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Stochastic analysis of emergence of evolutionary cyclic behavior
in population dynamics with transfer

Nicolas Champagnat? Sylvie Méléard! Viet Chi Tran

December 13, 2019

Abstract

Horizontal gene transfer consists in exchanging genetic materials between microorganisms
during their lives. This is a major mechanism of bacterial evolution and is believed to
be of main importance in antibiotics resistance. We consider a stochastic model for the
evolution of a discrete population structured by a trait taking finitely many values, with
density-dependent competition. Traits are vertically inherited unless a mutation occurs,
and can also be horizontally transferred by unilateral conjugation with frequency dependent
rate. Our goal is to analyze the trade-off between natural evolution to higher birth rates
on one side, and transfer which drives the population towards lower birth rates on the
other side. Simulations show that evolutionary outcomes include evolutionary suicide or
cyclic re-emergence of small populations with well-adapted traits. We focus on a parameter
scaling where individual mutations are rare but the global mutation rate tends to infinity.
This implies that negligible sub-populations may have a strong contribution to evolution.
Our main result quantifies the asymptotic dynamics of subpopulation sizes on a logarithmic
scale. We characterize the possible evolutionary outcomes with explicit criteria on the model
parameters. An important ingredient for the proofs lies in comparisons of the stochastic
population process with linear or logistic birth-death processes with immigration. For the
latter processes, we derive several results of independent interest.

Keywords: horizontal gene transfer, bacterial conjugation, stochastic individual-based models,
long time behavior, large population approximation, coupling, branching processes with immi-
gration, logistic competition.

MSC 2000 subject classification: 92D25, 92D15, 60J80, 60K35, 60F99.

1 Introduction and presentation of the model

Bacterial evolution understanding is fundamental in biology, medicine and industry. The ability
of a bacterium to survive and reproduce depends on its genes, and evolution mainly results from
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the following basic mechanisms: heredity (also called vertical transmission); mutation which
generates variability of the traits; selection which results from the interactions between individ-
uals and their environment; exchange of genetic information between non-parental individuals
during their lifetimes (also called horizontal gene transfer (HGT)), see for example [I§], [L6].
In many biological situations, these mechanisms drive the population to different evolutionary
outcomes: directional evolution, re-emergence of apparently extinct traits or extinction of the
population. For example, in antibiotic resistance, cyclic re-emergence of resistant strains are ob-
served, while evolutionary suicide may correspond to successful antibiotic treatments [3]. Such
cyclic evolutionary dynamics and evolutionary suicide are due to an intricate interplay between
HGT and selection and are therefore of a different nature from evolutionary behaviors observed
in dynamical systems as prey-predator systems [9, [15]. Usually, genes responsible for pathogens
or antibiotic resistances are carried by small DNA chains called plasmids that can be exchanged
between bacteria by HGT. Plasmids HGT also play a key role in other biological contexts, in-
cluding transmission of an epidemic, epigenetics or bacterial degradation of novel compounds
such as human-created pesticides (e.g. [19], [14], [13]).

In [2] and [3], the authors introduced an individual-based stochastic process for the trade-
off between competition, transfer and advantageous mutations from which they derived some
macroscopic approximations. They proved that the whole population can be driven (by transfer)
to evolutionary suicide, under the assumption that mutations are very rare. However, simulations
show much richer evolutionary behaviors when mutation events are more frequent.

We propose below a toy model to capture these phenomena. Up to our knowledge, this is
the first evolutionary model involving specific mutation scales allowing to recover all these phe-
nomena. The simulations of this model are shown in Figure We observe, depending on the
transfer rate, either dominance of the trait with higher birth rate, or a cyclic phenomenon, or
evolutionary suicide. In this model, the biological assumptions are as follows. We consider a
large population of bacteria, characterized by a phenotypic value quantifying the macroscopic
effect of plasmids on the demographic parameters. For example, the phenotype may describe
the pathogenic strength or the antibiotic resistance [3]. When a transfer happens, a recipient
bacterium is chosen uniformly at random in the population (frequency-dependence), as observed
by biologists for large populations [I2]. During the transfer, the quantity of plasmids in the
recipient bacterium increases. The recipient bacterium receives the donor trait (this is called
conjugation in the biological setting [2]). A large quantity of plasmids induces a large reproduc-
tive cost which slows down cell division [I], so that the division rate is a decreasing function of
the trait. The density-dependence in the competition death rate is uniform over the trait space.

We consider a stochastic discrete population of individuals characterized by some trait. The
population evolves in continuous time through births (with or without mutation), deaths and
transfer of traits between pairs of individuals. More precisely, we study a continuous time
Markov pure jump process, scaled by some integer parameter K, often called carrying capacity.
The initial population size is of the order of magnitude of K for large K. The trait space is the
grid of mesh § > 0 of [0,4]: X = [0,4] N 0N ={0,0,...,Ld} where L = |4/6]|. The population
is described by the vector

(NGE(t), ..., NE(), ..., NE(1)

where N (t) is the number of individuals of trait x = £§ at time ¢t. We define the total population
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Figure 1.1: Simulations of eco-evolutionary dynamics with unilateral frequency dependent trait transfer.
The evolution of the trait distribution is pictured on the left columns, the evolution of the population sizes
(NE(t),...,NE(t)) is on the right columns. In all the simulations, K = 10000 and § = 0.1 and o = 0.5.
(a)-(b): T = 0.3. Smaller transfer rates are considered on longer time windows. (¢)-(d): T = 0.6. We
see cyclic re-emergences of the fittest traits. (e)-(f): T = 0.75. Re-emergence still occurs, but the higher
transfer rate drives the trait distribution towards higher and less fit trait values. On stochastic simulations,
this can lead to extinction or (temporary) cyclic behaviour. (g)-(h): 7 = 0.8. An evolutionary suicide

takes place.

size NKX as
L
N =Y "N
=0

Let us now describe the dynamics of the population process.

e An individual with trait x = ¢§ in the population gives birth to another individual with
rate b(x) = 4 — x. With probability
prk = K~ with a € (0,1), (1.1)
a mutation occurs and the new offspring carries the mutant trait (¢ + 1)J.

With probability 1 — px =1 — K~%, the new individual inherits the ancestral trait.
The birth rate favors small values of  with optimum at x = 0.

e An individual with trait x transfers its trait to a given individual of trait y in a population
of total size N at rate .
T($7y7 N) = N ]lx>y7
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for some parameter 7 > 0.

e The individuals compete to survive (to share resources or territories). An individual with
trait x = ¢0 in the population of total size N dies with natural death rate dx(N) =
1+ CN/K.

Note that because of the factor 1/K, competition is governed only by traits with population
size of order K. Therefore, density-dependence disappears when the total population size is
negligible with respect to K.

Let us note that under scaling , the total mutation rate in a population with size of order K,
is equal to K'~® and then goes to infinity with K. We are very far from the situation described
in many papers as [5l 7, B3] where the authors explore the assumptions of the adaptive dynamics
theory. In that cases, the total mutation rate Kpg is assumed to satisfy log K < 1/(Kpg) <
e“K | leading to a time scale separation between demographic and mutational events. Here,
small populations of size order K?, 3 < 1 can have a non negligible contribution to evolution by
mutational events and we need to take into account all subpopulations with size of order K7.

We need to consider in the sequel two different situations: either there is a single trait « with
population size of order K, called resident trait, or the total population size is o(K). In this last
case, a trait with the largest population size is called dominant trait.

When the trait z is the unique resident trait, it is well known [11] that, when K tends to
infinity, the total population size can be approximated by K n(t) where n(.) solves the ODE

n(t) =n(t)(3 —x — Cn(t)),
whose unique positive stable equilibrium is given by
3—z
o

We define the invasion fitness of a mutant individual of trait y in the population of trait x and
size Kn(x) as its initial growth rate given by

n(z) =

(1.2)

S(% l’) = b(y) - dK(Kﬁ(x)) + 7-]I:Jc<y - 7-]1:13>y =x—y+ TSign(y - :E)v (1'3)

where sign(z) = 1if > 0; 0 if 2 = 0; —1 if x < 0. Indeed, the total transfer rate from z to y
is given by Kn(x) mﬂyﬂ ~ 7 1>, when K — 400 and similarly from y to . Note that
S(x;x) = 0 and, for all traits z,y, S(y;z) = —S(z;y) (see Figure[L.2). This implies in particular
that there is no long-term coexistence of two resident traits. We also define the fitness of an
individual of trait y in a negligible population (of size o(K)) with dominant trait = to be

~

S(y;z) =3 —y + 7lpcy — Ty, (1.4)
Indeed, it corresponds to limg o b(y) — di (o( K)).

Our study of the evolutionary dynamics of the model is based on a fine analysis of the size
order, as power of K, of each subpopulation corresponding to the different trait compartments.
These powers of K evolve on the timescale log K, as can be easily seen in the case of branching
processes (see Lemma . We thus define 8 (t) for 0 < ¢ < L such that

_log(1 + N[*(tlog K))

NE(tlog K) = K0 — 1, ie. K@) = e I (1.5)



Figure 1.2: Fitness function S(y;x). In the absence of transfer (1 = 0), evolution favors traits y
smaller than x (their fitness is positive). The introduction of a positive transfer reverts this evolutive
trend: S(y;z) > 0 if x <y < x + 7. Note that S(y;x) > 0 also for y < x — 7, which ezxplains possible
re-emergence of sufficiently smaller traits.

We assume that the trait = 0 is initially resident, with density 3/C. A natural initial

condition would hence be N¥(0) = (L%J,O, ...,0). However, on the time scale log K, mutants
are immediately created and therefore, we modify the initial condition as
3K
NE(0) = (=at K, (K (K e o, 0). (1.6)

This can be understood from Lemma (with = 0 and ¢ = 1 — « for trait ). With this
initial condition, we have
B (0) P (1- ga)]logké‘ (1.7)

Our main result (Theorem [2.1)) gives the asymptotic dynamics of 3% (t) = (85 (¢), ..., 85 (1))
for t > 0 when K — +o00. We show that the limit is a piecewise affine continuous function, which
can be described along successive phases determined by their resident or dominant traits. When
the latter trait changes, the fitnesses governing the slopes are modified. Moreover, inside each
phase, other changes of slopes are possible due to a delicate balance between mutations, transfer
and growth of subpopulations. Our ambition is to cover all the possible cases: local extinctions,
re-emergence of subpopulations, changes of slopes due to mutation and selection, dynamics
when the total population size is o( K), total extinction of the population... We deduce from the
asymptotic dynamics of S5 (t) explicit criteria for the occurrence of the different evolutionary
outcomes observed in Figure (Theorem . We provide a detailed study of the case of three
traits in Section [Bl

Such approach has already been used in [10, 4]. Durrett and Mayberry [10] consider constant
population size or pure birth (Yule process) models, with directional mutations and increas-
ing fitness parameter. They obtain travelling waves of selective sweeps. Bovier, Coquille and
Smadi [4] consider a model with density-dependence but without transfer, with a single trait
with positive fitness separated from the initial trait by unfit traits. They obtain bounds on the
time needed to cross the fitness valley.

In our case, the dynamics is far more complex due to the trade-off between larger birth rates
for small trait values and transfer to higher traits, leading to diverse evolutionary outcomes,
including cyclic dynamics or evolutionary suicide. As a consequence, we need to consider cases
where the dynamics of a given trait is completely driven by immigrations due to mutations
from the resident trait, with time inhomogeneous immigration rates (see Theorem [B.5). This
complexifies a lot the analysis.



We first state our main results in Section [2] First, we give our general result on the con-
vergence of the exponents Bf (Theorem in Section . Then, we give general criteria on
the parameters 7, § and « for re-emergence of trait 0 and evolutionary suicide in Section
(Theorem [2.6). We then study in details the limit process in the case of three traits (L = 2) in
Section | The proofs of Theorems and are given in Sections [] and 5] Useful lemmas
on branching processes and branching processes with immigration are given respectively in Ap-
pendices [A]and [B] Technical lemmas on birth and death processes with logistic competition and
transfer are given in Appendix [C] We conclude in Appendix [D]with the algorithmic construction
of the limit of the exponents @K , used to perform simulations.

2 Main results

We state the principal results of the paper. Their proofs are given in Sections ] and

2.1 Asymptotic dynamics

The next result characterizes the asymptotic dynamics of 8% (t) = (B (),...,B85(t)) (when
K — +00) by a succession of deterministic time intervals [sg_1,sk],k > 1, called phases and
delimited by changes of resident or dominant traits. The latter are unique except at times s and
are denoted by ¢;d,k > 1. This asymptotic result holds until a time Tp, which guarantees that
there is neither ambiguity on these traits (Point (a) below) nor on the extinct subpopulations at
the phase transitions (Point (c¢) below).

Theorem 2.1 Assume that a € (0,1), that 0 € (0,4) with 3/6 ¢ N and %jf?’ ¢ N and that (1.7)
hold true.

(i) There exists Ty > 0 such that, for all T € (0,Tp), the sequence (BX(t),t € [0,T]) converges
in probability in D([0,T],[0,1]%) to a deterministic piecewise affine continuous function
(B@) = (B1(t), ..., Br(t),t € [0,T]), such that Be(0) = (1 — la)Nyop1. The functions 3

and Ty are parameterized by o, 0 and T defined as follows.

