® is convex, we
have that ®(t,2) > (¥(¢,0), 2), for all z € R¥. We deduce then from Assumption (A4) that

®(t,z) > —Clz|, forall z € RF, (9)

where C' is independent of ¢ and z.

Some regularity properties for the Hamiltonian can be deduced from the convexity assumption
(A1) and the Holder continuity of L and its derivatives (Assumption (A6)). They are collected in
the following lemma.



Lemma 2.1. The Hamiltonian H is differentiable with respect to p and H, is differentiable with
respect to x and p. Moreover, for all R > 0, there exists o € (0,1) such that

H € C*(Bg), H, € C®(Bg,RY),
H,, € C®(Bg,R¥4), H,, € C%(Bg,R™%).

Proof. For a given (z,t,p) € Q x R?, there exists a unique v := v(z,t,p) maximizing the function
v € R — —(p,v) — L(x,t,p), which is strongly concave by (A1). It is then easy to deduce from (8)
and the boundedness of L(z,t,0) that there exists a constant C, independent of (z,t,p), such that

lv(z,t,p)| < C(lp[ +1). (10)
For all (z,t,p) € Q x RY,
p+ Lo(z,t,v(z,t,p)) = 0. (11)

Since L, is continuously differentiable with respect to x and v, we obtain with the inverse mapping
theorem that v(x,t,p) is continuously differentiable with respect to x and p. Let R > 0 and let
(z1,t1,p1) and (z9,t2,p2) € Q X Bgr. Let v; = v(x;, t;,p;) for ¢ = 1,2. By (10), we have |v;| < C,
where C' does not depend on x;, t;, and p; (but depends on R). Moreover, we have

(p2 — p1,v2 — v1) + (Ly(22, t2, v2) — Ly (21, t1,v2),v2 — v1)
+ (Ly(x1,t1,v2) — Ly(x1,t1,v1),v2 —v1) = 0.

We deduce from (A1), Young’s inequality, and (A6) that there exists C' > 0 and « € (0, 1), both
independent of x;, t;, and p; (but dependent of R) such that

1
5\02 — 1> < [{p2 — p1,v2 — v1)| + |(Ly(22, t2, v2) — Ly(21,t1,v2),v2 — v1)]

A

1 C
< 22|P2 *P1\2 + elvg — Ul|2 + ;(|562 — x|+ [t2 *tlfa),

for all € > 0. Taking ¢ = %, we deduce that the mapping (z,t,p) € Br — v(x,t,p) is Holder
continuous. Since L is Holder continuous on bounded sets, we obtain that the Hamiltonian
H(z,t,p) = —(p,v(z,t,p)) — L(x,t,v(z,t,p)) is Holder continuous on Bg.

One can easily check that H,(x,t,p) = —v(x,t,p), which proves that H,, is Holder continuous
on Bpg. Finally, differentiating relation (11) with respect to x and p, we obtain that

Dmv(x7 t’ p) = - va('l;? t? /U(:E’ t?p))_lL/Ul'($’ t7 ,U($7 t7p))
Dyv(z,t,p) = — va(x,t,v(x,t,p))fl.

We deduce then with Assumption (A6) that Dyv(z,t,p) and Dyv(z,t,p) (and thus Hy, and Hpp)
are Holder continuous on Bpg, as was to be proved. ]

An example of coupling term We finish this subsection with an example of a mapping f
satisfying the regularity assumptions (A5) and (A7). Let ¢ € L>(R?) be a given Lipschitz con-
tinuous mapping, with modulus Cy. Let us set Cy = ||| oo (ra). Let K: Q x [-C2,C2] — R be a
measurable mapping satisfying the following assumptions:

1. The mapping = € T¢ — K(x,0,0) lies in L*(T9).



2. There exist a mapping C3 € L'(T?) and o € (0,1) such that for a.e. x € T¢, for all #; and
to € [O,T] and for all wy and wg € [—02,02],

|K (z,to, ws) — K (z,t1,w1)] < Cs(z) (Jta — t1|* + |wa — w1]®).

Let us set ¢(z) := ¢(—x). We identify m € L>(T%), with its extension by 0 over R? so that the
convolution product below is well-defined:

mx p(x) = y m(z —y)p(y)dy, x € T (12)

We keep in mind that m * ¢ is a function over T¢. Then
[ % @lloe < ||@]loss for all m € Dy(T9). (13)

In a similar way we can define
fre(@,t,m) = (K(,t,m* () * §) (), (14)
and we have that
1/ (z t,m) |l < [[K (-, m* )[[1]|Blloc < (2, m % ¢)]|oolllo (15)
The following lemma is inspired from [4, Example 1.1].

Lemma 2.2. The above mapping fr satisfies Assumptions (A5) and (AT).

Proof. Assumption (A5) follows from (15). We next prove (A7). Let (z1,t1) and (z2,t2) € Q, let
my and mg € D1(T%). Then

|fxc (22, t2,m2) — fr (21,12, m2)| < [[ K (y,t2, m2 * ©(y))|[1]le(x2 — ) — (21 — )|l00
< C1Clzg — x1]-

Also,

|fr (21,2, m2) — fre (21, t1,ma)| = [ K (y, 12, ma * (y)) — K (y,t1,m1 + o(y)) [1]l¢ll
< Co||Csllprpay ([t2 = ta|* + [[(m2 — m1) * @[|F e pay)-

Finally, we have [[(ma — m1) * || poo(ray < [[m2 — ma || poo(1a)l|¢ll oo (1a) and thus, assumption (A7)
follows. =
3 Main result and general approach

Theorem 3.1. There ezists o € (0,1) such that (MFGC) has a classical solution (m,u, P,v), with

me CHretel(Q),

= C2+a,1—i—oz/2(Q)7

P c C*0,T;RF),

ve CYQ,RY), Dyv e C¥Q,R¥X%),

(16)



The result is obtained with the Leray-Schauder theorem, recalled below.

Theorem 3.2 (Leray-Schauder, [12], Theorem 11.6). Let X be a Banach space and let T: X x
[0,1] — X be a continuous and compact mapping. Assume that T (x,0) = 0 for all x € X and
assume there exists C' > 0 such that ||z||x < C for all (z,7) € X x [0,1] such that T (z,7) = z.
Then, there exists x € X such that T (z,1) = x.

The application of the Leray-Schauder theorem and the construction of 7 will be detailed in
Section 7. Let us mention that the set of fixed points of 7(-,7), for 7 € [0, 1], will coincide with
the set of solutions of the following parametrization of (MFGC):

(7) —0u — oAu+ T7H(z,t,Vu(z,t) + ¢(x,t)TP(t)) = 7f(x,t,m(t)) (x,t) € Q,

(17) Om — o Am + tdiv(mv) =0 (x,t) € Q,

(141) P(t) =V (t, [ra ¢(z, t)v(z, t)m(z,t) dz) te[0,T],

(iv) v(z,t) = —Hp(z,t, Vu(z, t) + ¢(x, t)TP(t)) (x,t) € Q,

(v) m(z,0) = mo(z), wu(z,T)=rT1g(x) T €T,
(MFGC,)

Of course, (MFGC;) corresponds to (MFGC) for 7 = 1. Let us introduce the space X and X',
used for the formulation of the fixed-point equation:

X = (W2’1’p(Q))2a X' =X x LOO(OaT;Rk) X LOO(Qde)'

The HJB equation (i) and the Fokker-Planck equation (i7) are classically understood in the viscosity
and weak sense, respectively. However, due to the choice of the solution spaces, we may interpret
these equations as equalities in LP(Q). A first and important step of our analysis is the construction
of auxiliary mappings allowing to express v and P as functions of m and u. These mappings cannot
be obtained in a straightforward way, since in (iii), P depends on v and in (iv), v depends on P.

