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A new McKean-Vlasov stochastic interpretation of the
parabolic-parabolic Keller-Segel model: The two-dimensional case.

Milica Tomasevic*

Abstract: In Talay and Tomasevic [20] we proposed a new stochastic interpretation of the parabolic-
parabolic Keller-Segel system without cut-off. It involved an original type of McKean-Vlasov interaction
kernel which involved all the past time marginals of its probability distribution in a singular way. In the
present paper, we study this McKean-Vlasov representation in the two-dimensional case. In this setting there
exists a possibility of a blow-up in finite time for the Keller-Segel system if some parameters of the model are
large. Indeed, we prove the well-posedness of the McKean-Vlasov equation under some constraints involving
a parameter of the model and the initial datum. Under these constraints, we also prove the global existence
for the Keller-Segel model in the plane. To obtain this result, we combine PDE analysis and stochastic
analysis techniques.

Key words: Keller—Segel system; Singular McKean-Vlasov non-linear stochastic differential equation.
Classification: 60H30, 60H10.

1 Introduction
The standard d-dimensional parabolic—parabolic Keller—Segel model for chemotaxis reads:

Op(t,z) =V - (%Vp —xpVe)(t,xz), t>0, re€RY
a die(t,x) = 3Ac(t,x) = Ae(t,x) + p(t,z), >0, z € R (1)
p(0,2) = po(z), ¢(0,2) = co(2).

It describes the time evolution of the density p; of a cell population and of the concentration c¢; of a chemical
attractant. The parameter x is called the chemotactic sensitivity and, together with the total mass M :=
[ po(z) dz, plays an important role in the well-posedness theory for (1). For a very thorough review on the
analytic results on the Keller-Segel model and its variations see the reviews of Horstmann [9, 10].

When a = 0, we have the parabolic-elliptic version of this system, while when « = 1 (more generally
a > 0) the system is known as the parabolic-parabolic Keller-Segel model.

In Talay and Tomasevic [20], we propose the following stochastic representation of the parabolic-parabolic
version of the above system: The family (p;)¢>0 is seen as a family of one dimensional time marginal dis-
tributions of the law of a McKean-Vlasov stochastic process and the family (c;)i>0 as its transformation.
Namely, we consider the following stochastic differential equation:

{ dX, = b\ (t, X, )dt + {fOt(Kt(f)s . ps)(Xt)ds}dt LdW,, t>0, )

ps(y)dy == L(Xs), Xo~ polz)dz,

where J J ., J
Kt( )(x) = Xef)‘tV(gg )(ar)) and bg )(t,:zr) = Xef)‘tV(co *gg )(x))

=2

Here, gt(d)(:v) = We‘T, (Wi)i>0 is a d-dimensional Brownian motion on a filtered probability space

(Q,F,P,(F;)) and X is an R%-valued Fo—measurable random variable. Notice that the formulation requires
that the one dimensional time marginals of the law of the solution are absolutely continuous with respect
to Lebesgue’s measure. In addition, the process interacts with all the past time marginals of its probability
distribution through a functional involving a singular kernel. Nevertheless, imagine we are able to construct a
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solution to (2) and extract the family of one-dimensional marginals (p;);>0. Then, define the function c(¢, z)
as

t
clt, ) i= Mol wco)(o) + [ plt = )k Mg () s
0

The couple (p, ¢) is our stochastic interpretation of the system in (1).

The first difficulty when dealing with (2) is the singular nature of the kernel K (d) Namely, once the
derivative of the heat kernel is computed, a singularity of order ~ (e +1) emerges and needs to be integrated
in time. The second difficulty is the interaction with all the past time one dimensional marginals of the law
of the process. This is particularly inconvenient once the system of interacting particles related to (2) is
written. Namely, the particle system will be of non-Markovian nature where each particle interacts in the
current time with all the past of all the other particles through a singular functional involving the kernel
K@,

In [20], the authors overcome these difficulties and validate the above stochastic interpretation in the
framework of d = 1 with no constrains on the parameters. That is to say, under the assumptions py € L'(R)
and ¢y € C}(R) they prove the global (in time) well-posedness of the Mc-Kean Vlasov SDE (2) in d = 1
and as consequence the same holds for the Keller-Segel PDEs. This result generalizes the results in Osaki
and Yagi [16] and Hillen and Potapov [8]. One of the key points there is that the one-dimensional kernel
(K ™M) belongs to the space L'((0,T); L'(R)). Then, by the help of precise L>°(R)-norm density estimates the
singularity is tamed. Namely, Picard’s iteration process is used to exhibit a weak solution to (2). In each step
the L>°([0,T] x R)-norm of the drift and L*((0,T]; L°*(R))-norm of the marginal densities were controlled
simultaneously. These controls were obtained thanks to a probabilistic method which exhibits sharp density
estimates for a process whose drift is uniformly bounded in space and time (see Qien and Zheng [18] for the
general idea and [20] for a generalization on time inhomogeneous processes).

Furtherome, in d = 1, Jabir et. al [11] prove the well-posedness of the interacting particle system
associated to (2) in d = 1 and its propagation of chaos. The non-Markovian nature of the system is treated
with techniques based on Girsanov theorem. The calculation was based on the fact that the kernel K™ is
in L'((0,7); L*(R)). An interesting point there was that in order to get the tightness in number of particles
and the propagation of chaos, the authors needed to use the so called ”partial” Girsanov transformations
removing a finite number of particles from the system. This was necessary in order to exhibit estimates
on the moments on the corresponding exponential martingales that behave satisfactory when the number of
particles goes to infinity.

Contrary to the one-dimensional case, a blow up may occur for the Keller-Segel system in the two-
dimensional setting if the parameter x is large. In the parabolic-elliptic version of the system, its behaviour
has been completely understood. There, the system exhibits the ”threshold” behaviour: if My < 8x the
solutions are global in time, if My > 87 every solution blows-up in finite time (see e.g. Blanchet et. al [2]
and Nagai and Ogawa [15]). The fully parabolic model does not exhibit the same bahaviour. It has been
proved that when M x < 87 one has global existence (see Calvez and Corrias [5], Mizogouchi [14]). However,
in Biller et. al [1] the authors find an initial configuration of the system in which a global solution in some
sense exists with My > 8r. Then, Herrero and Veldzquez [7] construct a radially symmetric solution on a
disk that blows-up and develops - function type singularities. Finally, unique solution with any positive mass
exists when the the parameter « is large enough (Corrias et. al [6]). Thus, in the case of parabolic-parabolic
model, the value 87 can still be understood as a threshold, but in a different sense: under it there is global
existence, over it there exists a solution that blows up.

The goal of this paper is to prove well-posedness of the equation (2) in the case d = 2 and then get a
new well-posedness result for the parabolic-parabolic Keller-Segel equation in d = 2 by means of the above
stochastic representation. All this under some constraints on the size of y and with an appropriate (minimal)
conditions on initial datum.

