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Abstract

We consider learning methods based on the regularization of a convex empirical risk by a
squared Hilbertian norm, a setting that includes linear predictors and non-linear predictors
through positive-definite kernels. In order to go beyond the generic analysis leading to conver-
gence rates of the excess risk as O(1/+/n) from n observations, we assume that the individual
losses are self-concordant, that is, their third-order derivatives are bounded by their second-
order derivatives. This setting includes least-squares, as well as all generalized linear models
such as logistic and softmax regression. For this class of losses, we provide a bias-variance
decomposition and show that the assumptions commonly made in least-squares regression,
such as the source and capacity conditions, can be adapted to obtain fast non-asymptotic rates
of convergence by improving the bias terms, the variance terms or both.

1 Introduction

Regularized empirical risk minimization remains a cornerstone of statistics and supervised learn-
ing, from the early days of linear regression (Hoerl and Kennard, 1976) and neural networks (Geman et al.,
1992), then to spline smoothing (Wahba, 1990) and more generally kernel-based methods (Shawe-Taylor and Cristiani
2004). While the regularization by the squared Euclidean norm is applied very widely, the statis-
tical analysis of the resulting learning methods is still not complete.
The main goal of this paper is to provide a sharp non-asymptotic analysis of regularized em-
pirical risk minimization (ERM), or more generally regularized M -estimation, that is estimators
obtained as the unique solution of
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where H is a Hilbert space (possibily infinite-dimensional) and /. (6) is the convex loss associated
with an observation z and the estimator § € H. We assume that the observations z;, i = 1,...,n
are independent and identically distributed, and that the minimum of the associated unregularized
expected risk L(0) is attained at a certain 0* € H.

In this paper, we focus on dimension-independent results (thus ultimately extending the anal-
ysis in the finite-dimensional setting from Ostrovskii and Bach, 2018). For this class of problems,
two main classes of problems have been studied, depending on the regularity assumptions on the
loss.



Convex Lipschitz-continuous losses (with respect to the parameter ), such as for logistic
regression or the support vector machine, lead to general non-asymptotic bounds for the excess
risk of the form (Sridharan et al., 2009):

B § * (|2
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where B is a uniform upper bound on the Lipschitz constant for all losses 6 +— £,(0). The bound
above already has a form that takes into account two separate terms: a variance term B?/(\n)
which depends on the sample size n but not on the optimal predictor §*, and a bias term \||60*||?
which depends on the optimal predictor but not on the sample size n. All our bounds will have this
form but with smaller quantities (but asking fore more assumptions). Without further assumptions,
in Eq. (2), A is taken proportional to 1/4/n, and we get the usual optimal slow rate in excess risk
of O(1/4/n) associated with such a general set-up (see, e.g., Cesa-Bianchi et al., 2015).

For the specific case of quadratic losses of the form £,(6) = 1(y—6-®(z))?, where z = (z,y),
and y € R and ®(x) € H, the situation is much richer. Without further assumptions, the same
rate O(1/4/n) is achieved, but stronger assumptions lead to faster rates (Caponnetto and De Vito,
2007). In particular, the decay of the eigenvalues of the Hessian E[®(z) ® ®(z)] (often called
the capacity condition) leads to an improved variance term, while the finiteness of some bounds
on 6* for norms other than the plain Hilbertian norms ||6*|| (often called the source condition)
leads to an improved bias term. Both of these assumptions lead to faster rates than O(1/y/n)
for the excess risk, with the proper choice of the regularization parameter A. For least-squares,
these rates are then optimal and provide a better understanding of properties of the problem that
influence the generalization capabilities of regularized ERM (see, e.g. Smale and Zhou, 2007;
Caponnetto and De Vito, 2007; Steinwart et al., 2009; Fischer and Steinwart, 2017; Blanchard and Miicke,
2018).

Our main goal in this paper is to bridge the gap between Lipschitz-continuous and quadratic
losses by improving on slow rates for general classes of losses beyond least-squares. We first note
that: (a) there has to be an extra regularity assumption because of lower bounds (Cesa-Bianchi et al.,
2015), and (b) asymptotically, we should obtain bounds that approach the local quadratic approx-
imation of £, (6) around 6* with the same optimal behavior as for plain least-squares.

Several frameworks are available for such an extension with extra assumptions on the losses,
such as “exp-concavity” (Koren and Levy, 2015; Mehta, 2016), strong convexity (Van de Geer,
2008) or a generalized notion of self-concordance (Bach, 2010; Ostrovskii and Bach, 2018). In
this paper, we focus on self-concordance, which links the second and third order derivatives of
the loss. This notion is quite general and corresponds to widely used losses in machine learning,
and does not suffer from constants which can be exponential in problem parameters (e.g., ||6*||)
when applied to generalized linear models like logistic regression. See Sec. 1.1 for a comparison
to related work.

With this self-concordance assumption, we will show that our problem behaves like a quadratic
problem corresponding to the local approximation around 6*, in a totally non-asymptotic way,
which is the core technical contribution of this paper. As we have already mentioned, this phe-
nomenon is naturally expected in the asymptotic regime, but is hard to capture in the non-asymptotic
setting without constants which explode exponentially with the problem parameters.

The paper is organized as follows: in Sec. 2, we present our main assumptions and informal
results, as well as our bias-variance decomposition. In order to introduce precise results gradually,
we start in Sec. 3 with a result similar to Eq. (2) for our set-up to show that we recover with
a simple argument the result from Sridharan et al. (2009), which itself applies more generally.
Then, in Sec. 4 we introduce the source condition allowing for a better control of the bias. Finally,
in Sec. 5, we detail the capacity condition leading to an improved variance term, which, together
with the improved bias leads to fast rates (which are optimal for least-squares).




1.1 Related work

Fast rates for empirical risk minimization. Rates faster than O(1/,/n) can be obtained with

a variety of added assumptions, such as some form of strong convexity (Sridharan et al., 2009;
Boucheron and Massart, 2011), noise conditions for classification (Steinwart and Scovel, 2007),

or extra conditions on the loss, such as self-concordance (Bach, 2010) or exp-concavity (Koren and Levy,
2015; Mehta, 2016), whose partial goal is to avoid exponential constants. Note that Bach (2010)
already considers logistic regression with Hilbert spaces, but only for well-specified models and a

fixed design, and without the sharp and simpler results that we obtain in this paper.

Avoiding exponential constants for logistic regression. The problem of exponential constants
(i.e., leading factors in the rates scaling as e*” where D is the radius of the optimal predictor,
and R the radius of the design) is long known. In fact, Hazan et al. (2014) showed a lower bound,
explicitly constructing an adversarial distribution (i.e., an ill-specified model) for which the prob-
lem manifests in the finite-sample regime with n = O(e®P). Various attempts to address this
problem are found in the literature. For example, Ostrovskii and Bach (2018, App. C) prove the
optimal d/n rate in the non-regularized d-dimensional setting but, multiplied with the curvature
parameter p which is at worst exponential but is shown to grow at most as (RD)?/2 in the case of
Gaussian design. Another approach is due to Foster et al. (2018): they establish “1-mixability” of
the logistic loss, then apply Vovk’s aggregating algorithm in the online setting, and then proceed
via online-to-batch conversion. While this result allows to obtain the fast O(d/n) rate (and its
counterparts in the nonparametric setting) without exponential constants, the resulting algorithm
is improper (i.e., the canonical parameter n = ®(x) - 0%, see below, is estimated by a non-linear
functional of ®(x)).

A closely related approach is to use the notion of exp-concavity instead of mixability (Rakhlin and Sridharan,
2015; Koren and Levy, 2015; Mehta, 2016). The two close notions are summarized in the so-called
central condition (due to Van Erven et al. (2015)) which fully characterizes when the fast O(d/n)
rates (up to log factors and in high probability) are available for improper algorithms. However,
when proper learning algorithms are concerned, this analysis requires 7-mixability (or n-exp-
concavity) of the overall loss £, () for which the 7 parameter scales with the radius of the set of
predictors. This scaling is exponential for the logistic loss, leading to exponential constants.

2 Main Assumptions and Results

Let Z be a Polish space and Z be a random variable on Z with distribution p. Let H be a separable
(non-necessarily finite-dimensional) Hilbert space, with norm || - ||, andlet £ : Z x H — R be a
loss function, we denote by /.(-) the function ¢(z,-). Our goal is to minimize the expected risk

with respect to 0 € H.
inf L(O)=E[lz(0)].
0cH

Given (z;)!"; € Z", we will consider the following estimator based on regularized empirical risk
minimization given A > 0 (note that the minimizer is unique in this case):

~ 1 « A
0% = argmin — Y £,.(0)+ =||6]?,
=g 1 00) 4 516

where we assume the following.

Assumption 1 (i.i.d. data). The samples (z;)1<i<n are independently and identically distributed
according to p.



The goal of this work is to provide upper bounds in high probability for the so-called excess

risk R
. .
L(63) — jnf L(0),

and thus to provide a general framework to measure the quality of the estimator fg\f\ Algorithms
for obtaining such estimators have been extensively studied, in both finite-dimensional regimes,
where a direct optimization over 6 is performed, typically by gradient descent or stochastic ver-
sions thereof (see, e.g., Bottou and Bousquet, 2008; Shalev-Shwartz et al., 2011) and infinite-
dimensional regimes, where kernel-based methods are traditionally used (see, e.g., Keerthi et al.,
2005; Gerfo et al., 2008; Dieuleveut and Bach, 2016; Tu et al., 2016; Rudi et al., 2017, and refer-
ences therein).

Example 1 (Supervised learning). Although formulated as a general M -estimation problem (see,
e.g., Lehmann and Casella, 2006), our main motivation comes from supervised learning, with
Z = X x )Y where X is the data space and ) the target space. We will consider, as examples, losses
with both real-valued outputs but also the multivariate case. For learning real-valued outputs,
consider we have a bounded representation of the input space ® : X — H (potentially implicit
when using kernel-based methods, Aronszajn, 1950). We will provide bounds for the following
losses.

e The square loss {,(0) = 3 (y — 0 - ®(x))? which is not Lipschitz-continuous.

t

e The Huber losses £,(0) = ¢(y — 6 - ®(x)) where (t) = V1 +t2—1or(t) = log et*'TK
(Hampel et al., 2011), which are Lipschitz-continuous.

o The logistic loss {,(0) = log(1 + e~ Y% *®)) commonly used in binary classification where
y € {—1,1}, which is Lipschitz-continuous.

Our framework goes beyond real-valued outputs, and can be applied to all generalized linear
models (GLM) (McCullagh and Nelder, 1989), including softmax regression: we consider a rep-
resentation function ® : X x Y — H and an a priori measure p on Y. The loss we consider in
this case is

L:(0) = =0 - @(z,y) +log [y, exp (6 - @(z,y)) du(y'),

which corresponds to the negative conditional log-likelihood when modelling y given x by the
exp(0-2(z,y))

exp(6-®(z,y"))du(y’)

eralized linear models with almost surely bounded features ®(x,y), such as conditional random

fields (Lafferty et al., 2001).

distribution p(y|z,0) ~ T du(y). Our framework applies to all of these gen-
y

We can now introduce the main technical assumption on the loss £.

Assumption 2 (Generalized self-concordance). For any z € Z, the function {,(-) is convex and
three times differentiable. Moreover, there exists a set ¢(z) C H such that it holds:

Vo € H, Vh,k € H,

VAL (O)lk. b, h)| < sup [k- g V2O, .
g€p(2)

This is a generalization of the assumptions introduced by Bach (2010), by allowing a varying
term Supyc,,(.y |k - g| instead of a uniform bound proportional to ||%||. This is crucial for the fast
rates we want to show.

Example 2 (Checking assumptions). For the losses in Example 1, this condition is satisfied with
the following corresponding set-function .



e For the square loss £,(0) = 1 (y — 0 - ®(x N2 o(z) = {0}

e For the Huber losses £,(0) = ¢¥(y—0-®(x)), if Y(t) = V1 + 2 —1, then ¢(z) = {3®(z)}
and if P(t) = log ¢ +e ' then ¢(z) = {2®(x)} (Ostrovskii and Bach, 2018). For the
logistic loss (,(0) = log( + e Y0 ®@)) we have o(z) = {y®(x)}. In these situations,
©(z) is reduced to a point.

e For generalized linear models, V3(,(0) is a third-order cumulant, and thus |V3C.(0)[k, h, h]| <

Ep(y\:v,@)‘k : ‘I’(.%',y) — k- IE:p(y’|:r G)q)( )‘ ’h @(1‘ y) h - Ep(y |2,0) ( y/)’2 <
2supyey |k - ®(x,y)| V2L.(0)[h, h]. Therefore o(z) = {2®(x,y), y' € Y} (which is
not a singleton).