Lemma 3.1. Let 7 € [0,1], let (m,v) € W>LP(Q) x L>®(Q,R%) be a weak solution to the Fokker-
Planck equation Oym — o Am + 7div(vm) = 0, m(-,0) = mo(:). Then m > 0 and for all t € [0,T],
Jpam(z,t) de =1,

Proof. Multiply (MFGC;)(ii) by p(w,t) := min(0,m(z,t)). Use Vu(z,t) = Lz <oy Vm(z,t), so
that integrating (by parts) over @Q; := T? x (0,t), since v is essentially bounded, we get that

1/ p(z,t)? dx—l—a// \Vu(z,s)|* de ds :T// (v, Vuym dz ds
2 Td Qt Qt
_7'// (%VMWdOCdSSC/ ) dxds—l—a// |Vu|? dz ds,
¢ Q¢ Qt

so that after cancellation of the contribution of Vu, we obtain, applying Gronwall’s lemma to
a(t) := [rap(x,t)?, that a(t) = 0 for all ¢ which means that m is non-negative. Moreover, for all
t €1[0,T],

m(z,t) de = [ m(z,0)dx + // oVm — tdiv(vm) dz ds.
Td Td )

Integrating by parts the double integral we see that it is equal to 0, and we conclude by noting
that [7,m(z,0) de = [;amo(x) dz = 1. O



4 Potential formulation

In this section, we first establish a potential formulation of the mean field game problem (MFGC),
that is to say, we prove that for (u,,m.,v,, P;) € X' satisfying (MFGC;), (m,,v;) is a solution
to an optimal control problem. We prove then that for all ¢, v,(-,¢) is the unique solution of some
optimization problem, which will enable us to construct the announced auxiliary mappings.

Let us introduce the cost functional B: W2LP(Q) x L>®(Q,R%) x L=(Q) — R, defined by

Td

B(m,v; f) = //Q (L(z,t,v(z,t)) + f(m,t))m(:n,t) dz dt+/ g(x)m(z,T) dzx

_|_/OT(I)(t,/Td(;S(:c,t)v(a:,t)m(x,t) da:) dt. (17)

We have the following result.

Lemma 4.1. For all T € [0,1], for all (ur,m,,v;, P;) € X' satisfying (MFGC;), the pair (m,,v;)
is the solution to the following optimization problem:

om — o Am + rdiv(vm) = 0,

m(x,0) = mo(x), (18)

mew21r(Q)

min B(m,v;fT), subject to: {
vEL™(Q,R)

where Fo(w,t) = f(,t,mo (1)).

Remark 4.1. Let us emphasize that the above optimal control problem is only an incomplete
potential formulation, since the term f. still depends on m..

Proof of Lemma 4.1. Let us consider the case where 7 € (0,1]. Let (m,v) € W25 (Q) x L=(Q,R%)
be a feasible pair. For all (z,t) € Q, v = —Hp(Vu, + ¢TP;). Therefore, by (5) and (6), we have
that

L(v) > — H(Vu, + ¢TP) — (Vur + 6T Py, ),
L(v;) = — H(Vu; + ¢"P;) — (Vur + ¢TPr,v7),

for all (x,t) € Q. Moreover, by Lemma 3.1, m > 0 and m, > 0. Therefore,
L(v)ym — L(v;)m; > —H(NVu, + ¢TP:)(m — m;) — (Vur + ¢TPr,vm — vymy) . (19)
Using (7)(MFGC,), we obtain

L(v)m — L(v;)m, > 1(—8tu7 —oAu; — TfT)(m —m;) — (Vur + ¢TPryom —vrms) .

\]

After integration with respect to x, we obtain that for all ¢,

/Td(L(v)m — L(v;)m;) + fr(m —m;) dz

> 1/ (=0 — oAuz)(m —m,) doe — / (Vur,om —vymy) doe — (P, [¢(vm — vymy)).
']Td

T Td



We obtain with the convexity of ® and (i7i)(MFGC;) that

<1>(f¢mv) - (I)(fgi)vaT) = <‘1’(f¢m7-v7-), fqb(vm — Urmy))
= (P;, [¢(mv — mu,)). (20)

Using the previous calculations to bound B(m, v; fT) — B(mr, v fT) from below, we observe that
the term (P-, [¢(m — m,v;)) cancels out and obtain that

B(m,v; fT) — B(mr, v fT) > // l(—8,5uT —oAu;) — (Vur,mv —mrv,) de dt
Q T
+

/Td g(z)(m(z, T) —ms(z,T)) dz.

Integrating by parts and using (i7)(MFGC;), we finally obtain that

Bm,v; f,) - Blme, v f) > - /T ur(0,2)(m(0,2) — me(0,) dz =0,

T

as was to be proved. We do not detail the proof for the case 7 = 0, which is actually simpler.
Indeed, for 7 = 0, the solution to the Fokker-Planck equation is independent of v and thus m = m.
in the above calculations. O

We have proved that the pair (m,, v;) is the solution to an optimal control problem. Therefore,
for all ¢, v;(-,t) minimizes the Hamiltonian associated with problem (18). Let us introduce some
notation, in order to exploit this property. For m € D; (Td), we denote by Lfn(']I‘d, ]Rd) the Hilbert
space of measurable mappings v: T¢ — R? such that de |v]?m < oo, equipped with the scalar
product [ (vi,va)m. An element of L2 (T?) is an equivalent class of functions equal m almost
everywhere. Note that L>(T9) c L2 (T9).

For t € [0, T}, for m € D;(T%), and for w € L2, (T%), we consider the mapping

ve L2 (T4 RY — J(vt,m,w) == ®(t, [pvm) +/ (L(v) + (w,v))m dz.
Td
Combining inequalities (19) and (20) (with m = m;), we directly obtain that for all ¢ € [0,T], for
all v € L2,(T4,RY) with m = m, (-, 1),
J(vit,mr(t), Vur(t)) = J(v-(t); t, me(t), Vur(t)).

The following lemma will enable us to express P-(t) and v.(-,t) as functions of m,(-,¢) and
ur(+,t). The key idea is, roughly speaking, to prove the existence and uniqueness of a minimizer to
J (5 t, m,w).