In order to achieve this, we will perform a regularization of the singular interaction kernel and combine
probabilistic and PDE techniques in order to prove that the regularized process converges (weakly) to the
non-regularized one. The increase in the space dimension has a significant impact on the techniques used
in [20] to prove the well-posedness of the McKean-Vlasov SDE. A generalisation to the multidimensional case
of the results in [18] can be found in Qian et al. [17] in the case of time homogeneous drifts. There, the
authors show that the estimate of the transition density of a d-dimensional stochastic process is a product
of one-dimensional estimates provided that the Euclidean norm of the drift vector is uniformly bounded.
With the arguments we used in d = 1, one can easily extend the results in [17] to time inhomogeneous drifts.
However, the estimates obtained are too crude and the choice of L°°-norm in space seems no longer to be



adapted to the problem. That is why, a new functional space needs to be introduced and the next obvious
choice are the L%-spaces. Analyzing apriori the mild equation for the one-dimensional time marginals p;, one
can notice that if pg € L'(R?), the term depending on the initial condition gives an L%-norm in space of order
~ t=(1=1/@)  After that, if we were to impose sup,<p '~ ||p;|| < 0o for a ¢ > 2, then one would obtain that

the non-linear drift is of order ~ ¢~2. The goal will be to obtain these estimates for the regularized versions
of the drift and density uniformly in the regularization parameter. The price to pay will be a restriction
on the parameter x. This will enable us to conclude tightness of the probability laws of the regularized
processes and it will remain to solve the martingale problem corresponding to (2). We emphasize here that
with the above choice of density spaces, the drift of the stochastic process will not belong to the framework
of Krylov and Rockner [13]. Thus, the techniques we used in the one-dimensional case on the associated
particle system will not work. A consequence of the existence result for (2) is the global existence for (1) in
d = 2. This generalizes the result in [6] by removing the assumption on the smallness of the initial datum
(for more details see the next section).

The plan of the paper is the following: In Section 2 we state our main results and compare them with
the above mentioned Keller-Segel literature. In Section 3 we present our regularization procedure and we
obtain density estimates of the regularized processes independent of the regularization parameter. This
estimates enable us to prove tightness and then the well-posedness of the corresponding martingale problem
in Section 4. Then, in Section 5 we prove the global existence for the Keller-Segel system in d = 2.

In all the paper C' will denote a generic constant, C}, will denote a constant depending on a parameter p
and C(p1,p2,...) will denote a constant depending on parameters p1,ps,... In addition, from now on we

will drop the dimension index in the definitions of the interaction kernel (K (%) and linear drift (béd ).

2 Main results

On a filtered probability space (2, F,P, (F;)), equipped with a 2-dimensional Brownian motion (Wy)¢>o, we
consider the following non-linear stochastic process:

{ AX, = AWy + bo(t, X)dt +x{ fy e N9 [ Ko (X0 = y)ps(y)dy ds bdt, ¢t <T 5

ps(y)dy == L(Xs), Xo ~ po,
where X is an R2-valued Fy—measurable random variable, g; denotes the probability density of W; and for

(t,2) € (0,T] x R?

_l=1?
2t

bo(t,x) := xe_’\t(Vco * g¢)(z) and Ki(x) := Vgi(x) = —We

Here |z| denotes the Euclidean norm. Notice that K is a two dimensional vector. We denote its coordinates
by K} with i = 1,2 and

¢
b'(t, x5 p) = by(t, Xo) + x/ e M /KLS(Xt —y)ps(y)dy ds dt.
0
Let us define the notion of a weak solution to (3).

Definition 2.1. The family (Q, F,P,(Fy), X, W) is said to be a weak solution to the equation (3) up to time
T >0 if:

1. (, F,P,(F)) is a filtered probability space.

2. The process X := (X¢)iepo,r) 18 R2-valued, continuous, and (F;)-adapted. In addition, the probability
distribution of Xo has density po.

8. The process W := (Wy)epo,1 is a two-dimensional (F)-Brownian motion.

4. The probability distribution Po X ~1 has time marginal densities (pg, t € (0,T]) with respect to Lebesgue
measure which satisfy for any

V1< q<o03C, >0, supt'~a|p]lLage) < Cy (4)
t<T



5. For any t € [0,T] and z € R%, one has fot |bo(s, x)| ds < 0.
6. P-a.s. the pair (X, W) satisfies (3).
Remark 2.2. Notice that under the condition co € H*(R?) one gets applying Holder’s inequality and (11),

t t
1

[bo (s, x)| ds < C||Veol| L2(r2 / — ds.

/ P Jo Vs

t s t
1
Ky % py(x) du| ds < C/ — ds.
Al 7
Moreover, if co € H'(R?) and if the marginals of X, satisfy (4), then

Similarly, (4) implies

V2 <r < oo 3C, >0, supt%féHb(t, o)l w2y < Cr. (5)
t<T

Now, we present our first main result.

Theorem 2.3. Let T > 0 and suppose that Xo has a probability density function py. Furthermore, assume
that co € HY(R?). Then, Equation (3) admits a weak solution under the following condition

Ax||Veol 22y + By/x < 1, (6)
where A and B are defined as in Proposition 3.11 below.

To prove the above result, we do not apply Picard’s iteration procedure since in each iteration step we will
need a well-posedness result for a linear SDE whose drift satisfies (5). In view of Krylov and Rockner [13],
the well-posedness follows from a finite L?((0,T); L™(R?))-norm of the drift with % + 1 < 1. Unfortunately,

the property in (5) will imply the opposite condition % 4 % > % for the same norm to be finite. That is why to
prove Theorem 2.3 we will use a regularization method. The goal is to prove that the time marginals of the
regularized version of (3) satisfy the property (4) with uniform constants with respect to the regularization
parameter. Then, the tightness will follow thanks to (5) for » = oo. It will remain, then, to solve the non-
linear martingale problem related to (3). The well-posedness of the regularized equation is an adaptation of
the results in Sznitman [19] presented in a general way in the Appendix. In addition, the incompatibility
of (5) and the condition in [13] makes us doubt that Girsanov transform techniques would work and that the
law of (3) is absolutely continuous w.r.t. Wiener’s measure even under (6).

The next objective is to use Theorem 2.3 to get a well-posedness of the Keller-Segel model in d = 2. The
system reads

%(f, z)=V- (%Vp(t,x) —xp(t,x)Ve(t,x)), t>0, xR (7a)
%(t,x) = %Ac(t, x) — Ae(t,z) + p(t,z), t>0, ze€R? (7b)

p(0,z) = po(z), ¢(0,2) = co,

where x > 0 and A > 0. Notice that the two diffusion coefficient are deliberately chosen to be equal to % in
order to have unit diffusion coefficient and standard Gaussian kernel in the formulation of (3).