(ii) There exists an increasing nonnegative sequence (sy)r>0 and a sequence (€} )g>1 i {0,..., L}
defined inductively as follows: so =0, {1 =0, and, for all k > 1, assuming that sx_1 < Tp
and 0} have been constructed and that B(sp—1) # 0, we can construct s, > sp_1 as follows

sp = inf{t > sy 304 €, Blt) = B (1)) (2.1)

We can then decide whether we continue the induction after time sy (i.e. Ty > sp) or not
as follows:

(a) if 55;;(%) > 0, we set
U = argmax [(sg) (2.2)
A0

if the argmazx is unique, or otherwise we set Ty = s, and we stop the induction;
(b) if Bez (sk) =0, we set spy1 =To = +oo and B(t) =0 for all t > sy;
(c) if in one of the previous cases, we have for some { # (5, By(si) = 0 and By(sp —e) > 0

for all e > 0 small enough, then we also set Ty = sg and stop the induction; otherwise,
the induction proceeds to the next step.



In the case where the induction never stops, we define Ty = supy>g Sk

(iii) In (i1), the functions By are defined, for all t € [sx_1, sk, by

Bo(t) =

t ~
ﬂﬁo(sk71)>0 <ﬁ0(8k_1) —l—/ Ss’k(O;KZ(s) dS)] VO (2.3)
Sk—1

and, for all ¢ € {1,...,L},

-1,k

t ~
Be(t) = (Bg(sk_l) + / Ss k(€65 45:0) ds) V (Be-1(t) — a) V0, (2.4)
¢
where, for all traits x,y,
Srlyiz) = L, (=155 2) + g, (<1 S(y: x) (2.5)

and where

boorp = {inf{t > sp—1, Be—1(t) = a}, if Be(sk—1) = 0, (2.6)

Sk_1, otherwise.

In addition, for all £ and all a < b < Ty such that the time interval [a,b] is included in the

interior of the zero-set of By, the event {N[(tlog K) = 0,Vt € [a,b]} has a probability converging
to one as K tends to infinity.

Remark 2.2 1. It follows from the definition of sy and {; ., that max, Be(t) = Be: (t) for all
te [Sk—lu Sk),

2. In (2.5)), when Bex (t) =1 for some t € (sp_1,Sk), there is a single resident trait (;0 with
population of the order of K and the function S defined in (1.3)) is used. In the case where
Bex (t) < 1, there is a single dominant trait and the total population size is of order o(K) and

the fitness function is S defined in (1.4). During each phase, the function :SYVM is actually
constant, equal to S or S as above, excepl when a dominant population becomes resident in

the same phase. In the first case, for allt € [sg_1, sk), Eq. (2.3)) and (2.4) take the simpler
form

Bo(t) = 4 Lootsin>0 (Bolsir) + S0 GO)(E = si-1)) | VO af By (si-) =1,
(L (er_1y>0 (Bo(sk1) + S(66; £0)(t — sk 1))] VO if Bz (s51) < 1

and, for all ¢ € {1,...,L},

By(t) = {(ﬁé(sk—l) + §(55§£Z5)(t —teag)t) V (Beea(t) — @) VO if Ber(sp1) = 1,
(Be(sk—1) + S(08; 6x0)(t = to—1p)+) V (Be—1(t) =) VO if Be (s-1) < 1.
(2.7)

Otherwise, gt,k switches from S to S at the first time where maxg B¢(t) = Be: (t) 1.

Therefore, since S(00,0;0) = 0, we obtain in all cases

B (1) = 1 if Bz (s—1) = 1,
CT T (B (k1) + S(60366) (¢ = sp1) ) AT VO By (1) < 1.
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3. It follows from the last formula that max, B¢(t) <1 for all t € [0, Tp].

4. When Be(sp—1) =0, the time t;_1 1 corresponds to the first time where the incoming muta-
tion rate in subpopulation £§ becomes significant.

Remark 2.3 If the initial condition (1.6) was replaced by N*(0) = (L%J,O, ...,0), the con-
vergence in (i) would hold on [log K, T A Tpy] instead of [0,T A Tp).

(c) (d)

Figure 2.1: Exponents p,(t) as functions of time. (a): § = 14, a = 0.6, 7 = 2. We see a periodic
behavior showing re-emergences of the fittest traits. (b): 6 = 1.9, « = 0.4, 7 = 3.43. When the trait 26
becomes dominant, the population size is of order o(K). We see a re-emergence of trait 0 after a phase
of apparent macroscopic extinction (i.e. a total population size o(K)). Although the trait § goes extinct
while 20 is dominant, it is recreated by mutations from trait 0. (c): § = 0.3, « = 1/7m, 7 = 1. A cyclic but
non-periodic behaviour is observed. (d): 6 =0.41, « = 1/7, 7 = 2.8. The population is directly driven to
evolutionary suicide.

We cannot ensure that Ty = +oo for almost all parameters «, 6 and 7. However we have
not encountered any case where Ty < 400 in the simulations. In the sequel, we exhibit large
sets of parameters where Ty = oo in the case of three traits (Section [3). We also prove in
Theorem [2.6] that, for any sets of parameters, Ty is larger than the time of extinction or the time
of first re-emergence.

Note that the previous result keeps track of populations of size K for 0 < 8 < 1, but not of
populations of smaller order, which go fast to extinction on the time scale log K.

The next theorem gives a characterization of § as solution of a dynamical system.



Corollary 2.4 Under the assumptions of Theorem |2.1], we set

C) =Y iy ((t) and Si(y; ) = Lg,., 0=1 S Wi 7) + Lg,. , (9<1 S(U; ).
k>1

The function 5(t) is right-differentiable on [0,Ty) and satisfies
Be(t) = Ze(t) 15,10 or (Be(t)=0 and Be_r ()=ar) (2.8)
where Sy is defined recursively by o(t) = S¢(0,80*(t)) and V0> 1

5 Sp(€6; 0(£)0) V Xp1(t)  if Be(t) = Br-1(t) —
) = {3 : (2.9)
{St(55;5*(t)5) if Be(t) > Be-1(t) — .
Remark 2.5 One may wonder if the ODE characterizes the function 5. For this we
first need to characterize (*(t) as an explicit function of 5(t). One would like to define it as
0*(t) = argmaxo<<y, Be(t) and take it right-continuous. This is correct if there is a single argmaxz.
Otherwise, there are by definition of Ty only two choices £ and ' and there is a single admissible
choice in the sense that the corresponding affine solution to on [t,t + €] satisfies £*(s) =
arg maxo</<r, Be(s) locally for s € (t,t+¢) for e > 0 small enough. Indeed if maxo<¢<y, Be(t) =1
and since S(0'6,00) = —S(£6,0'5), one of the two fitnesses is positive, for example S(£6,0'5). If
one takes the wrong choice £*(t) = ', then Xy(t) = S(¥5,¢'5) > 0, hence the solution of
giwes Be(s) > 1 for s >t locally, which is forbidden. If maxo<¢<r, Be(t) < 1, a similar argument
with S consists in choosing the trait with higher invasion fitness.

Therefore, can be expressed as an autonomous ODE and there is a unique admissible
solution. Generalizations of our result to models with different birth, death and transfer rates,
can be obtained by changing accordingly the fitness function in this ODE.

Simulations are shown in Figure for various parameter values. The times s correspond
to changes of resident or dominant populations. However, we observe several changes of slopes
between these times. The computation of these successive times called ty is given in Theorem [D.T
in Appendix D]

2.2 Re-emergence of trait 0

In Figure we have exhibited different evolutionary dynamics (re-emergence of a trait, cyclic
behavior, local extinction, evolutionary suicide). By re-emergence of a trait ¢, we mean that
Be(s) = 1 on some non-empty time interval [¢1, 2], then Sy(s) < 1 on some non-empty interval
(t2,t3) and then Sy(s) = 1 again on some non-empty interval [ts,t4]. We would like to predict
the evolutionary outcome as a function of parameters «, d, 7. As detailed for three traits (L = 2)
in the next section, there are so many situations that we are not able to fully characterize the
outcomes. Therefore, we focus on the beginning of the dynamics until either global extinction or
re-emergence of one trait occurs. The resurgence of trait 0 is a prerequisite for a cyclic dynamics
as those observed in Figures (c).
We assume that § < 4/3 (so that L > 3) and only consider the case § < 7 < 3. Let

ko= [%1 and k= [2-]. (2.10)

Sl



We will see in the proof of the next result that, for the first phases,

ka
T—34’

the trait kd is resident on [sg, sg+1) (Bk(s) = 1) and for all s € [sg, Sk+1),

By(s) = 1= —Fk)a+(r—05)(s—sk)]VO ifk<(<L,
els) = 1 D) (r Blg) (7 — (k= 0)8)(s — sp) if0<{ <k

These formulas stay valid until either Sy(s) = 0 (loss of 0), or fy(s) = 1 for some s > s1 (re-
emergence of 0), or ;0 > 3, where ¢; has been defined in (2.2) (the population size becomes
o(K)). The function fy(s) in the previous equation is piecewise affine and its slope becomes
positive at time s;. Hence its minimal value is equal to

mo = 60(‘9%) =1- as_k__(sl)<7' — g&) (2.11)

Provided the latter is positive, By reaches 1 again in phase [sf, s; ;) at time
L _k T _ _125]
alk—1) 7—350 +oz([25j 1) 7 226

= = S|9T .
T—0 ké—T1 25 T—9 [25]0 —7

T :=s;+ (2.12)

Theorem 2.6 Assume 0 <7 < 3, 0 < 4/3 and under the assumptions of Theorem (2.1

(a) If mg > 0 and kd < 3, then the first re-emerging trait is 0 and the mazimal exponent is
always 1 until this re-emergence time.

(b) If mg < 0, the trait O gets lost before its re-emergence and there is global extinction of the
population before the re-emergence of any trait.

(c) If mg > 0 and ké > 3, there is re-emergence of some trait £6 < 3 and, for some time t before
the time of first re-emergence, max;<;<y, Be(t) < 1.

Biologically, Case (b) corresponds to evolutionary suicide. In Cases (a) and (c), very few
individuals with small traits remain, which are able to re-initiate a population of size of order
K (re-emergence) after the resident or dominant trait becomes too large. In these cases, one
can expect successive re-emergences. However, we don’t know if there exists a limit cycle for
the dynamics. Case (c¢) means that the total population is o(K’) on some time interval, before
re-emergence occurs after populations with too large traits become small enough.

Heuristically, using the approximation that k~T /6, we obtain that mg ~ 1 — 5. Hence, we
have mg > 0 (re-emergence) provided 7 < 2§/a and extinction otherwise. Transfer rates higher
than 2§/« favor extinction because the population is pushed to higher trait values. Small values
of § or high values of a give more time for extinction of the small subpopulations. Note that, for
mg > 0, the condition kd < 3 is roughly 7 < 3/2. Hence, for transfer rates smaller than 3/2, 0
re-emerges first, while other traits can re-emerge before 0 otherwise.

10



3 Case of three traits

Before proving our main results, let us illustrate the limit exponents 5(¢) in the case of three
traits. Let us consider § > 0 such that 20 < 4 < 34, so that the possible traits are 0, J and 24.
A simulation is shown step by step in Figure [3.I] which we will now explain.

Time Time

(1) t €[0,s1] (2) t €0, 9]
(3) t €0, s3] (4) t € [0, 4]
(5) t €0, s5]

Figure 3.1: Construction step by step of the exponents Bo(t), 51(t) and Ba(t), as function of time in the
case where § < T <20 <3<4<3). Here, § =14, a = %, 7 = 1.5. The traits are 0, 1.4 and 2.8.

11



The initial condition is

B(0) = (Bo(0), B1(0), B2(0)) = (1,1 — a, (1 — 2a) V 0). (3.1)
The fitnesses given in are
S(0;0) =0, S(6;0) =1 —90, S(26;0) =7 — 2.

3.1 Casel: 7<§

In this case, neither the traits  nor the trait 20 are advantageous and these populations survive
only thanks to the mutations from the trait 0 to ¢ and from the trait § to 25. The exponents
remain constant and V¢t > 0, 5(t) = 5(0).

3.2 Case2: §d<717<2)

Following Theorem , we shall decompose the dynamics of 3(t) into successive phases corre-
sponding to the time intervals [sg_1, Sk]-

Phase 1: time interval [0,s;]. In this Case 2, S(0;0) = 0, S(6;0) > 0 and S(26;0) < 0.
While the resident population remains the population with trait 0, the population with trait &
has positive fitness and its growth is described for ¢ € [0, s1] by the exponent:

Bty =[1-a)+(t=8t] V(1 —a)v0o=(1—a)+ (T -t

The bracket corresponds to the intrinsic growth associated with the fitness S(J;0), the term 1—«
is the contribution of mutations from the population of trait 0 and is here smaller than the term
with the bracket.

The population with trait 26 has negative fitness and

Ba(t) = [(1 —2a) — (20 — 7)t] V [(1 — 200) + (7 = 8)t] VO = [(1 — 20) + (T — 8)t] V 0.

As for the trait J, the first bracket corresponds to the intrinsic growth with a negative slope
T — 20 < 0, while the second bracket corresponds to the contribution of mutations from the
population with trait ¢.

It is clear that Sa2(t) < f1(t) < 1. Hence the first phase stops when g;(t) = 1, for

a
T—6

S1 =

The first phase is illustrated in Fig. [3.1(1).

Phase 2: time interval [si,s2]. At time sq, the populations with traits 0 and § both have
sizes of order K: more precisely, the exponents are

Bo(s1) =1, pr(s1) =1, Pa(s1) =1—a.