Moreover we require the following two technical assumptions to guarantee that L(#) and its
first and second derivatives are well defined for any 6 € H.

Assumption 3 (Boundedness). There exists R > 0 such that supyc, 7y [|gl| < R almost surely.

Assumption 4 (Definition in 0). |¢z(0)], (0)|| and Tx(V?£(0)) are almost surely bounded.

The assumptions above are usually easy to check in practice. In particular, if the support of p
is bounded, the mappings z + £,(0), V£,(0), Tr(V2£,(0)) are continuous, and ¢ is uniformly
bounded on bounded sets, then they hold. The main regularity assumption we make on our statis-
tical problems follows.

Assumption 5 (Existence of a minimizer). There exists 0* € H such that L(0*) = infgcy; L(0).

While Assumption 3 is standard in the analysis of such models (Caponnetto and De Vito,
2007; Sridharan et al., 2009; Steinwart et al., 2009; Bach, 2014), Assumption 5 imposes that the
model is “well-specified”, that is, for supervised learning situations from Example 1, we have
chosen a rich enough representation ®. It is possible to study the non-realizable case in our setting
by requiring additional technical assumptions (Steinwart et al., 2009), but this is out of scope of
this paper. We can now introduce the main definitions allowing our bias-variance decomposition.

Definition 1 (Hessian, Bias, Degrees of freedom). Ler Ly (0) = L(0) 2, define the expected
Hessian H(0), the regularized Hessian H)(0), the bias Bias) and the degrees of freedom df  as:

H(0) = E [V?(7(0)] . and Hy(0) = H(0) + A, 3)
Biasy = [[H,(6%) /2 VLA (6], )
dfs = E | [H(6%) /29 e2(6")]?) )

Note that the bias and degrees of freedom only depend on the optimum 6* € H and not
on the minimizer 0} of the regularized expected risk. Moreover, the degrees of freedom df
correspond to the usual Fisher information term commonly seen in the asymptotic analysis of
M-estimation (Van der Vaart, 2000; Lehmann and Casella, 2006), and correspond to the usual
quantities introduced in the analysis of least-squares (Caponnetto and De Vito, 2007). Indeed, in
the least-squares case, we recover exactly Biasy = )\HC;UZH*H and dfy = Tr(CCj; '), where C
is the covariance operator C = E [®(z) ® ®(z)] and C) = C + AI.

Our results will rely on the quadratic approximation of the losses around 6*. Borrowing tools
from the analysis of Newton’s method (Nesterov and Nemirovskii, 1994), this will only be possi-
ble in the vicinity of 6*. The proper notion of vicinity is the so-called radius of the Dikin ellipsoid,
which we define as follows:

ry(0) suchthat 1/r\(0) = sup sup [[Hy"%(0)g]. (6)
z€supp(p) g€p(z)



Assumptions ‘ Bias  Variance Optimal A  Optimal Rate

None A =+ n=1/2 n=1/2 Thm. 2 and Cor. 1
An
1 2r+1
Source A2+l + n” 2r+2 n 2r+2 Thm. 3 and Cor. 2
. _ e _ _2rata
Source + Capacity | A1 (= n %atail  p Zatert  Thm. 4 and Cor. 3

Table 1: Summary of convergence rates, without constants except A, for source condition (Asm. 6):
6* € Im(H(6*)"), r € (0,1/2], capacity condition (Asm. 7): dfy = O(A~Y*), a > 1.

Our most refined bounds will depend whether the bias term is small enough compared to ry(6*).
The following informal result summarizes all of our results.

Theorem 1 (General bound, informal). Letn € N, § € (0,1/2], A\ > 0. Under Assumptions 1
to 5, whenever )
R2dfy, log 2
A
then with probability at least 1 — 26, it holds

X dfy log 2
L(03) — L(6*) < Cpias Bias} + Cyar w,

where Cy, Cyias and Cyy are either universal or depend only on R)||0*||.

This mimics a usual bias-variance decomposition, with a bias term Bias3 and a variance term
proportional to dfy/n. In particular in the rest of the paper we quantify the constants and the
rates under various regularity assumptions, and specify the good choices of the regularization
parameter A. In Table 1, we summarize the different assumptions and corresponding rates.

3 Slow convergence rates

Here we bound the quantity of interest without any regularity assumption (e.g., source of capacity
condition) beyond some boundedness assumptions on the learning problem. We consider the
various bounds on the derivatives of the loss /:

Bi(0) = sup [[VEL(O)], Ba(6) = sup Te(V26.(0)), Bi = sup Bi(6), Ba= sup Ba(6).

z€supp(p) z€supp(p) llen<ie= i lel<lie~||
Example 3 (Bounded derivatives). In all the losses considered above, assume the feature rep-
resentation (P(x) for the Huber losses and the square loss, y®(x) for the logistic loss, and
®(z,y) for GLMs) is bounded by R. Then the losses considered above apart from the square
loss are Lipschitz-continuous and By is uniformly bounded by R. For these losses, By is also
uniformly bounded by R?. Using Example 2, one can take R to be equal to a constant times
R (1/2 and 1/3 for the respective Huber losses, 1 for logistic regression and 1/2 for canonical
GLMs). For the square loss (where R = 0 because the third-order derivative is zero), By < R?
and By < R||y||loo + R2||0* ||, where ||y|| o is an almost sure bound on the output y.

Theorem 2 (Basic result). Letn € Nand 0 < X\ < Ba. Let § € (0,1/2]. If

2 B,, 8B RB. . 2
2 p2 2 2 1
n > 512 (||6*||°R* v 1) log 5 " > 247 log 5 " > 256 32 log 5
then with probability at least 1 — 29,
B}, 2
L(6) — L(6*) < 84 A—l log = + 2X[6%%. (7
n

6



This result shown in Appendix C.3 as a consequence of Thm. 6 (see also the proof sketch
in Sec. 6) matches the one obtained with Lipschitz-continuous losses (Sridharan et al., 2009) and
the one for least-squares when only assuming the existence of 8* (Caponnetto and De Vito, 2007).
The following corollary (proved as Thm. 8 in Appendix E) gives the bound optimized in A, with
explicit rates.

Corollary 1 (Basic Rates). Let 0 € (0,1/2]. Under Assumptions 1 to 5, when n > N,\ =
Co+/log(2/6)/n, then with probability at least 1 — 2,

L(é}) — L(6*) < Cy n~ Y2 1og!/? %

with Cy = 16B; max(1, R), Gy :_48§1 max(1, R) max(1, ||6*||?) and with N defined in Eq. (41)
and satisfying N = O(poly(B1,Ba, R||0*||)) where poly denotes a polynomial function of the
inputs.

Both bias and variance terms are of order O(1/+/n) and we recover up to constants terms the

result of Sridharan et al. (2009). In the next section, we will improve both bias and variance terms
to obtain faster rates.

4 Faster Rates with Source Conditions

Here we provide a more refined bound, where we introduce a source condition on §* allowing
to improve the bias term and to achieve learning rates as fast as O(n*Q/ 3). We first define the
localized versions of By, Bo:

BY = B1(6"), B3 = Ba(0"),
and recall the definition of the bias
Biasy = ||H(6%) >V Lx(6")]. ®)

Note that since 6* is the minimizer of L, we have VL(6*) = 0, so that VL, (6*) = VL(6*) +
A\0* = A@*, and Biasy = \||H,(6*)~/26*|. This characterization is always bounded by A||6*]|2,
but allows a finer control of the regularity of 6*, leading to improved rates compared to Sec. 3, as
shown below.

Note that in the least-squares case, we recover exactly the bias of ridge regression Bias) =
)\||C;1/29*||, where C is the covariance operator C = E [®(z) @ ®(x)].

Using self-concordance, we will relate quantities at 6* to quantities at 3 using:

ta= sup sup |(6y —0%)-g|
z€supp(p) gep(z)

The following theorem, proved in Appendix D.4, relates Bias) to the excess risk.

Theorem 3 (Decomposition with refined bias). Lern € N, § € (0,1/2], 0 < A < BS. Whenever

By  8012B3 (B¥R)? 2
n}Aljlog S n 2= Ao 2 logg,
then with probability at least 1 — 26, it holds
N B* 2 )
L(0%) — L(6*) < Coias Bias} + Cyar ( Al) log 5. 9)
n

where ) < e/2, A < 2304 (1/2V R||0%]]), Ao < 2562, Cpias < 6672, Cuyr < 256382,



It turns out that the radius of the Dikin ellipsoid ry(6*) defined in Eq. (6) provides the suf-
ficient control over the constants above: when the bias is of the same order of the radius of the
Dikin ellipsoid, the quantities Cpias, Cyar, 21, Ao become universal constants instead of depending
exponentially on R||0*||, as shown by the lemma below, proved in Lemma 4 in Appendix D.

Lemma 1. When Bias) < ( D then ty < log 2 else ty < 2R||6".

Interestingly, regularity of 6*, like the source condition below, can induce this effect, allowing
a better dependence on A for the bias term.

Assumption 6 (Source condition). There exists r € (0,1/2] and v € H such that 6* = H(6*)"v

In particular we denote by L := |lv||. Assumption 6 is commonly made in least-squares
regression (Caponnetto and De Vito, 2007; Steinwart et al., 2009; Blanchard and Miicke, 2018)
and is equivalent to requiring that, when expressing 6* with respect to the eigenbasis of H(6*),
ie., 0* = ZJEN ajuj, where \;, u; is the eigendecomposition of H(6*), and a; = 6 - u;, then o5
decays as A7. In particular, with this assumption, defining Bj =v-uj,

Biasi = )\22 5 +)\ Z ¥ +>\ < ) Zﬁj A o] 2.

Note moreover that H(6*) < B3C, meaning that the usual sufficient conditions leading to the
source conditions for least-squares also apply here. For example, for logistic regression, if the
log-odds ratio is smooth enough, then it is in 4. So, when H corresponds to a Sobolev space of
smoothness m and the marginal of p on the input space is a density bounded away from 0 and
infinity with bounded support, then the source condition corresponds essentially to requiring 6* to
be (1 4 2r)m-times differentiable (see discussion after Thm. 9 of Steinwart et al., 2009, for more
details).

In conclusion, the effect of additional regularity for 8* as Assumption 6, has two beneficial
effects: (a) on one side it allows to obtain faster rates as shown in the next corollary, (b) as
mentioned before, somewhat surprisingly, it reduces the constants to universal, since it allows
the bias to go to zero faster than the Dikin radius (indeed, the squared radius r3 (6*) is always
larger than \/R2, which is strictly larger than A'*27||v||? if » > 0 and A small enough). This is
why we do not the get exponential constants imposed by Hazan et al. (2014).

Corollary 2 (Rates with source condition). Let § € (0,1/2]. Under Assumptions 1 to 5 and
Assumption 6, whenever n > N and A = (C’O/n)l/(2+2’"), then with probability at least 1 — 20, it
holds

~ _142r 2

L(0Y) — L(0*) < Cp n z log =,

with Coy = 256 (Bf/L)%, C1 = 8 (256)7 ((B})TL1=7)%,y = £

5ror and with N defined in Eq. (48)
and satisfying N = O(poly (B}, B3, L, R,log(1/0))).

The corollary above, derived in Appendix F, is obtained by minimizing in A the r.h.s. side
of Eq. (9) in Thm. 3, and considering that when 6* satisfies the source condition, then Biasy <
AF27L while the variance is still of the form 1/(An). When r is close to 0, the rate 1/y/n is
recovered. When instead the target function is more regular, implying r» = 1/2, a rate of n=2/3 is
achieved. Two considerations are in order: (a) the obtained rate is the same as least-squares and
minimax optimal (Caponnetto and De Vito, 2007; Steinwart et al., 2009; Blanchard and Miicke,
2018), (b) the fact that regularized ERM is adaptive to the regularity of the function up to r =
1/2 is a byproduct of Tikhonov regularization as already shown for the least-squares case by
Gerfo et al. (2008). Using different regularization techniques may remove the limit r = 1/2.



