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COMPUTING MINIMAL GORENSTEIN COVERS
J. ELIAS *, R. HOMS **, AND B. MOURRAIN ***

ABSTRACT. We analyze and present an effective solution to the minimal Gorenstein
cover problem: given a local Artin k-algebra A = k[x1,...2,]/I, compute an Artin
Gorenstein k-algebra G = k[, ... x,]/J such that £(G) —¢(A) is minimal. We approach
the problem by using Macaulay’s inverse systems and a modification of the integration
method for inverse systems to compute Gorenstein covers. We propose new character-
izations of the minimal Gorenstein cover and present a new algorithm for the effective
computation of the variety of all minimal Gorenstein covers of A for low Gorenstein
colength. Experimentation illustrates the practical behavior of the method.

1. INTRODUCTION

Given a local Artin k-algebra A = R/I, with R = k[z1,...x,], an interesting problem
is to find how far is it from being Gorenstein. In [1], Ananthnarayan introduces for the first
time the notion of Gorenstein colength, denoted by gcl(A), as the minimum of ¢(G) —¢(A)
among all Gorenstein Artin k-algebras G = R/J mapping onto A. Two natural questions
arise immediately:

QUESTION A: How we can explicitly compute the Gorenstein colength of a given local
Artin k-algebra A?

QUESTION B: Which are its minimal Gorenstein covers, that is, all Gorenstein rings G
reaching the minimum gcl(A) = ((G) — ((A)?

Ananthnarayan generalizes some results by Teter [14] and Huneke-Vraciu [10] and pro-
vides a characterization of rings of gcl(A) < 2 in terms of the existence of certain self-dual
ideals q € A with respect to the canonical module wy of A satisfying ¢(A/q) < 2. For
more information on this, see [1] or [6, Section 4], for a reinterpretation in terms of inverse
systems. Later on, Elias and Silva ([8]) address the problem of the colength from the per-
spective of Macaulay’s inverse systems. In this setting, the goal is to find polynomials
F € S such that I+ C (F) and (({F)) — ¢(I*) is minimal. Then the Gorenstein k-algebra
G = R/ Anng F' is a minimal Gorenstein cover of A. A precise characterization of such
polynomials F' € S is provided for gcl(A) =1 in [8] and for gcl(A) = 2 in [6].

However, the explicit computation of the Gorenstein colength of a given ring A is not
an easy task even for low colength - meaning gcl(A) equal or less than 2 - in the general
case. For examples of computation of colength of certain families of rings, see [2] and [6].
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2 J. ELIAS, R. HOMS, AND B. MOURRAIN

On the other hand, if gcl(A) = 1, the Teter variety introduced in [8, Proposition 4.2] is
precisely the variety of all minimal Gorenstein covers of A and [8, Proposition 4.5] already
suggests that a method to compute such covers is possible.

In this paper we address questions A and B by extending the previous definition of
Teter variety of a ring of Gorenstein colength 1 to the variety of minimal Gorenstein covers
MGC(A) where A has arbitrary Gorenstein colength ¢. We use a constructive approach
based on the integration method to compute inverse systems proposed by Mourrain in
[11].

In section 2 we recall the basic definitions of inverse systems and introduce the notion
of integral of an R-module M of S with respect to an ideal K of R, denoted by [ M.
Section 3 links generators F' € S of inverse systems J+ of Gorenstein covers G = R/.J
of A = R/I with elements in the integral fmt I+, where m is the maximal ideal of R
and t = gcl(A). This relation is described in Proposition 3.6 and Theorem 3.8 sets
the theoretical background to compute a k-basis of the integral of a module extending
Mourrain’s integration method.

In section 4, Theorem 4.2 proves the existence of a quasi-projective sub-variety
MGC™(A) whose set of closed points are associated to polynomials F' € S such that
G = R/ Anng F is a minimal Gorenstein cover of A. Section 5 is devoted to algorithms:
explicit methods to compute a k-basis of [ , I+ and MGC(A) for colengths 1 and 2.
Finally, in section 6 we provide several examples of the minimal Gorenstein covers variety
and list the comptutation times of MGC(A) for all analytic types of k-algebras with
gcl(A) < 2 appearing in Poonen’s classification in [12].

All algorithms appearing in this paper have been implemented in Singular, [4], and the
library [5] for inverse system has also been used.

ACKNOWLEDGEMENTS: The second author wants to thank the third author for the
opportunity to stay at INRIA Sophia Antipolis - Méditerranée (France) and his hospitality
during her visit on the fall of 2017, where part of this project was carried out. This stay was
financed by the Spanish Ministry of Economy and Competitiveness through the Estancias
Breves programme (EEBB-I1-17-12700).

2. INTEGRALS AND INVERSE SYSTEMS

Set R = k[xq,...2,] and S = K[yi,...y,]. Recall that S can be given an R-module
structure by contraction:

RxS — S
B—a > o
o B « B8 — Yy ) B = @
(@%y") = 2oy { 0, otherwise.

The Macaulay inverse system of A = R/I is the sub-R-module [+ ={g€ S| Tog=
0} of S. This provides the order-reversing bijection between m-primary ideals I of R
and finitely generated sub-R-modules M of S described in Macaulay’s duality. As for
the reverse correspondence, given a sub-R-module M of S, the module M= is the ideal
Anng M ={f € R| fog=0Vg € M} of R. Moreover, it characterizes zero-dimensional
Gorenstein rings G = R/J as those with cyclic inverse system J+ = (F), where (F) is
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the k-vector space (z® o F': |a] < deg F')x. For more details on this construction, see [§]
and [6].

Consider an Artin local ring A = R/I of socle degree s and inverse system [+. We are
interested in finding Artin local rings R/ Anng F that cover R/I, that is I+ C (F), but
we also want to control how apart are those two inverse systems. In other words, given
an ideal K, we want to find a Gorenstein cover (F) such that K o (F) C I+. Therefore it
makes sense to think of an inverse operation to contraction.

Definition 2.1 (Integral of a module with respect to an ideal). Consider an R-submodule
M of S. We define the integral of M with respect to the ideal K, denoted by fK M, as

/M:{GeS|KchM}.
K

Note that the set N = {G € § | K oG C M} is, in fact, an R-submodule N of S
endowed with the contraction structure. Indeed, given Gy, Gs € N then K o (G1 + Gsy) =
KoG)+ KoGy C M, hence G; + Gy € N. For all a € R and G € N we have
Ko(aoG)=aKoG=ao(KoG)C M, hence aoG € N.

Proposition 2.2. With the above notations it holds
/ M= (KM
K

Proof. Let G € (KMl)l. Then (KM™*)oG =0, s0 M*o(K o G) = 0. Hence KoG C M,

ie. G € [, M. We have proved that (KM*)" C [ M. Now let G € [, M. By
definition, K o G C M, so M+ o (K oG) = 0 and hence (MLK) o G = 0. Therefore,

Ge (MK)". O

One of the key results of this paper is the effective computation of | M (see Algo-
rithm 1). Last result gives a method for the computation of this module by computing
two Macaulay duals. However, since computing Macaulay duals is expensive, Algorithm 1
avoids the computation of such duals.

Remark 2.3. The following properties hold: (1) Given K C L ideals of R and M R-
module, if K C L, then [, M C [, M. (2) Given K ideal of R and M C N R-modules,
if M C N, then [, M C [, N. (3) Given any R-module M, [, M = M.

The inclusion K o [ M C M follows directly from the definition of integral. However,
the equality does not hold in the general case:

Example 2.4. Let us consider R = K[z, zy, x3], K = (21,29, 23), S = k[y1, y2, y3], and

i
M = (1ya,93). Wehave [ M = (KM*)" = (47, y192, 1193, U3, Y2ys, y3), and Ko [ M =
m o (Y7, 1192, Y1Ys, Y3, Yaus, Us) = (Y1, 42, 95) & M.

We also have the inclusion M C fKK o M. Indeed, forany F € M, KoF C KoM

and hence F' € [, KoM = {G € S| KoG C Ko M}. Again, the equality does not
hold.
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Example 2.5. Using the same example as in Example 2.4, we get KoM = mo(yys, y5) =
il
(1 92, 43), and [ (K o M) = (K(K o M)*)™ = (yi, y1y2, 193, Y3, y2ys, y3) £ M.

In the particular case where we integrate with respect to a principal monomial ideal
K = (z%), with z = (21, ...,2,) and a = (a4, ..., ay), the expected equality for integrals

/MM

holds. Indeed, for any m € M, take G = y*m. Since z%oy* = 1, then z%oy*m = m and
the equality is reached.

Remark 2.6. In general we cannot extend the above identity to linear forms. We consider
k=C, L = +ixs and P = y; +iy>. Then Lo [, (P) C (P).

Let us now consider an even more particular case: the integral of a cyclic module
M = (F) with respect to the variable x;. Since the equality z; o fx M = M holds, there
exists G € S such that x; o G = F. This polynomial G is not unique because it can have
any constant term with respect to x;, that is G = v, F' + p(y1,- - -, Ui, - - - , Yn). However, if
we restrict to the non-constant polynomial we can define the following:

Definition 2.7 (i-primitive with contraction). The i-primitive of a polynomial f € S is
the polynomial g € S, denoted by fz f, such that
(1) Tiog = f}
(i) glyo = 0.
This notion of i-primitive of a polynomial f € S with respect to the variable z; € R
was provided in [7] using the derivation structure:

Definition 2.8 (i-primitive with derivation). The i-primitive of a polynomial f € S is
the polynomial g € S, denoted by fl f, such that
(i) gly=0 = 0.

Therefore, we can think of the integral of a module with respect to an ideal as a
generalization of the i-primitive proposed by Elkadi and Mourrain.

From now on, when we use the notation fx f it refers to the contraction case. Since
we are considering the R-module structure given by contraction instead of derivation, the

1-primitive is precisely
[1=us

Indeed, z; o (y;f) = f and (v;f) |y,—0= 0, hence (i) and (ii) hold. Uniqueness can be
easily proved. Consider gq, g2 to be i-primitives of f. Then x; o (g1 — go) = 0 and hence
91— 92=pW1, - Jis- - Yn). Clearly (g1 — g2)ly,=0 = (Y1, ¥i, .-, ¥yn). On the other
hand, (91 - gg) yi=0 = J1|y;=0 — 92|y;=0 = 0. Hence p = 0 and g1 = g2.