The new functions p(t, x) := L]\’;) and ¢(t, x) := LMU”) satisfy the system (7) with the new parameter x :=
xM. Therefore, w.l.o.g. we may and do thereafter assume that M = 1. We consider the following notion of

solution to (7):

Definition 2.4. Given the functions py and cy, and the constants x > 0, A > 0, T' > 0, the pair (p,c) is
said to be a solution to (7) if p(t,-) is a probability density function for every 0 <t < T, one has

V1l<g<oo3dCy>0: supt' " ||p(t, N ramzy < Cq,
t<T

and the following equality

2 t
p(t,x) = gt * po(x) — xZ/ Vigi—s x Vic(s, ) p(s,-))(z) ds (8)
i=1"0



1s satisfied in the sense of the distribution with

et ) = e M (g(t, - ) * o) () + / e (go x plt — 5,))(x) ds. (9)
0

Notice that the function ¢(t,x) defined by (9) is a mild solution to (7b). These solutions are known as
integral solutions and they have already been studied in PDE literature for the two-dimensional Keller-Segel
model (see [6] and references therein).

A consequence of Theorem 2.3 is the well-posedness of (7).

Corollary 2.5. Let py a probability density function and co € H*(R?). Under the condition (6) the system (7)
admits a global solution in the sense of Definition 2.4.

Let us compare the above result with the literature mentioned in the introduction. In [5] the authors
obtain the global existence in sub-critical case assuming:

i) po € L'(R?) N LY(R?,log(1 + |z|?)dz) and pglog pg € L*(R?);
ii) co € HY(R?) if A > 0 or ¢y € L' (R?) and |Veo| € L3(R?) if A = 0;
lll) pPo Co € Ll(R2)

We should emphasize that their sub-critical condition translates into 4x < 8w for (7) due to the additional
diffusion coefficients in it and the assumption M = 1. In the same sub-critical case, the global existence
result is obtained in [14] assuming po € L'(R?) N L>®(R?) and ¢y € H*(R?) N LY(R?). Our result does not
assume any additional conditions other than that pg is a probability density function and cq € H*(R?). The
price to pay is the smallness condition (6) that not just involves the parameter x, but the initial datum as
well.

Corollary 2.5 is more appropriate to be compared to the result in [6, Thm. 2.1]. Indeed, the assumptions
on initial conditions are the same and as well the notion of solution. However, the setting and the objectives
are different. In [6], the parameter « (see (1)) is not fixed to be equal to 1 and plays an important role. The
goal is to prove the global existence for any positive mass M and xy = 1. This is achieved under the following
conditions:

Cl1: There exists 6 = 0(M, o) such that ||[Vcol|z2m) < 0,
C2: There exists a constant C' = C(«) such that M < C(«).

The condition C2 is similar to the Condition (6) for xy. We cannot totally compare them as the constants
are not explicitely written in [6]. What is important is that C(«) grows with «, so one can have M as large
as one likes in C2 as soon as « is large enough as well. In this paper the objective is to get results for the
classical Keller-Segel model (v = 1) with respect to the chemo-attractant sensitivity. When we assume the
same (o = 1, M =1 and x > 0) in the framework of [6], we see that we have removed the assumption on
the smallness of the initial datum (C1). The reason lies in our method: in [6] the Banach’s fixed point is
used to construct solutions locally in time (where C1 emerges) and then such solution is globalized (where
C2 emerges). In our case only a condition of C2 type appears as, thanks to our regularization procedure, we
directly construct a global solution. The well-posedness of the regularized equation comes from the Appendix.
In addition, as our condition is explicitly written in Section 3, one can analyze the constants in order to find
the optimal condition on y.

3 Regularization

3.1 Preliminaries

The following technical lemmas will be used throughout the paper.

Lemma 3.1. Lett > 0 and i € {1,2}. Then, for any 1 < g < 0o one has

Cy Q)

1K Laqrey = [|Vigell Lorey = prm (10)

1
q



where

1_1 1
2i7% g+1\7
6o = 2y (1C5H)
Here T'(z) denotes the Gamma function: T'(z) = [~ 2" te™* dz.

Notice that for ¢ > 2, the L*((0,T); L9(R?))-norm of K* explodes. This was not the case in d = 1 and it
is in this sense that the two—dimensional kernel is more singular.

Proof. Let 1 < ¢ < co. One has

1 1
> 1 Q\I\Q E 1 m2 z-2 E
K74 = ||V; q = — i|%e” 2t d = 3t do—%7%%
I ey = Vsl = 5 ([ laltem % o) = o ([ e [ fapeestian)
1
1 (V2nrt > 22 !
— - Vet 2/ xle 92 dx | .
27Tt2 \/a 0
gz’

Apply the change of variables < = y. It comes

1
a—1 q
. 1 2t 2t\ 2 X 4 t
Kil| pagey = |Vigell pae) = —— 2 (2 / evl g
K¢l are) = IVigel Lagre) 27#2(\@ <q) v . y)

1 [2t\a"2 RN

q 1 q

- — (= oo (p(Ey) .
27t q 2

This ends the proof. O

The change of variables % = z leads to
Lemma 3.2. Let t > 0. Then, for any 1 < ¢ < oo one has

C
lgellzogeny = 2L, (1)
t

where .
C. = .
2((1) (27T)1_éq%

The functions Ci(q) and C3(q) will be used only when we need the explicit constants in a computation.
In all other cases we will use notation C, that may change from line to line.
Now, for 0 < a,b < 1, we denote

B(a,b) = /0 Mdu (12)

Lemma 3.3. Lett >0 and 0 < a,b < 1. Then,

t
1 1—(a+b

Proof. Observe that

¢ 1 1 ¢ 1
[t [
o st (E=s)t S () (1-5)”

The change of variables 3 = u implies the result. O

Finally, we state here the two standard convolution inequalities in their general form. The following is
proven in Brezis [3, Thm. 4.15]:



Lemma 3.4 (The convolution inequality). Let f € LP(R?) and g € L'(R?) with | < p < oo and L =

141 1>0. Then, f+g€ LP(RY) and

1f # gllr@ey < [fllo@e gl ey (13)
The following is an extension of Lemma 13 and it is proven in [3, Thm. 4.33]:

Lemma 3.5 (The convolution inequality). Let f € LP(R?) and g € LY(R?) with | < p,q < co. Then,
f+ge L"(RY) and
1 * gllLr@ay < [ flLeay gl Lora)- (14)

3.2 Regularization

We define the regularized version of the interaction kernel K and the linear part of the drift as follows. For
e>0and (t,z) € (0,T) x R? define

x _l=l? 1 _l=I? At
K; = —me 2 gi(x) = me 2 and  bg(t, x) == xe “(Veo * g5 ) ().