Lemma 4.2. For all t € [0,T)], for all m € Dy(T%), for all R > 0, and for all w € L>°(T¢RY)
such that ||w|| peo(reray < R, there exists a unique pair (v, P) € L®(T4 R%) x R*, such that

v(z) = —Hy(z,t,w(x) + ¢(z,t)TP), for a.e. x € T, (21)
P = 9(t, [pvm).
The pair (v, P) is then denoted (v(t,m,w),P(t,m,w)). Moreover, we have
[v(t, m, w)|[poo(rarey < C and  |P(t,m,w)| < C, (22)

where the constant C' is independent of t, m, and w (but depends on R).
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Proof. If the pair (v, P) satifies (21), then
v=—Hy(w+ ¢T¥([pum)) a.e. on T (23)

One can easily check that for proving the existence and uniqueness of a pair (v, P) satisfying (21),
it is sufficient to prove the existence and uniqueness of v € L°(T¢,RY) satisfying (23). For future
reference, let us mention that by (6), relation (23) is equivalent to

OT(z,t)U(t, [pum) + Ly(x,t,v(z)) + w(z) =0, for a.e. z € T (24)

Step 1: existence and uniqueness of a minimizer of J(-;¢,m,w) in L2, (T R9).
In view of (Al), v = [r.L(v)m dz is strongly convex over LZ (T? R?). Since the sum of a
l.s.c. convex function and of a l.s.c. strongly convex function is l.s.c. and strongly convex, so is
J(-;t,m,w). Since it is continuous, it possesses a unique minimizer ¥ in L2, (T¢, R%). We obtain
12 _

CHUHL%L(Td,Rd) —C < J(w;t,m,w)) < J(0;t,m,w)) = C, (25)
so that H’U”L2 2 (74 Rd) < C, with C independent of ¢, m, and w, but depending on R, as all constants
C used in the proof.

Step 2: existence of v(t,m,w) and a priori bound.
One can check that J(-;¢,m,w) is differentiable in L>(T%). Since o is optimal, D.J(v;t,m,w) = 0
and thus

(07 (2, 0)U(t, [o(a’ ym(a’) da’) + Ly(x,t,9(z)) + w(z)|m(z) =0, forae. z¢€ <.
Using then the equivalence of (23) and (24), we obtain that
m(z) > 0= t(z) = —Hp(z,t,w(z) + ¢7(x,t)¥(t, [¢(',t)v(a")m(2") da')), for ae. z € T<.
Consider now the measurable function v defined by
v(z) = —Hp(z, t,w(z) + ¢T(z,0)U(t, [o(2', t)v(2")m(a’) dz’), for ae. z € T

The two functions v and ¥ may not be equal for a.e.  if m(x) = 0 on a subset of T? of non-zero mea-
sure. Still they are equal in L2, (T¢, R?), which ensures in particular that [¢(a2’,t)v(z")m(z’) da’ =
[o(2,t)v(z)m(z’) dz’ and finally that v satisfies (23) and lies in L>(T¢,R%), as a consequence of
the continuity of H) (proved in Lemma 2.1). We also have that ||0]|z2 (pa gay = [|v[|12 (e re) < C,
by (25). Using the Cauchy-Schwarz inequality and Assumption (A6), we obtain that | [¢pvm| < C.
We obtain then with Assumption (A4) that for P = ¥( [¢vm), we have |P| < C. Using Assump-
tion (A6) and the continuity of Hp, we finally obtain that ||| (e gey < C. Thus the bound (22)
is satisfied.
Step 3: uniqueness of v(t, m,w).

Let v; and vy € L®(T9 RY) satisfy (23). Then D.J(vi;t,m,w) = DJ(ve;t,m,w) = 0, proving
that v; and vy are minimizers of J(-;¢,m,w) and thus are equal in L2,(T¢ R%). It follows that
Jo(@, t)vi(z")ym(2’) da’ = [¢(2/, t)va(a’)m(2’) dz’ and finally that v = vg, by (23). O
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5 Regularity results for the auxiliary mappings

We provide in this section some regularity results for the mappings v and P. We begin by proving
that P(-,-,) is locally Holder continuous. For this purpose, we perform a stability analysis of the
optimality condition (24).

Lemma 5.1. Let t; and ty € [0,T], let wy and wo € L®(T% RY), and let my and my € D1(T?).
Let R > 0 be such that [|wi| peo(ra gey < R and [|w2| poo(pagay < R. Then, there exist a constant
C > 0 and an exponent o € (0,1), both independent of t1, to, w1, wa, my, and my but depending
on R, such that

[P(t2,ma, w2) — P(tr,my,w))| < C(It — 1] + 1wz — w1 gy + I — ma[§1 ). (26)

Proof. Note that all constants C' > 0 and all exponents a € (0, 1) involved below are independent
of t1, ta, w1, wa, mi, and me. They are also independent of z € T and € > 0. For i = 1,2, we set
v; = v(ti, mi,w;) and ¢; = ¢(-,t;) € L>=(T?). By (22), we have

[vill poo (e may < C- (27)
By the optimality condition (24), we have that
¢1;T\I/(ti, fqbiv,;m,;) + Ly(ti,v;) +w; =0, for ae. z € T, (28)

Consider the difference of (28) for i = 2 with (28) for ¢ = 1. Integrating with respect to z the
scalar product of the obtained difference with vomo — vym1, we obtain that

(a1) + (a2) + (a3) =0,

where
(a1) = /Td (3 W (ta, [Povama) — @] U (t1, [Pr1v1ma), vamg — vimy ) dz,
(az) = /Td<Lv(t2,vg) — Ly(t1,v1), vame — vimy) de,
(az) = /er (wg — w1, vamg — vimy) dx.
We look for a lower estimate of these three terms. Let us mention that the term vomeo — vimy,
appearing in the three terms, will be estimated only at the end.
FEstimation from below of (a1). We have (a1) = (a11) + (a12), where
(a11) = /W < VU (ta, [povamsa) — 1 U (t1, [Prvams), vame — vimy) da
(a12) = /Td <¢I\Il(t1,f¢1v2m2) — ¢1U(t1, [Pprvimy), vama — v1m1> dx.
By monotonicity of ¥, we have that

(a2) = <‘I’(t1, Jorvama) — W(ty, [¢rv1ma), /Td P1vama — Prv1my d33> > 0.
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Let us consider (aj;). We set

\Iji = \Il(tl’ f¢iv2m2)a for i = 17 27
£(@) = d2(x)TW2 — ¢1(2)TVy,

so that (a11) = [ra(& vame — vimy) de. Using Assumption (A6), one can check that |¥;] < C and
that ‘\Ilg — \Ill| < Cltg — t1]*. Since & = (p2 — ¢1)TWs + ¢] (P2 — ¥y), we obtain with Assumption
(A6) again that

1€l oo (re gy < C(|W — W1 + [|dp2 — P1ll oo (e grxay) < Cltg — t1]*
and further with Young’s inequality that
C €
[(a11)] < ;!tQ —t|* + 5\\027712 - vlmlHil(Td’Rd)~

FEstimation from below of (a2). We have (a2) = (a21) + (a22) + (a23), where

(azl) = /’Ed<LU(t2,U2) — Lv(tl,vz),vgmz — U1m1)> d$
(age) = /Td<Lv(t1,v2) — Ly(t1,v1),v2(me —my)) dz

(a23) = /d<Lv(t1,U2) — Ly(t1,v1), (v2 — v1)mq) da.
T
As a consequence of (27), assumption (A6), and Young’s inequality, we have that
1 €
[(a2)] < 5 llLo(t2, v2() = Loty Va( DI Loe(ra ey + 5 v2ma = vimallLs pa oy

< Zfty — 11+ Slvama — vima |1 o gay-
=7 5 L1(T4,R%)
By (27) and assumption (A6), |Ly(t1, z,v;i(z))| < C, therefore

[(a22)| < Cllma — mul| 1 (e gay-
Finally, we have

1
(a) 2 & [ oo = mn do
Td

by assumption (A1) and since m; > 0.
Estimation from below of (a3). Using (30) and Young’s inequality, we obtain that