Because S(0;9) < 0 and S(9;0) > 0, the new resident population with trait 0 replaces the
population with trait 0 whose exponent decreases after time s;. The size of the population with
trait ¢ remains close to (3 — §)K/C, i.e. f1(t) = 1, during the whole Phase 2, and using (1.3)):

S(0;0) =0—7<0, S(d;6) =0, S(20;6)=1—6>0.
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Thus, the decrease of the population with trait 0 is described by So(s1 +t) =[1— (7 =) t] V0
(recall that no mutant can have trait 0). The population with trait 20 has a positive fitness (first
bracket in the following equation) and benefits from mutations coming from the trait § (second
bracket):

Ba(s1+t)=[1-a)+(r=0)t]V[l-a]VO=(1-a)+ (r—0)t.

This second phase stops when (3(t) = 1, at time

o 2a
So =81+ —— = .
T — T—90

We check that By(s1+t) =1—(7—0)t, Vi€ [s2—s1]. This phase is illustrated in Fig. [3.1)2).

3.2.1 Case 2(a): 26 <3
In this case, trait 20 can survive on its own, i.e. its equilibrium population size % is positive.

Phase 3: time interval [ss,s3]. Because S(6;20) < 0 and S(2d;0) > 0, we have at time
s a replacement of the resident population with trait ¢ by the population with trait 20 which
becomes the new resident population, i.e. S2(t) = 1. At time sg, the exponents are:

Bo(s2) =1—a,  fils2) =1, fals2) = 1. (3.2)
The population size of trait 24 is close to (3 — 2)K/C so that the fitnesses are:
S(0;20) =25 — 1 >0, S(8;20) =0 —7 <0, S5(25;26) = 0.

The population with trait 0 increases with the exponent [y(se +1t) = (1 — ) + (26 — 7) t.
The trait 6 has negative fitness but benefits from mutations coming from the trait 0:

Br(se+1t)=[1—(r—6)t] vV [(1—2a)+ (20 —7)t] VO. (3.3)
This third phase is illustrated in Fig. [3.1(3). This phase stops when £y(t) = 1, L.e. at time

+ o 20 n «
S3 =8 = .
3 2T =5 "2—7

We also have [((s3) = (1 -« 27;5_5 ) V(1 —a).

—T
We have to distinguish two cases for Phase 4, depending on the value of 1 (s3).
Phase 4, case 2(a)(i): time interval [s3, s4] under the assumption 7 — ¢ < 2§ — 7. Then,

T—90

/80(83):17 61(83):1_a25_7_7

Pa(s3) = 1.
The new resident population is the one with trait 0 and the fitnesses are the same as in Phase

1, but the initial conditions are different. We obtain as above the exponents fy(s3 +t) = 1,

T—90
20 — 1

"0 oy (r— o)t

Bi(sg+1t) =[1 - — 55 -

a+(r—06)t]v[l-a]vo=1

13



and
Ba(sg+1t)=[1— (26 —7)¢t] V[l - oo

T+(T—5)t] V0,

20 —
as illustrated in Fig. (4). The phase stops when (1(t) = 1 at time
— st a2« n 2a
s S T s T

We check that [a(s3+t)=1— (20 —7)t, Vt<s4—s3 and hence

Bo(sa) =1,  Bi(sa)=1,  Pass) =1—a.

We recognize the initial condition of Phase 2. Therefore, the system behaves periodically (as in
Figure [2.1}(a)) starting from time s;, with period

« 2

’7’—5+25—7“

S4 — 81 =

Phase 4, case 2(a)(ii): time interval [s3, s4] under the assumption 7 —§ > 26 — 7. In
this case,
50(53) =1, 61(83) =1-aq, ﬁ2(33) =1
In this case, we obtain fy(ss +t) =1, fi(ss+t)=1—a+ (1 —0)t,
«

3 Q
Ba(ss+t)=1—(20—7)t and 54—33—1—7__5_7__64_25_7__

Phase 5, case 2(a)(ii): time interval [s4, s5]. We have

26—
Posa) =1, Pils) =1,  Pals))=1-a——°.
Proceeding as above, we obtain
20 — T 3a Q 20 — T

S5 =S4+ = le

(1 —0)? 7754_2577 (1 —0)?

and for all £ € [0, s5 — s4], B1(sa +1) =1,

25 —
Bolsa+t)=1—(r—06)t and Balsitt)=1—-a f_ T (r—d)t.
Phase 6, case 2(a)(ii): time interval [s5, s¢]. We have
20 —7
o(ss) =1-a——=,  Bilss) =1, falss) =1

We obtain

e — 5+ 4 n a 20 — 7

O s T =8 25 —1 (1 —9)2



and for all ¢ € [0, s6 — s5], Ba(s5 + 1) =1,

20 — T
T—90

Bo(ss +t)=1—« + (25 —7)t and PBi(ss+t)=1—(r—=9)t.

Hence fo(ss) =1, Bi(se) =1 — a, B2(s¢) = 1. We recognize the initial condition as in Phase

4, case 2(a)(ii). Therefore, the system behaves periodically starting from time s, with period
20 20—

86—83:7__6-1—04(7_5)2.

3.2.2 Case 2(b): 20 >3

Phase 3: time interval [so, s3]. In this case, the trait 20, which replaces the former resident
trait J at time s, cannot survive alone and becomes dominant. So Sa(s2 + t) does not remain
equal to 1, but decreases with slope §(25; 20). Recall that, at time s9, the exponents are given
by . The fitnesses now become:

~ ~ ~

S(0:28) =3—7,  S(6;28) =3-0-7<0,  S(20;26) =3—25 <0,

Note that we do not distinguish yet on the sign of S (0;26), which may be either positive or
negative in this case. We obtain

Bo(sa+t)=1—a+B—-7)t]v0, Bi(sa+t)=[1—-(T+0-3)t]V[I-2a+B—-7)t]VO0

and [a(s2+t) =1— (20 —3)t until either Sy(t) = F2(t) > 0, which corresponds to a change
of dominant population with exponent smaller than 1, or 2(¢) = 0, which corresponds to the
extinction of the whole population. Note that we cannot have £;(t) = [2(t) before By(t) = Pa(t)
since 7 +6 — 3 > 20 — 3. One can easily check that Ba(t) hits 0 before crossing the curve Sy(t) if

and only if %g:g < a. Of course, this cannot occur if 7 < 3, since in this case S(0;29) > 0.

Phase 3, case 2(b)(i): %g—:g < a. In this case, the whole population gets extinct at time

e L2
BTN s T3 T 75 " 25—_3

Phase 3, case 2(b)(ii): %gig > «. Trait 0 becomes dominant and replaces trait 20 at time

n o 2 N «
S3 =8 = .
3 2T =5 "2—7

We obtain the exponents [Sy(s3) = fa2(s3) =1 —« gg—j’_ €(0,1) and

20 — 1 20 — 1

B (s5) = [1_(15”—3} {1_6145—7—3

Phase 4, case 2(b)(ii). We obtain the new fitnesses

~ ~

S(0;0) =3, S(0;0)=3+7—0 >3, S(26;0) =3—-20+7 € (0,3).
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To compute (1(s3 + t), one needs to distinguish whether 51(s3) > 0 or $1(s3) = 0. In the last
case, one needs to wait until Sy(ss+1t) = a before 8 starts to increase with slope 3+ 7 —4. The
phase stops either when [y(s3 +t) = 1 (re-emergence of trait 0, which becomes resident once
again) or fo(t) = Bi(t) < 1 (change of dominant trait). A delicate case study shows that the
first case occurs if 7 — ¢ < 3/2 when Bi1(s3) > 0, or if 7 — 6 < 3a/(1 — «) when S1(s3) = 0, and
the second case if 7—d > 3/2 when S;(s3) > 0, orif 7—0 > 3a/(1 — ) when S1(s3) = 0. In the
first case, one needs to proceed with similar computations as in the first phases. In the second
case, either trait § re-emerges first (i.e. becomes resident again), or trait 20 becomes dominant
once again. Explicit computations of the subsequent dynamics are very lengthy. This case is
illustrated by Figure 2.1|b).

3.3 Case3: 20< 1

We proceed similarly as in Case 2.

Phase 1: time interval [0, s;1]. This phase is the same as in Case 2. The resident trait is 0
and the fitnesses of the three traits are given by

S(0;0) =0, S(6;0)=7—-35>0, S5(250)=71—2>0.
We obtain, for all ¢ € [0,s1], Bo(t) =1,
fit)=1—a+(r—0)t and pa(t)=1—-2a+ (1 —19)t

where s; = -%5. Thus fo(s1) = B1(s1) = 1 and B2(s1) =1 — cv.

Phase 2: time interval [s;, s3]. This phase is also the same as in Case 2. The resident trait
is 6 and the fitnesses are given by

S(0;0) = —(1—68) <0, S(0;6)=0, S(20;6)=71—0>0.
We obtain, for all ¢ € [0, 5 — s1], Bi(s1 +1) = 1,
Bo(s1+t)=1—(1—08)t and Pa(si+t)=1—a+ (10t
where so = 51+ —%5. Thus fi(s2) = B2(s2) = 1 and Fy(s2) =1 — o

Again, we have to separate the cases 20 < 3 and 26 > 3.

3.3.1 Case 3(a): 26 <3

Phase 3: time interval [sq, +00). The resident trait is 20 and the fitnesses are given by
S5(0;20) = —(1—20) <0, S(6;20)=—(1—9) <0, S5(26;29)=0.
We obtain, for all t > 0, Ba(se +t) =1, Bo(se+t)=[1—a—(r—20)t] V0 and
Bi(sa+t)=[1—(r—0)t]V[l—-2a—(r—25)t]VO0.

Therefore, 26 remains the resident trait forever.
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3.3.2 Case 3(b): 20 >3

Time interval [s2,4+00). The resident trait 20 cannot survive by itself. Hence, the fitnesses are
now given by

~ ~ ~

5(0;20) =3—7<0, S(6:28)=3-6—7<0, S8(25;26)=3—126<0.

Since S(0;28) < S(26;26) and 5(5;26) < S(26;26), Phase 3 will end when B5(t) hits 0, i.e.
when the population gets extinct. Hence, for all ¢ > 0, fo(s2 +t) = [l —a+ (3 —7)t] VO,
fi(sa+t)=[1—(1+d-3)t]V[l =20+ (3—7)t] V0 and Ba(s2+1t) =[1— (20 —3)t] VO,
and the extinction time is sz = s9 + ﬁ.

4 Proof of Theorem

4.1 Main ideas of the proof

Let T' > 0 be fixed during the whole proof. We start from the stochastic birth and death process
with mutation, competition and transfer, (N{(¢),..., NX(¢)). Our goal is to study the limit
behaviour of the vector (B (t),..., 8% (t)) defined in (L.5).

Theorem 2.1 will be obtained by a fine comparison of the size of each subpopulation defined by
a given trait value with carefully chosen branching processes with immigration. The stochastic
dynamics consists in a succession of steps, composed of long phases [a,f log K, 9,5 log K] for
k > 1 (with of = 0) followed by short intermediate phases [0X log K, J,ﬁl log K]. In each long
phase, there is a single dominant or resident trait. Short intermediate phases correspond to the
replacement of the resident or dominant trait, where two subpopulations are of maximal order.
We will prove that 95 converges in probability to sg, £ > 1. In the limit, intermediate steps vanish
on the time scale log K. The proof will proceed by induction on k until the occurrence of three
particular events at some step kg: the exponents of three traits become maximal simultaneously
(case (ii)(a) in Theorem [2.1)), extinction (case (ii)(b)), or the exponent of some trait vanishes at
the same time as a change of resident or dominant population (case (ii)(c)). We then stop the
induction and set Ty = s, in cases (a) and (c) or Ty = +oo in case (b).

Four cases need to be distinguished for the inductive definition of alﬁ{ and 9? , depending on
whether there is a dominant or resident trait at the beginning and the end of each step. When
there is a resident (resp. dominant) trait during step k, the stopping time 6j will be defined as
the first time when its size exits a neighborhood of its equilibrium density (resp. its exponent
exits a neighborhood of its limit), or when the other subpopulations stop to be negligible with
respect to the resident (resp. dominant) subpopulation size. To quantify the latter condition,
we introduce a parameter m > 0 which will be fixed during the proof (see , ,
and Remark [4.1). When the next trait with higher exponent is resident (resp. dominant), the
stopping time a,ﬁ_l converges to s (resp. to si + s for a small parameter s > 0). The proof will
be completed by letting s converge to 0.

To control the exponents ﬁf (t), we proceed by a double induction, first on the steps, and
second, inside each step, on the traits £9, for £ = 0 to £ = L. The exponents are approximately
piecewise affine. Changes of slopes may happen when a new trait emerges, when a trait dies or
when the dynamics of a trait becomes driven by incoming mutations. We use asymptotic results
on branching processes with immigration detailed in Appendix [B]to control the sizes of the non-
dominant subpopulations. The main result used for phases inside steps is Theorem [B.5] During
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intermediate phases, we use comparisons with dynamical systems, see Lemmas and

4.2 Step 1

Let us begin the induction on the steps and start with Phase 1, corresponding to the time interval
[0, 0% log K]. During this phase, the trait £10 = 0 is resident. We introduce a parameter e; > 0

and we choose K large enough so that N(0) € [(% —e)K, (% + El)K] We define

01 = inf {t >0: Ny (tlogK) ¢ [(% —361) K, (% + 351)1(}
or Y Nf(tlogK) >me K p. (4.1)
040

For the chosen initial condition (1.7, 8,(0) = (1 — ). We distinguish two cases: either 7 < 0
ord <.