The regularized Mc-Kean-Vlasov equation reads
AXF = AWy + V(1 X7)dt +x{ o e [ K7 (X7 = y)ps(dy) ds pdt,t < T,
/’Li = E(X§)7 Xg ~ po,
Set .
b (tasnt) = bt +x [ e N0 [ KE (o - i) ds
0
It is clear that there exists C. > 0 such that for any ¢ € (0,T), one has
Va,y € R?,[b§(t,2) — by(t,y)| + |Kf(2) — Kf(y)] < Celz —y| and  [65(t,2)| + | ()] < Ce. (16)

Notice that C. — oo as € — 0. Similar computations as the ones to get (10) and (11) lead to the following
estimates. For ¢t € (0,7] and 1 < g < oo, one has

C C
D nd g8 e < —229 a7)

1] (t+e)2 7 (t+e)'~n

Lar2) <

Proposition 3.6. Let T > 0,x > 0, Veg € L2(R?) and po a probability density function on R?. Then, for
any € > 0, Equation (15) admits a unique strong solution. Moreover, the one dimensional time marginals of
the law of the solution admit probability density functions, (p$)i<r. In addition, for t € (0,T), p§ satisfies
the following mild equation in the sense of the distributions:

2 t
pi=grm =3 [ Vi s (50, (18)
i=170

Proof. In view of (16) and Theorem 6.1 from the Appendix, the strong solution to Equation (15) is uniquely
well defined. In addition, as the drift term is bounded, we can apply Girsanov’s transformation and conclude
that the one dimensional time marginals of the law of the solution admit probability density functions.
By classical arguments (see e.g. [21]), one can prove that for ¢t € (0,7T), p§ satisfies (18) in sense of the
distributions. o

In the sequel, for 1 < ¢ < oo , uniform in ¢ estimates on sup,<r -3 195 || La(r2) Will be crucial. They will
imply uniform in ¢ estimates on sup,<r £z ||bei(t, ) w2y for 2 < r < oco. In particular, for i = 1,2 and
t € (0,T], one will have

i C
105 (t, )| Loo (r2) < —=.

Vit

The latter will enable us to prove tightness of the probability laws of (X*¢).



3.3 Density estimates

Lemma 3.7. Lett > 0. Then, the function bi(t,-) is continuous on R? and for r € [2,00], one has

i 02(T2_f2)
166(¢, )l L2y < x[IVeoll L2z ®e) —1—1—-
t
Proof. As V;co is only in L?(R?) we can not apply the classical results of convolution with a continuous
function. The continuity of by (¢, ) = xVico * g; is a direct consequence of [3, Ex. 4.30-3.] as for a ¢ > 0 both
g+ and V;co belong to L?(R?). However, in this case, one can use the particular form of the functions involved
in the convolution to prove the continuity. Let z,, — x in R? as n — co. To prove gy * Vico(xy,) — g¢x Vico()
we need to bound |g:(z, — y)Vico(y)| with an h(y) € L'(R?). As g; is continuous we would then apply the
dominated convergence theorem. Let R > 0. Then there exists ng > 1 such that for n > ngy one has that
|z, — 2| < R. Then, by reverse triangular inequality one has that
R2
2t

_len—y? _Uzn—z|—ly—=)? _Uy—z|-R)?
2t < 2t 2t .

e <eze

Cel—m)2

Thus, we define h(y) = V;co(y) 1%6%2 e~ =3~ and conclude h € L'(R?) by Cauchy-Schwarz inequality.

Let ¢ > 1 be such that % +5=1+ % By the convolution inequality (14), one has
166t )l L2y < xlIVicoll L2@2) |gell Lo(r2)-

In view of estimates on [|g¢|| a(r2) and the relation above between r and ¢, one has

Ca(25)

156, -2y < x[IVeoll L2 gl 25 < XIIVCoHLz(Rz)tl,(%-

=

Repeating the arguments as in the preceding proof, one gets

Lemma 3.8. Fort > 0 and r € [2,00] one has

02 ( r2—:2 )

(t—i—s)%’%'

Lemma 3.9. Let py a probability density function on R? and 1 < q < co. One has

11657 (¢, M2y < xlIVeoll 2 r2)

lim sup =4 gt *pOHL‘J(Rz) =0.
t—0

Proof. The proof is a special case of Lemma 8 in [1]. Let f € Ck(R?). Using the standard convolution
inequality (13), one has

1-1 1—-1 1-1

t 79 |ge * pollLarzy <t 9 |ge * fllLawe) +1 < llge * (po — f)ll Lagre)

_1 _1
<t 79 gell o re) 1 £l pacrey + 7 gell areyllpo — Fllzrme)
_1
< flpaqreyt' "7 + Cllpo — fllLr(re)-

Thus,

. _1

limsup '~ llge * poll a2y < Clipo — fllrw2)-

t—0
Since f is arbitrary, the r.h.s. can be arbitrarily small ( see e.g. [3, Theorem 4.3]) . O
Now, let us define
1
N (t) = sup ' ||p| pacee).- (19)
s€(0,t)

The following lemma provides a first estimate for N7 () for a fixed € > 0. This estimate is not the optimal
one in ¢, but it is necessary in order to be sure that all the quantities we work with are well defined. Also,
it will be used in order to obtain the limit behaviour of Ny (t) as t — 0.



Lemma 3.10. Let 0 <t < T and e > 0 fized. For any 1 < q < oo, there exists C-(T,x) > 0 such that

N; (t) < C(T, x). (20)
Moreover, one has
lin AV (1) = (21)

As K¢ is smooth, we can propose a simplified version of the arguments in [4, p. 285-286] for the proof of
(21).

Proof. The drift of the regularized stochastic equation is bounded. Indeed, |K| < 530/2 and Lemma 3.8 imply

i c Ct
”b ( y P )”LOO ]R2) \/— + 3—/2 =: Ca(l—l—t).

For 1 < ¢ < oo and ¢’ such that % + % = 1 integrate (18) w.r.t. a test function f € L% (R?) and apply
Holder’s inequality. It comes

‘/pt x)dx

a) Assume 1 < ¢ < 2. The above drift bound and the convolution inequality (13) applied in (22), lead to

< Ml e ey <|9t * pollLaw2) + Z/ IVige—s * (psbs )|Lq(R2)dS> . (22)

2 t
1P |Larz)y < [lge * pollLae) + Ce(1 + 1) Z/ 1Vigt—s | Law2) P51 (m2)ds
— Jo

In view of (10), we deduce that

1

t t
[ 1Vl il ds < € [ ———
0 0o (t—s)>"

lol.»:

Thus,

17l oqen) < 817 lgex pollzageey + 81 7THTTAC(1 4 0), (23)
To get (20), in (23) use the convolution inequality (13) and that [|g[|rare) = =Zr. To get (21) use
t q

Lemma 3.9 for the first term of the r.h.s. of (23) and the fact that the second term tends to zero as
t— 0.

b) Let ¢ > 2 and p% =1 = %—|— QLq. Then, 1 < p1,p2 < 2 and 1—|—% = p% + p%. The convolution inequality

p2

(14) and the drift estimate applied in (22), lead to

2 t
1PEll Larz) < llge * pollLawe) + C(1+T) Z/ IVige—sllLrs w2 IP5 ]| Lr2 (r2) ds.
; 0

In view of (10) and the result in a), one has

t
1 1 _1 C C(e, T
A il < 0 g polzngesy + C+ 8 [ S Cleg,
0 (t—s)2" 71 g 2

Apply Lemma 3.3 and use the relation between the exponents. It comes:

_1 1 _1C(e, T 1 3 1
T P B )

_1
q

Repeating the last steps as in a), one can obtain the desired result.