COMPUTING MINIMAL GORENSTEIN COVERS 5

Remark 2.9. Note that, by definition, xj o fkf = f. Any f can be decomposed in
f = fi + fo, where the first term is a multiple of y; and the second has no appearances
of this variable. Then

.Axkof:flxkoﬁ4iéxkoﬁ::ﬁ4iéo

Therefore, in general,
fi=[aostoe [+
k k

/lxkof:y;—f:xko/lf.

Let us now recall Theorem 7.36 of Elkadi-Mourrain in [7], which describes the elements
of the inverse system I+ up to a certain degree d. We define Dy = I+ N S<g4, for any
1 < d < s, where s = socdeg(A). Since D, = I+, this result leads to an algorithm
proposed by the same author to obtain a k-basis of an inverse system. We rewrite the
theorem using the contraction setting instead of derivation.

However, for all [ # k,

Theorem 2.10 (Elkadi-Mourrain). Given an ideal I = (f1,..., fm) and d > 1. Let
{b1,...,be, ,} be a k-basis of Dy_1. The polynomials of Dy with no constant term are of
the form

ta—1 ta—1 ta—1

(1) A= Z )\jl [bj|y2:---=yn=0 + Z >\3 /26]|y3=---=yn=0 + .+ Z >\§L / bj, )\gC S k,
=1 =1 j=t "

such that

(2) > Ni(ziob) =Y Niapob)=0,1<k<I<n,
j=1 j=1

and

(3) (fioA)(0) =0, for1<i<m.

See [11] or [7] for a proof.

3. USING INTEGRALS TO OBTAIN (GORENSTEIN COVERS OF ARTIN RINGS
Let us start by recalling the definitions of Gorenstein cover and Gorenstein colength of
a local equicharacteristic Artin ring A = R/I from [6]:
Definition 3.1. We say that G = R/J, with J = Anng F', is a Gorenstein cover of A if
and only if I+ C (F). The Gorenstein colength of A is
gel(A) = min{l(G) — U(A) | G is a Gorenstein cover of A}.
A Gorenstein cover G of an Artin ring A is minimal if ((G) = ((A) + gcl(A).
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For all F' € S defining a Gorenstein cover of A we consider the ideal Kp of R defined

by
Kp = (I*: (F)).

In general, we do not know what is a right choice for an ideal Kp that provides a
minimal cover. However, for a given colength, we do know a lot about the form of the
ideals Kr associated to a polynomial F' that reaches this minimum. In the following
proposition, we summarize the basic results regarding ideals Kp from [6]:

Proposition 3.2. Let A = R/I be a local Artin algebra and G = R/J, with J = Anng F,
a minimal Gorenstein cover of A. Then,

(i) It =KpoF,

(i) gel(A) = ¢(R/Kp).

Moreover,
R, if  gel(A) =0;
Krp=<¢ m, if  gel(A) =1,
(Ll, ceey Ln—la Li), Zf gCl(A) = 2,
where Ly, ..., L, are suitable independent linear forms in R.

Remark 3.3. Note that whereas in the case of colength 1 the ideal K does not depend
on the particular choice of F', this is no longer true for higher colengths. For colength
higher that 2, things get more complicated since the K can even have different analytic
type. The simplest example is colength 3, where we have 2 possible non-isomorphic
Kp's: (Ly,..., L, 1,L3) and (Ly,..., Ly 5, L2 |, L, 1L,, L?). Therefore, although it is

certainly true that F € [ Kr I+, it will not be useful as a condition to check if A has a
certain Gorenstein colength.

The dependency of the integral on F' can be removed by imposing only the condition
F e fmt I+, for a suitable integer t. Later on we will see how to use this condition to
find a minimal cover, but we first need to dig deeper into the structure of the integral of
a module with respect to a power of the maximal ideal. The following result permits an
iterative approach:

Lemma 3.4. Let M be a finitely generated sub-R-module of S and d > 1, then

L) = Lo

Proof. Let us prove first the inclusion [ (f .. M) C [ M. Take A € [ ([ .. M),
then moA C fmd,l M and hence m?o A = m? 1o (moA) C M. Therefore, A € fmd M. To
prove the reverse inclusion, consider A € [ , M, that is, m* ' o (moA) =m?oA C M.
In other words, mo A C fmd71 M and A € fm (fmd71 M) O

Since fmt M is a finitely dimensional k-vector space that can be obtained by integrating
t times M with respect to m, we can also consider a basis of fmt M which is built by
extending the previous basis at each step.
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Definition 3.5. Let M be a finitely generated sub-R-module of S. Given an integer t,
we denote by h; the dimension of the k-vector space [ M/ [ . M, i =1,--- t. An
adapted k-basis of [, M/M is a k-basis F;, i=1,---t,j=1,--- hy, of [ . M/M such
that F{,--- , Fi € [ . M and their cosets in [ , M/ [ . M form ak-basis, i =1--- ,t.

Let A= R/I be an Artin ring, we denote by L4, the R-module [ , M/M.

The following proposition is meant to overcome the obstacle of non-uniqueness of the
ideals Kp:

Proposition 3.6. Given a ring A = R/I of Gorenstein colength t and a minimal Goren-
stein cover G = R/ Anng F' of A,
(i) F € fmt It;
(ii) for any H € fmt I+, the condition I+ C (H) does not depend on the representative
of the class H in Lay.
In particular, any F' € fmt It such that F' = F in La, defines the same minimal Goren-
stein cover G = R/ Anng F.

Proof. (i) By [6, Proposition 3.8], we have gcl(A) = ((R/KF), where Kpo F' = [+ for any
polynomial F' that generates a minimal Gorenstein cover G = R/ Anng F' of A. From the
definition of integral we have F' € fKF I+. Since /(R/Ky) = t, then socdeg(R/Kp) < t—1.
Indeed, the extremal case corresponds to the most expanded Hilbert function {1,1,...,1},
that is, a stretched algebra (see [13],[9]). Then HF gk, (i) = 0, for any i > ¢, regardless
of the particular form of Kz, and hence m* C Kr. Therefore,

Fe/ IlC/ I+,
KF m?

(ii) Consider a polynomial H € [ , I+ such that I C (H). By [6, Proposition 3.8],
KpgoH =TI+ Consider H' € [, I such that H = H' in L4,, so H = H' + G for some
G € I+. We want to prove that

(4) KyoH +molt=KypoH +mol- =1
The second equality is direct from Ky o H = I+, Let us check the first. Take h o H' +
molt e KyoH +molt withhe Ky Cm,

hoH +mol"=hoH —hoG+mol"=hoH+mol"CKyoH+mol"

The same argument holds for the reverse inclusion. Therefore, Equation (4) holds and
we can apply Nakayama’s lemma to get Ky o H' = I+. Hence It C (H'). In particular,
(H') = (H). Indeed, since H' = H—G and (G) C (I*) C (H), then H' € (H)+(G) = (H)
and a similar argument gives H € (H'). O

Observe that the proposition says that, altought not all ' € fmt I+ correspond to covers
G = R/Amg F of A = R/I, if F is actually a cover, then any F' € [, I* such that
F’' =F € L, provides the exact same cover. That is, (F’) = (F).
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Corollary 3.7. Let A = R/I be an Artin ring of Gorenstein colength t and let
{F;}lgigt,lgjghi be an adapted k-basis of La;. Given a minimal Gorenstein cover
G = R/J there is a generator F' of J* such that F' can be written as

F_a1F1+---+a,1llF,}1+---+a§Ff+---+a§HF,§te/ I+, al €k
mt

Proof. In L4, we have F = S"1_ 12 aF’ and hence F' = S71_ 12 a’F} + G with

J=1"7 J=1"7
G € I*+. By proposition Proposition 3.6, any representative of the class F provides the
same Gorenstein cover. In particular, we can take G = 0 and we are done. O

Our goal now is to compute the integrals of the inverse system with respect to powers
of the maximal ideal. Rephrasing it in a more general manner: we want an effective
computation of fmk M, where M C S is a sub-R-module of S and k£ > 1.

Recall that, via Macaulay’s duality, we have I+ = M, where I = Anng M is an
ideal in R. Therefore, the most natural approach is to integrate M in a similar way
as I is integrated in Theorem 2.10 by Elkadi-Mourrain but removing the condition of
orthogonality with respect to the generators of the ideal I (Equation (3) of Theorem 2.10).
Without this restriction we will be allowed to go beyond the inverse system I+ = M and
up to the integral of M with respect to m. The proof we present is very similar to the
proof of Theorem 7.36 in [11] but we reproduce it below for the sake of completeness and
to show the use of the contraction structure.

Theorem 3.8. Consider a sub-R-module M of S and let {by,...,bs} be a k-basis of M.
Let A € S be a polynomial with no constant terms. Then A € f M if and only if

A=) /1 bjlysmmyumo + > _ A /2 bilysmmy—o + - Z A / L Mek,
j=1 Jj=1

such that

S

(6) > Ni(ziob) =Y N(arob)=0,1<k<l<n.

j=1 7j=1

Proof. First we will prove that any element A in fm M is as described in Equation (5) and
satisfies Equation (6). Note that moA C M = (by, ..., bs)k. Therefore, z10A =37 Aib;
and we can obtain a decomposition A = A; + --- + A,, such that

ta—1

(M A= Z)\é /bj — (11 = 011 |y=0) € K[yt -y \Kk[Yi41, .- wn], 1< 1<,
— l

where

ti—1 ti—1 ti—1

O = ZA = Z)\l /1bj —— —i—Z)\? /2bj lysm-mgpm0 -+ Z)\;?/kb]
Jj=1 j=1

Clearly, A = o,,, which gives the desired expression in Equation (5). We want to prove
now that Equation (6) holds. Since A; € k[y;,...,yn], then zy oAy =0for 1 <k <l <n.
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Hence contracting Equation (7) first by 2 and then by z; we get

ta—1

9) Z )\g(xk ob;) =z 0 (x00_1).

i=1

On one hand, T ©0]1—1 = Tk © (Zle Az) “+ X O (Zi;}c—l—l Az) = X O (Zle Az) = Xk O O,
for k < [. On the other, when contracting Equation (8) by x, in all terms to which we
do elimination the k-th variable vanishes and this provides

tg_1 ta—1 ta—1
TRoor =Y A /xk O bj |ypmmymo oo+ YN <xk o /bj) = Aby.
j=1 1 j=1 k

J=1

Therefore, we can rewrite Equation (9) as szz’f Moy, 0 b)) = szz’f A¥(zy 0 bj), hence
Equation (6) is satisfied.