1 €
‘(a3)| S ?EHwQ - wl”%oo(TdJRd) + 5”02’”’42 - Ulmluil(ﬂ‘d7Rd)-
Conclusion. We have proved that
1
° /d v — v1*my dz < (ag3) = (a2) — (a21) — (az2)
T

— (a1) — (a21) — (a22) — (a3)
< —(a11) — (a21) — (az2) — (a3)

C 1 9
< ;|t2 — tl‘a —+ Z”wg — leLOO(Td,Rd) + CHmQ — m1HL1(Td7Rd)

3
+ §<€H’UQWL2 — Ulml“%l(Td;Rd)' (29)
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Let us estimate [|vama — vimi||p1(rara). Using the Cauchy-Schwarz inequality, we obtain that
lvama — vima || g1 ra ey < [lva(me — ma)l|piira ray + [[(v2 — v1)ma || L1 (e ra)
1/2
S Cng - m1HL1(Td7Rd) + </d ‘UQ — 1}1’2m1 dl’) . (30)
T

Injecting this inequality in (29) and taking e = %, we obtain that

/d |vg — v1]*my < C(\t2 — ta|* + lma — ma [ (pay + w2 — w1||ioo(qrd,Rd)>~ (31)
T

Let us prove (26). We have
/ povama dr — / prvimy do = / (2 — ¢1)vamg dx
Td Td Td
+/ p1v2(mg —mq) dx +/ o1(ve — v1)my dx.
Td Td

Therefore, using assumption (A6) and (31), we obtain that

‘ / ¢2U2m2 dx — / ¢1U1m1 d:L“
Td Td
) 1/2
< C (162~ rllpergesny + e = mallseey + ([ Joo = P az) )
T
1/2

< C(Jtz =t + llma = mal| iy + w2 = w1 e ) )-

Inequality (26) follows, using assumption (A6). O

Given m € L>®(0,T;D1(T%)) and w € L>(Q), we consider the Nemytskii operators associated
with v and P, that we still denote by v and P without risk of confusion:

v(m,w) € L®(Q,R%), v(m,w)(x,t) = v(t,m(-,t),w(-,t))(x),
P(m,w) € L0, T;R"), P(m,w)(t) = P(t,m(-,t),w(-,1)),

for all (z,t) € Q. We use now Lemma 5.1 to prove regularity properties of the Nemytskii operators

v and P. We recall that X = (W2717P(Q))2.

Lemma 5.2. For all R > 0, the mapping
(m,w) € L=(0,T; D1 (T%) x B(L¥(Q,R?), R) = P(m,w) € L>(0,T; R¥) (32)

and the mapping

(u,m) € BW>"P(Q), R) x L(0, T; D1 (T%)) — v(m, Vu) € L=(Q,R) NLF(0,T; W"?(T%)) (33)
are both Hélder continuous, that is, there exist a € (0,1) and C > 0 such that

[P (ma, w2) — P (mi, w1)|| pooommry < C(llme —mi|fe gy + w2 — willf<(g))

[v(ma, Vuz) = v(mi, Vur)|| L (o rtyneomswirrayy < C(llue — wil[fpeisg) + lme —mi|f<(q)),
for all my and my € L>®(0,T;Dy(T?)), for all wy and wy € B(L>®(Q,R%), R), and for all uy; and
ug in BIW*LP(Q), R).

14



Proof. The Holder continuity of the first mapping is a direct consequence of Lemma 5.1. As a
consequence, the mapping

(u,m) € BW*M(Q), R) x L=(0,T; D1(T?) = Vu + ¢TP(m, Vu) € L®(Q,R?)
is Holder continuous. Using then the relations

v(m,Vu) = —H,(Vu+ ¢TP(m, Vu)),
Dyv(m,Vu) = —Hpp(Vu+ ¢TP(m, Vu)) (34)
—Hpp(Vu + ¢TP(m, Vu))(V2u + D¢TP(m, Vu)),

and the Holder continuity of Hp, H,,, and Hp, on bounded sets (Lemma 2.1), we obtain that the
second mapping is Hoélder continuous. ]

Remark 5.1. As a consequence of Lemma 5.2, the images of the mappings given by (32) and (33)
are bounded. This fact will be used in the steps 3 and 5 of the proof of Proposition 6.1.

Lemma 5.3. Let R > 0 and B € (0,1). Then, there exists o € (0,1) and C' > 0 such that for all
u € BW?'2(Q), R) and for all m € B(C?(Q), R) N L>=(0,T; D1 (T9)),

HP(m:VU)Hca(o,T;Rk) <C.

Proof. We recall that by Lemma A.2, [[Vul|ca(gre) < Cllullw21.r(g). We obtain then the bound
on ||[P(m, Vu)|ce(orrr) with Lemma 5.1. O

Lemma 5.4. Let R > 0 and f € (0,1). There exist o« € (0,1) and C > 0 such that for all
u € B(C*AMHB/2(Q), R) and for all m € B(C?(Q), R) N L>®(0, T; D1 (T%)),

C

[v(m, Vu)|lca(ore)
| C.

<
|va(m, VU) ||Ca (Q,Rdxd) <

Proof. The result follows from relations (34), Lemma 5.3, and from the Holder continuity of H,,
Hp;, and Hp, on bounded sets. O

6 A priori estimates for fixed points

Proposition 6.1. There exist a constant C > 0 and an exponent o € (0,1) such that for all
T €10,1], for all (ur,ms,vr, Pr) € X' satisfying (MFGC;),

my € CPTITeR(Q), [mellez+aitarzq) < C,

uy € CHHHe2(Q), [urlleztartarsgy < C,

Pr € C*(0,T;R¥), | Prllceormry < C

vr € C*(Q,RY), [vrlleorey < C
Dy, € CYQ,R¥9), | Davr ||ga(q raxay < C.
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Proof. The proof is decomposed in 10 steps. Let us fix 7 € [0,1] and (ur,m,, v, Pr) € X' sat-
isfying (MFGC;). All constants C' and all exponents o € (0,1) involved below are independent
of (ur,ms,vr, P;) and 7. Let us recall that f; € L°(Q) has been defined in Lemma 4.1 by

fr(z,t) = f(z,t,m-(t)).

Step 1: || Prl|p20,rmr) < C-
Let us take v” = 0 and let m® be the solution to the heat equation 9ym°® — s Am® = 0, m°(x,0) =
mo(z). By Lemma 4.1, B(m,,vy; fr) < B(m°% f;). Since |1l oo (@ rExay < C, we have for all
e > 0 and for all ¢ € [0, 7] that

/2 C
‘ UM d:r:‘ < C/ |vr|m, dz < C(/ \UT|2mT dx) < —+4 Ce/ |U7-|2m7- dz,
Td Td Td 13 Td

by the Cauchy-Schwarz inequality and Young’s inequality. The constant C' is also independent of
. Using then the lower bounds (8) and (9) and assumptions (A5) and (A8), we obtain that

¢ > B m y U va) >B(mT7UT7fT

// o Py da de - c]/qsvaT dz dt| - C
(5—05 /Q|’UT| dexdt—C’<1+§>.

Taking ¢ = 1/(2C?), we deduce that fo |vr|?m,dzdt < C. Using then assumption (A4), the
boundedness of ¢, the Cauchy-Schwarz inequality and the estimate obtained previously, we deduce
that

\Y]

Y

2
”PTHLZ(O,T;RIC) = / U(t, [pv-my) ) dt < C/ ‘ UM, dx‘ dt

c// vy Py da dt < C, (35)

IN

as was to be proved.