4.2.1 Case 7 < §: a single phase
Using formulas (2.3) and (2.4) recursively, we obtain

Bo(t) =1 fo1 =0
ﬁl(t):(1—04—1—(7'—5)75)v(l—a)\/Ozl—Q, t11 =20

Bu(t) = (1 — bt (r— £8)8) v (1 — La) VO = (1 — fa)s, teg =0,

where we recall that the times ¢11,---t; have been defined in (2.6). From (2.1}, we obtain
s1 = +oo, and B(t) is constant. This is due to the fact that all non-resident traits have negative
fitnesses and their size is kept of constant order due to mutations from the resident trait 0.

In the sequel, we denote by BPk (b, d, 3) the distribution of the branching process, with indi-
vidual birth rate b > 0, individual death rate d > 0 and initial value | K® — 1| € N. We refer to
Appendix [A]for the classical properties of BPk (b, d, ) which will be used to obtain the following
results.

We also denote by BPIk(b,d,a,c, ) the distribution of a branching process with immigration,
with individual birth rate b > 0, individual death rate d > 0, immigration rate K% at time
s > 0 with a,c € R and same initial value. We refer to Appendix [B]

Similarly, LBDIk(b,d,C,~) is the distribution of a one-dimensional logistic birth and death
process (see Appendix with individual birth rate b > 0 and individual death rate d + Cn/K
when the population size is n and with immigration at predictable rate v(¢) > 0 at time ¢.

In order to couple the population with branching processes with immigration, we start with

computing the arrival and death rates in the subpopulation of trait 49, for £ > 0. For K large
enough, arrivals in this population due to reproduction of trait ¢4 or transfer occur at time
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Yo NI (tlog K)

S NS (tlog K)

t <O AT at rate N (tlog K) [(4 —0)(1-K )+ ] satisfying

Nf(tlogK){zl—e(s_EHT 3—3Ce }

3+C(3+m)e;
g;lo Nt (tlog K)
Yp—o Vi (tlog K)

< N (tlog K) [(4—65)(1 —K™%)+7 ] < NE(tlog K) [4 — 5+ 7).

Arrivals due to incoming mutations from trait (¢ — 1)§ occur at time ¢t < 0 A T at rate
NE (tlog K)(4 — (£ — 1)§) K.

Deaths occur at rate N (tlog K) [1 + % 25:0 N (tlog K)} satisfying

N (tlog K) (4 — 3Cey) < NE(tlog K)

L
1+ % ZN/f'{(ﬂogKi < N (tlog K) (44 C(3 +m)ey) .
=0

Step 1 Let us prove by induction on £ > 0 the following bounds on the mutation rates: for all
t < 0F AT, with probability converging to 1 as K — +oo,
KB —a=(tHher « NK(t1og K)(4 — £6) K~ < KAt —at{tHer (4.2)
For £ = 0, by definition of 61
K7 < NE(tlog K) 4K~ < Kl7ote (4.3)
is clear. To proceed to £ = 1, we use standard coupling arguments to obtain
Z{ (tlog K) < N{*(tlog K) < Z{,(tlog K), WVt < 0{ AT, (4.4)

where Z{% is a BPIg(4—6+7—Ce1,44Ce1,0,1 —a—e1,1 —a—ep) and Z{% is a BPIg(4—
§+71,4—Ce1,0,1 —a+e1,1 —a+ep), with

C=14+(1VvT7)C6+m).

Note that the addition of €1 in the coefficient 5 of the upper-bounding branching process ensures
that ¢ < 3, so that we can use Theorem [B.5{(i) to deduce that as K tends to infinity, since
T—0 <0,

log(1 + Z{%, (tlog K))
log K

— [1 —a—€ +(T—5—2€51)t]\/[1—a—51] >1l—a—e=pi(t)—e1

and

log(1 + Zfz(t log K))
log K

— [Il—a+e+(r=0+Ce)t]V[l—a+e] <l—a+e =pbi(t)+er,

in L*([0,T7) and provided that e is small enough.

19



Assume now that the induction hypothesis (4.2)) is true for £ —1 > 1 and let us prove it for
¢. Either £ < 1+ [1/a] and we have for all ¢t < 6 A T, with probability converging to 1 as
K — 400,

Kl—(Z—l)a—a—ﬁel < Nglil(t log K)(4 o (E o 1)5)K—a < Kl—(ﬂ—l)a—a—&-qu

or £ >1+ [1/a] and NE (tlog K)(4 — (£ — 1)§)K~* = 0. Hence, with probability converging
to 1,

Z{ (tlog K) < Nf*(tlog K) < Z[5(tlog K), ¥Vt < 0f AT, (4.5)
where ZK is a BPIg(4 — 45 + 1 — Ce1,4+ Ce1,0,(1 — (£ — D)a)y — o — leq, (1 — b — Lley)4)
and Zl{g is a BPI(4— 45+ 7,4 — Ce1,0,(1 — (£ — 1)a)y — a+ e, (1 — ba + fe1)4). Note
that when ¢ > 1+ [1/a], the lower bound has nonzero but negligible immigration, hence the

comparison is true only on the event where there is no immigration in Zfl on [0, T log K], which
has probability converging to 1 (see Lemma [B.7)).

If £ < |1/a], we use Theorem [B.5| (i) to deduce that as K tends to infinity, uniformly for
te0,T],

log(1+ Z{ (tlog K))

— [1 — b —Lley + (T — 00 — 2651)15] V[1 —ba — ley] > By(t) — Leq,

log K
and
log(1+ ZK (tlog K _
&l 1022[(( gK)) — [1 — b+ ley + (T — 46 + Csl)t] V1 — Lo+ ley] < By(t) + Ley.

If [1/a|+1 < ¢ < L, we use Theorem B.5| (iii) and (B.15)) (assuming that £1 is small enough)
to prove that log(1 + ZX (tlog K))/log K converges to 0 in L*°([0,71), and N/ (tlog K) = 0 for
all t < 0F AT with probability converging to 1.

We deduce that, with probability converging to 1, (4.2)) is satisfied with ¢ — 1 replaced by /.
This completes the proof of (#.2) by induction. In particular, on the time interval [0, 05 A T7,
log(1+ NE(tlog K))/log K converges to B(t) = (1 — fa).

Step 2 It remains to prove that 05 > T with probability converging to 1. Using the previous
steps and recalling that 5y(t) = 5¢(0) = (1 — fa)+, we have, with probability converging to 1,
that sup,c(oo7) |BE(t) — Be(t)| < /2, and thus, for all t < 05 A 2T,

L
Z NZK(t log K) < K™a8X1<e<r, 1€[0,27] Be)+5 — g1-5 (4.6)
=1
Hence, we have for all t < 05 A 2T that
Z§ (tlog K) < N§* (tlog K) < Z{,(tlog K), (4.7)

where Z{| is a LBDIx(4(1—K~), 14+ CK~*/2,C,0) and Z{, is a LBDI(4,1,C,0). Applying
Lemma i) to the processes Z({(i, t = 1,2, we deduce that 9{( > T with probability converging
to 1 when K — +o0.
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4.2.2 Case 7> 0: Phase 1

Let us first give the explicit expression of 5y on the first phase. We shall use the two equiv-
alent formulations and (2.7). The fitnesses involved in these expressions are S(0;0) =
0, S(¢5;0) =7 —46, for all 1 < ¢ < L. We use formula recursively from ¢ = 1 to L to prove
that, for £ < | =]

1
Be(t) = (1= Lo+ (1 —00)t) V (1 — Lo+ (T = 6)t) VO =1—ba+ (T — ),
and tg; =0 when ¢ < [1/a].

When ¢ = 1], we have Bl1/a)(0) € (0,a) and we deduce that t|y/4]1 = %/?JH > 0.

T—

For { = Léj + 1, we use (2.4)) to prove

1 1
Bijarn® =((r = (L) + DO = tiajag0)) V (1= (L] + Da+ (- = 9)t) VO
—(1-«
Similar computation gives the general formula for all £ € {1,...L}:

{o if ¢ < |1/a

O‘(E:_l();_ L otherwise.

Be(t) = (1 — Lo+ (17— 5)t)+ : to1 = (4.8)

We see that (31(¢) is the first exponent to reach 1, so that the duration of the first phase is

(0%

T—30

S1 =

All the exponents (, are affine functions on [0, s1], except for £ = |1/a| + 1 where there is a
change of slope at time ¢|1/4)1-

The comparisons of arrival and death rates of N (tlog K) are the same as in Section
We proceed by induction over ¢ > 0 as above.

For ¢ = 0, (4.3) remains true by definition of 5. To proceed to £ = 1, we observe that ({4.4)
remains valid and Theorem [B.5(i) gives as before that as K tends to infinity, since 7 — § > 0,

log(1 + Z{% (tlog K))

— [l—a—-e1+(t=0-2Ce)t] V]Il —a—e1] > Bi(t) — (1 +2CT)e,

log K
and
log(1 + ZK, (tlog K _ _
8l 10;’2]({ 8 ))—> [1—a+51+(7—5+061)t]\/[1—a—i—51]Sﬁl(t)+51(l+CT),

in L*°([0,s1 AT]) and provided that ¢ is small enough.

For 2 < ¢ <1+ [1/a], the induction relation (4.2 is modified as follows. For all £ > 1, let

Cy=0+2CT. (4.9)
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We assume that, for all t < 05 A sy AT,

log(N/2, (tlog K)(4 — ({ = 1)8)K~*)
log K

Be-1(t) —a— Cp_1e1 < < Be-i(t) —a+ Cpqer. (4.10)

Hence, with probability converging to 1,
Z{ (tlog K) < N[*(tlog K) < Z{%(tlog K), Vt<0f Asi AT, (4.11)

where Ze{(l isa BPIx(4— 05 +71—Ce1,4+ Ce1,7— 6,1 —ba — Cp_161, (1 — o — Cy_121)+ ) and
ng isa BPIg(4—406+7,4—Ce1,7— 6,1 —Lla+ Cp_1e1, (1 — b+ Cp_181) ).

Note that, in this Phase 1, 8,_1(¢) is affine on [0, s1], so we can apply Theorem on the
whole interval [0,s;1]. If £ < |1/«], we apply Theorem [B.5| (i) and if £ =1+ [1/a], B¢(0) = 0 so
we apply Theorem [B.5| (i), using that a = 7 — & > r = 7 — £§ + Ce; for £ small enough. We
deduce that, in both cases, as K tends to infinity, for all t < 0% A sy AT,

log(1 + NX (tlog K))
log K

Hence, we have proved (4.10) for ¢ + 1 and the induction step is complete. We also deduce
from (B.15) that Nﬁ[l/aj (tlog K) = 0 for all ¢ in a closed interval of [0, s;] included in the

complement of the support of (1 —lav — Cy_1e1 + (7 — I)t)+.

(Be(t)=Cp_re1)4 <

< (1—la—Cyqe1+(1=00)t) 4 < Be(t)+Co_1e1. (4.12)

For £ =2 + [1/a], because 314 |1/4| has a change of slope at time

a—(1-[1/a]a)
t1/a)1 = p— ;

the bounds (4.10) on the immigration rate do not allow to apply Theorem on the whole inter-
val [0, s1]. Instead, we first apply them successively on the intervals [0,|1/4,1] and [t|1/q),1, 51]-
On the first interval, we have the bounds

Z{ (tlog K) < NS (tlog K) < Z{%(tlog K), YVt < 0f Atj1/0)1 AT,

where Zfl is a BPIx(4 — 05 + 7 — Ce1,4 + Ce1,0,—a — Cy_1£1,0) and ZK{(Q is a BPIg(4 —
05+ 7,4 — Ce1,0, —a+ Cy_1£1,0). We apply Theorem [B.5| (iii) to deduce that, with probability
converging to 1, N5 (tlog K) = 0 for all t € [0,2[1/a]1 A AR
On the second interval, we obtain similar bounds with Zfl a BPIg(4—£5+7—Ce1,4+Cey,7—
9, —a — Cy_1£1,0) and Zg{g is a BPIx(4 — 05 + 7,4 — Ce1,7 — 6,—a + Cy_1£1,0). Because
(7—0)(81—t[1/a),1) < @, we apply Theorem [B.5((ii) to deduce that, with probability converging
to 1, Nf(thgK) =0 forall t € [tll/aLl /\91 AT, sy /\(9{( AT

For £ > 2+|1/a|, we proceed similarly to prove by induction that, with probability converging
to 1, NX(tlog K) =0 for all t < s1 AOK AT.

Using the comparison argument with logistic birth-death processes (4.7) on the interval
[0,0% A (s1 —n) AT], we can prove as in the previous section that, for all n > 0, 05 > (s; —n) AT
with probability converging to 1.

To conclude, since €1 in ({4.12) is arbitrary, we have proved that, for all n > 0, log(1 +
NE(tlog K))/log K converges to B¢(t) in L>=([0, (s1 —n) A T)).
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4.2.3 Case 7 > §: Intermediate Phase 1

The goal of the intermediate phase is to prove that, on a time interval [0f log K, 05 log K +
T(e1,m)] with T'(e1,m) to be defined below, the two traits £;6 = 0 and 50 = § are of size-order
K and population with trait 0 is declining below a small threshold while population with trait

J reaches a neighborhood of its equilibrium Kn(d) = (37£)K.