5 Fast Rates with both Source and Capacity Conditions

In this section, we consider improved results with a finer control of the effective dimension df
(often called degrees of freedom), which, together with the source condition allows to achieve
rates as fast as 1/n:

dfy = E |[H(0°)71/2V (672

As mentioned earlier this definition of df y corresponds to the usual asymptotic term in M -estimation.
Moreover, in the case of least-squares, it corresponds to the standard notion of effective dimen-
sion df, = Tr(CC;l) (Caponnetto and De Vito, 2007; Blanchard and Miicke, 2018). Note that
by definition, we always have df) < B%2/\, but we can have in general a much finer control.
For example, for least-squares, dfy = O()Fl/ @) if the eigenvalues of the covariance operator C
decay as \;(C) = O(j~“), for & > 1. Moreover note that since C is trace-class, by Asm. 3, the
eigenvalues form a summable sequence and so C satisfies \;(C) = O(j~¢) with a always larger
than 1.

Example 4 (Generalized linear models). For generalized linear models, an extra assumption

makes the degrees of freedom particularly simple: if the probabilistic model is well-specified,
: : * _ *\ exp(0*-®(z,y))

that is, there exists 0* such that almost surely, p(y|x) = p(y|x,0*) = Ty o0 (0 (a,y AR then

from the usual Bartlett identities (Bartlett, 1953) relating the expected squared derivatives and

Hessians, we have E [V, (6%) @ V{,(0*)] = H(0*), leading to df\ = Tr(H,(6*) " 'H(0*)).

As we have seen in the previous example there are interesting problems for which df, =
Tr(H(6*) + AI)~'H(0*)). Since we have H(6*) < B3C, df) still enjoys a polynomial decay
depending on the eigenvalue decay of C as observed for least-squares. Now we are ready to state
our result in the most general form, proved in Appendix D.4.

Theorem 4 (General bound). Letn € N, § € (0,1/2], 0 < X\ < B5. Whenever

By, 801B3} dfy v (Q)? | 2
w3 0, Z10g BB 5 0, S o 2

with (Q*)? = Bt2/B3, then with probability at least 1 — 20, it holds

~ dfy v (Q*)? 2
L(@;) — L(H*) < Cbias Biasi + Cvar )\7@) log g, (10)
where, Cpias, Cyar, 1 < 414, Ay, A9 < 5184 when Biasy < r\(0%)/2;

otherwise Cuias, Cyar, 01 < 256e5R1071 Ay Ay < 2304(1 + RJ|6*]])2e3RI0°1

As shown in the theorem above, the variance term depends on df  /n, implying that, when df \
has a better dependence in A than 1/, it is possible to achieve faster rates. We quantify this with
the following assumption.

Assumption 7 (Capacity condition). There exists a > 0 and Q > 0 such that df y < QA Ve,

Assumption 7 is standard in the context of least-squares, (Caponnetto and De Vito, 2007) and
in many interesting settings is implied by the eigenvalue decay order of H(6*), or C as discussed
above. In the following corollary we quantify the effect of df  in the learning rates.

Corollary 3. Let 6 € (0,1/2]. Under Assumptions I to 5, Assumption 6 and Assumption 7, when
n > N and \ = (Co/n)*/ (420 then with probability at least 1 — 26,

a(1l42r)

—~ _ 2
L(0X) — L(0*) < Cyn T#20+27 log 5



with Co = 256(Q/L)%, C1 = 8(256)" (Q L'™)?, v = 120220 and N defined in Eg. (48)
and satisfying N = O(poly (B}, B3, L, Q, R,log(1/9))).

The result above is derived in Cor. 4 in Appendix F and is obtained by bounding Bias) with
A2 due to the source condition, and dfy with A~/ due to the capacity condition and then
optimizing the r.h.s. of Eq. (10) in A. Note that (a) the learning rate under the considered assump-
tions is the same as least-squares and minimax optimal (Caponnetto and De Vito, 2007; Lin et al.,
2018; Blanchard and Miicke, 2018), and (b) when «v = 1 the same rate of Cor. 2 is achieved, which

can be as fast as n~2/ 3 otherwise, when v > 1, we achieve a learning rate in the order of 1/n,
for A = n—1/(1+2r)

6 Sketch of the proof

In this section we will use the notation ||v||a := [|A'/?v]|, with v € H and A a bounded positive
semi-definite operator on . Here we prove that the excess risk decomposes using the bias term
Bias) defined in Eq. (8) and a variance term V), where V), is defined as

Vo= VI8 )l 1 og)s with () Zﬁzl +50

which in turn is a random variable that concentrate in high probability to 4/df /n.

Required tools. To proceed with the proof we need two main tools. The first is a result on
the equivalence of norms of the empirical Hessian H,(6) = V2Ly(#) w.rt. the true Hessian
H)(0) = V2L\(0) for A > 0 and § € H. The result is proven in Lemma 6 of Appendix D.3,
using Bernstein inequalities for Hermitian operators (Tropp, 2012), and essentially states that for

2482(0) 1og 8B200) ' then with probability 1 — 6, it holds

0 € (0, 1], whenever n >

I oy <20 Doy I lae <21 sty (an

The second result is about localization properties induced by generalized self-concordance on the
risk. We express the result with respect to a generic probability p (we will use it with u = p
and p = % > oi102,). Let p be a probability distribution with support contained in the support
of p. Denote by L,(6) the risk L,,(0) = E,,[¢.(0)] and by L, »(6) = L,(0) + 30| (then
L, —L)\When,u—p,orLAWhen,u— 1 Yo 05).

Proposition 1. Under Assumptions 2 to 4, the following holds: (a) L, (), VL, (0),H, \(0)

are defined for all 6 € H, A = 0, (b) for all A > 0, there exists a unique 9; \ € H minimizing
L, over H, and (c) for all X > 0 and 6 € H,

H, \(0) < etOHme* NE (12)
Ly () = Lya(0;,0) < ¢(to) |0 — 65 5, 05 (13)
Q(tO)HH - 9*,>\HH‘M(€) X HVL%)\( )HH;}/\(Q)a (14)

(d) Egs. (12) and (13) hold also for \ = 0, provided that 0 I0 exists. Here to := t(6 — 9* y) and
o) = (1 —e")/t, Y(t) = (' —t = 1)/t

The result above is proved in Appendix B.1 and is essentially an extension of results by Bach
(2010) applied to L, » under Assumptions 2 to 4.
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Sketch of the proof. Now we are ready to decompose the excess risk using our bias and variance
terms. In particular we will sketch the decomposition without studying the terms that lead to
constants terms. For the complete proof of the decomposition see Thm. 7 in Appendix D.1. Since
0* exists by Assumption 5, using Eq. (13), applied with . = p and A = 0, we have L(0)— L(6*) <
»(t(0 — 6%))||6 — Q*H%{(e*) for any 6§ € H. By setting § = §j\, we obtain

L(B}) — L(O*) < »(t(0% — 0))]18% — 0* 1[50+ -

The term w(t(@\; — 0*)) will become a constant. For the sake of simplicity, in this sketch of
proof we will not deal with it nor with other terms of the form t(-) leading to constants. On the
other hand, the term [|0} — H*H%{(e*) will yield our bias and variance terms. Using the fact that

H(6*) < H(6*) + A\ =: H)(6*), by adding and subtracting 0%, we have

10X — 0% [[r(o+) < 110X — 0% ||, (00) < 10X — 0% ||, 0%) + 110X — OX 11, 6%,

SO
L(B3) = L(6*) < const. x ([|63 = 0"[IF, gy + 103 — O3, 0))”.

By applying Eq. (12) with u = p and 0 = 6*, we have H, (6*) < e""H, (%) and so we further
bound [0} — 05]|m, (9+) With €/2[|6% — 05|, (o1 obtaining

L(B}) — L(0*) < const. x (6% — 0%[lex, (o) + €™/*[10% — O3llr, (05))*-

The term ||} — 6|1, (9») Will lead to the bias terms, while the term \|§; — 0% |[m, (ox) will lead to
the variance term.

Bounding the bias terms. Recall the definition of bias Bias) = ||[VL A(H*)“HXI(G*) and of the
constant ty := t(6* —6}). We bound ||0* — 0% |1, (9+) by applying Eq. (14) with 4 = p and 6 = 0*

107 = OXllea o) < /o) IVIAO ) 1) = 1/0(ta) Biasy.
Bounding the variance terms. To bound the term Hé\}*\ — 0%|[m, (6)> e assume n large enough
to apply Eq. (11) in high probability. Thus, we obtain
185 — 63y 05) < 215 — 031z o1
Applying Eq. (14) with p = % >0, and 0 = /0\3*\ since L, \ = Z)\ for the given choice of (,
105~ Bl o) < IVEAOD g o) / S5 — 55)),
and applying Eq. (11) in high probability again, we obtain
T (p* T (p*
HVLA(H)\)HI/—\IXI(@;) < 2||VL)\(9)\)HH>\_1(€§)'

Bias-variance decomposition. A technical part of the proof relates HVE)\(QK)HH/\—I(GK) with

VL (6*) e, ~1(6+) =t V. by many applications of Prop. 1. Here we assume it is done, obtaining

~

L(A%) — L(6*) < const. x (Bias3 + V}2).

11



From V) to \/dfy/n. By construction, VZA(Hf\) = 150 | G, with ¢ := VL, (6%) + 63,
Moreover since the z;’s are i.i.d. samples from p, E[(;] = VL, (63). Finally since 63 is the

minimizer of Ly, VL,(#}) = 0. Thus Vf,\(ej\) is the average of n i.i.d. zero-mean random
vectors, and so the variance of V), is exactly

1 ~1/2g» . df
E V2] = —B | IH; 2(07)9e2(07)2] = <2,

Finally, by using Bernstein inequality for random vectors (e.g. Thm. 3.3.4 Yurinsky, 1995), we
bound V), roughly with /df log(2/§)/n in high probability.

7 Conclusion

In this paper we have presented non-asymptotic bounds with faster rates than O(1/+/n), for regu-
larized empirical risk minimization with self-concordant losses such as the logistic loss. It would
be interesting to extend our work to algorithms used to minimize the empirical risk, in particular
stochastic gradient descent or Newton’s method.
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Organization of the Appendix

A Setting, definitions, assumptions
B Preliminary results on self concordant losses

B.1 Basic results on self-concordance (proof of Proposition 1)

B.2 Localization properties for ty (proof of Lemma 1)
C Main result, simplified

C.1 Analytic decomposition of the risk
C.2 Concentration lemmas

C.3 Final result (proof of Thm. 2)
D Main result, refined analysis

D.1 Analytic decomposition of the risk
D.2 Analytic decomposition of terms related to the variance
D.3 Concentration lemmas

D.4 Final result (proof of Thms. 3 and 4)
E Explicit bounds for the simplified case (proof of Cor. 1)
F Explicit bounds for the refined case (proof of Cors. 2 and 3)
G Additional lemmas

G.1 Self-concordance and sufficient conditions to define L

G.2 Bernstein inequalities for operators

A Setting, definitions, assumptions

Let Z be a Polish space and Z a random variable on Z whith law p. Let H be a separable (non-
necessarily finite) Hilbert space and let £ : Z x H — R be a loss function; we denote by £, (-) the
function £(z, -). Our goal is to solve

inf L(9), with L(6) = E[(z(0)].

Given (z;)!"_; we will consider the following estimator

. ~ ~ 1« A
0y = argmin Ly(0), with Ly(0):= —Zﬁzi(ﬁ)—l——HHHQ.
0eH n-= 2
The goal of this work is to give upper bounds in high probability to the so called excess risk

L(6%) — inf L(0).

In the rest of this introduction we will introduce the basic assumptions required to make 5}\
and the excess risk well defined, and we will introduce basic objects that are needed for the proofs.
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First we introduce some notation we will use in the rest of the appendix: let A > 0, 0 € H
and A be a bounded positive semidefinite Hermitian operator on 7, we denote by I, the identity
operator and

Iflla = A2, (15)

Ay = A+ ), (16)
A

(0) = £:(0) + 5101, (17)
A

La(0) == L(0) + S [10]*. (18)

Now we recall the assumptions we require on the loss function ¢, p, (z;)1<i<n-
Assumption 1 (i.i.d. data). The samples (z;)1<i<n are independently and identically distributed

according to p.