Step 2: |lur|pe@) < C, [[Vurllpeo(grey < C.
The argument is classical. We have that u, is the unique solution to the HJB equation (i)(MFGC;).
It is therefore the value function associated with the following stochastic optimal control problem:

wr(z, 1) = T( it Jo (2,1, a)), (36)
where
T ~
Tt = B[ [ (B0 + (00X 9 P (s)o ) + Fo (X)) ds 4 9(Xr)], (3)

and (Xs)se[t,T] is the solution to the stochastic dynamic dX; = 7asds + v20dBs, X; = x. Here,
Li(t, T;R?) denotes the set of stochastic processes on (¢,T), with values in R?, adapted to the

filtration F generated by the Brownian motion (Bg)sepo, 7], and such that E| ft la(s)]? ds] < oo.
Then, the boundedness of u, from above can be immediately obtained by choosing a = 0 in (36)

16



and using the boundedness of g. We can as well bound u, from below since for all (z,s) € @ and
for all o € R%, we have

1
L(w,s,0) + (6(x,5) Pr(s),0) = Flal* = 6]l e (@urrxey | Pr(s)lla] = C
1
> Glaf* = ClP(s) - C,

for some constant C' independent of (z,s), «, and P-(s). We already know from the previous
step that || Pr[| 2o r;mry < C. So we can conclude that u, is also bounded from below, and thus

[ur||Lo=(q) < C. We also deduce from the above inequality that for all o € LE (¢, T; RY),

T
E/ laul? ds < C(J, (2. t,0) +1). (38)
t

Let us bound Vu,. Choose € € (0,1). For arbitrary (z,t), take an e-optimal stochastic optimal
control & for (36). We can deduce from the boundedness of the map wu, and inequality (38) that

T
E/ |&s|* ds < C(J-(2,t,0) + 1) < Clur(z,t) +e+1) < C, (39)
t

where C is independent of (7,z,t) and €. Let y € T%. Set
dX; =71a,ds+ V20dBs, Xy =2, and Y,=X,—x+y, (40)
then obviously dYs = asds + v20dBs, Y; = y. We have

wlot)+e>7E [ (B0 5,80) + (Pr(), 60,970 + (X0, )) s+ 9(X7)]

) < B[ [ (005,60 + 005,97 Pols). ) + FlV2,9)) s +9007)]

Therefore,
ur(y,t) — ur(z,t) < e+|[(a)| +[(0)| + [(c)| + [(d)],

where (a), (b), (¢), (d) are given by
T
(a) = TE/t L(Ya,5,ds) — L(Xs, 5, ) ds,
T
(b) = TE/t (6(Ya,5) — 6(Xs, 8)) T Pr(s), ) ds,
(c) = TE[g(Y7) — g(X71)],
T ~ ~
(d) = TE/t (fr(Ys,s) — f(Xs,s)) ds.
First, we have

T
(a)] < TE/ |L(Ys.5,d5) — L(Xa,5,64)] ds
t

< C’|y—:r\(1+E[/tT\5zs\2 ds]) < Cly — z|,
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as a consequence of assumption (A3) and (39). Then, using assumption (A6), (35), and (39), we
obtain

T
[(0)] < TE/t 6(Ys, 8) — (X, 8)[[Pr(s)[|a(s)| ds

IN

T
Cly — 2| 1Py |20,y E / a(s)[ ds < Cly — al.

By assumption (A8), |(c)| < E[|g(Yr) —g(X7)|] < Cly—=|. Finally, since fr is a Lipschitz function
(by assumption (A7)),

T ~ ~
(&) < 7E / 1Fr(Yar8) — Fr(Xu.8)| ds < Cly — . (41)

Letting ¢ — 0, we obtain that u,(y,t) — ur(z,t) < Cly — z|. Exchanging = and y, we obtain
that u, is Lipschitz continuous with modulus C and finally that [[Vur| zee(graey < C.

Step 3: || Prl| oo 0.7mr) < C-
By Lemma 3.1, m, € L>(0,T;D1(T%)). We have that [Vur| peo(gray < C and Pr = P(mr, Vu,).
The bound on || Pr| s (g r;rr) follows then from Lemma 5.2 and Remark 5.1.

Step 4: |Jurllw210q) < C.
By assumption (A6), ¢ is bounded. We have proved that ||Pr|| e rrey < C and by Lemma 2.1,
the Hamiltonian H is continuous. Therefore, ||H (Vu, + ¢TP;)||1 ) < C. By assumption (A5),
||Tf.,HLoo(Q) < C. It follows that u,, as the solution to the HJB equation (i)(MFGC; ), is the solution
to a parabolic equation with bounded coefficients. Thus, by Theorem A.4, [[u;||y21.0q) < C. We
also obtain with Lemma A.2 that [lurce(g) < C and [|[Vur|lca(gray < C.

Step 5: |lvr| peo(gray < C, [|Dyvr|| o raxey < C.
We have proved that v; = v(m,, Vu,) and |lur|ly21.(g) < C. The estimate follows directly with
Lemma 5.2 and Remark 5.1.

Step b: HmTHca(Q) < C.
The Fokker-Planck equation can be written in the form of a parabolic equation with coefficients in
LP:
oms; — oAm, + 7(v-, Vm,) + 7m div(v;) = 0,

since || Dyvr || 1p(graxe) < C. Combining Theorem A.2 and lemma A.2, we get that [[mr||lcaq) < C.

Step 7: || Prllcao,rmey < C-
We already know that |lur|ly210(q) < C, that [|mz[lca(g) < C, and that m, € L>®(0,T; D1 (T9)).
Thus Lemma 5.3 applies and we obtain that || Pr[|ca(o ey < C-

Step 8: HUTHC2+a,1+a/2(Q) < C.
We have proved that ||Vur||cagrey < C and || Pr|[cagorrry < C. Moreover, we have assumed that
¢ is Holder continuous and know that H is Holder continuous on bounded sets. It follows that

”H(VUT + ¢TPT)HCO‘(Q) < C.
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It follows from assumption (A7) that 7f, is Holder continuous. Since g € C2t*(T%), we finally
obtain that [|ur([¢2+a.1+a/2(g) < C, by Theorem A.5.

Step 9: |[vrllce(o.riray < C and || Dyvr||ca(o,riraxay < C.
We have [|ur|lc2ta1+a/2(g) < C and [|mr|lca(g) < C. Thus Lemma 5.4 applies and the announced
estimates hold true.

Step 10: [|mer|c2ta1tar2g) < C.
A direct consequence of Step 9 is that m, is the solution to a parabolic equation with Hoélder
continuous coefficients. Therefore, by Theorem A.5, ||mTch+a,1+a/2(Q) < C, which concludes the
proof of the proposition. O

7 Application of the Leray-Schauder theorem

Proof of Theorem 3.1. Step 1: construction of 7.