Conversely, we want to know if every element of the form of Equation (5) satisfying
Equation (6) is in [ M. By definition, A € [ M if and only if mo A C M. Therefore, it
is enough to prove that zyoA € M for any 1 < k < n. Let us then contract the expression
Equation (5) by zx, 1 < k < n:

oA = SN, [ oy A / by g+ N / ob;.
=1 j=1 +

j=t n

Consider condition Equation (6), then its [-primitive, for any k& < [ < n, gives

s

ZA?/lebj:Z)\g/xkObj.
j=1 ! j=1 !

It can be checked that [,y 0 H |y, —.ey,—o= ([, 2 0 H) _o. Therefore,

|yl+1:"':yn
S
_ k
rpo N = E )\j (bj ‘ka:...:yn:o —|—/ T4 © bj |yk+2:"':yn:0 R / X, O bj) .

We can also prove that

n

bj ‘yk+1:"':y”:0 +/ Tht1 © bj |yk+2:"':yn:0 oot /:L’n © bj = bj
k+1

is true for any 1 < j <mn. Then z,0 A = Z;Zl )\?b‘j € M and we are done. O

From the previous theorem and Lemma 3.4 the next corollary follows directly.

Corollary 3.9. Consider a sub-R-module M of S and d > 1. Let {by,...,b:, .} be a
k-basis of fmd,l M and let A be a polynomial with no constant terms. Then A € fmd M if
and only if it is of the form

ti—1 ti—1 ti—1

(10) A= Z )\]1 /1bj|y2=---=yn=0 + Z )\? /2bj|y3:"':yn:0 + .+ Z )\? / bj7 )\;C ek,
j=1 =1 j=r "
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such that

(11) Z (z; 0 Z (zrob) =0, 1<k<l<n.

=1 =1

Remark 3.10. Note that, using the notations of Theorem 2.10, it can be proved that

D,=1"nN / Dy_1,

for any 1 < d < s. Indeed, Theorem 2.10 says that any element A € D, is of the form
of Equation (10), and because of Corollary 3.9, we know that it satisfies Equation (11).
Hence, by Theorem 3.8, A € [ Dy_y. Since A € Dy = I+ N S<q, then A€ I-N [ Dy_4.
Conversely, any element A in ( fm Dd—l) N I+ satisfies, in particular, mo A C Dy, =
I+ N Sy y. Therefore deg (moA) < d — 1 and hence deg A < d. Since A € I+, then
AE[J‘QSSd:'Dd.

We end this section by considering the low Gorenstein colength cases.

3.1. Teter rings. Let us remind that Teter rings are those A = R/I such that A =
G/ soc(G) for some Gorenstein ring G. In [8], the authors prove that gcl(A) = 1 whenever
embdim(A) > 2. They are a special case to deal with because the K associated to any
generator F' € S of a minimal cover is always the maximal ideal. We provide some
additional criteria to characterize such rings:

Proposition 3.11. Let A = R/I be a non-Gorenstein local Artin ring of socle degree
s > 1 and let {F}1<j<n be an adapted k-basis of L41. Then gcl(A) = 1 if and only if
there exist a polynomial F = 22:1 a;Fj € [ I, a; € k, such that dimy (moF) = dimy [+

Proof. The first implication is straightforward from Corollary 3.7 and Teter rings charac-
terization in [8]. Reciprocally, if F € [ T L then mo F C I+ by definition, and from the
equality of dimensions, it follows that m o F' = I+. Therefore, 0 < gcl(A) < ((R/m) =1
and we are done. U

Example 3.12. Recall Example 2.4 Wlth It = {(yiys,y3) and fmIL =

(U3, 192, Y1ys, ¥3, Y23, y4). Then y?, 7775, y3, Talls, ys is a k-basis of L41. As a conse-
quence of Proposition 3.11, A is Teter if and only if there exists a polynomial

F = a1y} + agyrys + azys + asyays + asys

such that mo F' = I+, But mo F = (ayy; + agys, asys + asys, asy1 + asys + asys) and
clearly y1y» does not belong here. Therefore, gcl(A) > 1.
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3.2. Gorenstein colength 2. By [6], we know that A is of Gorenstein colength 2 if and
only if there exists a polynomial F' of degree s + 1 or s + 2 such that Kp o F' = [+, with
Kp=(Ly,...,L,1,L?), where L; are suitable independent linear forms.

Observe that a completely analogous characterization to the one we did for Teter rings
is not possible. If A = R/I has Gorenstein colength 2, by Corollary 3.7, there exists

F = Zle Z;’;l a’F} e [, I, where {Fj}1<i<2,1<]~<hi is a k-basis of L4, that generates

a minimal Gorenstein cover of A and then trivially I+ C (F). However, the reverse
implication is not true.

Example 3.13. Consider A = R/m?, where R is the ring of power series in 2 variables,
and consider F' = y?y2. It is easy to see that F € fm2 It = Sy and I+ C (F). However,
it can be proved that gcl(A) = 3 using [2, Corollary 3.3]. Note that Kp = m? and hence
((R/KF) = 3.

Therefore, given F' € [ ,I*, the condition I C (F) is not sufficient to ensure that
gcl(A) = 2. We must require that ((R/Kp) = 2 as well.

Proposition 3.14. Given a non-Gorenstein non-Teter local Artin ring A = R/I,
gcl(A) = 2 if and only if there exist a polynomial F = Z?:1 Z;“Zl az-F; € fmg I+ such
that {Fji}lgigllgjghi is an adapted k-basis of Lao and (Ly,..., L, 1,L2) o F = I+ for
suitable independent linear forms L1, ..., L,.

Proof. We will only prove that if F' satisfies the required conditions, then gcl(A) = 2. By
definition of K, if (Ly,..., Ly_1,L2) o F = I+, then (Ly,...,L,_1,L?) C Kp. Again by
6], gcl(A) < ¢(R/KF) and hence gcl(A) < ¢ (R/(Ly,...,L,_1,L?)) = 2. Since gcl(A) > 2
by hypothesis, then gcl(A) = 2. O

Example 3.15. Recall the ring A = R/I in Example 3.12. Since

[T = bt o e R v, 3 e o)
and gcl(A) > 1, its Gorenstein colength is 2 if and only if there exist some
F € (Yt y1y, Y1Ys, Ys, YoUs, Ys: Ui YUz, Y1Yas Y, YTYss Y1Y2Ys, Yass Y13: Y2Y3. U3)k
such that (Ly,..., L, 1, L?) o F = I*+. Consider F = y3 + 3y,, then
(z1,25,23) 0 F = (v10 F,x50 F,x30 F) = (3192, ¥3)
and hence gcl(A) = 2.

4. MINIMAL GORENSTEIN COVERS VARIETIES

We are now interested in providing a geometric interpretation of the set of all minimal
Gorenstein covers G = R/J of a given local Artin k-algebra A = R/I. From now on, we
will assume that k is an algebraically closed field. The following result is well known and
it is an easy linear algebra exercise.
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Lemma 4.1. Let ¢; : k* — K, i = 1--- 7, be a family of Zariski continuous maps.
Then the function ¢* : k* — N defined by ¢*(z) = dimy(p1(2), -, @ (2))k is lower
semicontinous, i.e. for all zog € kK there is a Zariski open set zyp € U C k* such that for
all z € U it holds ¢*(z) > ¢*(20).

Theorem 4.2. Let A = R/I be an Artin ring of Gorenstein colength t. There exists
a quasi-projective sub-variety MGC™(A), n = dim(R), of Px (La+) whose set of closed
points are the points [F], F € Lay, such that G = R/ Anng F is a minimal Gorenstein
cover of A.

Proof. Let E be a sub-k-vector space of fmt I+ such that

/ It~2EqI

we identify £4, with £. From Proposition 3.6, for all minimal Gorenstein cover G =
R/ Anng F' we may assume that F' € E. Given F' € E, the quotient G = R/ Anng F' is a
minimal cover of A if and only if
(1) dimy((F)) = dimy(A) + ¢, and
(2) I+ C (F).
The second condition is equivalent to the numerical condition
(2))  dimy(I+ + (F)) = dimy (F).
Indeed, if I+ C (F), then I+ N (F) = I'*+ and hence dimy(I* + (F)) = dimy (F). Recip-
rocally, since dimy (F) = dimy(I*+ + (F)) = dimy I+ + dimy (F) — dimy (I N (F)), then
dimy I+ = dimy (I N (F)). But I* N (F) C I+ and hence the equality I+ N (F) = I+
holds. Therefore, I+ C (F).
Define the family of Zariski continuous maps {4 }a|<deg , Where
Yo: E — FE
F — 2%0F
In particular, ¢y = Idr. We write
' E — N
F +— dimy(z%o F,|a| < deg F)x
Note that ¢*(F) = dimy(F) and, by Lemma 4.1, ¢* is a lower semicontinuous map.
Hence U, = {F € E | dimy(F') > dimy A+t} is an open Zariski set in E. Using the same
argument, Uy = {F' € F | dimy(F) > dimy A+t + 1} is also an open Zariski set in £ and

hence Z; = E\U, is a Zariski closed set such that dimy (F') < dimy A + ¢ for any F' € Z;.
Then Z; NU; ={F € E | dim(F) = dimy A + ¢} is a locally closed set.