Assumption 8 (Generalized self-concordance). The mapping z — (,(0) is measurable for all
0 € H and for any z € Z, the function €, is convex and three times differentiable. Moreover, there
exists a set p(z) C H such that it holds:

V0 € H, Vh,k € H,

VAL (O)lk. b, h)| < sup [k- g V2O, .
9€p(2)

Assumption 3 (Boundedness). There exists R > 0 such that supgc, 2y ||9]| < R almost surely.

Assumption 4 (Definition in 0). |¢z(0)], ||[V£z(0)|| and Tr(V?£7(0)) are almost surely bounded.

Introduce the following definitions.

Definition 2. Let \ > 0, 0 € H. We introduce

Bi(0) = sup |[VL(O)|, Bo() = sup Tr(V2(.(0)). (19)
z€supp(p) z€supp(p)

H(0) = E [V?(5(0)] H,\(0) = H(0) + AL (20)

0y = argmin L) (0). 2D

0cH

Proposition 2. Under Assumptions 3, 4 and 8, B1(0),B2(0), L(0), VL(0), H(0), 05 exist for any
0 € H,\ > 0. Moreover VL = E[V{z(0)], H(0) = V2L(0) and H(0) is trace class.

Proof.We start by proving, using the assumptions, that By, By and 6 +— sup_cqupp(,) [€2(0)]
are all locally bounded (see Lemmas 11 to 13). This allows us to show that ¢,(6), V£,(6) and
Tr(V2¢,(0)) are uniformly integrable on any ball of finite radius. The fact that 6% exists is due to
the strong convexity of the function L.

Proposition 3. Under Assumptions 1, 4 and 8, when A > (), 5;\ exists and is unique.

Proof.By Assumption 1 we know that 2y, ..., z, are in the support of p. Thus, by Assump-
tion 4, 2 3> | £, is finite valued in 0. Since 2> 7, ¢, is convex three times differentiable

as a sum of such functions, it is real-valued on # and hence L » is real-valued on H; by strong
convexity, 0} exists and is unique.
Recall that we also make the following regularity assumption.

Assumption 5 (Existence of a minimizer). There exists 0* € H such that L(0*) = infpcy L(0).
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Finally we conclude with the following definitions that will be used later.

Definition 3. For 6 € H, denote by t(0) the function

t(0) = sup (sup \9-9\>7
z€supp(p) \g€p(2)

and define
Biasy = VLA (0", (0+) (22)
Van, = [ B2 (65 H, 0012 1V IAG) a0 05 (23)
dfy = E |[[VEz(6") 3, 9*)] (24)
ty = t(0* —6}), (25)
ra(0) suchthat 1/ry(0) = sup ( sup ||9HHA—1(9)> . (26)
zesupp(p) \ g€p(2)

B Preliminary results on self concordant losses

In this section, we show how our definition/assumption of self concordance (see Assumption 8)
enables a fine control on the excess risk. In particular, we clearly relate the difference in function
values to the quadratic approximation at the optimum as well as the renormalized gradient. We
start by presenting a general bounds in Appendix B.1 before applying them to the problem of
localizing the optimum Appendix B.2.

B.1 Basic results on self-concordance

In this section, as in the rest of the appendix, we are under the conditions of Assumption 8. In this
section only, we give ourselves a probability measure p on Z. We will apply the results of this
section to i = p, p, 0., where p = % > iy 0., and z is sampled from p.

First of all, let us introduce the following notation. For any probability measure x4 on Z and
any 0 € H, define

o R = 5uDcqupoi) (SWDgepe 1),

i tu(a) = SUPzcsupp(p) <Sup96§0(z) ‘9 ’ g‘) .

In order to be able to define L,(6) = E,[¢.(#)] and to derive under the expectation, we
assume that Assumptions 3 and 4 are satisfied for p (replace p by p in the assumption).

Since p and ¢ satisfy Assumptions 3, 4 and 8, Proposition 8 ensures that we can define
L,(0) = E,[¢.(0)] and L, A(0) = L,(0) + 5|0]/% as well as their respective Hessians H,,(6)
and HH, )\(9)

The following result is greatly inspired from results in (Bach, 2010) on generalized self con-
cordant losses, and their refinement in (Ostrovskii and Bach, 2018). However, while Egs. (27),
(29) and (30) appear more or less explicitly, Eq. (28) provides an easier way to deal with certain
bounds afterwards and was not used in this form before.

Proposition 4 (using the self-concordance of ¢). Let 0,01 € H and \ > 0. Assume that ({.),
and p satisfy Assumptions 3, 4 and 8. We have the following inequalities:
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e Bounds on Hessians
H,, \(01) = exp (t*(61 — 6o)) H, 2 (00)- (27)
e Bounds on gradients (if A > 0)
¢ (t"(01 = 00)) 1101 = bollex,, r00) < IV LuAOL) = VLuaO0)llers 0y, 28)
IVLua(01) — VLM)\(QO)HH;}/\(@O) < ¢ (t(01— 60)) 161 — Ooller, \00)s (29
where (t) = (e — 1)/t and $(t) = (1 — e~ ") /t.
o Bounds on function values
Lya(1) = Ly (B0) = VL (60) (61 — 6o) < ¢ (¥(61 — 60)) (161 — bollFy, , 6,):  (30)
where ¥(t) = (et —t — 1) /t%

Proof.First of all, note that for any i and A, given # € H and k, h € H,

V3L, 7 (0) [, b, K| = |Eavy [v?’@(a)[h, k, k]} ‘
< Eay [|V20(0) (R, K, K]|]

< Ezwu

sup |h- gl V0. (0)[k, k]]
g€p(2)

< tH(h) oy [V2L(0)[K, K]] = t(h) V2L, (0)[k, k).
This yields the following fundamental inequality :
V3L (O)[h, k, ]| < t#(h) V2L, A(0)[k, K]. (31)
We now define, for any t € R, 0, := 0y + t(01 — 6p).
Point 1. For the first inequality, let h € H be a fixed vector, and consider the function ¢ : t €
R — V2L, \(0;)[h, h]. Since ¢'(t) = V3L, \(6:)[61 — 60, h, k], using Eq. (31), we get that

' (t) < t#(61 — 6p) p(t). Using Lemma 10, we directly find that ¢(1) < exp(t*(61 — 6p))p(0),
which, rewriting the definition of ¢, yields

V2L, 7 (01)[h, h] < exp(t*(61 — 00))V>Ly, 2(00) [, h).
This being true for any direction h, we have (27).

Point 2. To prove Eq. (28), let us look at the quantity (61 — 6p) - (VLy 2 (61) — VL, A (60)).
Since VL, 7 (61) — VLuA(60) = [} V2L, 2(6:) (81 — fo)dt, we have

(61— 00) - (VLux(61) — VL, A(00)) = /0 1 V2L, (0:)[01 — 60,61 — Bo)dt.
Applying Eq. (27) to 8y and 6; and the reverse, we find that
vt € [0,1], e ™ OT0IT2L ((69) < V2L, 5 (62).
Hence, integrating the previous equation, we have
(61— 60) - (VLuA(01) = VL x(6)) = ¢ (t(61 — 60)) (161 — bollFs,,, a,)-
Finally, bounding (61 — 6o) - (VL A(61) — VLA (00)) by |61 — Oollm,, ,60) IVLua(01) —
VLM)\(HO)HH;}A (0) and simplifying by [|61 — bolle,, , (6,). We obtain Eq. (28).
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Point 3. To prove Eq. (29), first write
VLA (81) = VLua(00) -1 o, —H/I{”%Mwamm—%mm
| / H 2 (00)H 0 (00 H, 2 (80) HY2(60)(61 — )|

—1/2 —1/2
< ([ 1, = ma @m0l at) 11~ ol
Then apply Eq. (27) to have
Vvt € [0,1], Hy\(0,) < ™ @0, \(8)).
This implies
vt € 0,1, H, Y2 (60)H,, A (B H /20, A(B) < V'O T
And hence in particular
vt e0,1], |H, 1/2(HO)HMA(Ht)H;}A/z(aO)|| < ot (6100

Finally, integrating this, we get

1
/OHH V200 B, (008, 2 (00)[| dt < G (261 — 09)) -

Thus Eq. (29) is proved.

Point 4. To prove Eq. (30), define Vt € R, o(t) = L, A(0¢) — Ly9(60) —t VL, A(00)(01 — 6p)
We have ¢”(t) = [|61 — QOHHM o) S € (01 %) ""(0). Then using the fact that ©(0), ¢’ (0) = 0
and integrating this inequality two times, we get the result.

Proof.of Proposition 1. First note that since the support of y is included in the support of p,
Assumption 3 and Assumption 4 also hold for x. Hence, since Assumptions 2 to 4 are satisfied,
by Proposition 8, L, x, VL, \ and VQL% » are well-defined.

Assuming the existence of a minimizer 9;7 ) of L, », the reported equations are the same than
those of Proposition 4 when taking 61 = ¢ and 6y = 6, ,, with the fact that t*(v) < t(v) for any
v € H since the support of y is a subset of the support of p, and VL, A(@; ) = 0. Note that since
L, is defined on H, if A > 0, then 9;7 » always exists and is unique by strong convexity.

B.2 Localization properties for t)

The aim of this section is to localize the optima ¢ and /0\3*\ using the re-normalized gradient. This
type of result is inspired by Proposition 2 of (Bach, 2010) or Proposition 3.5 of (Ostrovskii and Bach,
2018). However, their proof is based on a slightly different result, namely Eq. (28), and its for-
mulation is slightly different. Indeed, while the two propositions mentioned above concentrate on
performing a quadratic approximation directly, we bound the term that could have been too large
in that quadratic approximation.

Proposition 5 (localisation). Let 8 € H, then the following holds

rx(0
IVEA@) g1y < 2 (O 07) =ty <log2, (32)
~ ~ (0 o~
IV EA0) -0 1B OB @) < 22— 0 - 7 < tog2 33)
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Proof.To prove Eq. (32), we first write

WO—0) = swp s [(0—03) gl < 10—l s sup ol
z€supp(p) g€ (2) z€supp(p) g (2) A

Now we use Eq. (14) to bound [|) — 03 ||g1, (9)» and putting things together, we get
HVLA(H)HH;l(e) .
rA(0)

Using the fact that t¢(t) = 1 — e~" is an increasing function, we see that if ¢t¢(t) < 1/2, then
t < log 2 hence the result.

t(0 — 03)¢ (t(6 — 03)) <

To prove Eq. (33), we use the same reasoning. First, we bound

t(ﬂ—é\}t) = sup sup
z€supp(p) g€p(z)

(0= 83) - 9| <110-83 1, o) I, POHN2@O)) sup  sup gl -

%
H, (0 z€supp(p) gEp(2)

Now using Eq. (14) to the function L 2, We get
1
n(0)

Now using the fact that t”(f — 5}\) < t(0 — §§\) and that ¢ is a decreasing function, and that
IVEA®) g0y < IHL 2 OBA2(0)| VIO, 19 this yields

t(0 = 830 (0 - 83)) < IVIAO) g1 ) IFL, 2 (O)HL2(0))

Hﬁ;1(0
1
I’)\(H).

t(0 = 8306 (10 = 83)) < IVIAD) I, o) I1FL /2 (0)HL2(0) 2

We conclude using the same argument as before.

C Main result, simplified

In this section, we perform a simplified analysis in the case where we assume nothing on Bias)
more than just the fact that 0* exists. In this section we assume that £, and p satisfy Assumptions 3
to 5 and 8.

Definition 4 (Definition of By, By and dfy). Under assumptions Assumptions 3 to 5 and 8, the
following quantities are well-defined and real-valued.

Bi= sup Bi(f) Bo= sup Bo(f), dfy=E sz(a;)ufh,l(g*)] .
lloln<ie=|i leli<lie~|| A
Proposition 6. The quantities in Definition 4 are finite and moreover

=2
—_ B
df, < =L.
ASTN

Proof.These are well defined thanks to Lemmas 11 and 12.

Definition 5 (Constants). In this section, we will use the following constants.

1+ ¢(log 2) < 1 >
Kw=—"0°2 <4 A=2v/2(1+—) <4,
$(log 2)? 23

KVHI

Cbias =1+ < 27 Cvar - 2[(varAQ < 84.
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C.1 Analytic results

Theorem 5 (Analytic decomposition). For any A > 0 and n € N, if %Va\r,\ < %

L(B3) — L(6") < Kvar Vary + A[6°]]%, (34)
where Ky, is defined in Definition 5.
Proof.