The following proposition enables one to control N, 7 (t) for a fixed ¢ and uniformly on small e.



Proposition 3.11. Let T > 0 and fix a g € (2,4). Then, there exists C > 0 such that for any t € (0,T],
N (t) defined in (19) satisfies
Vo<e<l: Njt)<C

provided that

Ax|VeollL2@ey + By/x < 1 (24)
where, C1, Cy and B(-,-) being defined as in Lemmas 3.1, 3.2 and Eq. 12 respectively,
2q 3 23 1 3 23 1 11
A=Ci1(¢)0(—=)B(z — =, = — — d B=2,/Cs(q)C1(¢")C1(1)B(= — =, = — =B ==, ).
(G - 25— 2) an Jea@ams -3 - Dsa-10)

Proof. Let ¢’ > 1 be such that % + 1 = 1. Integrating (18) w.r.t. a test function f € L9 (R?), one again

q
starts from
’ / pi(z)f(z)dx

Let us fix i € {1,2}, s < t and denote A’ := |[V;ge—s * (pSbS*)| La(rz). Observe that % + % =1+ %. Apply
the convolution inequality (14) and then use (10). It comes

< N fll Lo m2y <|gt*p0”Lq R2)+Z/ IVigt—s * (P505°) || La(2)ds ) (25)

Aé < ”vigt—sHL‘Z’(RQ)Hpib?iHL%(Rz) < 1

. 71 .
Cr(q")I05 | Lar2ys™ 7 ||P5] La(r2) 165 | La(r2)
3_ 1 1—1
(t—s)®

<Ci (q/)NE (t) 31 1
d g q (t — 3) 2 ¢ g q
In view of Lemma 3.8, (17) and Lemma 3.3, we get

Cs (q+2)XHVCOHL2(R ),

165 oy < / VI o gy 195 ey s

(s—l—g) ~3
Ca ( 5)X[[Veoll L2 re)
< — +x 1(1)N;(t)/ S S—
S$2 4a /—S “uu L
Cao(25)x[IVeol L2y + XCL (NG (£)B(1 — £, 3)
- 55_% ’
It comes , y .
: Ca(25)IVeoll L2ge) + CLLNE ()B(1 — L, 1)
AL < Oy (¢ )xNE () — 22 L2 (®?) et 2
(t—$)2 75274
Plug this into (22). The condition g € (2,4) ensures that % - % nd 2 — & < 1. Thus, Lemma 3.3 leads
to

‘/pt x)dx

+ 201 (¢ )XNE (L)

< Il gy (N % poll oy

Co(F) Vel ey + CLONF OB = 3.3) 3 2 3 L)
' '

Take sup) Il =1 in the preceding inequality. It follows from the convolution inequality (13) and (11) that

2q e 11
Ca(q ) 3 23 1., C(F5)NVeollreme) + CL(LNG(H)B(L - ¢, 3)
19§l La(r2y < ——5~ e +2C (g )Xﬁ(§ - aa 5 ?)Nq (t) P .
Let us denote
. / 323 lyq_ 11 - 323 1
Kii= 2C(d )G (DB = 2.5 = )80 = .3) and Ky =201 (¢)Co(—=5)8(5 — =5 = )
After rearranging the terms,
0 < Kix(Ng (1)? + (Eax|[Veoll 22y — DN (8) + Ca(q).- (26)

10



Under the assumptions
Kax||Veol p2mey — 1 < 0 and (Kax||Veol| p2@e) — 1) — 4K1C2(q)x > 0,

the polynomial function
P(z) = K1x2* 4+ (Kax||Veoll 2z — 1)z + Ca(q)

admits two positive roots. In view of Lemma 3.10 and (26), one has that lim; o N (t) = 0 and P(N; (t)) > 0
for any ¢ € [0,T]. Necessarily, for any t € [0,T] N (t) is bounded from above by the smaller root of the
polynomial function P(z). As the constants do not depend on T and ¢, this estimate is uniform in time and
does not depend on the regularization parameter.

Notice that the above condition is equivalent to

K2XHVCOHL2(]R2) + 24/ ch2(Q)X < 1.
Denote A := Ko and B := 24/C5(q)K; to finish the proof. O
Remark 3.12. The upper bound C of N (t) is given by

o 1 — Ax||[Veollz2mey — /(1 — Ax[[Veol L2r2))? — B2x
- 2K1x '

Now, we will continue analyzing NF(t), for different values of r w.r.t. the ¢ € (2,4) fixed in Proposi-
tion 3.11. We will see that different arguments are used when r < ¢ and r > ¢g. The result obtained for r < ¢
will be used to control [|bf|| .- (®2), for 7 > 2.

Corollary 3.13. Same assumptions as in Proposition 3.11. Then, for 1 <r < q, it holds
Vo<e<l, NI(T)<C,.

1—
1—

<1

Proof. Let 1 < r < q. Define 6 :=
(see [3, p. 93]) lead to

. Then, £ =1-60+ g. As pf € LY(R?), ”interpolation inequalities”

E

— Ce C
Il < Wi Eges 1Pil o) < S5y = i

I ==
O
Corollary 3.14. Same assumptions as in Proposition 3.11. Then, for 2 <r < oo,
Cr(Xa ||VC(J||L2 R2 )
VO<€<1, |‘b§|‘Lr(R2)§ tl_l (R?)
2 r
Proof. In view of Lemma 3.8, one has for i € {1,2}
i, C(x; | Veoll L2 (r2)) ! i
105y < S o [ e s (27)
v 0

Let ¢ € (2,4) fixed in Proposition 3.11.

a) For r € [2,q), Corollary 3.13 immediately implies

||Kfiis * pllr @) <

C
Vit — ssl_% '

b) For ¢ < r < oo, choose p; such that pll =14+ % — %. Notice that, as 2 < ¢ < r, it follows that
i< pil < 1. Applying the convolution inequality (14) and Corollary 3.13, one has

i C
|‘Kf;s*pi|‘Lr(R2) < 3_1 ,_1°
(t—s)2 Prsg 4
To finish the proof, in both cases, one plugs the obtained estimates in (27) and applies Lemma 3.3. o

11



Corollary 3.15. Same assumptions as in Proposition 3.11. Then, for ¢ < r < oo, one has

Vo<e<l1, NET)<C,.