Let Gy, ---,G. be a k-basis of I+ and consider the constant map

forany : =1,--- ,e. By Lemma 4.1,

v E — N
F — dlmk (<F> + ]J') = diIIlk<{£g s} F}|g|§dogF> G1> ey Ge>k
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is a lower semicontinuous map. Using an analogous argument, we can prove that T =
{F € E | dimk(I*+ + (F)) = dimk A + ¢} is a locally closed set. Therefore,

W= (Z,NnU)NT ={F € E|dimy A+t = dim (I + (F)) = dim (F)}

is a locally closed subset of E' whose set of closed points are all the F' in E satisfying (1)
and (2'), i.e. defining a minimal Gorenstein cover G = R/ Anng F' of A.

Moreover, since (F') = (AF) for any A € k*, conditions (1) and (2') are invariant
under the multiplicative action of k* on F' and hence MGC™(A) = P(W) C Px(FE) =
Py (Lay)- O

Proposition 4.3. Let G = R/J be a minimal Gorenstein cover of A= R/I. Then
embdim(G) < 7(A) + gcl(A) + 1.

Proof. Set A = R/I and G = R’/J such that embdim(A) = dim R and embdim(G) =
dim R’. We denote by m and m’ the maximal ideals of R and R’ respectively. From
Proposition 3.2.(7), it is easy to deduce that Kp/(mKp + J) ~ [+/(m o I*). Hence
7(A) = dimyg Kr/(mKp + J) by [8, Proposition 2.6]. Then

embdim(G) — 1 = dimy R'/(m')? < dimy R'/(mKp + J) = gcl(A) + 7(A),

where the last equality follows from Proposition 3.2.(i7). O

Definition 4.4. Given an Artin ring A = R/I, the variety MGC(A) = MGC™(A), with
n=T1(A) + gcl(A) + 1, is called the minimal Gorenstein cover variety associated to A.

Remark 4.5. Let us recall that in [6] we proved that for low Gorenstein colength of A,
i.e. gcl(A) <2, then embdim(G) = embdim(A) for any minimal Gorenstein cover G of A.
In this situation we can define MGC(A) as the variety MGC"(A) with n = embdim(A).

Observe that this notion of minimal Gorenstein cover variety generalizes the definition
of Teter variety introduced in [8], which applies only to rings of Gorenstein colength 1, to
any arbitrary colength.

5. COMPUTING MGC(A) FOR LOW GORENSTEIN COLENGTH

In this section we provide algorithms and examples to compute the variety of minimal
Gorenstein covers of a given ring A whenever its Gorenstein colength is 1 or 2. These
algorithms can also be used to decide whether a ring has colength greater than 2, since it
will correspond to empty varieties.

To start with, we provide the auxiliar algorithm to compute the integral of I+ with
respect to the ¢-th power of the maximal ideal of R. If there exist polynomials defining
minimal Gorenstein covers of colength ¢, they must belong to this integral.
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5.1. Computing integrals of modules. Consider a k-basis b = (by,...,b;) of a finitely
generated sub-R-module M of S and consider z; o b; = 23:1 ag»bj, for any 1 <1 <t and
1 < k < n. Let us define matrices Uy = (a;)lgjﬂ;gt for any 1 < k < n. Note that

aj ... at
(zpoby---apoby) = (br--b) | : :
a a;

Now consider any element h € M. Then
t t

t
rroh =z 0 Z h;b; = Z(xk o hib;) = Z(zk ob;j)h; =

=1 i=1 =1
hl hl
=(zpoby-xpob) | i | =i b)Ue | |,
ht h’t

where hq,...,h; € k.

Definition 5.1. Let Uy, 1 < k < n, be the square matriz of order t such that
zpoh=bU,h',

where h = (hq,...,hy) for any h € M, with h = 22:1 h;b;. We call Uy, the contraction
matrix of M with respect to xy associated to a k-basis b of M.

Remark 5.2. Since z,x; 0 h = xjx 0o h for any h € M, we have Uy U, = UUy, with
1<k<l<n.

In [11], Mourrain provides an effective algorithm based on Theorem 2.10 that computes,
along with a k-basis of the inverse system I+ of an ideal I of R, the contraction matrices
U, ..., U, of I+ associated to that basis.

Example 5.3. Consider A = R/I, with R = k[z;,x5] and I = m? Then {1,y;,y2} is a
k-basis of I+ and Uy, U, are its contraction matrices with respect to 1, o, respectively:

010 0 01
Uy=1 000 ], U={02020
000 000

Now we provide a modified algorithm based on Theorem 3.8 that computes the integral
of a finitely generated sub- R-module M with respect to the maximal ideal. The algorithm
can use the output of Mourrain’s integration method as initial data: a k-basis of I+ and
the contraction matrices associated to this basis.

Remark 5.4. Observe that by 1, ..., b, is an adapted k-basis of fm M/M. Also note
that, since the algorithm returns the new contraction matrices, we can iterate the proce-
dure in order to obtain the k-basis of [ , M, and hence an adapted basis of [ , M/M.
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Algorithm 1 Compute a k-basis of fm M and its contraction matrices

Input: bq,...,b; k-basis of M;
Ui, ..., U, contraction matrices of M associated to the k-basis by, ..., b;.
Output: D =by,... by, by, ..., by k-basis of [ M:;
Ui,..., U] contraction matrices of fm M associated to the k-basis by, ..., biyp.
Steps:
(1) Solve the system of equations Uy x; — Uy x =0 for 1 <k < <n.
(2) Compute a basis ¢y, ..., cp, of the solutions X = [xq,...,X,] that provide new
polynomials of the form

n t
A - Z (Z )\f / bj|yk+1:"':yn:0)
k=1 \j=1 k

which are linearly independent with respect to by, ..., b;.
(3) Set D :=by,...,b, b1, .., b, where by = ¢ for any 1 <[ < h.
(4) Define square matrices Uj, of order ¢ + h and set U.[i] = Ug[i] for 1 <i <.
(5) Compute x 0 b; = 22:1 pib; for t 41 <4 <t 4 h and set

Uil = (s - pb 0 - 0)".

Example 5.5. Consider A = R/I, with R = k[z;,25] and I = m?  Then
{1, 91,92, 43, y1y2, y7 } is a k-basis of [ I+ = S<, with the following contraction matrices:

010000 001000
000001 000010
g 000010 g 000100
t"looooo0oo0 ]| 2" [0oo00000
000000 000000
000000 000000

5.2. Computing MGC(A) for Teter rings. The following algorithm provides a method
to decide whether a non-Gorenstein ring A = R/I has colength 1 and, if this is the case,
it explicitly computes its MGC'(A).

Let us consider a non-Gorenstein local Artin ring A = R/ of socle degree s. Fix a k-
basis by, ..., b, of I+ and consider a polynomial F' = Z?:l a;Fj e [ I+, where Fy,... F}
is an adapted k-basis of £4 ;. According to Proposition 3.11, F' corresponds to a minimal
Gorenstein cover if and only if dimy(m o F') = ¢t. Therefore, we want to know for which
values of aq, ..., a; this equality holds.

Note that deg F' < s+1 and zpzjo F = xjxoF. Then moF = (x%F : 1 < |a| < s+1)y,
where z® = 2" - 28" and |a| = ag + -+ + a,,. Moreover, by definition of F, each
2% 0 F € I'* hence 2% o F = 3", 1l b; for some pd, € k.

Consider the matrix A = (4,)1<|aj<s+1,1<j<t, Whose rows are the contractions z® o F
expressed in terms of the k-basis by, . .., b, of I+, The rows of A are a system of generators
of mo F as k-vector space, hence dimy(m o F') < ¢ if and only if all order ¢ minors of A
vanish. Let a be the ideal generated by all order ¢ minors py,...,p, of A. Note that the
entries of matrix A are homogeneous polynomials of degree 1 in klay,...,a,]. Hence a
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Algorithm 2 Compute the Teter variety of A = R/I with n > 2
Input: s socle degree of A= R/I;

b, ..., b k-basis of the inverse system I+
Fi, ..., Fy, such that F, ..., Fj, is an adapted k-basis of fm I+/1+
Ui, ..., U, contraction matrices of [ I.

Output: F = a1 F; + -+ ap Fj), polynomial defining a minimal Gorenstein cover;
a ideal defining the elements not in MGC(A).

Steps:
(1) Set FF'=a1F, + -+ apFy, and F = (ay,...,a)", where ay, ..., a; are variables
in k.
(2) Build matrix A = (M?)lg\agsﬂ,lgjgt’ where

t
UF =3 uighy, US = U U,
j=1

(3) Compute the ideal a generated by all minors of order ¢ of the matrix A.

is generated by homogeneous polynomials of degree t in k[ay, ..., a]. Therefore, we can
view the projective algebraic set
Vo(a)={lar:--:ap] €PP | pilar,...,a,) =0, 1<i<r},

as the set of all points that do not correspond to Teter covers. We just proved the following
result:

Theorem 5.6. Let A = R/I be an Artin ring with gcl(A) =1, h = dimy L41 and a be
the ideal of minors previously defined. Then

MGC(A) =Pi~"\V(a).
Moreover, for any non-Gorenstein Artin ring A, gcl(A) = 1 if and only if a # 0.

Proof. The first part is already proved. On the other hand, if @ = 0, then V(a) = P}
and MGC(A) = (). In other words, there exist no Teter covers, hence gcl(A) > 1. O

With the following example we show how to interpret the output of the algorithm:

Example 5.7. Consider A = R/I, with R = k[z1, 25] and I = m? [8, Example 4.3].
OUTPUT: F = a1y + asy1ye + azy?, rad(a) = a3 — ajas.

We consider points (a; : ag : az) € P2. Then MGC(A) = P?\{a3 — aja3 = 0} and any
minimal Gorenstein cover G = R/ Anng F of A is given by a polynomial F = a,y; +
asy1y2 + azy? such that a2 — ajaz # 0.