First decompose the excess risk of §§\ in the following way:

L)~ L0*) = La@) — La05) + L) — L) + 5 (16517~ 183)°7)

variance bias

mixed

1) Variance term: For the variance term, use Eq. (13)

L(B3) = Ia(63) < o (2085 — 82)) 185 — 03113, g

2) Bias term: For the bias term, note that since || 65| < |6,
L(OY) — L(6%) = La(65) — La(6%) + 2161 — 216317 < 2[6°)°
(63) = L(6%) = LA(03) — La(97) + S 1167 || AlF < H 1.

3) Mixed term: For the mixed term, since [|6 [|m, (o5)-1 < [[HA(63)™ 2105 < A=Y2)10%5] <

A~1/216%||, we have
(-5) ()

A * D
= (lex® — 183117 =
< S103 = Blliwsog) (195 — O3 ey o301 + 20103 ey o) )

>/l\3|>/

| =

6% = 63131, o3) + VIO 1165 — 631k, o5
* D * |2
< [0x - HAHHA(@;) + 5”9 I°

where we get the last inequality by using ab < “7 + %
4) Putting things together

LB3) = L0%) < (1+ 0 (2005 = 8)) ) 1103 = B3, o5 + AIO* 1%
By using Eq. (14) we have

*  nx NEFT—1/2/p* *  Dx
165 — 03 llex, o) < IHA'2(03)H, o)1 1163 = 0xla, o)
1

- 1LY 2(05)H, 205 1IVLA65)
o (w(05 - 63)

X

la 0y

Note that by multiplying and dividing for H'/? (6%),
T * 7 1/2  pxi\o T * y—1/2 /g% — * N\ T *
IVIAOD) 1 0g) = B 2O VIAB)]] = [ (0L (03)HL (65 VIAG3)|

< [H, 205, 2(03) 11 HL V2 (05) VLAY
5—1/2 - =
= [[H 2 O0H 2O VIO 11,1 05
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Then,

165 = B3l (05) < —————— IENY2 008, 2032 VLA N, o)
o (t(05 - 83)
_ 1
o (t(65 - 83)

Now we know that using Eq. (33), if v;)\ < rA(gﬁ), then t(0} — §§\) < log 2, which yields the
following bound:

Var>\.

1+ (log2)) o~

V * (12
5(log 2)2 -+ A0

L(B) - L") <

. 1 R
Finally, we can bound NG < 31/2

C.2 Probabilistic results
Lemma 2 (bounding ||VE)\(9f\)HHA(9* ). Letn € N, A > 0and 6 € (0,1]. Fork > 1, if

B 2 2
47210g5 n > k?2log = 5

then with probability at least 1 — 6,

JE— _2 J—
- dfy v (B1/B2) log2 2
B 63) 2 L6 <A/2\/ N

where /\ is defined in Definition 5.

Proof.1) First use Bernstein inequality for random vectors (e.g. Thm. 3.3.4 of Yurinsky, 1995):
for any n € Nand § € (0, 1], with probability at least 1 — 9, we have

-~ 2M log 2 2]og 2
I (63) 2V EAB)] < 85 4 g \/1
n n

1/2
where M = SuD.caupp(s) | VE2(03) 51, -1(55) and o = E [[ V)3 10 ]
2) Using the fact that V£2(05) = V£,(0%) + A5, we bound M as follows:

* * B *
M= suwp [[VEO)mep < sup [VEO) ], 05+, - 05 < —=+VAI6]

zesupp(p) z€supp(p) \/_
where in the last inequality, we use the fact that ||§} ‘|H>\—1(9* HH | < \% ||6*]. Similarly,
we bound o

* 1/2 * 1 2 *
E[IVE O -] + MOl ag) < I+ VIO

3) Injecting these bounds in the concentration inequality,

J— _2 — R
B ~ 2B, log 2 2(B7/B2) log 2 2dfy log 2
H 9* 1/2 i’ 9* g 5\/ 5 4
[ HL\(63) VLAY n i + "
21og 2 21og 2
+ V|6 &5 + 1/ 85 )
n n
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— o
llog(s /2By log2 [2(B/B2) 1
n

2
Van n %235 for the first term. Reordering

where we have decomposed
the terms, this yields

— = 52 & 2
B N 2B, log 2 2dfy v (B7/B2) log 3
[HL(65) 2V < | 14 =522 (B./5.)

An n
2log 2 2log 2
+ V67| Y et ¥
n n
4) Now assuming that
> 24—=1 > k“2log —

this yields

- _2 N
PN 1 2dfy v (B{/Bz) log2 2
H,(0%) 12V 09 < (1 \/ ! o+ ZV\67.
| HA(63) AGD) ] +2\/g - +k\fll I

Combining the two previous lemmas, we get:

Lemma 3 (Bounding Var,). Letn € Nand 0 < A < Bo. Let § € (0,1]. Iffork > 1

B B
> 2452 154 352

2
> 2k%log =
)\lg)\(;, n > 2k log6,

then with probability at least 1 — 29,

—_ _2_
_ dfy v (B7/By) log2 4
Var,\éﬁ\/ )V (Bi/Bo) log 5 +E\/XHH*H7
n

where /\ is a constant defined in Definition 5.

Proof.Recall that Var, = |[H,"2(6%)H; /%67 ||VLA(9*)HH (o7 Using Lemma 6,

under the conditions of this lemma, we have || HL,'/2(0%)H H !/ (6%)]]* < 2. Combining this with
the bound for ||VL)\(9*)||H_1(9*

A A
comes from the fact that we perform a union bound).

) obtained in Lemma 2, we get the result (the probability 1 — 29

C.3 Final result
Theorem 6 (General bound, simplified setting). Let n € Nand 0 < A < Ba. Let 6 € (0,1]. If

- _2 N
2 882 df)\\/(B /BQ) 2
> 512 (||6* 2R?2v 1) log = 24—1 > 16A2R2—1 log —
n ([16]] )log=, n Y log ==, 3 og %,

then with probability at least 1 — 29,

JR— _2 J—
~ df, v (B7/B 2
L(Q;) _ L(@*) < Coar % 10g S 4 Cbias)\HH*HQ,

where /\, Cpias, Cyar are defined in Definition 5.
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Proof.1) Recall the analytical decomposition in Thm. 5. For any A > 0 and n € N, if
R/ 1
ﬁvark < 9
~ —2
L(63) — L(0%) < Kuar Var, + A||6%],

where K, is defined in Definition 5.
2) Now apply Lemma 3 for a given & > 1. If
B 8B 2
n= 2472 log )\—62’ n > 2k%log 5
then with probability at least 1 — 20,

- _2_
. df, v (B;/By) log2 4
VamgA\/ . (172 d =2 VAl

where A is a constant defined in Definition 5.
In order to satisfy the condition to have the analytical decomposition, namely %Var 2 < % it
is therefore sufficient to have

J— _2 J—
dfy v (B]/Bs) log2 1 4 1
AR 0 L =, —R||6*| < -.
\/ An 4 k 1971 4
3) Thus, if we choose k = 16(R||#*]| VV 1), we have both k£ > 1 and the second condition in the
previous equation. Moreover, the condition n > 2k? log 2 becomes n > 512(R?|6*||? v 1) log 2.

Hence, under the conditions of this theorem, we can apply the analytical decomposition :

—_— _2 -
’\ o2 df, Vv (B;/Bs) log 2 39
L) — L) < Ko Var, + A0 < 2K ges? T2V 12 2) log5 | (1 n Kﬁ> AR

—2
In the last inequality, we have used (a + b)? < 2a® + 2b? to separate the terms coming from Var, .

Finally, using the fact that £ > 16 and hence that i—g < é, we get the constants in the theorem.
=2 _ _ _ =2

Proof.of Thm. 2 Since VA > 0, dfy < %, and since A < Bo, dfy V B?/Bg < %. From

Definition 5, we get that A < 4, Cpias < 2, Cyar < 84. Thus, we can use these bounds in Thm. 6

to obtain the result.

D Main result, refined analysis

In subsection Appendix D.1 we split the excess risk in terms of bias and variance, that will be
controlled in Appendix D.3, the final result is Thm. 4 in Appendix D.4, while in Appendix F a
version with explicit dependence in A, n is reported.

Constants First, we introduce three constants that will be crucial for the final bound.

Definition 6.
BT = B1(0"), B3 =Ba(0"), Q" =Bj/\/Bs.

In the following sections, we also will use the following functions of t, and t, which we will
treat as constants (see Proposition 7).
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Definition 7.

p(ta +log2) P(ty + log2)etr

K jas (T =2 < 2 3t Kvar t =2 < 2t
b ( /\) Q(t)\)Q e, ( /\) Q(log 2)2 8e",
Oi(ty) = etk/Q, Oa(ty) = et /2 (1 + et*) < 230 /2
et 641 (ty + log 2)e?tr
Chias = ¥(ty + log?2 < 6e%tr Cyar = < 2563
o =0 1082 (G5 i) 0 G PGS e
Ay = 57600303(1/2 Vty)? < 2304e™™ (ty Vv 1/2)%, Ng = 256007 < 2567,

Note that theses functions are all increasing in ty and ty, and are lower bounded by strictly
positive constants.

For the second bounds, we use the fact that ¢(¢) < e—; and 1/¢(t) < e’ to bound all the quan-
tities using only exponentials of t.

A priori, these constants will depend on A\. However, we can always bound t) and t, in the
following way.

Lemma 4. Recall the definitions of ty := t(05 — 0*) and t) = r?i(agsﬁ). We have the following
cases.

. If?)\ thentA log 2,
o clse, Ty < R||6%] and ty < 2R|6%].

Proof.The first point is a direct application of Eq. (32). One can obtain the second by noting
that t(0} — 6*) < R||#% — 6*||. Since ||0%] < [|0*], . For the bound on
), since Biasy < v/\||#*| and Tle*) < %, we have the wanted bound.

Hence, we can always bound the constants in Definition 7 by constants independant of ).

Proposition 7. Ift) < 1/2, then t) < log?2 and

Kpias(ta) < 4, Ko (ty) <7, Oy (ty) <2, Oa(ty) <5
At ta) < 5184, Na(ty) < 1024, Chias < 6, Cyar < 414
Else,
Kias (t2) < 2571071 Ry (8)) < 8171 O (ty) < eRIOl
Oa(ty) < 2381710 A (6, T2) < 2304(R||6%])2eSBI° 1 Ag(ty) < 256641011
Coias < 6 FI0711 Coar < 256571071

Proof.For the first bound, we use the fact that t) < log2 and plug that in the expressions
above as these functions are increasing in ty. We compute them numerically from the definition.

For the second set of bounds, we simply inject the bounds for ty and ty in the second bounds
of Definition 7.
D.1 Analytic decomposition of the risk

In this section, we make use of self-concordance to control certain quantities required to control
the variance, with respect to our main quantities Biasy, ry and df . The excess risk has been al-
ready decomposed in Sec. 6.
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Theorem 7 (Analytic decompositign\). Let A > 0 and Kyips and Ky be the increasing functions
of t described in Eq. (37). When Vary < r\(6%)/2, then

LO) — L(0") < Kpas(ty) Bias? + Kya(ty) Vars. (35)

Moreover Kpis(ty), Kvar(ty) < 7 if Biasy < %r)\(ﬁ*), otherwise Kpias(ty), Kyar (ty) < 801071 B
(see Proposition 7 in Appendix D for more precise bounds).

Proof.Since §* exists by Assumption 5, using Eq. (13), applied with n = p and A = 0, we
have L(0) — L(0*) < ¢ (t(0 — 6%))||0 — H*H%—I(G*)’ for any 6 € H. By setting § = 6%, we obtain
L(63) — L(0%) < $(t(03 — 0))1165 — 0" [IFz(--
Using the fact that H(6*) < H(6*) + A\ =: H)(6*), by adding and subtracting 6%, we have
10X — 0%[[ro+) < 110X — 0% ||, (0%) < 10X — 0% ||, 00) + 110X — OX 11, 6%,

and analogously since t(+) is a (semi)norm, t(é}\ —0") <t\+ t(é}\ —6%), s0

L(6%) — L(6%) < (ts +t(05 — 6%)) (1% — 6"l o) + 165 — 0%l (0+))*-

By applying Eq. (12) with = p and 6 = 6*, we have H,(6*) < e"*H, (%) and so
LB3) — L(6%) < (ta +t(8} — 0%)) (105 — 0*[lsx,00) + €2/?I16% — O3 ler,0p))°- (36)

The terms ty and [|0} — 6|y, (4+) are related to the bias terms, while the terms t(@; — 6%) and

165 — 05|l A(03) are related to the variance term.