Proof. Let 1 < q1,¢2 < 2 such that - = L =

1 1 1 1 1 . . .
& =3t 5 [hen, 1+ - = ot Convolution inequality (14)
leads to

2 t
7l 2r®2) < llge * pollr(z2) + Z/ [Vigi—sl Lo m2) |55 || Loz (r2) ds.
i=170

Let us apply Holder’s inequality for )\—11 + A—12 = 1 such that \; = £,

P56 | Loz r2) < DSl Lrvas (2 1657 | pran (r2) -

Notice that 1 < Ay < 2 since 2 < ¢ < 4 by hypothesis. Then, Ao > 2, thus A2g2 > 2. In addition,
A1q2 = 3q2 < g. In view of Corollaries 3.13 and 3.14, one has

- C C
1p505" (| Lo (m2) < -1 (11— "3 _1°
S X192 1 2 A2q2 §2 a2
Therefore,
1-1y ¢ 1-1 ! 9
t Q||pt|\Lr(R2)§C+t a ———71 ds.
0 (t — 5)2 a1 82 a2
Apply Lemma 3.3 to finish the proof. O

Notice that the choice of the constants A and B depends only on the initially chosen ¢ € (2,4). One may
analyze the constants in Condition (24) in function of ¢ to get an optimal condition on .

4 Proof of Theorem 2.3

4.1 Tightness

Proposition 4.1. Let T > 0. Denote ¢, = %, for k € N. P* denotes the law of the solutions to (15)
reqularized with €. If the initial law po is a probability density, Vco € L?(R?) and x > 0 are such that
Condition (24) is satisfied, then the probability laws (P*)x>1 are tight in C([0,T];R?) w.r.t. k € N.

Proof. For m > 2 and 0 < s <t < T, notice that

t 2 t 2\ %
E|X5—X:|msza(( [ i) + ([ b&?(u,Xz)du)) L EIW, - W,

In view of the drift estimate for 7 = oo in Corollary 3.14, one has

m
2

tCX, Ve 2(R2 " m
E|Xf — X5|™ < (2/ ol \/%”L (R ))du> +C(t—5)F < Clx |[Veol 2t — )% .

Kolmogorov’s criterion implies tightness. O

4.2 Existence

In order to prove the existence of a weak solution, we will prove that the following non-linear martingale
problem related to (3) admits a solution under the hypothesis of Theorem 2.3.

Definition 4.2. A probability measure Q on the canonical space C([0,T];R?) equipped with its canonical
filtration and a canonical process (w:) is a solution to the non-linear martingale problem (M P) if:

(Z) Qo = po.

(i) For any t € (0,T], the one dimensional time marginals of Q, denoted by Q;, have densities q; w.r.t.
Lebesgue measure on R. In addition, they satisfy

Vr e (1,00) 3C >0:  sup t17%|\qt|\LT(Rz) <C.
te(0,7)

12



(iii) For any f € C%(R?) the process (My)i<T, defined as

My = f) = ) = [ (507000 + (0 Gt +x [ [ Koot = nar)di)lde

is a Q-martingale.

In view of Proposition 4.1, there exists a weakly convergent subsequence of (]P’k)kzl that we will still
denote by (P*);>1. Denote its limit by P°. Let us prove that P> solves the martingale problem (M P).

i)
ii)

iii)

Each P’g has density pg, and therefore P§° also has density po.

Define the functional A:(p) by

M) = [ e@PF@). o€ Cx(R)

By weak convergence we have
Alp) = lim [ o(y)p} (y)dy,

k—o0

and thus for any 1 < r < oo and its conjugate /', in view of Proposition 3.11 and Corollaries 3.13 and
3.15 one has

C
[Ae(p)] < tlj”@“u’(n@)-
Therefore, for each 0 < t < T, A; is a bounded linear functional on a dense subset of L (R?). Thus, A;

can be extended to a linear functional on L" (R?). By Riesz- representatmn theorem (e.g. [3, Thm. 4.11
and 4.14]), there exists a unique p® € L"(R?) such that [|p°||.-(r2) < o 1 and pg® is the probability

density of Pg°(dy).

Set
M = f(wr) — f(wo)
_ /O [ () + V) - (bofon ) + 5 / (w=7) / Ko (w, — 9)p () dy dr)]du.

In order to prove that (M;®);<r is a P martingale, we will check that for any N > 1,0 <#; <--- <
tn <5 <t<T andany ¢ € Cp((R*)™), one has

Epoc [(M° — M) p(wyy, . .., wey )] = 0. (28)

As P* solves the non-linear martingale problem related to (15) with e, = 4, one has

ME = fluw) = F@O) = x [ [5(0 + T Fw) - 05 ()

b [T ) )
81 Jo

is a martingale under P*. Thus,
0= Epr [(MF = MI)(wr,, . wiy )] = Epr[d(.. ) (f(we) = f(ws))]
+ Epk @ / A f(wy)du] + Eprk [o(. )/ V f(wy) - bg* (u, wy,)dul

+3 Epk /Vf Wa) / e MUK x pl) (wa)drdul.

Since (P*) weakly converges to P>, the first two terms on the r.h.s. converge to their analogues in
(28). It remains to check the convergence of the last two terms. We will analyze separately the parts
coming from the linear and non-linear drifts.

13



Linear part Notice that for t > 0 and 2 € R?

e ey

t(t + )

_ly? exl|Veol L2 (r2)
VC xr — e 2t d < —F——
/]R? ole =) | = Vit +ep)

Thus, [[bg*(t,-) — bo(t, )|l Lo ®2) — 0,k — co and from Lemmas 3.7 and 3.8 we have

|b8k (t,I) - bo(t,$)| <C

C
b (t, ) — bo(t, || peo(rzy < —=.
166" (¢, -) = bo(t, )z ®) <

Similarly, for t > 0 and r > 2,

Ek 141
bk (t, ) — bo(t, )| nrr2y < ||V — = __Ctrta.
65+ () = bo(t ey < IVl agee) gy O+
Therefore,
||b8’< (t, ) — bo(t, ')”LT‘(RQ) — 0,k — (29)
and from Lemmas 3.7 and 3.8 we have
C

166" (¢, ) = bo(t, )| Lr(rey <

[V
sl

t

Now, observe that
Beelo..) [ V) 15" s )] — B [60...) / V) - o )
— (Eplo / Y (wa) - 05 (u, w,)du] — Eea [ / Y (wa) - bo(u, w,)du))
+ (Epe[o(. .. )/S V f(wy) - bo(u, wy,)du] — Epso [p(. .. )/ V f(wy) - bo(u, wy,)du)) =: Iy, + .