5.3. Computing MGC(A) in colength 2. Consider a k-basis by, ..., b; of I+ and an
adapted k-basis Fy,..., Fy,,G1,...,Gp, of L42 (see Definition 3.5) such that

o bi,....by, Fi,... Fy is a k-basis of [ I,
®by,....b, Fi,....Fy,Gi,...,Gy, is a k-basis of [ ,I+.
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Consider a local Artin ring A = R/I. If a minimal Gorenstein cover G = R/ Anng H
of colength 2 exists, then, by Corollary 3.7, H is a polynomial of the form

H = ZazF+Z@ v ek
i=1

We want to obtain conditions on the a’s and (’s under which H actually generates a
minimal Gorenstein cover of colength 2. By definition, H € fm2 I+, hence z, 0 H €
mo Jy (1) € J,I* and

t h1
who H = yulbj+ > plFy, .o €k
. —

Set matrices Ay = (u7) and By = (p].). Let us describe matrix By explicitly. We have

Note that each xy o G;, for any 1 <17 < ho, is in f I+ and hence it can be decomposed as
xp oGy = Z)\]“b —i—Zal“F )\;“, ]Zek.
Then
hl hz hl
ot =3t )+ 3o (S0 + 3 ) <0e X () 1
i=1 i=1 i

where b:= S ai(z 0 F)) + 312, 6 (ZJ L )\f ‘b ) € I+, Observe that

(12) pL=>_di'B,

hence the entries of matrix By can be regarded as polynomials in variables f,.. ., (p,
with coefficients in k.

Lemma 5.8. Consider the matriz By = (p),) as prem'ously defined and let By, = (o)
be the matriz of the coefficients of Lo H = Z - ng € L4, where Ly, ..., L, are
independent linear forms. Then,

: . mo H + I+
(i) rk By = dimy <T)’
(ii) rk By = rk By.
Proof. Note that z, 0 H = Z] F; € Layand (xy 0 H, ... @, 0 H)y = (moH+I4) /I .

Since 1, ..., Fy, is a k-basis of L4, and (mo H + IL)/[l g L1, then (i) holds.
For (ii) it will be enough to prove that (zy0 H,...,x,0 H)y = (LyoH,..., L, 0 H)y.
Indeed, since L; = > 7 Nz, for any 1 <4 < n, then Lo H = Y77 ](x] oH) €

J=17
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(r10H,... ,x, 0 H)x. The reverse inclusion comes from the fact that (L,...,L,) = m,
hence x; can be expressed as a linear combination of Ly, ..., L,. O

Lemma 5.9. With the previous notation, consider a polynomial H € fmz I+ with coef-
fictents Bi, ..., Br, of Gi,...,Ghp,, respectively, and its corresponding matriz By. Then
the following are equivalent:

(2) moH ¢ I,

(3) (61)“'75@)%( )

Proof. (1) implies (2). If By # 0, by Lemma 5.8, (mo H + It)/I* # 0 and hence
moH ¢ I+

(2) implies (3). If mo H ¢ I, by definition H ¢ [ I+ and hence H € [, I*+\ [ I+
Therefore, some 3; must be non-zero.

(3) implies (1). Since G; € [ , I\ [ I+ for any 1 <4 < hy and, by hypothesis, there is
some non-zero (3;, we have that H € [ , I*\ [ I*+. We claim that z, 0 H € [ I*\I* for
some k € {1,...,n}. Suppose the claim is not true. Then x,0 H € [+ for any 1 < k < n,
or equivalently, m o H C I* but, by definition, this means that H € [ ! L, which is a
contradiction. Since

h1
xkoH—b+Z (ZBZ ’“) F; e/[L\Jl, belt,
for some k € {1,...,n}, then pk # 0, for some j € {1,...,hy}. Therefore, By # 0. O

Lemma 5.10. Consider the previous setting. If By = 0, then either gcl(A) = 0 or
gcl(A) =1 or R/ Anng H is not a cover of A.

Proof. If By = 0, then mo H C I+ and hence ((H) — 1 < ((I*). If I+ C (H), then
G = R/ Anng H is a Gorenstein cover of A such that ¢(G) — ¢(A) < 1. Therefore, either
gcl(A) <1 or G is not a cover. O

We already have techniques to check whether A has colength 0 or 1. Therefore, we
can assume gcl(A) > 2. The previous two lemmas allow us to take into consideration
only those polynomials H such that (f1,...,Bn,) # (0,...,0) or, equivalently, By # 0.
According to Proposition 3.14, gcl(A) = 2 if and only if (Ly,..., L, 1, L%) o H = It for
some H of the previously stated form and some independent linear forms L4, ..., L,.

Proposition 5.11. Assume that By # 0. Then tkByg = 1 if and only if
(Li,...,Ly_1,L?) 0o H C I+ for some independent linear forms Ly, ..., Ly,.

Proof. Recall that, since we are under the assumption that By # 0, there exists k such
that o, o H ¢ I+. Without loss of generality, we can assume that z, o H ¢ I+. If
rk By = 1, then any other row of By must be a multiple of row n. Therefore, for any
1 <i < n—1, there exists \; € k such that (z; — \jz,) o H € I*+. Take L, := z; and
L; := x; — \jz,. It is clear that Ly, ..., L, are linearly independent and that L;o H € I+
for any 1 <7 <n — 1. Moreover, LioH:xioH€m2OfmZIL C I+
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Reciprocally, let B}, = (¢}) be the matrix of the coefficients of Ly o H = Z;il oL F; €

L41. By Lemma 5.8, since By # 0, then Bj; # 0. We are assuming that Ly o H = - -+ =

L,y 0 H =0 but, since B}, # 0, then L, o H # 0. It is clear that rk B}; = 1 and hence,
again by Lemma 5.8, rk By = 1. U

Given A = R/I such that gcl(A) > 2, we can identify any polynomial H = Z:’;l o F;+
Zﬁil B;G; with a point [H] in Py (L 4 2) by taking coordinates (ay @ -+ apy = B1 -+ 1 Bhy)-
Note that having gcl(A) > 2 ensures that some f; is non-zero and hence it makes sure
that [H] is a well-defined point of the projective space.

On the other hand, by Equation (12), any minor of By = (p]) is a homogeneous
polynomial in variables f31,..., B,. Therefore, we can consider the ideal b generated by
all order-2-minors of By in k[aq, ..., an,, b1, - .., Bry]. Note that V, (b) can be considered
as a projective variety in Py (L£42). Observe that Py (L£42) is a projective space over k of
dimension h; + hy — 1, hence we will denote it by Pﬁﬁhrl,

Corollary 5.12. Let A= R/I be an Artin ring such that gcl(A) = 2. Then
MGC(A) CV,(b) C Pprtht,

Proof. Note that [H] € V(b) if and only if all order-2-minors of By vanish. In other
words, if and only if rk By < 1. On the other hand, if [H] € MGC(A), then G =
R/ Anng H is a cover of colength 2 of A. Hence [+ = (Ly,...,L, 1,L?) o H for some
Ly, ..., L, and, by the previous proposition, rk By = 1. Therefore, [H] € V_(b). O

Note that the condition of rk By = 1 does not depend on Lq,..., L, and does not
provide any information about what choices satisfy the inclusion. In fact, we are only
interested in knowing which are the particular L, that meet the requirements. To that
end, we fix L,, = vy21+ - ~+v,2, and choose linear forms L; = N{z1+- - -+, for 1 < i <
n—1, such that Ly, ..., L, is ak-basis of (z1,..., 2z, )k and A\;-v = 0, where v = (vy, ..., vy)
and \; = (\},...,\)). We recall that (Lq,..., Ly_1)x = ({v;z; — vix; }1<icj<n)x, which
will be a useful fact in future propositions.

Define the following matrix:

h1
pr - P11
h
Pn -+ P’ Un

Proposition 5.13. Assume By # 0. (Ly,..., L,_1,L2)o H C I if and only if tk Cy, =
1.

Proof. By Proposition 5.11, (Ly, ..., L, 1, L?) o H C I+ if and only if rk By = 1. There-
fore, we need to prove that rk Cy, = 1 if and only rk By = 1.
On one hand, from 1k Cy, = 1 and By # 0 we directly deduce that tk By = 1. On the

J
Pr Uk

P
1<k<l<nand1l < j < h;. Let us check that these minors indeed vanish. Since

other hand, if tk By = 1, then we have rkCy, = 1 if and only if = 0 for any
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<L1, .. -7Ln—1>k = <{’Ul$(7k — kal}1§k<l§n>k7 then Ul(xk o H) — Uk(l’l o H) e It for any
1<k<l<n. But
h1
v(rgo H) —vg(x; 0o H) =b+ Z (vlpf; — vkp{) F; e It, for some b e I,

j=1

hence Ulpi — vkp{ =0. ]

Definition 5.14. We say that v = (vy,...,v,) is an admissible vector of H if v # 0 and
vp, — vl =0 forany 1 <k <l<nand1l<j<h.

Lemma 5.15. Given a polynomial H of the previous form:

(i) there always exists an admissible vector v € K™ of H;
(ii) if w € K" such that w = v, with A € k*, then w is an admissible vector of H;
(iii) the admissible vector of H is unique up to multiplication by elements of k*.

Proof. (i) The existence of v is deduced directly from the construction of L, = vix; +
.-+ v,x, in Proposition 5.13.

(#7) Clearly w = Av # 0 and wyp), — wipi = Mvip), — vipl) = 0.

(iii) Since we can assume that By # 0, there exists pl # 0 for some 1 < j < hy and
1 <k <n. We will first prove that v, # 0. Suppose that v, = 0. By Definition 5.14, there
exists v; # 0, 1 # k, and vip{C — vkpf = 0. Then vip{C = 0 and we reach a contradiction.
Consider now w = (wy, ..., w,) admissible with respect to H. From pf;vl — ,0{ v = 0 and

prw, — plwg = 0, we get v = (pf/pi) v, and w; = (p{/pfc) wy. Set A := p]/p,.. For any
1 <1< mn, with [ # k, from v, = Ny, and w; = Nwy, we deduce that w; = (wy/vg) vy.
Hence w = Av, where A\ = wy/vg, and any two admissible vectors of H are linearly
dependent. O

We now want to provide a geometric interpretation of pairs of polynomials and admis-
sible vectors and describe the variety where they lay. On one hand, as a consequence
of Lemma 5.15, we can identify an admissible vector v with a point [v] of the pro-
jective space P}~' with homogeneous coordinates (v; : --- : v,). On the other hand,
recall that the entries ,0? of matrix By can be regarded as polynomials in variables
B1,. .., Pn, and coefficients in k, by Equation (12). Then consider the ideal generated

in k[ag, ..., an, P15+, Bhy, V1, - - -, U] by polynomials of the form

(13) proh, —phpl, 1<k<m<nl1<j<li<h

and

(14) vpl — oo, 1<k<l1<n1<j<h.