Let us define the mapping 7: X x [0,1] — X which is used for the application of the Leray-
Schauder theorem. A difficulty is that the auxiliary mappings P and v are only defined for m €
L>°(0,T;D1(T?)). Therefore we need a kind of projection operator on this set. Note that [, 1dz =
1. We consider the mapping

p:me L®(Q) — p(m) e L0, T;D1(T9)),

defined by
t t)d
p(m): m-‘r(x? ) +1— fm"r(ya ) Y ’
max(l, fm-i- (y7 t) dy) maX(L fm-‘r (yv t) dy)
where m4 (z,t) = max(0,m(x,t)). The well-posedness of the mapping can be easily checked, as
well as the following properties:

e For all m € L>(0,T;D1(T9)), p(m) = m.
e The mapping p is Lipschitz continuous, from L*>(Q) to L*>°(Q).

e For all o € (0,1), there exists a constant C' > 0 such that if m € C%(Q), then p(m) € C*(Q)
and [|p(m)llca(q) < Cllm|lca(q)-

For proving the first property, we suggest to consider separately the two cases: [m4(y,t) dy <1
and [my(y,t) dy > 1.

For a given (u,m,7) € X X [0,1], the pair (a,m) = T (u,m,7) is defined as follows: @ is the
solution to

-0y — o Au+ T7H(Vu+ ¢TP(p(m),Vu)) = 7f(x,t, p(m(t))) (z,t) € Q,
u(x,T) = 7g(x) x € TY,

and 7 is the solution to

om — o Am + rdiv(v(p(m), Vu)m) = 0 (x,t) € Q,
m(x,0) = mo(r) =€ T
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Let us observe that 7 (u,m,0) is not necessarily null, but is independent of (u,m). Thus the
Leray-Schauder theorem is still valid, as can be seen with a translation argument that we do not
detail.
Step 2: a priori bound.

Let 7 € [0,1] and let (ur,m;) be such that (u;,m;) = T (ur,ms, 7). Then, by Lemma 3.1, m, €
L>®(0,T;D1(T4)). Thus, m, = p(m,) and finally, by Lemma 4.2, the quadruplet (u,,m,, Py,v,),
with P- = P(m;, Vu,) and v; = v(m,, Vu,), is a solution to (MFGC;). We directly conclude with
Proposition 6.1 that ||(u;,m.)||x < C, where C is independent of 7.

Step 3: continuity of T.
Using the continuity of p, Lemma 5.2, the Holder continuity of H, and assumption (A7), we obtain
that the mappings

(u,m) € X = H(Vu+¢'P(p(m), Vu)) — f(p(m)) € L=(Q),
(u,m) € X — div(v(p(m), Vu)m) € LP(Q)

are continuous. By Theorem A.4, the solution to a parabolic equation of the form (53), with
b and ¢ null (in W2P(Q)) is a continuous mapping of the right-hand side (in LP(Q)). Thus,
@ € W2P(Q) and m € W2P(Q) depend in a continuous way on H(Vu + ¢' P(p(m), Vu)) and
div(v(p(m), Vu)m), which finally proves that 7 is the composition of continuous mappings and
thus is continuous itself.

Step 4: compactness of T.
Let R > 0, let (u,m) € B(X,R). We have |p(m)|lce(@) < C, where C is independent of (u,m)
(but depends on R). As a consequence of Lemma 5.4 and assumption (A7), and since H is Holder
continuous on bounded sets, we have that

1H (Vu+ ¢TP(p(m), Vu)) = f(p(m))llceq) < C,
[div(v(p(m), Vu)m)|lea(g) < C,

where C' > 0 and « € (0, 1) are both independent of (u,m) (but depend on R). It follows then with
Theorem A.5 that ||ul|c21a14a/2(g) < C and [[m||c2+a11a/2(g) < C. The compactness of T follows,

since C2T*1+2/2(Q) is compactly embedded in W2P(Q), by the Arzela—Ascoli theorem.

Step 5: conclusion.
The existence of a fixed point (u, m) to T(-,-, 1) follows. By the maximum principle (Lemma 3.1),
we have that m(t) € Dy(T¢) for all ¢ and thus p(m(t)) = m(t) for all . With the same arguments
as those used before, we obtain that (u, m,P(m,Vu),v(m,Vu)) is a solution to (MFGC,) with
7 =1 and finally that (16) holds, by Proposition 6.1. O

8 Uniqueness and duality

In this section we prove the uniqueness of the solution (u, m, P,v) to (MFGC). We also prove that
(P,v) is the solution to a dual problem to (18). Both results are obtained under the following
additional monotonicity assumption of f: There exists a measurable mapping F'(t,m): [0,T] X
D1 (T¢) — R such that

F(t,mq) — F(t,my) > » fx, t,my)(ma(z) — my(z)) d, (42)
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for all m; and mg € D1(T9) and for a.e. t. Thus, F(t,-) is a supremum of the exact affine minorants
appearing in the above right-hand side, and is therefore a convex function of m.

Remark 8.1. 1. It follows from (42) that f is monotone:
[ (FGatima) = ot ma))mae) = ma(a) do > 0, (13)
T

for all my and my € D;(T?) and for a.e. t. Conversely, (42) holds true if (43) is satisfied and
if F' is a primitive of f(.,¢,.) in the sense that

1
F(t,mq) — F(t,m1) = / , f(z,t,sma + (1 — s)my)(ma(z) — mi(x)) ds.
0o JT
We refer to [5, Proposition 1.2] for a further characterization of functions f deriving from a

potential.

2. Consider the mapping fx proposed in Lemma 2.2. Assume that for all (z, t) €Q, K(x,t,-)is
non-decreasing and consider the function K, defined by K(z,t,w) := fo (z,t,w') dw', for
(z,t,w) € Q x [-Cq,Cs]. Then inequality (42) holds true with Fx defined by

Fr(t,m) = / K(z,t,m*¢(x)) dz.
Td
Indeed, since K is convex in its third argument, we have

Fr(t,mg) — Fx(t,my) = K(x,t,me*xp(x)) — K(x,t,my *x p(x)) dz
Td

> y K(x,t,my % p(x))((ma —my) *¢)(x) do

= [ K Cm o) + @)a)ma(e) = mi(a) do

= Td fK(x?ta m)(m2($) _ml(x)) dz,

as was to be proved.

Without loss of generality, we can assume that F(t,mg) = 0 for a.e. t € (0,7). It can then be
easily deduced from assumption (A5) and (42) that there exists a constant C' such that

|F(t,m)| < C, V¥m e Di(T9), for ae. t € (0,T). (44)

Let us consider the potential B: W21P(Q) x L®(Q;R*) — R, defined by

T
B(m, v) = //QL(:U,t,U(:U,t))m(x,t) do dt+/0 Ft,m(t)) dt+/ o(@)m(z, T) dz

Td

+ /OT @(7; /Td oz, t)v(z, t)m(z,t) dx) dt. (45)
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Proposition 8.1. There ezists a unique solution (u, m, P,v) € X’ to (MFGC). Moreover, the pair
(m,v) is the unique solution to the following optimal control problem

Oy — oA 4 div(om) = 0,

m(z,0) = mo(z). (46)

MmeEW2LP(Q)
€L (Q,R?)
Proof. Let (u,m, P,v) € X' be a solution to (MFGC). Let us prove that (m,v) is a solution to
(46). Let (1, 0) be a feasible pair. Denoting f(z,t) = f(x,t,m(t)), we have

B(in, 8) — B(m,v) = (B(, i f) — B(m,v; )

T P A
+ (/0 F(t,m(t)) — F(t,m(t)) — » flz, t)(m(z,t) — m(x,t)) dz dt).