S

We start from 1. Define for z € C([0, T]; R?) the functional

t

F(z) := ¢(at,,. .., :vtN)/ Vf(xy) - bo(u, x,,)du.
In view of Lemma 3.7, for u > 0 and i = 1,2, the function bj(u,-) is bounded and continuous on R?
and one has [|by(t,-)|| L= ®2) < % By dominated convergence one gets that F'(-) is continuous. In

addition, F(-) is bounded on C([0, T]; R?). Thus, by weak convergence, II; — 0, as k — oo.
We turn to I:

t 2 . .
< ol [ 32 [ 19 I0 2) = by 2 (2) = s
S =1

Apply the Holder’s inequality for % + % =1 such that 1 < A < 2. In view of Corollary 3.13, one has

[I| < ||¢||oo||Vf||oo/ Z 165" (u, ) = B (1, )| o ez s

In view of (29), [[bg"" (u, -) — b (u, )| Lx g2y = 0 as k — oo. In addition (30) leads to

c
= Bh(on ) ) <

By dominated convergence, I, — 0, as k — oo.
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Non-linear part Let us first analyze the difference of the two drifts. Fix 0 < s < ¢, x € R? and
i € 1,2. Notice that

(t — s)ex + & |$7f|672(‘t15) )
t—38)%(t —s+ep)?

K520 (@) — K ()] < (

Thus for any z € R? and any 0 < s < t, we have that |K:*(z) — K!_(z)] — 0,k — oco. After
integration, for any 1 < r < 2 one has

(t—s)ey +ei
t—5)2(t—s+eg)?

-

(t—s)2ts.

K5 — Ki @2 < OT(

Therefore, for any 0 < s < t, one gets
KRS = K llor@ey = 0,k = oo (31)
In addition, (10) and (17) lead to
Cr
I

K50 — K\l rey < IKE2 ey + 1Kol ey < —siTt

Nlw

Fort >0,z € R? and i € 1,2, one has

ts’“i*kxs—ti*ooxs tE’“’i*kxs—ti*kxs
/0 (K2 x k) (@)d / (KE_, ) (@)ds| < / (2 5 pl) (2)d / (i, ) (2)d

t t

) [ b ads = [« s| = A+ B
0 0

We start from By. For s <t and i = 1,2, the kernel K;_,(-) is a continuous and bounded function on

R2. Thus, by weak convergence we have that limy_,o (K} _, *p¥)(z) = (K}_, *p>°)(z). In addition, for

r > 2 Holder’s inequality, part i4) and Proposition 3.11 lead to

[o

(Ko pl) () = (Ko *p2°)(2)] <

[N

_ L 1c
r/ Sl_?

(t—s)

As the bound is integrable in (0, t), the dominated convergence theorem implies that By, — 0, as k — oo.

In Aj we apply the Holder’s inequality with 1 < r < 2 and the density bounds from Corollary 3.13. It
comes

t ) ) C
€k, ) T
A < [N = KL ey s
In view of (31) and (32), one can apply the dominated convergence. Thus, A; — 0, as k — co. Finally,
we obtain

lim
k—o0

/ (e 5 ) ()ds — / (Ki_, #p)(@)ds| = 0. (33)
0 0

As in the linear part, we decompose

o) [ Vi) [ K el

~Beeloten) [ Vi) [ B s i
< (Epk o) [ ot [(Uz, e pt)wara
—Ens / VH ) [ (Km0 )dr]
+(Ew[¢(- . / Vi (w) /0 w2 () drdu)
B[4, / V() /0 e 03) ()
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Start from Dj. Similarly to the linear part, we need the boundness and continuity of the functional

H(z) = ofa(tr),.. o) [ Vi(a(w)- / C(Kuer % p2°)(@(w))drdu, @ € C([0,T]; B?).

The continuity comes from the fact that the kernel is a continuous function on R? whenever 7 < u.
Namely, if z,, € C([0,T]; R?) converges to z € C([0,T];R?), then K _ (xn(u)—y) — K.__(x(u) —y).
In addition |K!__ (2, (u) — y)p>(y)| < ﬁpf’(y}, for i € {1,2}, as n — oo. Thus, by dominated
convergence, for 7 < u one has

K p2 (e (w) = K p2®(a(u)), n— oc.

For % + L =1 such that » > 2 apply Holder’s inequality and after the estimate in ii). It comes

T

Cr

1

K% 02 (2 (w)] <

[N
=

(u—7)
By dominated convergence,
/ (K % p2°) (@n (u))dr — / (K% p) (a(u))dr,n — oo.
0 0

Moreover, in view of Lemma 3.3, one has

\Vﬂxn(u)) |/ K % p2 (en())dr| < OV flac

Ju

Finally, after one more application of dominated convergence the continuity of the functional H follows.
This procedure obviously implies H is a bounded functional on C([0, T]; R?). Thus, by weak convergence,
Dy, converges to zero.

We turn to Ck. Let us just for this part denote by b'(u,2) := [ Ki_. * p>(2)dr and b¥(u,z) :=
Jo K35 p(2)dr. Notice that

t 2
Cel < 1l [ 32 [ 9508 w2) = ¥ a2l

S i=1

After Holder inequality for £ + & = 1 such that r > 2, one has

r r

t C 2 . . 1/r
|Cx| < H¢||oo/ F Z </ |Vif(z)|7“|bk,z(u7z) — bl(u,z)|rdz) du.
s "=l

Let u > 0. In view of (33), |b%%(u, 2) — b'(u, 2)|" — 0 as k — oo. Now, we do not omit |V;f(2)|? as in
the linear part. Instead, we use it in order to integrate in space with respect to drift bounds. Namely,

for u > 0 and i = 1,2, we have seen that [b¥(u, )| + [b'(u, )| < \% Thus,

Vaf I ,2) = b, )" < - [Vef )

By dominated convergence,

Hvif(')(bk’i(ua )= bi(u, '))HLT(H@) — 0, kK — oo.

Using that [[07(u, )| Lr(ge) + 16 (u, )| - (r2) < —“, one gets

1 ; ; C
e IV f (YO (u, ) = b, Dpr ey < IVif oot

1
wz—Ftlow

Thus, by dominated convergence, we get that Cy — 0, as k — oo.

As all the terms converge, we get that (28) holds true. Thus, the process (M )< is a P> martingale.
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5 Application to the two-dimensional Keller-Segel model

In this section we prove Corollary 2.5. The parameter A does not play any role in the above results. Therefore,
we will assume here A = 0. It is easy to extend the following arguments for A > 0.
Denote by p(t,-) = p:(x) the time marginals of the probability distribution constructed in Theorem 2.3.
As such, p satisfies for any 1 < ¢ < oo,
1

suptl a Hp(tv ')||L‘1(R2) < Cq-

t<T
The corresponding drift function satisfies for any 1 < r < oo,

t277||b(t, 5 p)l| 1 g2y < -

Following the arguments in Proposition [20] one may derive the mild equation for p(t, ). The above estimates
ensure that everything is well defined. Thus, one arrives to the following: for any f € C%(R?) and any
t e (0,7,

[ttty = [ 1)< p)w)dy
=3 [0 [ (Figien s ot D)) s

Thus p satisfies in the sense of the distributions

2 t
Pt ) =girpo—3 / Vige—s + (b'(s, 5 p))p(s, ) ds. (34)
i=1
Now, define the function c(¢, ) as

¢
c(t.2) = (gt s o)(o) + [ plt =55, )(a) ds
Thanks to the density estimates c(t,z) is well defined for all z € R? as soon as t > 0. Indeed,

llcol| L2(re ! llcoll L2 (re
jo(t,2)] < —E 4 / lo(t = 5. )2z 196 22y ds < T2
0

Vit Vit

It is obvious that c(t,-) € L*(R?). Thanks to the density estimates and the fact that g; is strongly derivable
as soon as t > 0, ¢(t, z) is derivable in any point x and

11
+CB(§7§)'

8(371- e(t,x) = Vi(g(t, ) * co)(x) +/0 (pt—s * Vig(s,-))(x) ds.