It can be checked that all these polynomials are bihomogeneous polynomials in the sets of
variables {a1, ..., an,, 01, .., By} and {vy, ..., v,}. Therefore this ideal defines a variety
in IP’ﬁlJ’h?_l x PP! the points of which satisfy the following equations:

(15) ool —phpl =0, 1<k<m<n1<j<I<h;

(16) wph — vl =0, 1<k<l<n1<j<h.
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Definition 5.16. We denote by ¢ the ideal in K[aq, ..., an,, B1, -, Brgs V1, - -+, U gen-
erated by all order 2 minors of Cy,. We denote by Vi (c) the variety defined by ¢ in
Pttt s PRt

Lemma 5.17. With the previous definitions, the set of points of V. (c) is
{([H],[v]) e PET"2"! x Pyt | [H] € V(b)) and v admissible with respect to H} .

Proof. Consider a point [p] in Vi (c) € P21 x PP=1 Then [p] = ([pg], [po]), with
homogeneous coordinates [pg] = (ay : --- = ap, = Bi ¢ -+ 1 Br,) € PP and
[p] = (v -+ w,) € PR

On one hand, the coordinates of [pg| satisfy Equation (15), which are precisely the con-
ditions required to have [ps] € V,(b). On the other hand, coordinates of [ps] and [p,]
satisfy Equation (16), hence v = (vq,...,v,) is admissible with respect to the polynomial
H=Y""0;F+ 32 8,G;. Therefore, ([pg], [p.]) = ([H], [v]) for some [H] € V_ (b) and
some v admissible.

Conversely, any pair of the form ([H],[v]) with [H] € V_(b) and v admissible satisfy
Equation (15) and Equation (16) by definition. O

Lemma 5.18. Let 7 be the projection map from P£1+h2_1 X Pﬁ_l — Pﬁ”hrl, Then,

(i) m(Vi(c)) = Vi (b);
(ii) there is a one-to-one correspondence between points [H] € V. (b) and points
([H], [v]) € Vi (c).

Proof. (i) Any element of V_(c¢) is of the form ([H], [v]) described in Lemma 5.17. Then
m([H], [v]) = [H] € V4(b). Conversely, given an element [H|] € V(b), by Proposi-
tion 5.11 there exist independent linear forms Ly, . .., L, such that (Ly, ..., L,_, L?)oH C
I+. Hence, taking v as the vector of coefficients of L, and applying Proposition 5.13, we
get an admissible v with respect to H. Therefore, [H| = m([H], [v]) € m1 (V. (¢)).
(1) For any [H] € V,(b), Lemma 5.15 applies to H and there always exists an admissible
vector v € k™ of H. By definition, ([H],[v]) € V,(c). By the same lemma, any admissible
vector of H is of the form w = v, with A € k*, and hence [w] = [v] € P{"'. Then the
assignation i1 ([H]) = ([H], [v]) is a well-defined map from V,(b) to V,(c). Note that m
is the inverse map and hence we have a bijection. U

From Corollary 5.12, we know that all covers G = R/ Anng H of colength 2 correspond
to points [H] € V. (b) but, in general, not all points of V, (b) correspond to covers of A =
R/I. Therefore, we need to identify and remove those [H| such that (Ly,..., L, 1,L?)o
HC I+
As k-vector space, (Ly, ..., L, 1,L?) o H is generated by

o (v —vpry) o H, 1 <k <l<n;
o 2o H, 2<0| <s+2.
Since (Ly, ..., L,_1,L?) o H C I+, we can provide an explicit description of these gener-
ators with respect to the k-basis by, ..., b, of I+ as follows:
t

hi hi ha ha
k,i 1,0 ki lyi
(xpv; — zvR) 0 H = E v E Qifly" — Vg E it + vy E BiX;" — vy E BiAj" | by,
i=1 i=1 i=1 i=1

j=1
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for1<l< k < n, with z o F; = Z] 1:“; b; and xkoGi:Zj 1>\;“b —i-zz”la;“F

kz kz

t h1 h
ZQ oH = Z (Z ,U%iOéi + 22: )\%Zﬂl) bj,

where 2 < || < s+2, 280 F; = Z] 1,u] b; and 2% 0 G; = Zjl)\glb], fl,)\flek
We now define matrix Uy, such that its rows are the coefficients of each generator of

(Ly,...,L,_1,L?) o H with respect to the k-basis by, ..., b; of I't:

by . b,
(xovy — x109) 0 H 1 e ;
2U1 1U2 01,2 01,2
1
(xnvn—l - xn—lvng oH %)N—lm e Qn 1,n
TioH | Soo.0 §(2 0,...0)
T1190 H | ¢t S S
172 (1,1,0,...,0) (1,1,0,...,0)
2 1 t
z, o H 5(0,...,0,2) $0,...,0,2)
542 1 . t
z, "o H 5(0,...,0,54+2) 5(0,...,0,542)
where
h1 h1 ho ha
i ki Li ki Li
9 g = E Qift;” — vy, E Qi+ E BiX;" — vy, E BiX;
i=1 i=1 i=1 i=1
and

hl h2
j 07' Q7'
3= 2 et YN

It can be easﬂy checked that the entrles of thls matrlx are either bihomogeneous poly—
nomials Qz . in variables ((a, 3),v) of bidegree (1,1) or homogeneous polynomials ¢j in
variables (g, B) of degree 1. "Let a be the ideal in klo, ... an, B,y Brys Uty - - . U]
generated by all minors of Uy, of order ¢ = dimy / L. It can be checked that it is a
bihomogeneous ideal in variables ((a, ), v), hence we can think of V, (a) as a variety in
Phithe=1 5 Pr=1  Note that the variety can be described as follows:

V. (a) = {([H], [v]) € P12l 5 P | vk Uy, < £}

Proposition 5.19. Given [H] € V_(b) and ([H], [v]) € Vi (c) its image by the bijection
defined in Lemma 5.18, then

[H] € MGC(A) < ([H], [v]) ¢ Vi (a),

Proof. By Proposition 5.13, ([H], [v]) € V(¢) if and only if (Ly,..., L, 1, L?)o H C I+,
where L, = vizy + -+ 4+ v,2,. Under such conditions, G = R/ Anng H is a cover if and
only if dimy(Ly, ..., L, 1, L?) o H = dimy I+ = t. In other words, [H] € MGC(A) if and
only if tk U, = t. [
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Corollary 5.20. With the previous definitions,
MGC(A) = Vi (b)\m (Vi(c) NV ().

Proof. Consider [H] € MGC(A). Since MGC(A) C V. (b) by Corollary 5.12, to prove
the right inclusion it will be enough to check that [H] ¢ m (V. (¢) NV, (a)). Suppose it
is not true, that is, [H] € m (V4 (¢) NV (a)). Note that the map i; of Lemma 5.18 is still
the inverse of m; when restricted to V. (¢) NV, (a) € V, (¢). Therefore,

i ([H]) = (H], [v]) €2 (m (Vi () NV () = V() NV (a).

But then ([H],[v]) € Vi (a) and, by Proposition 5.19, G = R/ Anng H is not a cover,
hence we reach a contradiction.

Conversely, if [H] is in V(b) but not in m (Vi (¢c) NV (a)), then ([H],[v]) ¢ Vi(c)N
V. (a). But ([H], [v]) is in V. (¢) by definition, hence the only possibility is that ([H], [v]) ¢
V. (a). Therefore, [H] € MGC(A) by Proposition 5.19. O

Finally, let us recall the following result for bihomogeneous ideals:

Lemma 5.21. [3, Exercise 16, Section 8.5] Let ideals a, ¢ be as previously defined, 0 = a+c
the sum ideal and 7, : Pit2t s PRl Pt pe the projection map. Let 0 be the
projective elimination of the ideal O with respect to variables vy, ..., v,. Then,

m(Vi(a) NVi(c) = Vo (0).

The output of Algorithm 3 can be interpreted as MGC(A) = V4 (b)\V,(2d). Moreover,
any point [oy @ -+t ap, 2 Br -t Br,] € MGC(A) corresponds to a minimal Gorenstein
cover G = R/ Anng H of colength 2 of A, where H = an Fy + - - - + ap, Fp, + 51G1 + - +
ﬁhz Ghz .

Example 5.22. Consider A = R/I, with R = k[, z5] and I = (23, 2123, 73).
OutpuT: H = ays + ayiys + asyi + biyiye + bayiys + bsys + bayi, b = (bsba, baby),
0 = (b3by, boby, b3 — b1b3).

Then MGO(A) = V+(bgb4, bgb4)\V+(bgb4, bgb4, b% — blbg) = V+(bgb4, b2b4)\V+(b% - blbg).
Note that if b3by = beby = 0 and by # 0, then both by and b3 are zero and the condition
b3 — biby = 0 always holds. Therefore,

MGC(A) =V (ba)\V (05 = bibs) = P\V (b5 — bibs),

where (ay : as : ag : by : by : bg) are the coordinates of the points in P5. Moreover, any
minimal Gorenstein cover is of the form G = R/ Anng H, where

H = ay1yy + asy1ys + azy; + biyiys + bayiys + bays

satisfies b3 — b1bz # 0. All such covers admit (x1,23) as the corresponding K.

