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Duploid situations ...in concurrent games

Impossibility results in denotational semantics

• Classical logic (CCC + 00− ≅ Id)
• Untyped 𝜆-calculus with sums (Bi-CCC + 𝑈𝑈 ≅ 𝑈)

⇒Preorders
Adjunction models (Call-by-push-value)

Deductive systems (𝒟)

• 𝐴,𝐵… ∈ |𝒟|, 𝑓 , 𝑔 … ∈ 𝒟(𝐴,𝐵)
• ◉ ∶ 𝒟(𝐵,𝐶)×𝒟(𝐴,𝐵) → 𝒟(𝐴,𝐶), id𝐴 ∈ 𝒟(𝐴,𝐴) neutral

Associativity of composition vs. evaluation order

• ∃𝑁,∃𝑓 , 𝑓 ◉𝑁 ⊥ ≠ ⊥ (lazy evaluation)
• ∃𝑃,∀𝑔, 𝑔 ◉𝑃 ⊥ =⊥ (strict evaluation)
• 𝑓 ◉𝑁 (𝑔 ◉𝑃 ⊥) ≠ ⊥
• (𝑓 ◉𝑁 𝑔) ◉𝑃 ⊥ =⊥ “Blass problem” (Abramsky, Melliès)
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Deductive systems from adjunctions
𝒱(𝑃,𝐺𝑁) ≅ 𝒮(𝐹𝑃,𝑁) ≅ 𝒪(𝑃,𝑁)
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𝒪(𝐺𝑁,𝑀),𝒪(𝐺𝑁, 𝐹𝑄)

�

• ◉𝑁 ∶ 𝒟(𝑁,𝐵)×𝒟(𝐴,𝑁) → 𝒟(𝐴,𝐵)
(�𝒱(𝐺𝑁,𝐺𝐵⊝)×𝒱(𝐴+,𝐺𝑁) → 𝒱(𝐴+,𝐺𝐵⊝))�

• ◉𝑃 ∶ 𝒟(𝑃,𝐵)×𝒟(𝐴,𝑃) → 𝒟(𝐴,𝐵)
(�𝒮(𝐹𝑃,𝐵⊝)×𝒮(𝐹𝐴+, 𝐹𝑃) → 𝒮(𝐹𝐴+,𝐵⊝))�

Girard’s LC (1992)

(𝑓 ◉𝑃 𝑔) ◉𝐴 ℎ = 𝑓 ◉𝑃 (𝑔 ◉𝐴 ℎ)
(𝑓 ◉𝐴 𝑔) ◉𝑁 ℎ = 𝑓 ◉𝐴 (𝑔 ◉𝑁 ℎ)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

(𝑓 ∙ 𝑔) ∙ ℎ = 𝑓 ∙ (𝑔 ∙ ℎ)
(𝑓 ∘ 𝑔) ∘ ℎ = 𝑓 ∘ (𝑔 ∘ ℎ)
(𝑓 ∙ 𝑔) ∘ ℎ = 𝑓 ∙ (𝑔 ∘ ℎ)
cf. duplicial algebras (Loday)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠
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Duploid situations ...in concurrent games

Duploids: a characterisation
In 𝒟 a deductive system

• 𝑓 is linear ⟺ ∀𝑔, ℎ ∶ (𝑓 ◉ 𝑔) ◉ℎ = 𝑓 ◉ (𝑔 ◉ℎ)
• ℎ is thunkable ⟺ ∀𝑓 , 𝑔 ∶ (𝑓 ◉ 𝑔) ◉ℎ = 𝑓 ◉ (𝑔 ◉ℎ)
• 𝐴 is positive ⟺ ∀𝐵,∀𝑓 ∈ 𝒟(𝐴,𝐵), 𝑓 is linear
• 𝐵 is negative ⟺ ∀𝐴,∀𝑓 ∈ 𝒟(𝐴,𝐵), 𝑓 is thunkable

Definition
A duploid is a deductive system
where:
1. every object has a polarity;
2. for every object, there is a

negative object to which it is
linearly isomorphic; and

3. for every object, there is a
positive object to which it is
thunkably isomorphic.

⎧{{
⎨{{⎩

(𝑓 ∙ 𝑔) ∙ ℎ = 𝑓 ∙ (𝑔 ∙ ℎ)
(𝑓 ∘ 𝑔) ∘ ℎ = 𝑓 ∘ (𝑔 ∘ ℎ)
(𝑓 ∙ 𝑔) ∘ ℎ = 𝑓 ∙ (𝑔 ∘ ℎ)

�

⎧{{
⎨{{⎩

𝛿𝑃 ∈ 𝒟(𝑃, ⇑𝑃), 𝛿∗
𝑃 ∈ 𝒟(⇑𝑃,𝑃)

𝛿∗
𝑃 ∘ (𝛿𝑃 ∙ 𝑓 ) = 𝑓

𝛿𝑃 ∙ 𝛿∗
𝑃 = id⇑𝑃

�

⎧{{
⎨{{⎩

𝜔𝑁 ∈ 𝒟(𝑁, ⇓𝑁), 𝜔∗
𝑁 ∈ 𝒟(⇓𝑁,𝑁)

(𝑓 ∘ 𝜔∗
𝑁) ∙ 𝜔𝑁 = 𝑓

𝜔𝑁 ∘𝜔∗
𝑁 = id⇓𝑁

�
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2. for every object, there is a

negative object to which it is
linearly isomorphic; and

3. for every object, there is a
positive object to which it is
thunkably isomorphic.