Let us first show that 65 < s +n with probability converging to one, for any n > 0. For this,
we observe that the bounds of and are actually true for all t < 0% AT provided we
use (1 —la+ (7 — 6)t)4 instead of By(t) inside (4.10)), since B,(t) is constructed only on [0, s1] in
Phase 1. This gives with high probability for all t < ¢ AT

log(1 + N (tlog K))

(1 —la+ (r—=90)t)y —Cper < log KK

<(1I—la+ (tr—=90)t)y +Cper.  (4.13)

In particular, if #f€ > s; +n with positive probability, we would obtain, with high probability
on this event
log(1 + N{*((s1 +n) log K))
log K
which is larger than 1 provided e is small enough. This would contradict the assumption that
0{( > 51+ 1. Hence, limg_, | 9{( = 51 in probability.

>1—a—Cier + (1 —68)(s1+1),

In the previous phase, we used bounds on N{(tlog K) until time s; — 7. We now need
to extend them until H{( . In this case, (4.6) is not true anymore. Therefore, assuming K
large enough to get 4K~* < Cmey, we couple N{(¢) with two logistic processes Zé’(l and

Z({(Q of respective laws LBDIk(4,1,C,0) and LBDIk(4 — Cmey,1 + 3/7(17%81 + Cmeq, C,0):

Z§y < Ng© < Z§,. The equilibrium density of Z§, is 3/C but the one of Z§, is

_ 3 9m + ™m
Z = —=—F¢£ m —_—— .
0.2 ot 3 35,0

We choose m small enough to have

™ 1

0<2m—4—1" o2
Mt 5.0 3

(4.14)

Then, observing that ZéfQ(O) € {(5072 —4e1/3) K, (Z0,2 + 4e1/3) K} we can apply Lemma [C.1{i)
to Z(i(? with € = 4¢1/3 to deduce that

Zéfz (tlog K)

3
i 2ot < 0,1+ n), 2K 30y
Jim vVt € 10,1 + 1] % _C+3€1
Applying similarly Lemma (1) to Z({(l, we obtain
) NE(0F log K) 3 3 B
Jim P(ZEEEE e [ = 3e 43l =

Hence, by construction of 0, we have with probability converging to 1

L
ZNZK(G{( log K) > me 1 K.
(=1
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Remark 4.1 The constraint on the constant m > 0 ensures that, with high probability,
at time 9{(, trait O is still close to its equilibrium and the second resident trait § has emerged.
Stmilar constraints on m can be defined for any other resident trast €0 < 3. In all the proof, we
assume that such m > 0 is chosen.

Using Formula (£.13) and the convergence of 65 to s;, we show immediately that, with

probability converging to 1,
L

> NF(Of log K) < K172, (4.15)
=2
Hence N (0f log K) > me1 K/2 for K large enough.
It is now possible to use the Markov property by conditioning at time Gf( log K. We distin-
guish whether the emerging trait J can survive on its own (J < 3) or not (6 > 3).

Case 7 > 6: Intermediate Phase 1, case § < 3 For § < 3, we first claim that there exists
s > 0 small enough such that

L
> NE(tlog K) <K'/, vie [0f 0 + 5.
=2
This can be obtained from the continuity argument of Lemma [B.9] Then, we can apply Lemma

C3(i) with
by (t) = 4(1— K%), b (t) = (4—8)(1 - K ),

L
dg (t) = di* (t) =1+ (IC;+ZTNK()> > NE®),
(=0 =2

NE@®) + NE(@) _
COFIW Ky 0, (@) = KN ),
2o N (1)

which converge respectively to by =4, by =4—0, dy =d; =1, 7, 0 and 0. Note that Point (i) of

Lemma [C.3| applies here since rg = byp —dp =3 > 0,711 =by—d; =3—0 >0and S=7—-¢ > 0.

We obtain that there exists a finite time T'(m, 1) such that with large probability,

3—90 3 —

-3
c te

Hence, we can define the time at which the first intermediate phase ends as

oflog K = 0K log K + T'(m, 1)

K (t) =

NE (9{( log K+T(m,e1)) <meiK and  N{(0f log K+T(m,e1)) € [ 5+381}.

where of¢ — s1 in probability. Using (#.13)), the continuity argument of Lemma and the fact
that (7 — §)s1 = a, the population state at time ol satisfies with probability converging to 1

NE(cflog K) 3-0 3-9¢
K E[ c P C

(6 —1Da—eg,1— (¢ —1)a+ 82} = [Be(s1) — €2, Be(51) + €2,

V2<0<1+|[1/al,
NE(oflog K) =0, V24 [1/a) <t<L,

K'™% < NE(oKlog K) < me K,

log(1 + N (0f1og K)) [
log K

+52:|7
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where

g9 = (CL V 3)ey. (4.16)
We are then ready to proceed to Phase 2 (see Section [4.3)).

Case 7 > J: Intermediate Phase 1, case § > 3 When § > 3, we need to apply Lemma
C.3(iii) instead of (i) since r1 = 3—4 < 0. Using (4.13)) and the continuity argument of Lemma|[B.9|
as above, we obtain for all s > 0 small enough, with probability converging to 1,

log(1+Nf(((9f( + s)log K))
log K
NE(6K +5)logK)) =0, V2+[1/a] <{<L,

€ [1—(6—1)@—52,1—(6—1)044-62 . V2<0<1+|1/al,
¢

with eo defined in (4.16)). Without loss of generality, we can take s > 0 small enough to apply
Lemma [C.3](iii).

In this case, we define the end of the first intermediate phase as
o3 =01 +s,
where s > 0 is a fixed small parameter and

K'7%2 < NE(oKlog K) < K’ NE (cf log K), NE(oKlog K) < K175

4.3 Step k

Our goal is to describe the dynamics on the interval [0,5 log K, 9,5 log K, that converges in the
log K scale to [si_1,sk]. Recall that when 7 < § there is only one phase. So now, we only
consider 7 > 4.

Let k£ > 2. Assume that Step k — 1 is completed and that Ty > sp_1 (otherwise, we stop
the induction at the end of step [sx_2, Sx—1]). Two cases may occur: either the emerging trait
becomes resident during Step k, or it becomes only a dominant trait. The latter case can occur
when the trait is fit (¢;6 < 3) but its population size is small, or when it is unfit (¢;6 > 3).

We proceed as in Step 1 by induction over £ € {0,...,L}. For each ¢, we couple Nf with
branching processes with immigration given by the size of the population £ — 1 on each time
interval included in [sg_1, si] where S,_1 is affine.

In Step 1, we took care to give bounds involving explicit constants Cy for sake of precision.
From now on, we use a constant C, which may change from line to line.

4.3.1 Step k, case 1

We assume that, maxo</<r, f¢(sp—1 +5) = 1 with £;0 < 3, and that this maximum is attained
only for £;_, and ¢}, since sp_; < Tp.

The induction assumption in this case is as follows: suppose that, for all g > 0 small enough,
we have constructed Uf such that alﬁ( log K is a stopping time and

° a,f converges in probability to sg_1;

K K
. Nyi (0 log K) . [3—54;5 3—60%

K c % ¢ +5k];
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1—eyp K K m .
o K kSNfz,l(Jk log K) < FerK;
o for all £ # {5 |, 05, either NE(0flog K) = 0 if By(sg—1) = 0, or otherwise

log(1 + NX(cFlog K))
1) — <
Be(sk—1) —ex < log K&

< Be(sp—1) + e < 1.

We now give the proof of the induction step. Let us define

3015
C

3— 15
C

0K :inf{t > of N (tlog K) ¢ [ ( —3e4) K, ( + 3e4) K|

or Y Nf(tlogK) > me K p. (4.17)
A0
Observe first that, by definition of §X,

log(1 + Nf[?;{(t log K))
log K

1—¢ < <l4e, Vtelof,of].

Our goal is to obtain bounds on NKK by induction on £ # /5.

Induction initialization: If £; = 0, we start the induction at £ = 1; otherwise, we start it at
£=0.

In the first case, using the Markov property at time 0,5 log K, where a,f converges to Si_1,
we can proceed exactly as in Phase 1 (see Section to prove that, with high probability for
all t € [a,f,@,f AT,

log(NF (tlog K))

Br(sk—1) + (7 —6)(t — sp—1) — Cuer < log I

< Bi(sg—1) + (7 = 6)(t — sp-1) + Ciey.

Note that, for sp_1 <t < sg, B1(sg—1) + (7 — 0)(t — sx_1) = P1(t), so we recover bounds of the
form (4.10)).

In the second case, since there is no incoming mutation for trait 0, we can bound the pro-
cess Ni(tlog K) for t € [a,f,@,f A T] with branching processes with constant parameters. If

Bo(sk—1) > 0, we deduce from Lemma that

log(N& (tlog K))
log K

Bo(Sk—1) + (EZ(S—T)(t— Sp—1) — Cieg < < Bo(sk-1)+ (fZ(S—T)(t— Skl) + Ciep.

If Bo(sk—1) = 0, we deduce that N (tlog K) = 0 for all t > oi.

Induction step: Assume that we have proved that, with high probability for all ¢ € [af , 9,5 A
sp AT,
log(NE | (tlog K))
log K
and that N5 | (tlog K) = 0for all t € [0f, 05 As, AT such that 3—; = 0 on a small neighborhood
of t, s € [(t—ek) V sg_1,t+¢cx]. Our goal is to prove that this holds true with ¢ replaced by £+ 1.

Be—1(t) = Cier, < < Bo—1(t) + Ciey.
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We split the interval [si_1, sk into subintervals where [,_; is affine. We proceed inductively
on each of these subintervals by coupling with branching processes with immigration as in Step
1. Let us detail the computation for the first subinterval, say [sy—1,%1]. On this interval, we
introduce a and c such that

6g,1(t) =c+aoa+a (t—skfl), Vt € [Skfl,tl],

to be coherent with the notation of Appendix[B] We can then construct as in Step 1 branching pro-
cesses with immigration bounding from above and below N (tlog K) for all t € [0}, t; AOFK AT]
with distributions BPI(4—€5—|—T]15>42 +Cep, 4—525+Tﬂg<gz FCsek, a,ctCleg, ,Bg(sk_l):tc*ek)
if Be(sg—1) > 0, or BPI(4—100+ Tlospr £ Ciep, 4— 056 + Tlicr; F Ciey, a, c £ Ciey, 0) otherwise.

We shall consider several cases.

Case (a) Assume that Sy(sx—1) > 0. Then, applying Theorem [B.5| (i) to the bounding pro-
cesses, we deduce that, with high probability on the time interval [J,ﬁ( , 6?,5 ANty ANTY,

(Bg(skfl) -+ 5(557525) (t — Skfl) — C*é“k) V (,Bgfl(t) - — C*é“k) V0
< log(N[X (tlog K))
- log K

< (Be(sk—1) + S(£0;£;,0) (t — sp—1) + Cier) V (Be-1(t) — a + Cieg) V0.

Case (b) Assume that fy(sg—1) = 0 and the time ty_; ;, defined in (2.6]) satisfies t,_1 1 < t1.
This last inequality implies that ¢ < 0 and then ty_; = sp—1 — ¢/a. Applying Theorem (ii
to the bounding processes, we deduce that, with high probability on the time interval [o*k , 9]5 A
t1 AT,

V0

[(S(£d;01.0) — Cyer) Va] vV <t — Sk—1+ C_s'*sk>

< log(NX (tlog K))

V0.
log K

< [(S(66: €:8) + Cuer) V a] V <t . Cﬂf*‘"“)

The bound can be rewritten as

log(N/ (tlog K))

[5(6(57 625) V a] (t — tgflyk)_i_ — Cyep, < log X

< [S(68;:8) V a)(t — tr—1.4)+ + Cier.

Case (c) Assume that fy(sk—1) = 0 and t,—; ; > t;. Then, applying Theorem [B.5| (ii) or (iii)
to the bounding processes, we deduce that, with high probability on the time interval [Ué(, 0,? A
t1 AT), NE(tlog K) = 0.

Summing up all these cases, it appears that we can extend Sy(t) on the interval [sx_1,t1] as
in (2.4) to obtain, in all cases,

log(NgK(t log K))

— C,ep, <
Be(t) — Ciey < log K

< Bo(t) + Ciep. (4.18)

We proceed similarly for the other subintervals and deduce that (4.18)) holds true with high
probability on the time interval [0, 05 A s A T). This finishes the induction on ¢ # ¢}.
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As in Phase 1, we can control Ngg(t) by logistic branching processes to show that 9,5 >

(sk —n) AT with probability converging to 1 for all n > 0.
It also follows from (B:15) that N(¢ log K) = 0 with high probability on close subintervals
of int{fy = 0}N[sk_1, Sk), where int denotes the interior.

4.3.2 Intermediate Phase k, case 1

As in Intermediate Phase 1, we first extend the inequalities (£.18) to [0}, 05 A T]. These in-
equalities involve the ((t) that are constructed in Phase k only until si. Explicit expressions
of B(t), that we do not develop here, can be obtained using the recursion in . Using these
formulas instead of 3,(¢) in (4.18), we obtain inequalities valid on [cF 0K AT), with probability
converging to 1.

At time sy, there exists at least one £5 7 £} such that Sp  (sk) =1 and S(¢;,,6,€;6) > 0.
Proceeding by contradiction as in Intermediate Phase 1, this allows us to prove that

lim 9,5 = Sk.
K—+4o00

This ends the proof of Theorem if Ty = sy (i-e. in cases (ii)(a) or (ii)(c) in Theorem 2.1). If
Ty > sg, we deduce as in Intermediate Phase 1 that, with high probability, for some x > 0,

> NfOflogK) < KR,
eg{es . 1}

and NZI,’;(H(QI{:{ log K) > mepK/2.