Bounding the bias terms. Recall the definition of the bias Biasy = ||[VL )\(9*)||H_1(9*). We
A

bound ty = t(6} — ¢*), by Lemma 1 and the term [[0* — 0% ||g, () by applying Eq. (14) with

u=pandfd = 0*

107 = OXllea o) < /o) IVIAO ) 19y = 1/0(ta) Biasy.

Bounding the variance terms. First we bound the term ||} — 6%/ g1, o5 = [HA63)Y 2(6% —

—-1/2

6%)|, by multiplying and dividing for H A(03) /%, we have

(63)/2H\(63)~Y2HA(05) 265 - 63

185 — 05 le1, (02) = IHLA(0
(03)!/2HLA (0%) /2 16} —

[|H
[[HL

/N

* o~
AHHA(eﬁ)'

Applying Eq. (14) with p = % S0, and = §§, since L, ) = L » for the given choice of p,
we have R R R
165~ Bl o) < 19N o1 0r) / 165~ B)

and since HVEA(QX) HI’_\I—l(G*) = ||IjI;1/2(9§\)VE)\(9§\) ||, by multiplying and dividing by H (67%),
A A
we have:

[H 2 (03) VLA = [1H 2 (05)HA05) /2 HA(05) "2V LA 63|
=—1/2 =
< |2 00 HA03) VAN ety -1 05
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Then

1 * — * T * @
—— =Y (0)HA 2017 IV LA95) A

16% — B3I, 1) < ————— =1 ey = 2.
N e) B0 T g(e(05 - 0%)

To conclude this part of the proof we need to bound t(é\i — 67). Since we require Var, NGNS
1/2, by Proposition 5 we have t(6} — 6%) < log 2.

Gathering the terms. By gathering the results of the previous paragraphs
LB) - L") < wlta+log2) (1/0(ty) Biasy + %/2/¢(log2) Vary )*
Using the fact that (a + b)? < 2a? + 2b%, we have the desired result, with

Kiias(tA) = 20(tx +10g2)/9(tx)?, Kyar(tr) = 20(tr +log 2)e™ /p(log2)®.  (37)

which are bounded in Definition 7 and Proposition 7 of Appendix D.

D.2 Analytic bounds for terms related to the variance

In this lemma, we aim to control the essential supremum and the variance of the random vector
H, /2 (0%)V£2(0%) relating it to quantities at *. The results will be used to control the variance
via Bernstein concentration inequalities, so we are going to control its essential supremum and its
variance.

Lemma 5 (Control of H,(6%)~Y/2V£2(6%)). Forany 0 < X\ < B3, we have

1. A bound on the essential supremum:

B* Bx
sup ||v£z(9*)” —1(g* < Dl —L + 2D2 —QBias,\.
z€supp(p) ML) VA A

2. A bound on the variance
A/a*x\ |12 1/2 Bg .
E |||ve) (HA)HHA_W;)] < 01 Vdfy + V20, || 2Bias),

where [y, 0y are increasing functions of ty : 01 (ty) = eB/2 Oy(ty) = /2 (1 4 eb).

Proof.Start by noting that if A < B3, then sup,cqupp(y) [HAT2(0%) V22 (0) V2|2 < 1+

Bs 1/2
9

= < 2875. Moreover, note that for any vector h € #, multiplying and dividing by V2, (6*)

1Rl 1 (o) = [TATY2(0%) Rl = [[HATV2(0%) V20.(6%) 12 V2.(6%) 2 |
< HLTVR(07) V2L07) 2] VPe(6%) 7Y

2B3
< S22 n)

283
=\ Ihllv2e. -1

where the last bound is mentioned at the beginning of the proof. Similarly, we can show

2B3 2B3
Pllv2eao) < /2 Mhlleaos Ihllay -1y </ SEMRlIv20 0 - 38)
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Essential supremum. Let z € supp(p). First note that using Eq. (27), we have
IVE2(03) 11, -1 03) < €IV O e, -1 0
Now bound
IV e, 0y < IVE2OR) = VE(O) 51,1 o) + V20 111, -1 (0

Since V£ (0*) = V£,(0*) + \0*, the last term is bounded by

. Bl
Biasy + sup [[VL(0")|lgg,-1(p+) < Biasy + —L

z€supp(p) VA

For the first term, start by using Eq. (38).

2B}
)

IVE2(05) = VEE) e, -1 < IVE2(85) — VE(0) w206y

Using Eq. (29) on E;\, we find
IVE2(85) = VE(6") g2 (601 < D(t2) 1163 = 0"l 52039)-
Applying once again Eq. (38), we bound

2B3
2 1165~ 6" gy 0

103 — 0" lv20r (9+) <

Finally, using Eq. (28) on L), we get

1
0y — 0" ) < ——Bias,.
H A HHA(G ) Q(t)\) 1asy
Hence, putting things together, we get
2B3 ¢(t 2B3
IVE2(65) = V(") Iz, 1o < TQzEti; Bias) = )\2 e Biasy,.

We the combine all our different computation to get the bound.
Variance. We start by using Eq. (27) to show that

E[Hv@(e;)\@h_l(@;)} <etV2E[HW?(HK)H%IA—W*J :

Then we use the triangle inequality

* 1/2 N . 1/2 . 1/2
E (IVEEDI2, 1] <E[IVE0) - VRO, 1] +E IV 10,

We can easily bound the last term on the right hand side by Biasy + dfy. For the first term, we
proceed as in the previous case to obtain

2B% —
Yz € supp(p), |[VE2(63) — VL (0%) g, -1 (o) < AQ (EV0X — 0" [[v202(6%)-
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Now taking the expectancy of this inequality squared,

* * 1/2 QB*_ * *
E[IVE03) = VRO, 1] <\ SEOE 165 = 0" 10s
2B — . .
= )\2¢(tA)H@,\ — 0% |11, 6%)>
where the last equality comes from E [V2¢}(6*)] = H,(6*). Now applying Eq. (28) to Ly, we
obtain

1/2

1.
HH; — H*HHA(G*) < ——Bias,.

B(tr)

Regrouping all these bounds, we obtain

1/2 12B%
v A p* \V/ A p*\ |2 t 2 R
E [H 4 (9)\) YA )‘|H>\—1(9*):| <e? \ Bias.

Hence the final bound is proved, regrouping all our computations.

D.3 Concentration lemmas

Here we concentrate in high probability the quantities obtained in the analytical decomposition.
Details on the proof technique are given in Sec. 6 of the paper.

Lemma 6 (Equivalence of empirical and expected Hessian). Let 0 € H and n € N. For any
0€ (0,1, \>0,if

Ba(0) log 8B2(0)

> 24 :
" A Y

(39)

then with probability at least 1 — §: Hx(0) < 2H,(0), or equivalently
[ 2080 < 2.

Proof.By Remark 4 and the definition of B2(¢)), the condition we require on 7 is sufficient to
apply Proposition 10, in particular Eq. (51), to H(0), H)(0), for ¢ = 1/2, which provides the
desired result.

Lemma 7 (Concentration of the empirical gradient). Lern € N, 6 € (0,1], 0 < A < B3. For any
k>4, ifn > k*03 % log %, then with probability at least 1 — 0, we have

dfy Vv (Q*)? log%
- )

S 2V3 .
IVIX(O) Iz, -1 (05) < ——Biasy + 200 \/ (40)

k
Here, 01,0y are defined in Lemma 5 in Appendix D and (Q*)? = (BY})?/BS.

Proof.1) First let us concentrate H (6%)~"/ 2L A(0%) using a Bernstein-type inequality.

We can see H (6%)~Y/ 2VL A(03%) as the mean of 7 i.i.d. random variables distributed from the
law of the vector H,(6%)~Y/2V£,(6%).

As we have shown in Lemma 5, the essential supremum and variance of this vector is bounded,
then we can use Bernstein inequality for random vectors (e.g. Thm. 3.3.4 of Yurinsky, 1995): for
any A > 0,any n € Nand § € (0, 1], with probability at least 1 — 0, we have

-~ 2M log 2 2]oo 2
[HL (6%) V2V LA (03] < 2280 4 5[ 2285
n n
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1/2
where M = SUP 2 esupp(p) ||VEZ(9§\)HH>\_1(€;) ando = [ |:HVEZ(9§\)||%_I)\—1(€§):| .

2) Using the bounds obtained in Lemma 5,

*

B B /B3
M <O 7% + 200, TQBias)\, o < 05 Vdfy + V20, \/;Bias,\.

3) Injecting these in the Bernstein inequality,

O B /v + 205 (Bg/)\)BiasA> log 2

n

2log 2
+ <D1 dfy/? + V20, \/Bg/)\Bias)\> \/ (;Lg 8

40, B3 log 3 N 4002 B3 log 3

~ 2
LA (63) 2V LA(B3)] < (

= B.
An An 195X
L [20Rdflogd 283 1o} |20 (B1)?/B; log
n An n '

In the last inequality, we have regrouped the terms with a factor Biasy and we have separated the
first term of the decomposition in the following way :

20,Bjlogs  [2Bjlog3 [20% (Q*)? log3
Vo An n ’

Hence, we can bound the second line of the last inequality:

20%2df , log 2 L[ 2Bilog 2 [202(Q*)%log 2 o [ /2B2los 2\ [20%dfy\ v (Q*)%log 2
n An n = An n ’

Thus, if we assume that n > k2D§% log %,
- 4 2 2 2012 dfy V (B*)2/B% log 2
IHL\(6%) Y2V LA(0))]| < (ﬁ + E) Biasy + <1 + %) \/ 1 dfa v (B1)/Bj log Ly
n

In particular, for k£ > 4,

dfy v (Q*)? log 3
- .

IHL\(6%) Y2V LA (67)] < %Bias,\ + 200, \/

Lemma 8 (control of Vary). Letn € N, § € (0,1] and 0 < X < B3. Assume that for a certain
k > 5,

283
&P
Then with probability at least 1 — 26, we have

OiB3

dfx v (Q*)? log 3
- .

— 6
Var), < EBiaS)\ + 400 \/

Here, [,y are defined in Lemma 5
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Proof.

e First we apply Lemma 6 to § = 6%. Since B2(0%) < e By = 07 B3, we see that the

condition 5 (0*) 9B (0*)
2\V\ 2\V\
> 24 I
" P RGAEDY;
is satisfied if )
B3 8C14B3
> 2412221 172
" N %7\

Because k£ > 5 and [y > [y, and we see that the assumption of this lenlma imply the con-
ditions above and hence Lemma 6 is satisfied. In particular, |, (6%)'/2H, (6%)~'/?|? < 2.

e Note that the condition of this proposition also imply the conditions of Lemma 7, because

. 0283
A< Bjand Uy > 1imply —52 > %.

D.4 Final results

First, we find conditions on n such that the hypothesis Var) < “(Q—OA) is satisfied.

Lemma9. Letn €N, 6 € (0,1], 0 < A < B and

B . 82B3 dfy v (Q9)?2 . 2
712&172102%%, nz Q?AT(*)Q)I%S’

then with probability at least 1 — 20

Var, Var, 1

<
() S @) 2

where (11, A1, g are constants defined in Definition 7.

Proof.Recall that t) = r?if;?) :

Using Lemma 8, we see that under the conditions of this lemma, we have

Vary, _ 60y Biasy |, [dfy v (Q)? log 2
! r(0%) © kra(0%) ! n ry(6%)2 '

Thus, taking k¥ = 2400;(1/2 V ty) and n > 25601} ‘:i?gf;; log 2, both terms in the sum are
bounded by 1/4 hence the result.

Note that here, we have defined
Ay = 576002002(1/2 V)2, Ay = 25607,

hence the constants in the definition above.

Proof.of Thm. 4 First we recall that A1, Aoy, [y, Cpias and Cy,, are defined in Definition 7,
and bounded in Proposition 7.