⎧{{
⎨{{⎩

(𝑓 ∙ 𝑔) ∙ ℎ = 𝑓 ∙ (𝑔 ∙ ℎ)
(𝑓 ∘ 𝑔) ∘ ℎ = 𝑓 ∘ (𝑔 ∘ ℎ)
(𝑓 ∙ 𝑔) ∘ ℎ = 𝑓 ∙ (𝑔 ∘ ℎ)

�

⎧{{
⎨{{⎩

𝛿𝑃 ∈ 𝒟(𝑃, ⇑𝑃), 𝛿∗
𝑃 ∈ 𝒟(⇑𝑃,𝑃)

𝛿∗
𝑃 ∘ (𝛿𝑃 ∙ 𝑓 ) = 𝑓

𝛿𝑃 ∙ 𝛿∗
𝑃 = id⇑𝑃

�

⎧{{
⎨{{⎩

𝜔𝑁 ∈ 𝒟(𝑁, ⇓𝑁), 𝜔∗
𝑁 ∈ 𝒟(⇓𝑁,𝑁)

(𝑓 ∘ 𝜔∗
𝑁) ∙ 𝜔𝑁 = 𝑓

𝜔𝑁 ∘𝜔∗
𝑁 = id⇓𝑁

�



Duploid situations ...in concurrent games

Duploid Situations

Theorem

Dupl∼Adjeq ◁Adj

How canwe spot duploids in vivo?

1. ⇓ ⊢ ⇑ ∶ 𝒫 → 𝒩
2. 𝜂 is pointwise a split mono: 𝜌𝑁 ∘𝜂𝑁 = id𝑁
3. 𝜀 is pointwise a split epi: 𝜀𝑃 ∙𝜃𝑃 = id𝑃
4. 𝜌 (run) and 𝜃 (thunk), as non-natural families, must satisfy:

4.1 𝜌⇑ = ⇑𝜀 and 𝜃⇓ = ⇓𝜂
4.2 𝜌 ∘ 𝜌⇑⇓ = 𝜌 ∘ ⇑⇓𝜌 and 𝜃⇓⇑ ∙ 𝜃 = ⇓⇑𝜃 ∙ 𝜃
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Duploid Situations
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Definition
• 𝑓 ∈ 𝒩(𝑁,𝑀) is linear if 𝜌𝑀 ∘ ⇑⇓𝑓 = 𝑓 ∘ 𝜌𝑁
• 𝑓 ∈ 𝒫(𝑃,𝑄) is thunkable if 𝜃𝑄 ∙ 𝑓 = ⇓⇑𝑓 ∙ 𝜃𝑃

Proposition: ⇑ ⊢(𝜃,𝜌) ⇓ ∶ 𝒩𝑙 → 𝒫𝑡
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Duploid situations ...in concurrent games

Duploid Situations
Theorem
Any duploid situation conservatively extends into a duploid satisfying:

⇓𝑓 = 𝜔 ∘ 𝑓 ∘ 𝜔∗ , 𝜂 = 𝛿 ∙ 𝜔 , 𝜌 = 𝜔∗ ∙ 𝛿∗

⇑𝑓 = 𝛿 ∙ 𝑓 ∙ 𝛿∗ , 𝜀 = 𝛿∗ ∘ 𝜔∗ , 𝜃 = 𝜔 ∘ 𝛿

Consider the collage of the adjunction ⇓ ⊢ ⇑ ∶ 𝒫 → 𝒩 :

𝒟(𝑃,𝑄) ≝ 𝒫(𝑃,𝑄)
𝒟(𝑁,𝑀) ≝ 𝒩(𝑁,𝑀)
𝒟(𝑁,𝑃) ≝ 𝒫(⇓𝑁,𝑃) ≅ 𝒩(𝑁, ⇑𝑃)

and extend it as follows

𝒟(𝑃,𝑁) ≝ 𝒫𝑡(𝑃, ⇓𝑁) ≅ 𝒩𝑙(⇑𝑃,𝑁)

Conjecture: Dupl∼DS≃Adjeq ◁Adj
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CBN: alternating negative strategies between negative arenas

A term:

λf comÑcom. newref r in f pr :“ ttq; !r : pcom Ñ comq Ñ B

A play:

pcom Ñ comq Ñ B

q´

run`

run´ done´

done` ff`

done´

tt`

An arena:

q´

run` tt` ff`

run´ done´

done`

Alternating plays: alternating, linear orderings of a prefix of the arena,
compatible with the order of the arena.

Negative, alternating strategy: certain sets of alternating plays.
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CBV: alternating negative strategies between positive arenas

A term:

λf comÑcom. newref r in f pr :“ ttq; !r : pcom Ñ comq Ñ B

A play:

$ pcom Ñ comq Ñ B

‚
´ λ`
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done`
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tt`
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done` tt` ff`

done´

Negative, alternating strategies between positive arenas.
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Duploids situations in toy categories of games

The alternating world:

G´alt

$

G`alt

neg. arenas pos. arenas

neg. strat neg. strats

Down-shift on arenas

ó

B “

‚
`

q´

tt` ff`

Down-shift on strategies

ó

neg “

ó

B //

ó

B

‚
´

‚
`

q´

q`

tt´

ff`
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(analysis of the Blass phenomenon).
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Duploids in non-alternating/concurrent games

G´
Ď

))

$

G

ò

ii

neg. arenas all arenas

neg. strat all strats

Unit in G´ (natural)

ηN “

N // ò N

‚
´

n´1
n`1

n´2
n´3

n`3
n`2

Co-unit in G (natural)

εA “

ò A // A

a´1
‚
`

a`1
a´2

a´3
a`3

a`2
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DpN,Pq “ GpN,Pq – G´pN,ò Pq
DpP,Nq “ GtpP,Nq – G´l pò P,Nq

Duality/composition: three duploids for the price of one!
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