Distinguishing as in Section whether the emerging trait £;,,d is above 3 or not, we
can define a time a,ﬁllogK satisfying the recursion properties stated at the beginning of Sec-
tion m In particular, a,ﬁl converges to sy, if max By(sg11+ ) =1 and £ 6 < 3, or a,ﬁl
converges to s + s otherwise. The fact that the populations such that By(sx) = 0 are actually
extinct at time a,ﬁ( log K follows from and from the fact that, by definition of T, we also
have By(sx — ) = 0 for € > 0 small enough.

This ends the Step k in case 1.

4.3.3 Step k, case 2

We assume here that Ty > sp—; and maxo<<r, B¢(sg—1) < 1 or £;0 > 3 and the maximum is
attained only for £;_; and /.

Here, the induction assumption is as follows: assume that, for all € > 0 small enough, for
all s > 0 small enough, we have constructed a stopping time a,ﬁ( log K such that

° o,ﬁ( converges in probability to sx_1 + s;

o for all £ # (}, either N/ (cKlog K) = 0 if By(sk—1 + s) = 0, or otherwise

log(1 + NE (cFlog K))
log K

Be(sg—1+8) —er < < Be(sk—1+8) +ex < Ber (sp-1+8) < 1.
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Let us define 0,5 as

log(1 + Nfg(t log K))
log K

O :inf{t > oy ¢ [ﬂz;;(t) — &k, Bz () + ek,

or Y Nf¥(tlog K) > mey N (tlog K) o . (4.19)
A0

As in Step k, case 1, our goal is to obtain bounds on NeK, by an induction on /. Either the trait
(1.6 remains dominant during the whole phase (supycfs, | s,] Bz (t) < 1, see case (a) below) or it
becomes resident during the phase (case (b)).

Case (a) In this case, there is no density dependence since the whole population is of size
order o(K). We can proceed exactly as in Step k, case 1, with the use of the fitness S (defined
in (1.4)) instead of S.

With high probability for all ¢ € [0, 05 A s AT, for all £ € {0,...L},

log(NgK(t log K))
— <
Be (t) Cier < log K

< Bo(t) + Cyeyg (4.20)

and that NX (tlog K) = 0 for all t € [0F, 05 A sp AT such that By_1(s) =0 on s € [(t — &) V
Sp—1,t + €k

Case (b) Let us denote by ¢; the first time at which B (t) = 1. We introduce:
0K _ - K . nK

On the time interval [af,a,f A O Aty AT), we proceed as in the case (a) to deduce that
({4-20) holds with high probability on this time interval. As in case (a), the exponents S, are
defined with S for all s € [sg_1,1]. Extending 8y on [sk_1,t1] like this is consistent with ([2.4))

~

where gs,k =S (see (2.5))).
Proceeding as in Section , we can prove that, with high probability, (/9\,5 < 9,5 and
lim 65 =t,.
K—1>I-I|—100 k !

Using Lemma [C.1](ii), there exists T'(¢j) such that with high probability

NE (6F log K + (1) Bo6 369
K c RN

+ 3Ek].

By Lemma at the time @\é{ log K + T'(ey,), we have for all £ # /7,

log(1 + NKK(%( log K +T'(e)))
log K

€ [Be(t1) — ex, Be(tr) + ek
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Applying the Markov property at this time 5;5 log K + T'(g)) and proceeding as in Step k, case
1, we obtain (4.20) where 8, now evolves with the fitness S instead of S. This is consistent with
(2.4) where Sg = S on [t1,s]. This enlightens the introduction of S in (2.5). This case is the

only one where S; j, is not constant on the phase [s;_1, sg].

4.3.4 Intermediate Phase k, case 2

In case (b), a new trait emerges in a resident population. This is treated in Section [4.3.2]

In case (a), either there is extinction of the population at time s; < +o0o (note that extinction
can occur only in this case), or there is a change of dominant population at time s < +00.

Extinction In this case, either T = si, and we can conclude the induction as in Section 4.3.2]
or Tp > sg. This means that, for all £ # £, Be(t1 —n) = 0 for some n > 0, so after time t; — 7,
NJ(t) = 0 with high probability. The population is then composed only of individuals with trait
070 and can be dominated by a subcritical branching process. Lemma proves the extinction
of the population.

Emergence of a new dominant population The emergence occurs in a population of
size o(K). Recall that 05 has been defined in ([19). As in Section 4.3.2) we show that
limg 400 9,5 = sp in probability and that at time 9,5 , with high probability, for some x > 0,
Y NE(Of log K) < KT NE (0f log K),
{6501}

and NZI;{H(%( log K) > mekaz((Qf log K)/2.

Depending on the sign of S = §(€,’;5, lr10) — §(£Z+15, 079), we can use Lemma (1) or (ii).
We can then define a time U,ﬁl satisfying the recursion properties stated in Section

This ends Step k and finishes the proof.

5 Proof of Theorem

Recall that we assume 7 > §. We first give a lemma describing the dynamics of the exponents
before the first re-emergence of trait 0 or the first time when a trait in (3,4) becomes dominant.
Recall that k, k and mg have been defined in (2.10) and (2.11).

Lemma 5.1 Under the assumptions of Theorem and with the definition (2.12) of 7,

(a) if mo >0, we have

k _
sp= —2 forall ki <ESAS3.
T—20

For all s < sjp,r3/5 N T, let ko < 3 be such that s € [sg, sp41]. If k < k —1, we have
1 if ¢ =k,
Be(s) =S [1—(l—k)a+ (1—08)(s—sk)] VO if k<t<L, (5.1)
1— 2UE (7 RRls) — (1 — (k= 0)0)(s —s) O L<Fk,
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and if k = k, we have

1 if 0=k,
[1—({—k)a+(r—0)(s—sz)] VO ifk <l<L,
— alk—0— I - 52
= [ S (- K545) (= 00) (s~ ) 62
v[l—éa—%G——g& —(r—RO)(s—sp)| fO<l<F;
(b) if mo <0, we have
Sk = ha for all ko < 3.
T—20
For all s < 513751, let k6 < 3 be such that s € [sk, Sgy1], then
1 if 0=k,
11— —k)a+ (T—0)(s—sK)]VO ifk<t(<L,
BE(S) = |:1 a(k—0—1) ( k—f& . ~
_ alhmbol) (o ket )—(T—(k‘—f)(S)(s—sk)] VO ifOV(k—k+1)<l<k,
0 fO<l<k—k.
(5.3)

Proof  We apply Theorem and proceed by induction on k > 0. We already checked
that (5.1)) and (5.3) hold true for £k = 0 in the beginning of Section [4.2.2]

Proof of (a) Assume that mo > 0 and that we proved until time s for some k €
{0,1,...,([3/0] — 1) Ak}, and let us prove that is valid until time s, 1 A 7 if k < k, or
that is valid until time 7 < s, if k = k. At time s, the new resident trait k6 < 3 replaces
the former resident trait (k — 1)d and hence, the values of the fitnesses are given by

S(5;k6) =7 — (L —k)S if £ >k, S(kd;kS) =0, S(5;k6) = (k— )5 —Tif £ <k.  (5.4)

Since S(€6;k6) < 7 — 6 = S((k+1)d;k6) for all £ > k + 1, applying Theorem [2.1] we obtain for
all s > sy,
Be(s) =[1—(—k)a+ (t—0)(s—sk)] V0, V>k,

until the next change of resident population. Since obviously Br(s) = 1 until this time, we have
proved the first two lines in (5.1 (or of (5.2)) if & = k). For the last lines, we obtain for all s > s,
and all £ < k

Be(s) = [Be(sk) — [T — (K —€)0](s — s)| V [Be—1(sg) —a— [T — (k= L+ 1)d](s — sx)] V...
V [Bo(sk) — ba — [T — kd](s — sg)] VO, (5.5)
until the next change of resident trait. Now, all the terms in the right-hand side except the last
one lie between two consecutive terms of the sequence (1 — % (T - %(5)) o so they are all

positive since we assumed mg > 0. Hence

Be(s) = [Be(sk) — [T — (K —€)0](s — s)| V [Be—1(sg) —a— [T — (k=L +1)d](s — sx)] V...
V [Bo(sg) — ba — [T — k6](s — s)] . (5.6)
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In addition, for all 1 < /¢ < k, the function
S € [Sk, Skr1 AT| = Be(sk) — [T — (k—£0)d](s — sk) — Be—1(sg) + [T — (E—€+1)d](s — sx) +a (5.7)

is affine and hence takes values between its values at times s and sg41, i.e. between

a

(2r —(k—¢+1)0) and

— = (27 = (k — £+2)9).

In the case where k < k, wehave 1 < k— (< k—-1<k—2 = |25] — 2, so both terms
above are nonnegative, and the function is positive for all s — 55 € [0, -%5]. This means
that the maximum of two consecutive terms in the right-hand side of is always the first
term, therefore

Be(s) = Be(sk) — [7 — (k= £0)0](s — s), V0O </l <k,
until the next change of resident population. Since k — ¢+ 1 < k for all 0 < £ < k, we have

Bu(s) — [ — (k — 0y9) -2 =1 - A0 <T SRl 15) <1,

80 the first exponent By for £ # k reaching 1 after time s; is £ = k + 1 and the next change of
resident population occurs at time siy1. Therefore, we have proved .

Let us now consider the case where k = k. The previous argument shows that the maximum
of two consecutive terms in the right-hand side of is always the first term, except possibly
for the last two terms. Therefore, in all cases,

Bu(s) = [Belsg) — [ — (k — 0)](s — 5p)] V [Bo(sg) — fa — [ — Ko)(s — sp)] , WO <<,

until the next change of resident population. In this case, the first exponent to reach 1 is fy, at
time 7, since 7 — s; < -%5. This concludes the proof of (5.2).

Proofof (b) Assume now that mo < 0. This means that the sequence (1 = a(Tn__(sl) (r— %5)) .

becomes negative at some index k** < k and decreases until index n = k.

Assume that we proved until time s for some k € {0,1,...,[3/d] — 1}, and let us
prove that is valid until time sgyq. The fitnesses are the same as in , and the first
computations of case (a) apply similarly to prove the first two lines of until the next change
of resident population.

In order to prove the last two lines of , we need to modify accordingly. To this
aim, let us observe that, when the exponent fS(sy) of trait £0 is 0, it cannot increase (even if
its fitness is positive) unless some mutant individuals get born from trait (¢ — 1)d, which only
occurs at times s such that By_1(s) > a. Therefore, needs to be modified as f(s) = 0 if
0<{¢<k—Fk** forall s > s, until the next change of resident trait, or (5.5) remains true for
OV (k—Fk*+1) <¢<k—2 Asincase (a), we can prove that the maximum between two
successive terms in the previous expression (except the last one, 0) is always reached by the first
one, hence

Be(s) = [Be(sk) — [T — (kK —£)6](s — sx)] V0.

In view of the expression for 5y(s), the next change of resident population occurs when Si11(s)
hits 1, at time sp1 = s + -%5. This ends the proof of (5.3). O
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Proof [Proof of Theorem Let us first prove (a). We assume mg > 0 and k§ < 3. Then, it
follows from Lemma (a) that there is re-emergence of trait 0 at time 7.

Let us now consider the case (b) Assume mg < 0. We introduce the first index such that
the trait becomes larger than 3 by k = [2].

Note that the integer £** defined in the last proof satisfies £** < k <k. Hence, Lemma (b)
implies that traits 0, 6, - - -, (k—k*™")d, get lost before their re-emergence and before a trait larger
than 3 becomes dominant. Note that they remain extinct forever since mutations only produce
individuals with larger traits. Our goal is to prove that, after time sg, the other traits get
progressively lost until the global extinction of the population.

At time sz, the dominant trait becomes k6 > 3 and the fitnesses are given by

S(t5;k6) =3 — 05 —rif 0 <k; S(ko;kd) =3 —ks; S5 kS)=3—€5+7if >k (5.8)

Now, for k—k™* << %, §(£5;@5) < 5(6(5;25) < 0 (recall that k** < E) Therefore, all positive
exponents [y(s) for £ < % keep on decreasing until they hit 0 (which means that trait £4 is lost)
or until the next change of dominant population. For all £ > k, Be(sz) = [1 — (£ — k)d]+ and 5y
has slope S((k + 1)8; ko) = S(ké; 7{:\5) + 7 — 9, therefore the next change of dominant population
occurs when Sz (s) = B;(s) at time s;, ;. At this time, by definition of k™,

Bk k**—‘rl( k+1) |:ﬁk k**+1( k) ((k** - 1)5_7—) - (5:| V0= 07

T —

S0 trait (E— E** +1)0 is lost. For all E—0r+1<l<k+1,

IBZ( k+1) |:/8€( ) (3£6T)7—(i5:|\/"'

[ﬂ’f poga(5p) = (C+F" =k =2)a+ (3= (k- k™ +2)5 - Lis}vo

< [ﬁe(b’g) —(r—

Y [ﬂg—k**ﬂ(sﬁ) — (R =k = 2o~ (7~ (K - 2)0) - 5} Vo

(%

= [Bto) (= - 09) 2] v

where the last equality was proved in the proof of Lemma (b). Hence, we can proceed
inductively to prove that, for all 1 <k < L—F, at time s, = (k+k)-%5, maxo</<r, ﬁf(SEH@) =

Bron(57.0) > 0, Be(sg,,) = Ofor all ¢ < k+k—k**, all exponents By(s) with k+k—k** < ¢ < k+k
decrease. In addition,

La) V0 for all
(k+k+1)-2;

e cither BEJrk( ) > aand k+k < L, and then 87, (sp,,) = [Br . (s5.0) —
1<i¢< - T— k, the next time of change of dominant population is Shhel =

e or BEJrk(sEJrk) <aork+k= L, and then ﬁEJrkM(sEJrk) = 0 for all £ > 1, so every exponent
keeps on decreasing until (3 +k(s) = 0 and there is extinction of the population.
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The second case will necessarily occur after a finite number of steps, so extinction of the popu-
lation occurs before the re-emergence of any trait. This ends the proof of (b).