First note that, given the requirements on n, by Lemma 9, we have Var A < Q(QLA) with proba-
bility at least 1 — 24. Thus, we are in a position to apply Thm. 7 :

~

—2
L(6%) — L(6*) < Kpigs Bias 4+ Ko Vary,
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with Ky, Kyar defined in the proof of the theorem. Note that in the proof of Lemma 9, we have
taken k = 2400;(1/2 V t\) > 12. Hence, using Lemma 8, we find

dfy v (Q*)2 log 2
Var>\ BIaS)\ + 4 \/ AV (Q) log 9
n

Hence,

Var Blas + 32D2 dfr v (Q*)2 10g%
>\ A n )

which yields the wanted result with Cbias = Kbpias + 3 Kvar and Cyar = 3207 Ky

Proof.of Thm. 3

We get this theorem as a corollary of Thm. 4. Indeed, YA < B}, dfy V (Q*)* < ( 1, hence
the result.

E Explicit bounds for the simplified case

In this section, assume that Assumptions 1, 3 to 5 and 8 hold.
Define the following constant N :

1 2 2
N = 36A%log? <6A25> Vv 256ﬁ log =V 512(\\9*][2R2v1)1og3, (41)

where A =
We have the following slow rates theorem.

Theorem 8 (Quantitative slow rates result). Letn € N. Let 6 € (0, 1]. Setting

-1 2
=1 1)B;) —= log!/% 2
A= 16((RV1)BY) - log? %
if n > N, with probability at least 1 — 26,
~ — 2
L(0%) — L(6*) < 48 max(R,1) max(||#*||*,1)B; f log!/% = = (42)

and N = O (pOly(§1,§2, RHH*H)) is given explicitly in Eq. (41). Here, poly denotes a certain
rational function of the inputs.
__ 2 _ =2
Proof.Note that df , < 1 . Hence, if A < Bo, then dfy Vv (BI/BQ) < %.
1) Let us reformulate Thm. 6 Letn € Nand 0 < A < By. Let§ € (0,1]. If

2 B 8B R’B 2
2 p2 2 2 2 1
n > 512 (||6*||°R* v 1) logg, n> 24710gv, > 16A 32 logg,
then with probability at least 1 — 24,
B 2
L(A%) — L(9*) < Cyar A—;L log = + ChiasA||07%]|2,

where A\, Cpias, Cyar are defined in Definition 5.
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2) Now setting A\ = 16RB; logl/ 2 %—2, we see that the inequality

R?B} 2
2 g

is automatically satisfied since /A < 4. Hence, if

n > 16A2

2 B 8B
> *12 P2 2 2
n/512(\|9\|R\/1)log5, 4>\log)\6, 0< A< By,

then

A Cv r 2 CV r
L(B3) ~ L0") < 528 0+ G017 < (525 + i ) a5 1970

Since by Definition 5, Cy,r < 84 and Cpiys < 2, we get

L) ~ L(0") < 3max( . [6° )

: BiR log'/? 2 . .
3) Having our fixed A = 16T‘5, let us look for conditions for which

2 B, 8Bs =
> 512 (|6*]*R* v 1) log = 24— log — <B
n 512 (I07PR V) log 3, 0> 24-2log =2, 0< A< By,
are satisfied. B B
To deal with n > 2482 log 822 bound

N X AT = 179 & n
A " 16 RB; log'/? 2 8 RB;

where we have used the fact that logl/2 % > % apply Lemma 14 with a; = 3,a2 = 1, A =
to get the following condition:

2a1aA4?
n > 4a3 A% log? (%) )

which we express as
1
n > 36A2 log? <6A23> .
To deal with the bound A < Bs, we need only apply the definition to obtain

R281 log 2

> 256
5

2

Thus, we can concentrate all these bounds as n > N where

1 2 2
N = 3642 1og? <6A25> Vo 256 log =V 512 (||6*||*R* v 1) log =,

A?

B
where 4 = =2
RB; "’

4) Since R is only an upper bound, we can replace R by R V 1. In this case, we see that A <
and max (g7, (R V 1)[|6*]|%) < (R V 1)(]|6*|| v 1)? hence the final bounds.
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F Explicit bounds for the refined case

In this part, we continue to assume Assumptions 1, 3 to 5 and 8. We present a classification of
distributions p and show that we can achieve better rates than the classical slow rates.

Definition 8 (class of distributions). Let « € [1,+o0] and r € [0,1/2].
We denote with Py, the set of probability distributions p such that there exists L,Q > 0,

1427

e Biasy <L X2

o dfy < Q2N Ve,
where this holds for any 0 < \ < 1. For simplicity, if o = +00, we assume that Q > Q™.

Note that given our assumptions, we always have

p € Pio, L=6"], Q=BI. (43)
‘We also define
Q 2c¢
A = <§> A1, (44)
such that

2
*\2 Q
VA A df V(@) < 7

Interpretation of the classes

e The bias term Bias) characterizes the regularity of the objective #*. In a sense, if 7 is big,
then this means 6* is very regular and will be easier to estimate. The following results
reformulates this intuition.

Remark 1 (source condition). Assume there exists 0 < r < 1/2 and v € ‘H such that
PH(Q*)H* = H(H*)Tv.

Then we have
1+427r

VA >0, Biasy < LAES, L =|[H(*)"0 .

e The effective dimension dfy characterizes the size of the space H with respect to the prob-
lem. The higher «, the smaller the space. If H is finite dimensional for instance, & = +o0.

We will give explicit bounds for the performance of @\f\ depending on which class p belongs
to, i.e., as a function of «a, 7.

Well -behaved problems r)(6*) has a limiting role. However, as soon as we have some sort
of regularity, this role is no longer limiting, i.e. this quantity does not appear in the final rates
and the constants in these rates have no dependence on the problem. This motivates the following
definition.

We say that a problem is well behaved if the following equation holds.

L)\1/2+r 9 1

1
213 1 < M), 2 log 2 < =
Vo € (07 2]7 )‘0(5) = (07 ]7 VO <A )‘0(5) r)\(e*) 0g 5 2

(45)
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Remark 2 (well-behaved problems). Note that Eq. (45) is satisfied if one of the following holds.
o If R = 0, then the condition holds for \y = 1.
e [fr > 0, then the condition holds for \o = (2LR log %)_1/’" AL

o If there exists ji € [0,1) and F > 0 such that ry(6*) > £\*/2, then this holds for \o =
(2RFlog 2)=2/0=n+2r) A1,

Moreover, if Eq. (45) is satisfied, than for any A < \g, t) < log2.

Note that the first possible condition corresponds to the case where the loss functions are
quadratic in @ (if the loss is the square loss for instance). The second condition corresponds to
having a strict source condition, i.e. something strictly better than just * € H. Finally, the third
condition corresponds to the fact that the radius r) decreases slower than the original bound of
r = L;, and hence it is not limiting.

Note that a priori, using only the assumptions, our problems do not satisfy Eq. (45) (see
Eq. (43), and the fact that ry > %).

F.1 Quantitative bounds

In this section, for any given pair («, r) characterizing the regularity and size of the problem, we

associate
1 a(l + 2r)

T 1t 2r+1/a’ T a(lr2) 41

In what follows, we define

B

~256Q2

N =222 (B5A A AN) YA 1296—— A1 g1 g2l e
= =5 (B3 AN AN) Y 96 og ( 518 . (46)

1-8 1-8" %

x| 28 [eY
where A = Bé—é;, Ao is given by Eq. (45) and A is given by Eq. (44) : A\ = &

Theorem 9 (Quantitative results when Eq. (45) is satisfied and o < oo or 7 > 0). Let p € Py,
and that we have either a < co orr > 0. Let § € (0, %]

If Eq. (45) is satisfied, and
2 B
n =N, )\:<256 <9> l) )
L n

then with probability at least 1 — 29,

~ 1 2
L(BY) — L(6*) < 8 (256)" (Q" L'™")” —log %,

where N is defined in Eq. (46).

Proof.
Using the definition of A1, as soon as A < A\; we have df V (Q*)? < Q2\~1/e.

Let us formulate Thm. 4 using the fact that p € P, .
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Leto € (0,1],0 < A < B3 A A; and n € N such that

8012B3 Q? 2
A 1 172 > —— log =
X %708 0 T Va2 8
then with probability at least 1 — 24
L(6%) — L(6*) < Cpias L2AT?" 4 C @ log >
A X Lbias var NS g 5’

where Cpias, Cyar are defined in Definition 7. Now let us distinguish the two cases of our
theorem.

Assume that p satisfies Eq. (45) . In this case the proof proceeds as follows. Note that as soon
as A < \g, we have B'E’esj) < 2 and hence the bounds in Proposition 7 apply.
1) First, we find a simple condition to guarantee

1. 2
(072 > A, Q?E log .

Using the fact that Eq. (45) is satisfied, we see that if A < A, then ry > 2LAL/24r log%
Hence, this condition is satisfied if

)\ < )\0’ 4L2)\1+2r+1/a > A2 QQE
n

2) Now fix C) = 256 > Ay /4 (see Proposition 7) and fix

2 2
1+2r+1/a Q_ - _ Q
A =C, Az o <— \= (CA 2 n)

where 3 =1/(1+2r+1/)\) € [1/2,1).
Using our restatement of Thm. 4, we have that with probability at least 1 — 20,

~ 1 2 2
L(QK) - L(e*) < <Cbias + C_Cvar 108; S> L2)\1+2r < K log S L2)\1+2r,
A

where we have set K = (Cbias + 2—é6CvaI) < 8 (see Proposition 7).
This result holds provided

B% [2B3
0<ASBIANAN, n> Al)\l 8;52. (47)

Indeed, we have shown in the previous point that since Cy > 22, r, (6*)2AY® > Ay Q2L log 2.
4 n )
3) Let us now work to guarantee the conditions in Eq. (47).

* 2R*
First, to guarantee n > /\q % log 85;552 , bound
By  BjL¥nf 2 B§L25n5
=2 = < 2
A dlQweg’2 Tl Q¥
2
ZCABI, ag = 12’%1’ A= Bngﬁ Since 5 > 1/2, using the

bounds in Proposition 7, we find a; < 648 and as < 4, hence the following sufficient condition:

Then apply Lemma 15 with a; =
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> S — A= .
n = (12961_ Alog <51841—ﬁA 5>>

Then, to guarantee the condition
A< B; AXg A A,

we simply need

256Q%
n > L—S (B5A X A X)) YA
Hence, defining
256Q2 . 1 1 1\) /44
N =22 (BEAANAN)YA 12 —Al 184—— A=
E (B5A Mo AN V ( 96 e 0g<581_ﬁ 5 ,

28
where A = BQ;; , we see that as soon as n > N, Eq. (47) holds.
We now state the following corollary, for » > 0. We define N in the following way:

256Q2 N _ 1 1 1 1/(1 )
N =5 (B3 A M AN 1B vy (1296m/110g <5184—5A2 >> (48)

2&

Q2’8 ’ - (Q*)Qa'
Corollary 4. Assume p € P, withr > 0. Let § € (0,0.5] and n > N, where N is defined in

Eq. (48). For
B
(s (Q)
A= (256 (f) E) ,
1 2

L(B%) — L(6*) < 8 (256)" (Q" L')” —log %,

where A = Ao = (2LRlog %)~ Ur Aland N =

with probability at least 1 — 26,

Moreover, N = O (poly (B‘f, B3,L,Q, R,log %)), which means that N is bounded by a rational
function of the arguments of poly.

Proof.of Cor. 2 We simply apply Cor. 4 for « = 1 and Q = B7.

G Additional lemmas

G.1 Self-concordance, sufficient conditions to define /. and related quantities

In this section, we will consider an arbitrary probability measure ;. on Z. We assume that ¢, satis-
fies Assumption 8 with a certain given function . Recall that R* = Sup, cqupp(u) SUPgeu(2) 191-
In this section, we will also assume that R* < oo.

Lemma 10 (Gronwall lemma). Lef ¢ : R — R be a differentiable function such that
VtER, ¢'(t) < Co(t).

Then
V(to,t1) € R?, o(t1) < e“l10lo(tg).
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Lemma 11. Assume that there exists 0y such that Sup,,cqupp(.) Tt (V2€ Z(Ho)) < 00
® SUD.cqupp(y) 1T (V2£.(0)) < oo forany § € H;
e For any given radius T > 0, and any ||0y|| < T, we have

VI[0| < T,Vz € 2, Tr (V?.(0)) < exp (2R*T) Tr (V2£.(0p)) < oc.