The two terms in the right-hand side are both nonnegative, as a consequence of Lemma 4.1 and
assumption (42), respectively.

To conclude the proof of the proposition, it suffices to prove that (46) has a unique solution.
Let us prove first a classical property: There exists a constant C' > 0 such that for all (z,t) € Q,
for all p € R% and for all v € R?,

min B(m,0), subject to:{

1
H(x,t,p) + L(z,t,v) + (p,v) > %\U + Hp(z,t,p)|*. (47)
Let us set © = —Hp(z,t,p). For a fixed triple (z,t,p), we have H(xz,t,p) = —(p,v) — L(z,t,0).
Moreover, L,(z,t,v) = —p and thus by (Al),

1

L(I’,t,?))ZL({E,t,T))—Q),’U— > 20

salv =

Inequality (47) follows.
Let (u1,m1, Pr,v1) and (ug,ma, P2, v2) be two solutions to (MFGC) in X’. We obtain with
inequality (47) that
L(vg) > — H(Vu1 4+ ¢"P1) — (Vui + ¢TP1,v2) + —|1)2 — )%,
L(Ul) = — H(Vul + ¢TP1) — <V’LL1 + ¢TP1,1)1> .

Proceeding then exactly like in the proof of Lemma 4.1, we arrive at the following inequality:

1
B(ma,ve) — B(my,v1) > — / |vg — v1|2m2 dz dt.
2C )

We also have that B(mq,v1) — B(ma,vs) > 0, thus fo |vg — v1]?mg dz dt = 0. As a consequence,
(vg — v1)mg = 0, since mg > 0. We obtain then that

Vomo — v1mq = Ul(mg - ml). (48)

Let us set m = mg — my. Using relation (48), we obtain that m is the solution to the following
parabolic equation:
om — ocAm + div(vym) = 0 (z,t) € Q,
m(z,0)= 0 2T
Therefore m = 0 and my = m;. We already know that vems = wims, we deduce then that
vymg = vymy. We obtain further with (ii7) that P = P», then with (i) that u; = ug and finally
with (iv) that v; = ve, which concludes the proof. O
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We finish this section with a duality result. For v € L°(T%), we recall that the convex conjugate
of F(t,-) is defined by

F*(t,) = sup / v(z)m(x) dx — F(t, m).
meDy (Td) J T
It directly follows from the above definition that |F™*(¢,7)| < [|7[| Lo (pe) +C, where C is the constant

obtained in (44) and thus for v € L*>(Q), fOT F*(t,~(-,t)) dt is well-defined.
Consider the dual criterion D: (u, P,y) € W*LP(Q) x L>(0,T;RF) x L>®(Q) — D(u,p,7) €
R U {—o0}, defined by

T T
D(u,P,vy) = / u(z,0)mo(x) dz —/ O™ (¢, P(t)) dt —/ F*(t,~(t)) dt.
Td 0 0
The function ®* is the convex conjugate of ® with respect to its second argument. Since ®(¢,0) = 0,
we have that ®*(¢,-) > 0 and thus the first integral is well-defined in R U {co}.

Lemma 8.1. Let (i, m, v, P) be the solution to (MFGC). Let f be defined by f(x,t) = f(x,t,m(t)).
Then, (u, P, f) is the solution to the following problem.:

—Owu —oAu+ H TP) <
max D(u, P,v), subject to: u—ofut H(Vu+¢TP) < vy (49)
weW?1r(Q) u(z,T) < g(z).
PeL>(0,T;R)

YEL>®(Q)

Moreover, for all solutions (u, P,7y) to the dual problem, P = P. If in addition, v = f and the
above inequalities hold as equalities, then u = u.

Proof. For all t € [0,T], we have

T T
_ /0 &*(P) dt = /0 ([ $om) dt — / [ (orpom) 4z a4 (0 (50)
with .
(a) = /0 —®*(P) — ®([¢pvm) + (P, [pvm) dt < 0.
We also have that

_/0 F*(t,v(t) dt+// (z,t)m(z,t) de dt = /OTF(tm())dt+(b) (51)

// z, t)m(z,t) do dt — /OTF(t,m(t)) dt—/OTF*(t,v(t)) dt < 0.

Integrating by parts (in time), we obtain that

/ u(z,0)mo(x) de = / —Opum — uoym da dt —|—/ u(z, T)m(x,T) dx
Td Q Td

where

_ //Q((;Au by — H(Vu+ 6TP))m + //Q(—aAm + div(om))u d dt

+ /]l‘d g(x)ym(x,T) dz + (¢) + (d),
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where

= / (=0 —oAu+ H(Vu+ ¢"P) —y)m dx dt <0
Q

(d) = /ﬂ‘d (u(z,T) — g(z))m(z,T) dx < 0.

Integrating by parts (in space), we further obtain that
/Jl‘d u(z, 0)mo(x d:c—// H(Vu+ ¢™P) — <Vu,v>)m+/wg( x)m(x, T) dz + (¢) + (d)
// ) +7)m+ (¢TP, v)ym dz dt + / g(z)m(z,T) dz + (c) + (d) + (e), (52)
Td

where

// H(Vu+ ¢TP) — L(0) — (Vu+ ¢"P,v))m dz dt < 0.

Combining (50), (51) and (52) together, we finally obtain that

D(u, P,) = / [ $om) dt+// o)m da dt+/OTF(t,m(t)) dt+/ng(a:)m(x,T) dz

+ (a) + (b) + () + (d) + (e)
= B(m,v) + (a) + (b) + (¢) + (d) + (e).

The five terms (a), (b), (¢), (d), (e) are non-negative and equal to zero if (u, P,7v) = (4, P, f), as
can be easily verified. This proves the optimality of (u, P, f). Moreover, since ® is differentiable,
(a) is null if and only if

P(t) = ®,([ovm) = P(t), for ae. te[0,T].

Therefore, for all optimal solutions (u, P,7y), P = P. If moreover v = f and the inequality
constraints in (49) hold as equalities, then (since the HJB equation has a unique solution) u = @,
which concludes the proof. O

Conclusion

The existence and uniqueness of a classical solution to a mean field game of controls have been
demonstrated. A particularly important aspect of the analysis is the fact that the equations (i)
and (iv)(MFGC), encoding the coupling of the agents through the controls, are equivalent to the
optimality system of a convex problem. This observation has eventually enabled us to eliminate
the variables v and P from the coupled system.

The analysis done in this article can be extended in different ways. A more complex interaction
between the agents could be considered. For example, it would be possible to replace equations
(7i7) and (iv) by the following ones:

P(t)= W(t, [rap(z,t,v(z,t))m(z,t)dz)
v(z,t) = —Hp(z,t, Vu(x,t)Dyp(z,t,v(z, t)TP(t)),

24



assuming that ¢ is convex with respect to v and ¥ > 0. For a fixed ¢ € [0,7], this system is
equivalent to the optimality system associated with the following convex problem:

inf <I)<t, /[[‘d oz, t,v(x))m(x,t) dx) + /11‘61 (L(v(z)) + (Vu(z, t),v(z)))m(z, t) dz.

v: T4—Rd

Another possibility of extension of our analysis would be to add convex constraints on the control
variable.

Future research will aim at exploiting the potential structure of the problem, which can be used
to solve it numerically and to prove the convergence of learning procedures, as was done in [5].