To prove (c), we assume mg > 0 and k > k. By Lemma in both cases, By(s;) € (0,1)
and trait k6 becomes dominant at time sz- Since ks > 3, the dynamics of the exponents 3, after
time sg is §0Aver£1ed by the fitnesses given in (5.8]).

Since S(kd; kd) < 0, maxo<e<r, Be(s) < 1 for all s > s; until the next change of dominant

trait. Observe that the fitness of trait 0, §(O; %5) = 3—7 is positive as long as %6 is the dominant
trait, and for any other dominant trait ¢6, we have

~ 3—7 if£>1,
S(0540) = {3 if 0= 0

So, as long as maxg<¢<r, Be(s) < 1, Bo(s) is increasing. This implies that there is necessarily
re-emergence of some trait before the extinction of the population. Since in addition §(€5; 06) =
3— 106 <0 forall £> E, the first re-emerging trait cannot be any of the traits £6 for ¢ > k. This
ends the proof of (c). O

A Branching process in continuous time
The goal of this section and the next two ones is to give general results on specific branching or
birth-and-death processes in one and two dimensions.

Here, we consider a single population (Z/,t > 0), following a linear birth and death process,
i.e. a branching process, with individual birth rate b > 0, individual death rate d > 0 and initial
value Zé( = |K? — 1| € N. The definition of Zg( means that the population is extinct initially
when 8 = 0, and that Zé( ~ K? when K — 400 if § > 0. We denote the law of ZX by
BPg(b,d,3). In the sequel, we set r = b — d.
Lemma A.1 Let ZX follow the law BPg(b,d,3), where b,d > 0 and 3 > 0. Then the process
K
bg(l;gg#;‘gl(), s> ()> converges in probability in L>=([0,T]) for all T > 0 to ((B+1s)V0,s > 0)

when K tends to infinity.
In addition, if b < d, for all t > (/r,

Kgrfmp (Zog e =0) = 1. (A.1)
Proof We divide the proof in several steps. We borrow ideas from [10].

Step 1. Construction of a martingale. The process writes
t
zK = KP +Mf<+/ r ZKds,
0

where M¥ is a square integrable martingale with quadratic variation (M%), = fg(b +d)ZKds.
Taking the expectation, we obtain E(ZX) = K® + fot rE(ZX)ds, which gives that

E(ZE) = KPe. (A.2)
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Using It6’s formula, 1+e 2K = 1—|—Kf8+]\//TtK, where ]\/J\tK = fg e "SdME is a square integrable

martingale with quadratic variation process

o t
(MK>t:/ e s (b+d)Z8 ds.
0

Using Doob inequality, for any 0 < n < 3,

P( sup |e"ZE —K°| > K" =P( sup |Mf|>K")

t<Tlog K t<Tlog K

< AKTE((M")710g )

Tlog K

= 4K~
0

(b+d)e 2 KPersds

Tlog K

Step 2. Case r > 0. Fix T'> 0 and n = 26/3. On the set

Qf = { sup ‘efrtZtK—Kﬁl < K%},

t<Tlog K

whose probability tends to 1 by (A.3)), we have:

log(l + Ztll{ogK)
sup

sup g K — (B+rt)

log(1 + ZﬁogK) log(1+ KBty

H1—-K—T) ifb#d,
:4Kﬂ2n(b+d){f( ) oz

ifb=d.

log(14+ K7+ log(KP+™)

(A.3)

= sup

t<T log K log K

IN

log (1 + K‘B_”)

sup

o (4 kst
t<T log K

1+ KB+rt

IN

log K

K—B—Tt

sup

t<T | log K 14+ 27K

tlog K

L+ Zf i v KPFT
A KB+t

K B+rt
‘ZtlogK - K

)

log K

= sup

——log |1
t<T logK & 1 + Zgog

K A K,B—i—rt

sup 1 |Ztll(ogK - Kﬁ+rt|
t<T IOgK 1+ KB+rt _ K%'H”t

IN

K% KTt K°

IN

9K~ 5 + K5
log K

35

log K fg? KB+rt _ 2+t + log K

KBt
log K

(for K large enough) ,

I

log K




which converges to zero when K — +o00.
A simple adaptation of the previous argument gives the same conclusion for b = d.

Step 3. Case r < 0. Since the function ¢ — § + rt vanishes at time (/|r|, we need to consider
three phases. We fix ¢ € (0,53) and set T. = % and n = § — ¢/3. First we prove that,
before time T¢ log K the population size remains large enough to use the same argument as in
Step 2. Second, the population gets extinct with high probability between time T log K and
(T: +2¢/|r|) log K and third, in order to obtain the convergence for the L> norm, we prove that
the supremum of the process on the this time interval remains of the order of €. Since € can be
chosen arbitrarily small, the result follows.

Step 3(i). On the set

ng{ sup |e_rtZtK—KB SKﬁ_g},
t<Telog K

whose probability tend to 1, we have:

log(1 4+ ZK 7K _ KB+t —B—rt
sup g1+ Zilog k) (Bart)| < sup | | Zi1og K - K
t<T. log K t<T. [log K 1 4 (Kﬁ—i-rt _ K7+Tt)+ log K

KP—35 Kt K¢
< su +
~ logK tgqlﬂ)g 14 (Kﬁ+rt _ K%-‘rrt)_‘r log K

- 2K 5 + K¢

og K& (for K large enough) ,

which also converges to zero when K — +400.

Step 3(ii). It follows from the last step that, with probability converging to 1, Zﬁ og ik < 2K°.
Remind from [I7, Section 5.4.5, p. 180] that, if Texs denotes the extinction time of a BP(b,d, 1),

're”

P(Text > t) == m

(A4)

Hence, for a BP(b,d,2K?) branching process,

rert \*

Thus, for t = 2 log K,

I]

2e

P <Text >
i

logK> m2’r;|K_E

as K — +o0. Since this goes to 0 when K — +o00, we have completed the proof of (A.1).

Step 3(iii). Since the last two steps were true for any value of € > 0, in order to complete the
proof, it is enough to check that

sup log(1+Z§0gK) < 27d€
s€[Te, To+2¢/|r]] log K ol
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For this, we observe that the maximal size on the time interval log K x [T, T. + 2¢/|r|] of the
families stemming from each individual alive at time T;log K is bounded by the size at time

2e 1‘(;%]{ of a Yule process with birth rate b, i.e. a geometric random variable G; with expectation

K2b</I"lindependently for each immigrant families. Hence, with probability converging to 1,

2K*®

2d
K o€
sup Zilog K < g G; <KW,
te[T:,T-+2¢/Ir|] i=1

The proof is completed. O

B Branching process with immigration

Our goal in this section is to extend the arguments of the previous section to include immigration.

We consider a linear birth and death process with immigration (ZtK7 t > 0) withlaw BPIk(b,d,a,c, ),
where ZI = |K?—1] with 8 >0, b> 0 is the individual birth rate, d > 0 the individual death
rate and Ke?® is the immigration rate at time s > 0 with a,c € R.

With these notations, the generator of ZX at time ¢ > 0 is given for bounded measurable
functions f by

Lif(n) = (bn+ K°) (f(n + 1) = f(n)) +dn (f(n — 1) = f(n)).

Recall that r = b — d. We start with a first result in the case where the population does not go
extinct (Theorem [B.1)) and a series of lemmas. Our general result on branching processes with
immigration is Theorem [B.5] whose proof combines similar ideas as for Lemma

Theorem B.1 (Large population) Assume that ¢ < 3, 8> 0. Then, for all T > 0 such that

inf (B47rt)V (c+at) >0, (B.1)
te[0,7

1og(1+Z§<10gK)

the process < Tog K

,0 < s < T) converges when K tends to infinity in probability in
L=([0,T)) to ((5+m) V(c+as),s € [O,T}).

In the proofs of the main results of [I0] and [4], similar asymptotic results on branching
processes with immigration were proved. Our framework is more general since we consider cases
where immigration is time-dependent (a # 0, contrary to [4]) and where growth can be driven
by immigration (a > r, contrary to [10]). The results of these references are based on Doob’s
inequality. In our general case, this is not sufficient: we also need to make use of the maximal
inequality for supermartingales [8, Ch. VI, p. 72| in the case a > r.

To motivate this result, let us first compute the expectation and variance of a BPI (b, d, a,c, 3)
process. Note that this result is valid also if ¢ > .

Lemma B.2 Assume that (Z[,t > 0) is a BPIk(b,d,a,c, ) process. Then, for all t >0,

K¢ . K¢ at .
(o) e,

K K
xy =E(Z;) =
! ! {e”(Kﬁ—l—i-Kct) ifr=a
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and

(b+d) (K7 =14 K2 ) ity e (1 - bd) etimgt ifr #a,
Var(Zf) = ¢ (b+ d) (K8 — 1) 2= | gee=e™ 4 (p 4 g)Keemmrte gy — g L),
(K€ +2b(KP — 1))t + bK°t? ifr=a=0 (b=
(B.3)
where, in the first line, by convention 621#7“776” =tifr=0 and ea;:gim =t if a =2r.
Proof The semimartingale decomposition of ZX is given by
t
zKE = zK 4 / (rzX + K°")ds + M}, (B.4)
0
where MX is a square integrable martingale with quadratic variation
t
(MEY, = / ((b+d)ZE + K°e™)ds. (B.5)
0
By a usual argument, the expectation x(t) = E(Z[) solves the linear equation
i(t) = ra(t) + K™ ; z(0) = K# —1
whose solution is given by (B.2]).
Ito’s formula applied to (Z/€)? yields that u(t) = E((Z[)?) is solution to
w(t) = 2ru(t) + (2K%™ + b+ d) z(t) + K ; u(0) = (K —1)%
Straightforward computation in each case gives (B.3). O
We deduce from the last lemma that
c+rt__ pretat .
I L
o8 K(KP —1)+ K*tlog K if r = a,
so that,
108?(14‘335%;() (B+rt)V(c+rt)V(c+at) if5>0
log K (c+rt)V (c+ at) itp=0
as K — 4o00. Note that the expression (B.3) in the case r # a can be written as
Var(ZE,, ) = (b+ d)(K® = 1)i(r) + K°py(a) + (b + d)KCW (B.6)
where
K:ﬁt . K2rt
o) = o

Since y is nonnegative and nondecreasing for all ¢ > 0, the three terms in the right-hand side
of are positive, so there is no compensation between these terms and hence

X CKB+@rvrt s gret@rvrva)t  if B8>0,

V&I‘(Zt log K) ~ CKc+(2rV7‘\/a)t if /8 =0.
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for a constant C' that may depend on ¢ but remains uniformly bounded and bounded away from
0 for bounded values of t € R,..

In several cases, we can compare the process with its expectation because the standard
deviation \/:aur(Zgl(ogK)l/2 is negligible compared with xﬁogK. One can easily check that this is
always the case when ¢t > 0and 8 > 0 and r > 0 or when 8 > 0, r < 0 and (8+7rt)V(c+(aVr)t) >
0 or when 8 =0, >0 and ¢ > 0.

The proof of Theorem is based on martingales inequalities. We start by defining a
martingale and computing its quadratic variation.

Lemma B.3 The process -
ME = e (ZF - aff) (B.7)

s a martingale whose predictable quadratic variation process satisfies

. K(a—27')T -1 1— KT
E((MX = K¢ KPP —1)——
(M™) 1108 ) o T (b+d)( e
Kec K(a—2mT_1q 1—K—rT .
+ (b+ d) % a—r < a—2r - r Zf r 7& a
RelET  peTlosUOKTTyp g,

Proof Recall the semi-martingale decomposition of (Z/);cr . in (B.4)) where the bracket of the

martingale part is given in (B.5). It follows that M/ is a martingale with predictable quadratic
variation process

(MEY, = /Ot e 25 ((b+ d)ZE + K" ds. (B.8)

Using (B.2), we have that

a—r a—2r r
(P — 1) =K el e TosUOKTT g g

_p—rT c (a—27r)T _ _—rT .
/TlogK s K g _ (Kﬂ_l)%+Ki<K 1 1-K ) it rta
S
0

s T

and Lemma [B.3] follows. O

Proof of Theorem [B.1l

Let us denote 3; = (8 + rt) V (c + at). The proof extends ideas used to prove Lemma
We give the proof in the case where r # a, r # 0 and a # 2r. The extension to the other cases
can be easily deduced using comparison arguments. .