Proof.
Let z € supp(u) be fixed. Using the same reasoning as in the proof of Eq. (27), we can show

V0,61 € H, V?0.(61) < exp ( sup |g- (61 — 00)y> V20.(0g) < exp (RM||61 — 6o||) V2L.(6o)
9€p(2)
Where we have used the fact that R* = SUp,cqupp () SUPgey(2) |91l < 00 Thus, in particular
Vz € supp(u), V0o, 01 € H, Tr (szz(ﬁl)) < exp (R*||01 — o)) Tr (VQEZ(HO)) ,
which leads to the desired bounds.

Lemma 12. Assume that there exists 0y such that

sup Tr (VQEZ(HO)) < 00, sup ||VL.(6p)| < oc.
z€supp(p) z€supp(u)

Then
® SUD.cqupp(u) | VE=(0)|| < oo forany 6 € H
e Forany T > 0 and any ||6p]|, ||0|| < T,z € supp(p),
[VL.(0)]| < IVE.(00)| + 27 Tr (V22 (60)
+ 4R* (2R*T) Tr (V?(,(6y)) R*.

Proof.
Fix z € Z, 6y,01 € H and h € H. Let us look at the function

fite0,1] — (VE(6:) — VE(80) — tV>L.(00)(01 — 69)) - h.
We have f”(t) = V3(,(0;)[01 — 6o, 01 — 6o, h]. By the self-concordant assumption, we have
|[F"(®)] < sup |g-hIVEL(0,)[61 — o, 01 = 6]

g€p(2)
< sup [g-hlexp(t sup |g- 61 — 6o])l[61 — ol[320_ g,
geo(2) g€p(2)

Integrating this knowing f’(0) = f(0) = 0 yields

[F(D] < sup |g-h[$( sup |g- (61— 00)))I61 — O0llZ2q, (50
9€p(2) g€p(2)
Hence :
IVL.(61)=VL.(60)]| < [V2€=(00)]| [|61—00l|+]|o(2)]] %( su%)) |g-(01—60)) V2£2(60)]| 1|61 b0l
gep(z

where 1(t) = (e! —t — 1)/t2. Then, noting that ||V2£,(9)|| < Tr(V?£,(6)), we have proved our
lemma.
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Lemma 13. Assume that there exists 0q such that

sup Tr (VQKZ(GO)) < 00, sup [|[VE.(0p)] < oo, sup  |€.(6p)| < oo.
z€supp(u) z€supp(u) zEsupp(u)

Then
e Forany 0 € H, sup,cqupp(u) [€2(0)] < 00
e Forany 6y € H, T > ||6pl|, ||0]| < T, z € supp(u), we have:

[€2(0)] < [€2(00)] + 2[[VE=(00)||T + (2R T) T (VL:(60)) T*.

Proof.Proceeding as in the proof of Eq. (30), we get

Vz € Z, VHO,Hl S 7‘[, 0< 62(91)—€Z(90)—V€Z(90)(91—90) < 1,[)( su%)) |g-(91—90)|)||91—90H2V252(90)
gep(z
where ¥(t) = (et —t —1)/t2
To conclude, we give the following result.

Proposition 8. Let A\ > 0. If a probability measure p and £ satisfy Assumptions 3, 4 and 8, the
function Ly, 5(0) :=E, [(.(0)]+\||0|*> and VL, \(0), V?L,,4(0) are well-defined for any 6 € H,

and we can differentiate under the expectation. Moreover,

VoeH, sup [6(0), sup |VL(0)], sup Tr(VZ.(0)) < .
zesupp(p) z€supp(p) z€supp(p)

Proof.We combine the results given in Lemmas 11 to 13.

G.2 Bernstein inequalities for operators

We start by proposing a slight modification of Proposition 6 in (Rudi and Rosasco, 2017). First we
need to introduce the following quantitity and some notation for Hermitian operators. We denote
by = is the partial order between positive semidefinite Hermitian operators. Let A, B be bounded
Hermitian operators on 7,

A=B <= v-(Av)<wv-(Bv), YveH <= B — Ais positive semidefinite.

Let ¢ be a random positive semi-definite operator and let Q := E[g], denote by F()\) the
function of A defined as

F(X) :=esssup Tr <Q;1/2qQ)_\1/2) ,
where ess sup is the essential support of q.

Remark 3. Note that if Tr(q) < co, for a co > 0 almost surely, then F(\) < co/\. Vice versa,
if F(Ao) < oo for a given \g > 0, then Tr(q) < (||Q| + Xo)F(Xo) almost surely, moreover

F(N) < ””%”ﬁ);) F(Xo) for any X > 0.

Proposition 9 (Prop. 6 of (Rudi and Rosasco, 2017)). Let q1, ..., g, be identically distributed ran-
dom positive semi-definite operators on a separable Hilbert space H such that the q are trace
class and Q = E[q). Let Q, = 1 37 | ¢; and take 0 < X\ < ||Q|| and assume F(X) < oc. For
any 0 > 0, the following holds with probability at least 1 — §:

(14 Fu) | [BBFD)  ,_ 8Fl)
3n n 0

_ _ 2
1072 (Q - Q) Q2 < 2
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Proof.Use Proposition 3 of (Rudi and Rosasco, 2017) and proceed as in the proof of Proposi-
tion 6 of (Rudi and Rosasco, 2017) except that we bound Tr(Q} ' Q) < Foo () instead of bound-
ing Tr(Q;1Q) < ™ Q) , we find this result.

Here we slightly extend the results of Prop. 8 and Prop. 6 of (Rudi and Rosasco, 2017), to
extend the range of A\ for which the result on the partial order between operators holds, from
0< A< Q] toA>0.

Proposition 10 (Prop. 8 together with Prop. 6 of (Rudi and Rosasco, 2017)). Let q1, ..., g, be
identically distributed random positive semi-definite operators on a separable Hilbert space H
such that the q are trace class and Q = E[q]. Let Q, = %2?21 gi- Let any 6 € (0,1],
t>0,0 <\ < ||Q| and assume F(\) < 0o, when

n > 8Fuo(A)log 8]:0;()\) <% + %) (49)

then the following holds with probability at least 1 — §:

19,2 Q- Qn) @y Al < (50)
Moreover let X > 0,0 € (0, 1] and Eq. (49) is satisfied for t < 1/2, then the following holds
with probability at least 1 — 9,
Q =2Qua = Q5@ < (51
Finally, let A > 0,6 € (0,1), Eq. (49) is satisfied for t < 1/2 and

2

C 2
n>16—2-log =,
1QI* ™~

with ¢y = ess sup Tr(q), then the following holds with probability at least 1 — 6,

Qua=5Qn = Qe P <32 (52

Proof.
Point 1) Let 6 € (0,1] and 0 < A < Q. Using Proposition 9, we have that with probability at
least 1 — 4,

WO+ Fd) | [P 5 8F(h)

—1/2 —1/2
103 (@ - Q) QI <« =5 =, :

Now note that if A <

1__lQll
S TQl+ A

Thus we can bound 1 + Foo(A) < 3Fs (), and we rewrite the previous bound

= 1Q;'Q] < Tr (Q5'Q) < Fus ().

1572 (@ - Quy @y 2 < 2= 2RO g g M),

Point 2) Now let £ > 0,6 € (0,1] and 0 < A < ||Q]|. If

1 1
n>8foo()‘)/8 <@+;>7
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then

19,2 (Q - Qn) Q2| <t

Indeed, assume we want to find ng > 0 for which for all n > ny, % + % < % where A, B > 0

setting * = +/n, this is equivalent to finding x¢ such that Vo > x, %2 —VBr—A>0 A
sufficient condition for this is that z > v B + v/ B + 2A. Thus, since A, B > 0, the condition
x = 2v/ B + 2A is sufficient, hence the condition n > 4(B + 2A). Then we apply this to the
following A and B to obtain the condition.

BF(N) o BFal))

A=
t 2t2

Point 3) When A > ||Q)||, the result is obtained noting that

Q2P < lQi+x el .,
A A

When, on the other hand 0 < A <

Prop. 8 of (Rudi and Rosasco, 2017), or equivalently applying Eq. (50), with ¢ = 1/2, for which

the following holds with probability 1 — J: ||Q, 1/2 (Q-Q,)Q, 1/2 H t and noting that,

1
1Qy°Q,, V2% < - <2
1- Q7 (Q-Q.) Q7

To conclude this point, we recall that, given two Hermitian operators A, B and ¢ > 0, the inequality
A =< tB is equivalent to B~ Y2AB~Y/2 < tI, when B is invertible. Since B~Y/2AB~1/2 and tI
are commutative, then B~1/2AB~1/2 < tI is equivalent to v - (B~/2AB~1/2v) < t||v||? for any
v € H, which in turn is equivalent to || B~Y2AB~1/2|| < t. So

|AYV2B122 <t «—= A=<tB.

Point 4) First note that

—1/2 ~1/2 ~1/2 ~1/2
1952 QAP < 1+11Q5 2 (Q - Q) Q7). (53)
When 0 < A < HQH by applying Eq. (50) with ¢ = 1/2, we have with probability 1 — §:
HQ;l/z (Q—-Qn) Q)\ H t, moreover by Eq. (53) we have
Q3 *QAIP < 1+t < 3/2.

When instead A > ||Q||, we consider the following decomposition

- - 1 1
1, (@ - Q) Q" < $1Q - Qull < 51Q - Qullas.

where we denote by ||+ || s, the Hilbert-Schmidt norm (i.e. || A% = Tr(A*A)) and [|Q—Q, #s
is well defined since both Q, Q,, are trace class. Now since the space of Hilbert-Schmidt operators
on a separable Hilbert space is itself a separable Hilbert space and g are bounded almost surely
by ¢p := esssup Tr(q), we can concentrate |Q — Q|| s via Bernstein inequality for random
vectors (e.g. Thm. 3.3.4 of Yurinsky, 1995), obtaining with probability at least 1 — §

2¢ log 2 2¢2 log 2
1Q = Qullns < — =2 +/ ==L <[Q/2,
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where the last step is due to the fact that we require n > 16¢3(log 2)/||Q||?, and the fact that by
construction ||Q|| < B. Then,

The final result on < is obtained as for Point 5.

Remark 4. Let Tr(q) < co almost surely, for a co > 0. Then F(\) < co/A\. So Eq. (49) is
satisfied when
800 800 1 1
2 N 1 ) 7 ]
TEIN BN <4t2 * t>

since F(A) < co/A as observed in Remark 3. In particular, when t = 1/2, Eq. (49) is satisfied
when

G.3 Sufficient conditions to bound 7 in order to guarantee n > Cn” log CQ”p

Lemma 14. Let ay,a2,A > 0and 6 > 0. If

2 A?
a,%AQIOg2 <7a1§2 ),

1/2
then n > a; An'/? log “2A”

Proof.Indeed, note that

ay Ant/? a1 A ag Anl/? <1
75 < 172 og 5 <

n > a; An'/? log

Now use the fact that for A, B >0,k > 24 10g(2AB) implies 4 log(Bk) < 1. Indeed,
log(Bk) = log(2AB) + log 55 2AB log(ZAB) + log & o < log(2AB) + 2’2 Hence, multiplying
by 21, we get the result.

We apply thisto A = a1 A, B = “2A and k = n'/2 to get the bound.

Lemma 15. Letaq,a0, A > 0and § > 0. Letp € [%,1). If

1
ntP > 21 palAlog <2a1(a2 vV 1)1—A25> ,

p

then
ags AnP

n > a1 AnP log

Proof.1) Let C;,Cy > 0, and p € [0,1). Then

P

Cri= 1— _
—7pplog <C’2( PPl p) <1

n = CinPlog(Con?) <— =

Now use the fact that for A, B > 0, k > 2Alog(2AB) implies %log(Bk:) < 1 (see proof of

Lemma 14).
Thus, n'~? > 20, £ > log <201 L2 C( p)/p) is a sufficient condition.
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2) Now taking C7 = a1 A and Cy = %, we find that

)

1- P 1a-
a1 Alog <2a1a; p)/pﬂAl/p(g)(l p)/p) _

Since 0.5 < p < 1, we see that % < 1land % < 2 and thus we get our final sufficient condition.

1 1 1
nl7P > 2 ayAlog ( 2a1(ag vV 1)——A%= ).
1-—p 1—-p ¢
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