6. COMPUTATIONS

The first aim of this section is to provide a wide range of examples of the computation
of the minimal Gorenstein cover variety of a local ring A. In [12], Poonen provides a
complete classification of local algebras over an algebraically closed field of length equal
or less than 6. Note that, for higher lengths, the number of isomorphism classes is no
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Algorithm 3 Compute MGC(A) of A= R/I with n > 2 with gcl(A4) = 2

Input: s socle degree of A = R/I; by,...,b; k-basis of the inverse system [I+;
Fi,...,Fp,Gy,...,Gp, an adapted k-basis of L49; Uy,...,U, contraction matrices
of [T+

Output: H = a1 Fy +-- -+ ap, Fp, + 51G1 + - - - + Br,Gh, polynomial defining a minimal
Gorenstein cover, b ideal such that MGC(A) C V,(b), D ideal defining the elements of
V., (b) not in MGC(A).

Steps:

(1) Set H = a1 F1+---+ap, Fp, +51G1+- - -+ Br,Gh,, where a, B are variables in k.
Set column vectors H = (0,...,0,a,3)" and v = (v1,...,v,)" in R = k[a, 8, v],
where the first £ components of H are zero. B

(2) Build matrix By = (p])i<i<n,1<j<n;, where U;H is the column vector
(b, ok ph o 0, 0)h

(3) Build matrix Cy, = ( By ‘ v ) as an horizontal concatenation of By and the
column vector v.

(4) Compute the ideal ¢ C R generated by all minors of order 2 of By.

(5) Build matrix Uy, as a vertical concatenation of matrices (g, )1<j<ni,1<i<k<n
t

and (s))2<pp<st2,1<j<n, such that (0Ux — veU)H = (ols, -+, 03,0+ ,0)
and U'H = (¢}, - ,ggl,0,~-~ L0, with 1 <k<li<nand2<|f] <s+2.
(6) Compute the ideal a C R generated by all minors of order ¢ of Uy, and the
ideald=a+c¢C R .
(7) Compute DC R = k[a, ], where = denotes the projective elimination of the

ideal in R with respect to variables vy,...,v,.
(8) Compute the ideal b :=7¢ C R/

longer finite. We will go through all algebras of Poonen’s list and restrict, for the sake of
simplicity, to fields of characteristic zero.

On the other hand, we also intend to test the efficiency of the algorithms by collecting
the computation times. We have implemented algorithms 1, 2 and 3 of Section 5 in the
commutative algebra software Singular [4]. The computer we use runs into the operating
system Microsoft Windows 10 Pro and its technical specifications are the following: Sur-
face Pro 3; Processor: 1.90 GHz Intel Core i5-4300U 3 MB SmartCache; Memory: 4GB
1600MHz DDR3.

6.1. Teter varieties. In this first part of the section we are interested in the computation
of Teter varieties, that is, the MGC/(A) variety for local k-algebras A of Gorenstein
colength 1. All the results are obtained by running Algorithm 2 in Singular.

Example 6.1. Consider A = R/I, with R = Kk[xj,2z9,23] and I =
(22, 2129, 173, Tow3, 75, 3). Note that HF 4 = {1,3,2} and 7(A) = 3. The output pro-
vided by our implementation of the algorithm in Singular [4] is the following:

F;

a(4)*x(2) "3+a(1)*x(3) "3+a(6) *x (1) "2+a(5) *x (1) *x (2)+a(3) *x (1) *x(3) +a(2) *x (2) *x (3)

radical(a);
a(1)*a(4)*a(6)
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We consider points with coordinates (a; : as : a3z : a4 : as : ag) € P°. There-
fore, MGC(A) = P°\V,(ajasae) and any minimal Gorenstein cover is of the form
G = R/ Anng H, where H = a1y3 + asyays + azy1ys + asys + asy1y2 + agyi with ajaqsag # 0.

In Table 1 below we show the computation time (in seconds) of all isomorphism classes
of local k-algebras A of gcl(A) = 1 appearing in Poonen’s classification [12]. In this
table, we list the Hilbert function of A = R/, the expression of the ideal I up to linear
isomorphism, the dimension h—1 of the projective space P"~! where the variety MGC(A)
lies and the computation time. Note that our implementation of Algorithm 2 includes
also the computation of the k-basis of fm I+, hence the computation time corresponds to
the total.

HF(R/I) I h-1| t(s)
1,2 (11, 22)? 2 10,06
1,2,1 xlxg,x%,x? 2 10,06
1,3 (.Il,xg,zg)Q 5 0,13
1,2,1,1 23, 1122, T4 2 10,23
1,2,2 110, T3, X3 2 10,11
123, 2%, 73 2 10,06

1,3,1 xlxg,x1x3,x213,x%,x§,x? 5 [0,16
1,4 ($1,$2,$3,£L‘4)2 9 2,30
1,2,1,1,1 122,23, 75 2 10,17
1,2,2,1 1T, T3, TS 2 10,09
2?2 + a3, v 23, 74 2 |01

1,3,1,1 xlxg,x1x3,x213,x§,x§,x% 5 | 3,05
1,3,2 x%,x1x2,11x3,x§,xgx§,x§ 5 10,33
22,3122, 123, TaT3, T3, T 5 10,23

1,4,1 T1T2, T1T3, T1T4, ToT3, Ty, T3Tq, T3, 3, 25,25 | 9 | 3,21
1,5 (w1, 2,3, 24, 75)° 14 11,25

TABLE 1. Computation times of MGC(A) of local rings A = R/I with
((A) <6 and gcl(A) = 1.

Note that Algorithm 2 also allows us to prove that all the other non-Gorenstein local
rings appearing in Poonen’s list have Gorenstein colength at least 2.

6.2. Minimal Gorenstein covers variety in colength 2. Now we want to compute
MGC(A) for gcl(A) = 2. All the examples are obtained by running Algorithm 3 in
Singular.

Example 6.2. Consider A = R/I, with R = k[, zo, x3] and I = (2%, 23, 22, 179, 173).
Note that HF 4 = {1,3,1} and 7(A) = 2. The output provided by our implementation of
the algorithm in Singular [4] is the following:

H; +a(3)*x(2) "2+a(2) *x (1) *x(3)+
b(10)*x (1) ~3+b(7)*x (1) "2*x(2)+ +a(1)*x(3) "2

+b(8) *x (1) *x(2) "2+b(9) *x(2) "3+ radical(b);

+b (1) *x (1) "2%x(3) +b(2) *x (1) *x (2) *x (3) + _[11=b(8)"2-b(7) *b(9)

+b(3) *x(2) "2*x (3) +b(4) *xx (1) *x (3) ~2+ _[2]1=b(7)*b(8)-b(9)*b(10)
+b(6) *x(2) *x(3) "2+b (5) *x(3) "3+ _[31=b(6)*b(8)-b(4)*b(9)

+a(5)*x (1) "2+a(4)*x (1) *x(2) + ~[41=b(3)*b(8)-b(2) *b(9)
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_[561=b(2)*b(8)-b(1)*b(9)
_[6]1=b(1)*b(8)-b(3)*b(10)
_[71=b(7)~2-b(8) *b(10)
_[81=b(6)*b(7)-b(4)*b(8)
_[91=b(4)*b(7)-b(6)*b(10)
_[10]1=b(3)*b(7)-b(1)*b(9)
_[111=b(2)*b(7)-b(3) *b(10)
_[121=b(1)*b(7)-b(2) *b(10)
_[131=b(3)*b(6)-b(5)*b(9)
_[14]1=b(2)*b(6)-b(5)*b(8)
_[151=b(1)*b(6)-b(5) *b(7)
_[16]1=b(2)*b(5)-b(4)*b(6)
_[171=b(4) ~2-b (1) *b(5)
_[18]=b(3)*b(4)-b(5)*b(8)
_[191=b(2)*b(4)-b(5) *b(7)
_[201=b(1)*b(4)-b(5)*b(10)
_[211=b(2)*b(3)-b(4) *b(9)
_[22]=b (1) *b(3)-b(4)*b(8)
_[231=b(2) "2-b(4)*b(8)
_[241=b(1)*b(2)-b(6) *b(10)
_[251=b(1) "2-b(4)*b(10)
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_[41=b(3)*b(8)-b(2) *b(9)
_[51=b(2)*b(8)-b (1) *b(9)
_[6]1=b(1)*b(8)-b(3)*b(10)
_[71=b(7) "2-b(8) *b(10)
_[81=b(6)*b(7)-b(4)*b(8)
_[91=b(4)*b(7)-b(6)*b(10)
_[101=b(3)*b(7)-b(1)*b(9)
_[11]1=b(2) *b(7)-b(3) *b(10)
_[121=b(1)*b(7)-b(2) *b(10)
_[13]=b(3)*b(6)-b(5)*b(9)
_[141=b(2)*b(6)-b(5) *b(8)
_[15]=b (1) *b(6)-b(5)*b(7)
_[161=b(2)*b(5)-b(4) *b(6)
_[17]1=b(4) "2-b(1) *b(5)
_[181=b(3)*b(4)-b(5)*b(8)
_[19]1=b(2)*b(4)-b(5)*b(7)
_[201=b(1)*b(4)-b(5)*b(10)
_[21]1=b(2)*b(3)-b(4)*b(9)
_[221=b(1)*b(3)-b(4)*b(8)
_[23]1=b(2) "2-b(4) *b(8)
_[241=b(1)*b(2)-b(6) *b(10)

_[26]=b(3)*b(5)*b(10)-b(6) ~2%b(10) _[25]=b(1)~2-b(4)*b(10)

_[271=b(3) "2*b(10)-b(6) *b(9) *b (10) _[261=b(3)*b(5)*b(10)-b(6) ~2%b(10)
_[28]=b(4)*b(6) ~2-b(5) ~2*b(8) _[271=b(3) "2*b(10) -b(6) *b(9) *b(10)
_[29]1=b(6) ~3*b(10)-b(5) “2*b(9) *b(10) _[28]=b(4)*b(6) "2-b(5) “2xb(8)
radical(d); _[29]1=a(5)*b(3)*b(5)-a(5)*b(6) "2
_[11=b(8) ~2-b(7)*b(9) _[30]=a(5)*b(3) ~2-a(5)*b(6)*b(9)
_[21=b(7)*b(8)-b(9)*b(10) _[311=b(6) "3*b(10)-b(5) "2*b(9) *b(10)
_[3]1=b(6)*b(8)-b(4)*b(9) _[32]=a(5)*b(6) ~3-a(5)*b(5) “2*b(9)

We can simplify the output by using the primary decomposition of the ideal b = ﬂle b;.
Then,
k

k
MGC(A) = (Vo) | \V1 @) = (V4 (0)\V4(3)).

i=1
Singular [4] provides a primary decomposition b = b;Nb, that satisfies V, (b2)\ V. (d) = 0.
Therefore, we get
MGC(A) = Vo (by,ba, by, by, bs, bro, bsbs—bsb)\ (Vi (as) U V. (=b§ + b3bg, bsbs — b, bs — bby)) .
in P!*. We can eliminate some of the variables and consider MGC(A) to be the following
variety:
MGC(A) = Vi (bsbs — bsby)\ (Vi (as) UV, (b2bg — b3, bsbs — b, b — bgby)) C P°.