A A priori bounds for parabolic equations

In this appendix we provide estimates for the following parabolic equation:

Ou — oAu+ (b,Vu) + cu= h, (x,t) € Q,

u(:r,O) = uo(x)’ T E ’]I‘d, (53)

for different assumptions on b, ¢, h, and ug. The technique is based on the following idea. By
standard parabolic estimates detailed below, (53) has a unique solution u in L(0, T; H'(T4)), that
we may identify with a periodic function over R%. Let ¢ : R — R be of class C°, with value 1 in a
neighbourhood of the closure of T¢, and with compact support in Q := B(0,2). Set Q' := Qx (0, 7).
Then v := u is solution of

0w — oAv + (b, Vv) + cv = hlul, (x,t) € @',

v(z,0) = wvo(z), =€, (54)

with vg := ugp and
hlu] == hyp —20(Vp, Vu) — culdp + (b, Vo)u. (55)

Observe that the solution v of (54) is equal to 0 in a vicinity of (9€2) x (0,7), and hence, satisfies
the homogeneous Neumann condition; this allows us to apply some results of [18].

Lemma A.1. Let y € W>49(Q'), with q € (1,00). Theny € LY (Q') and Vy € L1 (Q'), where

{ql:”}]—diz ifq<2+d, {ql,:;—diz, ifqg<1+4, (56)
q" = o0, otherwise, q = oo, otherwise,
with continuous inclusion:
1l o) + 19l 0y < (@) Iyllwa(n: (57)
Proof. See [18, Lemma 3.3, page 80]. O

Theorem A.1. Let g € (1,00), wg € W2~2/99(Q), and h € LI(Q’). Then the heat equation

ow —ocAw = h, (z,t) € Q'

w(z,0) = wo(z), €, (58)

with homogeneous Neumann boundary condition on dQ x (0,T), has a unique solution in W54(Q")
that satisfies

[wllw21.0gny < Cllwollwe-2/aaiq) + IhllLa@r)-
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Proof. See [18, Theorem IV.9.1, page 341]. O

Theorem A.2. Letp > d+2. For all R > 0, there exists C' > 0 such that for all ug € W2_2/p’p(']l‘d),
for all b € LP(Q,RY), for all ¢ € LP(Q), for all h € LP(Q), satisfying

luollwa-2/preray < R, bllr@rey < R, lellr@) < R, [[hllr@) < R,

equation (53) has a unique solution u in WLP(Q) which moreover satisfies ullw210q) < C.

Proof. We first check that there is a solution in the standard variational setting with spaces H :=
L*(T%), V := H'(T?). Let us show that, if y € V, then (b, Vy) and cy belong to V*. By the Sobolev
inclusion, V' C L% (T9), 1/q; = 1/2 — 1/d, with dense inclusion, so that V* C L9 (T%)* = L%(T4),
with 1/gp =1 —1/q1 = 1/2+ 1/d. Now (b, Vy) € L"(T%) with

1 1 1 1 1 1

=4 o< o —— < —,
r 2+p 2+d+2 Q2

so that (b, Vy) belongs to V*. Similarly, cy € L"(T¢) with

1_1+1<1 1+ 1 <1
rooq op 2 d 14+d/2 " ¢’

so that cy belongs to V*. So, (53) has a unique solution in the space
W(0,T) :={ve L*0,T;V); dw € L*(0,T; V*)}. (59)

Then we easily check that hlu] € L%(Q’), for some ¢ € (1,2). Then, by Theorem A.1, v €
W2L©(Q). We next compute by induction a finite sequence (qx)r—o0.1,. x such that

(i) v e Wb (Q"), Yk =0,...,K, (ii)q € (1,d+2), Vk=0,...K —1, (i) qx > d+ 2.

The first element g has already been fixed and satifies v € W219(Q"). If g9 > d + 2, we can stop
and set K = 0. Let k € N, assume that g € (1,d+2) and that v € WL (Q’). Then v is solution

of
v —ocAv = h"[ul, (x,t) € Q'

u(z,0) = wvo(z), x€Q, (60)

where

h"[u] := hyp — 20(V, Vu) — culp + u(b, Vo) — (b, Vu) + cu). (61)

We construct now qx1 in such a way that h”[u] € L9%+1(Q’). Since v € W24 (Q'), we have that
u € WL (Q) and thus by Lemma A.1, (b, Vu) € L' (Q') with

=t (62)

= - (63)
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Note that " > /. If ¢ > 1+ d/2, then v € L>®(Q') and thus cu € LP(Q"). We set now
qr+1 = min(r’,p). We observe that in both cases, cu € L%+1(Q’). One can verify that the other
terms of h”[u] also lie in L9%+1(Q’). Therefore, by Theorem A.1, v € W21L4+1(Q"). If g1 > d+ 2,
we stop the construction of the sequence and set K = k+1. It remains to prove that the construction
of the sequence stops after finitely many iterations. If that was not the case, we would have that
qi+1 = ', with v/ defined in (62), for all £ € N, implying that

gk q0

1 1 1 1
k( ) — —00,
P d+ 2/ k—oo

which is a contradiction. Now we know that v € W2L4x(Q"), with qx > d + 2. This implies
that v € L>(Q') and Vu € L>®(Q’,R?) (by Lemma A.1) and thus that h”[u] € LP(Q’). Finally,
v € W2LP(Q') (by Theorem A.1) and u € WP(Q), since u and v coincide on Q.

Observing that go,...,gx only depend on p and d, the reader can check that v (and thus u) can
be bounded in W21?(Q') by a constant depending on R only. O

Theorem A.3. For q € (1,00), the trace at time t = 0 of elements of W254(Q') belongs to
W2-2/a:49(Q).

Proof. See [18, Lemma 3.4, page 82]. O

Theorem A.4. Let p > d + 2. There exists a constant C' > 0 such that for all ug € W22/P»(T9)
and for all h € LP(Q), the unique solution u to (53) (with b =0 and ¢ = 0) satisfies the following
estimate:

[ullw210 () < C(lluollwz-2/m0(pay + 1Pl Lr(@))-
Proof. Consider the mapping

we W P(Q) = (u(-,0),8u — oAu — h) € W2 2/PP(Q), IP(Q)).

By Theorem A.3, it is continuous and by Theorem A.4, it is bijective. As a consequence of the
open mapping theorem, its inverse is also continuous. The result follows. ]

Lemma A.2. Let p > d+ 2. There exists § € (0,1) and C > 0 such that for all u € W?LP(Q),
[ulles @y + [IVulles(grey < Cllullwz1q)-
Proof. See [18, Lemma I1.3.3, page 80 and Corollary, page 342]. O

Theorem A.5. Let p > d+ 2. For all a € (0,1), for all R > 0, there exists C > 0 such that for
all ug € C?H(T), b € C/2(Q,RY), ¢ € C¥2(Q) and h € C**(Q) satisfying

[uollg2+a(ray < R, ||b||ca,a/2(Q,Rd) < R, HCHC%&/%Q) <R, and ”hHCa»a/Q(Q) <R,

the solution to (53) lies in C2T*1H/2(Q) and satisfies [ullgztattarzgy < C.

Proof. By Theorem IV.5.1, page 320 in [18], the result holds for the homogeneous Neumann con-
dition. By lemma A.2, hfu] is Holder continuous, so that the result holds for v. Since u and v
coincide on T?, the conclusion follows. O
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