The fact that co € H'(R?) enables us to write V;(g(t,-) * co) = (g(t, ) * Vico). Now, remark that xa%ic(t, x)
is exactly the drift in (34). Thus, the couple (p, ¢) satisfies Definition 2.4.
Assume there exists another couple (p',c!) satisfying Definition 2.4 with the above initial conditions

(po, co). As such, they satisfy

V1<g<ood(C>0: suptl_%Hp%HLq(W) <C
t<T

and 1_1
V2<r<oodC>0: Supﬁ_?”VC%”LT(W) <C.
t<T
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6 Appendix

Let T > 0. On a filtered probability space (Q, F,P, (F;)) equipped with a d-dimensional Brownian motion
(W) and an Fy—measurable random variable Xy, we study the stochastic equation

{ dX; = dW,; + {fot Joa L(t — 5, X; — y)Qs(dy) ds}dt, t<T, (35)
Qs = E(Xs)v Xo ~ qo,
where L maps [0,7] x R? to R%. In this section we show how to adapt the Proof of Theorem 1.1 in [19] in
the framework of the additional time interaction in (35).
Firstly, the assumption about the regularity of the interaction kernel in [19] needs to be replaced by the

following hypothesis on the interaction L:
Hypothesis (H0). The function L : [0,T] x R? — R? satisfies
V(t,x) € (0,T) x R, |L(t, )| < hy(2),
V(t,z,y) € (0,T) x RT x RY,  |L(t,z) — L(t,y)| < ha(t)|z — yl,
where h; 2 (0,T) — RT is such that there exists Dp > 0 such that for any t < T, one has fot hi(s)ds < Dr.

Notice that the time interaction induces a slight change in (HO) with respect to what is assumed on the
interaction kernel in [19]. We still assume the kernel is bounded and Lipshitz in space, but in order to treat
the additional integral in time, we introduce the functions hy and hs.

Let C((0,T);R?) be a set of continuous R%valued functions defined on (0,7) and Pr be the set of
probability measures on C((0,T); R?). For a Q € Pr and (¢,z) € (0,T) x R? denote by

t
b(t, z; (Qs)s<t) == / /d L(t— s,z —y)Qs(dy) ds.
0 JR
In view of Hypothesis (HO), for a given Q € Pr one has that

[b(t, 23 (Qs)s<t)| < Dr,

v 0,T) x R x R? : SIe=
29) € (0,T) x R x {wawm@gga—b@ym@xQMSDﬂx—m

Theorem 6.1. Under the hypothesis (H0), Equation (35) admits a unique strong solution.

Let us show how the calculations in [19] change in this setting. We adopt the definition of the Wasserstein
distance given there.

Proof of Theorem 6.1. To prove Theorem 6.1, one should search for a fixed point of the map ® : Pr — Pr
that to a given m € Pr associates the law of the solution to the following SDE:

dXt = th + b(f, Xt; (ms)sgt)dt,
Xo ~ po.

Notice that this equation is well-defined in strong sense thanks to (36) (see e.g. [12, Thm. 5.2.9]). To exhibit
the fixed point, the following contraction inequality should be demonstrated for mi,my € Pp:

t
m@@m%@%&]DMmmmw
0

To prove the latter, follow the steps in [19]. Always use (HO) when dealing with the time interaction. Let
my, mg € Pr. For i = 1,2, associate to m; the law of the solution of

t s
X}/ = Xo+W; + / / b(u, XLs (mi ) r<u) du ds.
0 0
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Then,

X! - X2 < ‘/ / [/ L(u — o, X, — wa)dmy (w)
o Jo LJe(o,r)re
- / L(u—a, X2~ wa)dmg(w)} dozdu’ =: F(s).
C((0,T)

Taking sup,<, of the previous expression and an expectation on both sides, one has

E [sup |X; - XZ[] < E [sup F(s)]. (37)

s<t s<t

Taking 7 to be any coupling of m; and mg, it comes

5) = ‘/ / / [L(u—a, Xy —w)) — L(u — a, X3 — wl)|dn(w', w?) da du).
0 Jo Je(o,r)R)xC((0,7);R)

In view of (HO), one has
|L(u — o, X! —wl) — Lu— o, X2 —w?)| < 2h1(u — a) + ho(u — )| X} —wl — X2 +w?| AL
Therefore,

E [sup F(s) <O]E// (hi(u — a) + ha(u — a))

s<t

/ [ Xo — X2 AL+ Jwh — w2| Alldr(w', w?) da du.
C((0,T);RH)xC((0,T);R4)

Then,

t
E [sup F(s)] < 2OT1E/ X2 — X2 A1 du
0

s<t
t u
+ / / (hi(u — ) + ha(u — a))/ |wl — w2 | A1 dr(w', w?)da du.
o Jo C((0,T);R%) x C((0,T);R%)

Using that | X — X7| < sup,, | X} — X?| and |w}, —wZ| < sup,,, |w; —w?| and applying Fubini’s theorem,
one obtains

t t
E [sup F(s)] < CT[/ E[sup | X! — X2| A 1]du +/ / sup |wy — w?| A1 dr(w', w?)du].
0 0,T);R4)x C((0,T);R)

s<t r<u r<u
Coming back to (37), one gets
t
E [sup | X!-X2]] < C’T[/ E[sup | X} — X2|A1] du+/ / sup |wy —w?|Al dr(w", w?)du].
s<t 0 r<u C((0,T);R4) xC((0,T);R) r<u

Taking an infimum over all couplings 7 of m; and ms of the above expression, leads to

t t
E [sup |XS1 — XS2|] < CT/ E [sup |XT1 — X3| A1]du + CT/ Dy (ma, ma)du.
0 0

s<t r<u

Gronwall’s lemma implies

t
E [sup|X! - X2 A1) < CT/ Dy (m1, m2)du. (38)
0

s<t

As X! and X? have laws ®(m1) and ®(ms), respectively, a standard property of the Waserstein distance
together with (38), lead to the contraction inequality

t
Dlyt(q)(ml),fl)(mg)) S CT/ Dlyu(ml,mg)du.
0

Once the contraction inequality is obtained one repeats the arguments in [19] to finish the proof. O
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