Therefore, any minimal Gorenstein cover is of the form G = R/ Anng H, where

H = a1y3 + asy1ys + asys + aayiys + asyi + baysys + bsys + beyays + boys

satisfies b3bg — bsbg = 0, a5 # 0 and at least one of the following conditions: bgbg — bg +
0, b3bs — bz # 0, b2 — bgby # 0.

Moreover, note that V(c)\Vi(a) = V. (c,)\V,(a), where ¢ = ¢; N ¢y is the primary
decomposition of ¢ and ¢; = by + (vy, vabs — v3bg, vobs — v3by). Hence, any Ky such that
Ky o H = I+ will be of the form Ky = (Ly, Lo, L3), where Ly, Lo, L3 are independent
linear forms in R such that L3 = U9 + V33, with ’U2b5 — ’U3b6 = ’U2b3 — ’U3b9 =0.
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Example 6.3. Consider A = R/I, with R = Kk[zy,z9,23] and I =
(2179, 123, Tow3, 3, 23 — 23). Note that HF 4 = {1,3,1,1} and 7(A) = 2. The output
provided by our implementation of the algorithm in Singular [4] is the following;:

H; _[25]1=b(1)"2-b(4)*b(9)
-b(10)*x (1) ~4+b(9) *x (1) "2*x (2)+ _[261=b(5)*b(9)*b(10)

+b (7)*x (1) *x(2) “2+b(8) *x(2) "3+ _[27]1=b(3) *b(9) *b (10)
+b(6) *x (1) "2xx (3)+b (1) *x (1) *x(2) *x (3) + radical(d);

+b(2)*x(2) "2*xx(3+b(3) *x (1) *x(3) "2+ _[11=b(8)*b(10)

+b (4) *x(2) *x(3) "2+b(5) *x(3) "3+ _[21=b(7)*b(10)

+a(5)*x (1) *x(2)+a(4)*x(2) "2+ _[3]=b(4)*b(10)

+a(3)*x (1) *x(3)+a(2) *x(2)*x(3) + _[41=b(2)*b(10)
+a(1)*x(3)"2 _[51=b(1)*b(10)
radical(b); _[6]1=b(6)*b(8)-b(2)*b(9)
_[11=b(8)*b(10) _[71=b(7)"2-b(8) *b(9)
_[21=b(7)*b(10) _[81=b(6)*b(7)-b(1)*b(9)
_[31=b(4)*b(10) _[91=b(4)*b(7)-b(3)*b(8)
_[4]1=b(2)*b(10) _[101=b(3)*b(7)-b(4)*b(9)
_[51=b(1)*b(10) _[111=b(2)*b(7)-b(1)*b(8)

_[61=b(6)*b(8)-b(2)*b(9)
_[71=b(7)"2-b(8) *b(9)

_[8]=b(6)*b(7)-b(1)*b(9)
_[91=b(4)*b(7)-b(3)*b(8)
_[10]=b(3)*b(7)-b(4)*b(9)
_[111=b(2) *b(7)-b (1) *b(8)
_[12]=b (1) *b(7)-b(2) *b(9)
_[13]1=b(4)*b(6)-b(5)*b(9)
_[14]=b(2) *b(6)-b(4)*b(9)
_[15]1=b (1) *b(6)-b(3)*b(9)
_[16]=b(4) "2-b(2) *b(5)

_[171=b(3) *b(4)-b(1)*b(5)
_[18]=b(2)*b(4)-b(5)*b(8)

_[12]1=b (1) *b(7)-b(2) *b(9)
_[13]=b(4)*b(6)-b(5)*b(9)
_[14]=b(2)*b(6)-b(4)*b(9)
_[15]1=b (1) *b(6)-b(3)*b(9)
_[16]=b(4) "2-b(2) *b(5)

_[17]1=b(3) *b(4)-b(1)*b(5)
_[18]=b(2)*b(4)-b(5)*b(8)
_[19]1=b (1) *b(4)-b(5) *b(7)

_[20]1=b(3)"2-b(5) *b(6)+b(3) *b(10)

_[21]1=b(2)*b(3)-b(5) *b(7)
_[22]=b(1)*b(3)-b(5) *b(9)
_[23]=b(2) "2-b(4) *b(8)

_[24]1=b(1)*b(2)-b(3) *b(8)

_[191=b (1) *b(4)-b(5) *b(7) _[25]=b (1) "2-b(4) *b(9)
_[20]=b(3) "2-b(5)*b(6)+b(3) *b(10) _[26]1=b(5)*b(9) *b(10)
_[211=b(2)*b(3)-b(5) *b(7) _[27]1=b(3) *b(9) *b (10)
_[22]=b(1)*b(3)-b(5) *b(9) _[28]=a(4)*b(5)*b(10)
_[23]=b(2) "2-b(4) *b(8) _[29]=a(4)*b(3)*b(10)

_[24]=b(1)*b(2)-b(3)*b(8)

Singular [4] provides a primary decomposition b = by N by N by such that V. (6)\V,(d) =
V. (b2)\V,(0). Therefore, we get
MGC(A) = V (b, by, by, by, bg, by, b2 — bsbg + bsbio)\ (Vi (as) UV, (bio) UV (b3, bs)).
in P*. We can eliminate some of the variables and consider M GC(A) to be the following
variety:
MGC(A) = V_,_(bg — bsbg + bgblo)\ (V+(CL4) U V+(blo) U V+(bg, b5)) c P8,

Therefore, any minimal Gorenstein cover is of the form G = R/ Anngr H, where

H = a1y; + asyays + asyrys + aays + asyiye + bsyiys + bsys + beyiys — bioyy
satisfies b2 — bsbg + bsbig = 0, ay # 0, bip # 0 and either bs # 0 or b5 # 0 (or both).
Moreover, note that Vi (¢)\Vi(a) = V (c,)\V,(a), where ¢ = ¢; Ncg N ¢y is the primary
decomposition of ¢ and ¢y = by + (vy, v1b5 — v3b3 — v3b1g, V103 — v3bg). Hence, any Ky such
that Ko H = I+ will be of the form Ky = (Ly, Ly, L3), where Ly, Ly, L3 are independent
linear forms in R such that L3 = vixq + v3x3, with v1bs — v3bs — v3b1g = v1b3 — v3bg = 0.
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Example 6.4. Consider A = R/I, with R = K[z1, 2o, 23] and [ = (2%, 23, 22, x12).
Note that HF 4 = {1,3,2} and 7(A) = 2. Doing analogous computations to the previous
examples, Singular provides the following variety:

MGC(A) = P\V, (b3 — bibs)

The coordinates of points in MGC(A) are of the form (ay : --+:ay: by : by : b3 : by) € PT
and they correspond to a polynomial

H = biytys + bay1yoys + bsysys + bays + a1y3 + axys + azyiys + asy;

such that 03 — bybs # 0. Any G = R/ Anng H is a minimal Gorenstein cover of colength
2 of A and all such covers admit (z1,z2,73) as the corresponding K.

Example 6.5. Consider A = R/I, with R = Kk[xy,29,23,24] and I =
(22, 23, 22, 23, 129, 1173, T1 T4, ToT3, Tox4). Note that HF 4 = {1,4,1} and 7(A) = 3.
Doing analogous computations to the previous examples, Singular provides the following
variety:
MGC(A) = V+(b@b10 — bgblG)\ (V+(d1) U V+(d2)) C ]P)12,

where d; = (arag — a2) and dy = (b3b1g — b3y, bgby — b2y, b2 — biobis). The coordinates
of points in MGC(A) are of the form (a; : --+ : ag : bg : by : big : byg) € P2 and they
correspond to a polynomial

H = bigys + bsysya + broysys + boyis + agy; + asyiys + arys+

+agy1ys + asyays + aay; + asyr1ys + a2yays + ary;
such that G = R/ Anng H is a minimal Gorenstein cover of colength 2 of A. Moreover, any
KH such that KHOH = [J' will be of the form KH = (Ll, Lg, Lg, Li), where Ll, Lg, Lg, L4
are independent linear forms in R such that L, = wvsxs + vyxy, with vsbg — v4bp =
’Ugbﬁ - U4b16 =0.

As in the case of colength 1, we now provide a table for the computation times of
MGC(A) of all isomorphism classes of local k-algebras A of length equal or less than 6
such that gcl(A) = 2.

HF(R/I) I t(s)
1,3,1 xlxg,a:la:g,x%,xg,xg 0,42
1,2,2,1 x%,xla:%,a:‘zl 0,18
1,3,1,1 331%2,.%’11’3,%2%3,33%,1’% — a:‘z’ 3,56
1,3,2 $1$2,l’2l’3,$§,$% — xlxg,:n‘i’ 4.4
T1T2, 3::2)), T1T3 — ToT3, ZE% + 3:% — T3 1254,34
3:13:2,:E1:E3,3:%,3:§,3:i{’ 3,33
T1T9,T1T3, ToT3, JE% + 3:% — :E% 4,61
3:%, T1To, o3, x1T3 + 3:% — :E% 4,09
l’%,ZEl:EQ,JE%,l’% 0,45
1,4,1 x%, a:%, a:%, a:ﬁ, T1X2, T1X3, T1T4, LT3, ToTy | 242,28

TABLE 2. Computation times of MGC(A) of local rings A = R/I with
((A) <6 and gcl(A) = 2.
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