We shall use two different martingale inequalities applied to MtK . The first one is Doob’s
inequality: for any 0 < n < f3,

IP’( sup ‘e_rt(Zf( —xf)‘ > K”) :P( sup |]\ZK| > K")

t<T'log K t<Tlog K
<AK PTE((M™)710g k)

KBV(B=rT)V(ct(a=2r)T) if ?é a

B.9
KOVB=D) og K if r=a, (B9)

<CK™2" x {
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where we used the fact that ¢ < (3 in the last inequality. When a > r, we also apply the maximal
inequality of [8, Ch. VI, p. 72] to the supermartingale e~ (@=" A
K'"P( sup e ™| Z[ —2f| > K") =K"P( sup e_(“_r)t|]\ZK| > K")
t<Tlog K t<Tlog K

1/2
<3 sup e (@ (E(Mf))
t<Tlog K

Using Lemma [B.3] we deduce

+ ﬂv(ﬁ—rt)v;c+(a—2r)t)

P(  sup e ZE — 2K > K") <3CK™" sup K ~(@77)
t<Tlog K t<T

(B.10)

Step 1: Doob’s inequality. Fix T satisfying (B.1). We consider first the case where we can
find n such that
BV (B—=1T)V (c+ (a—2r)T)
2
Then, it follows from that the probability of the event Qf converges to 1, where

of ={ suw ‘e_’”t(ZtK —mf{)‘ < K"},
t<Tlog K

<n<pB. (B.11)

On this event, a similar computation as in Step 2 of Lemma entails

IOg(1+Z§0gK) ) 1 K_rt’ZtIfogK _xgogK| log (K_ﬂt(l_‘_wgogf())
sup — B¢| < sup
t<T IOgK t<T IOgK K-t <xﬁogK A ZtIl<ogK> IOgK

Because of Lemma , we observe that f3; has been chosen such that, for all t < T,
CIKP <l i < OKP (B.12)
for some constant C' > 0. Hence,
log (KﬁBt(l + ‘rﬁogK)) <log(C + K*Bt) <,

where the last inequality follows from the assumption that inf;<7 3; > 0.
Hence, on the event Q{( ,

su IOg(l +Ztll{ogK) —B < K" su Krt n Cl
t<$ log K b= log K t<¥ K _ pontrt log K
- - Ty log K K n
[ K 2K c
< sup + )
_log K <1 xﬁogK log K

where we used (B.12)) and the fact that K77 = o(mﬁogK), since n < 3. Hence,

K
. log(1 + Zfios ) 5| < c| B g-tvinticrer@-n) y L
t<T log K - log K log K
K 1
< : B1
_C[logK+logK] (B.13)
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Case 1(a): r > 0 and a < 2r. In this case, the constraint (B.11) becomes §/2 < n < S,
hence we can choose n = 3/3/4 for any value of T (note that (B.1) is always satisfied here).

. . log(14+ZX _
Hence (B.13) implies that sup;<p ‘W — Btl converges to 0 on the event QI

Case 1(b): r < 0 and a < r. In this case, Assumption (B.1)) is equivalent to inf;<7(S+rt) > 0,
ie. T < B/|r]. Since c+ (a—2r)T < S —rT + (a—1r)T < —rT < 20, it is possible to find n

such that
BV (B—=rT)V(c—(rA2r—a))T) _ BT

2 2

<n<p

and (B.13)) allows again to conclude.

Case 1(c): r > 0 and a > 2r. In this case, (B.11]) is satisfied provided T is such that
c+ (a—2r)T < 28, ie. T < T* := 2@; Let us observe that the two lines 8 + rt and ¢ + at

a

intersect at time t* = f —, and in our case, T* > t* since af3 > rc. Therefore, we can apply the
. . log(1+2ZX —
computation (B.13) to T' € (t*,T*) to obtain the convergence of sup,<r ‘W — fB¢| to 0.

We explain below (in step 3) how to conclude for any value of T satisfying (B.1)).

Case 1(d): 7 <0, a > r and c+ af/|r| <0. In this case, 5+ rt > ¢+ at for all t < §/|r| and
hence Assumption (B.1)) is satisfied if and only if " < 8/|r|. For such T, (B.11) is satisfied since
c+(a—2rT < c+(a—27‘)‘% :25+C+(Z‘% < 28.

Case 1(e): 7 <0, a > r and c+af/|r| > 0. In this case, Condition (B.11)) is satisfied provided
T < T =2 n252¢ Since aff > rc, we actually have T = 26-¢ n addition, if we define

7 a—2r" a—2r"
tr =8 — the first time where the line 3 + 7t intersects the line ¢ + at, we can see exactly as in

a
Case 1(c) that T > t*. Hence, we can apply the computation (B.13) to T' € (t*,7%) to obtain

log(1+ZK = . .
the convergence of sup,« gt Ziiog ) B:| to 0. We explain below (in step 3) how to conclude
t<T log K

for any value of T satisfying (B.1]).

Step 2: maximal inequality. We restrict here to the case § = ¢ and a > r. In this case,

(B—=2(a—r)t)V(B—(2a—1)t)V (c—at) (B—2(a—r)t) V(5 —at)

sup = sup
t<T 2 t<T 2
B—at BV (3—al)
= Sup = N
t<r 2 2

where the second equality comes from the fact that the maximum of 8 — 2(a — r)t is attained
for t = 0, and the function  — at takes the same value at time ¢ = 0. Assuming

BV (8—al)

5 <n<p, (B.14)

it follows from (B.10)) that the probability of the event Q& converges to 1, where

QF ={ sup ‘e*at(ZtK —xf()‘ < K"},
t<Tlog K

41



On this event, a similar computation as in Case 1 entails

o 1080+ Ziog i) al< | & Kot L
t<¥ log K o= logKKg K _ pomtat log K
- - Ty log K K i
[ K 9 KAt c o[E7 1
< < _—
= |log K ior ol Tlogk | = [logK + logK] ’

where we used the fact that K"+ = o( K#+) since < § and that xﬁogK > O KPA+(avrt —
CKP*at gince ¢ = B.

Case 2(a): ¢=f, a>r and a > 0. In this case, we can choose any n € (3/2,3) and deduce

log(1+Z[X ) =
the convergence of supycp |— ;7= — Bi| to 0.

Case 2(b): ¢ = 3, a > r and a < 0. In this case, Assumption (B.l) is equivalent to
infi<7(8 + (a V r)t) = infi<p(B + at) > 0, which is satisfied if and only if T < 8/|a|]. Now, for
such T, one can find 7 satisfying (B.14]), so we can again conclude.

Step 3: gluing parts together. The remaining cases not covered by the previous steps are

er>0,a>2r c<fBandT>T*=25¢

a—2r">

° 7’<0,a>r,c<5,c+@zdeZT*:ZB_C

7| a—2r"
In both cases, we recall that T* > t*, where t* is the first time where 8 + rt crosses ¢ + at. So
we can fix 71 € (¢t*,7%) and apply Case 1(c) or Case 1(e) of Step 1 to obtain the convergence in
probability in L>([0,T1]) of log(1 + Ztll{ogK)/ log K to B3¢ = (B+rt) V (c+ at). In particular, for
all € > 0, on an event Q4 with probability converging to 1, K¢tefi—= < Z& og & < Ketalite
for K large enough.

Now, on Qé(, standard coupling arguments show that, for all ¢ > 0, th( < Z:,Ifl log K+t = ZE,
where ZK is a BPIk(b,d,a,ct+aTi—¢,c+aTi—¢) and ZK is a BPIk(b,d, a, c+aTi+e, c+aTi+e).
Hence, we can apply Case 2(a) or 2(b) of Step 2 to ZK and ZX to obtain the convergence of
log(1 + ZAtII(OgK)/logK to c—e+a(T) +1t) and of log(1 + ZK _,)/log K to c+e+ a(Ty +t) on
[0, — T1]. Note that, in the case where a < 0, Assumption requires that 7' < ¢/|a|. We

can choose € > 0 small enough to have T' < (¢ — ¢)/|a|. In this case, we have T'— T < H‘l‘a#,

so we can indeed apply Case 2(b) to ZX on the time interval [0, T — T1].
Since € > 0 is arbitrary, the Markov property allows to conclude. O

Our next goal is to extend Theorem to the case where 8 = 0 or 8 > 0 without assum-
ing nor ¢ < .

We first consider the case where ¢ > ( in Lemma[B.4] It shows that the population instanta-
neously (on the time scale log K') reaches a population size of order K¢. We can use the Markov
property at time € log K and comparison techniques in a similar way as in Step 3 of Theorem [B.1
to reduce the problem to the case ¢ < .

Lemma B.4 (Initial growth for strong immigration) Assume that § < c. Then, for all
e>0andalla>|r|V|al,

: K c—ae ctae
KLH}FIOOP(ZelogK S [K 7K * ]) =L
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Proof We give the proof in the case where r #£ a, r # 0 and a # 2r. The extension to the
other cases is straightforward. Using Lemma there exists a positive constant C such that

cieelrivial) < gy gogK) < okgcetelrivial

and Var(ZﬁOgK) < CKet@riViaDe The result follows from Chebyshev’s inequality. O

Let us now state our general result with ¢ < 6.

Theorem B.5 Let (ZF,t > 0) be a BPIk(b,d,a,c, ) process with ¢ < B and assume either

log(1+Z§D ®) . . .
B8 >0 orc# 0. The process Tngt > 0) converges when K tends to infinity in

probability in L>=([0,T]) for all T > 0 to the continuous deterministic function 3 given by
(i) if >0, B:t— (B+rt)V(c+at)VO;

(ii) f 8=0,c<0anda>0, B:t— ((rvVa)(t—I|c|/a))VO0;

(iii) if B=0,c<0anda <0, B :ts 0.

Note that, in case (i), when r >0, one can remove VO from the definition of j;.

In addition, in the case where ¢ # 0 or a # 0, for all compact interval I C Ry which does
not intersect the support of 5,

. K _ —
Kl_l)IEQQP (Ziogx =0, VteI) =1. (B.15)

The case 8 = ¢ = 0 could be deduced from the previous result using comparison argument,
but is not useful here.

(=)

c+at

c+at
fime

0= fime
(a): e<f=0,0<a<r (b:0<c<pB,r<a<0 (c)c<0<fp,r<0<a

Figure B.1: Illustration of Theorem (a): Initially B = 0, but thanks to immigration, the population
is revived. Once this happens, the growth rate r being larger than a, immigration have a negligible effect
after time |c|/a. (b): After time (8 —c)/(a—r), the dynamics is driven by mutation before getting extinct
when B; = 0. (c): We observe a local extinction before the population is revived thanks to incoming
mutations.

Remark B.6 Note that point (i) in Theorem means that, at least for small t > 0, either
B = c and then 5(t) = B+ (rVa)t or B> c and then B(t) = f+rt. This explains Equation (2.9)
in Corollary [2.4)
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Proof The proof combines Theorem with a series of lemmas and extensive use of the
Markov property. The proofs of the lemmas are given at the end of the section.

Proof of (iii). Theorem [B.5|(iii) follows directly from the next lemma. Note that it also proves
that (B.15)) holds true in case (iii) for all I C [0,T].

Lemma B.7 (Non emergence of any new population) Assume that 8 =0 and ¢ < 0. Let
us consider T' > 0 such that —|c| + aT < 0. Then:

i K < =1. .
KLITOOP< A o,w_TlogK> 1 (B.16)

Proof of (ii). We need to combine Theorem and Lemma with the next two lemmas.

Lemma B.8 (Emergence of a new population) Assume that § =0, that c = —¢ withe > 0
and that a > 0 (so that the immigration rale starts being positive at time to = £log K ). Then,
foralln > (1V %)E,

lim P(KY?-1< 27K
@ 108

<K"-1) =1 .
Jim <K 1) 1 (B.17)

K

The second lemma is valid for all values of ¢ < 3, r and a. It gives uniform estimates on the
modulus of continuity of log(1 + thfog )/ 1og K.

Lemma B.9 (continuity of the exponent) Let (Z5,t > 0) be a BPIx(b,d,a,c,[3) with ¢ <
B. Then, there exists a constant ¢ = ¢(b,d, a) such that, for all e > 0,

lim P(Vt € [0,elog K], KP~% — 1< zK < gh+e 1) — 1
K—+oo

We proceed as follows. Fix € > 0 and apply Lemma on the time interval [0,#1] with
t1 = |c|/a —e. We deduce that

log(1 + Z{fogK)
log K

=0, Vtelo,t] (B.18)

on an event QI with probability converging to 1 and, since 8; = 0 if and only if ¢ < |c|/a, (B.15)
is proved in case (ii). Applying the Markov property at time t; log K on Q. Since thl(logK =0
and ¢+ at; < 0, we can apply Lemma to deduce that
K
log(l + Z(t1 +d¢) log K)
log K

€ (ce, ce)

with probability converging to 1 for constants d,¢ > 0 and ¢ < oo independent of € and K. In
addition, Lemma, implies that, with probability converging to 1,
log(1 + thl(ogK)
sup

< e (B.19)
tE(t1,t1+0¢] log K

for a constant & > ¢ independent of ¢ and K.
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Using the comparison trick of Step 3 of the proof of Theorem after time (1 +9) log K, we
can then apply Theorem [B.1]to prove that, with probability converging to 1, for all ¢ € [¢1+de, T7,

log(1 + ZK
ce + (rVa)(t —t; — de) < liminf 8( tlog i)

K—+00 log K
log(1+ Z};,
< lim sup 8 tiog ) <ce+ (rva)(t—t —oe). (B.20)
K—+oc0 log K

We conclude combining (B.18)), (B.19) and (B.20)) and letting ¢ — 0.

Proof of (i). Note that, when » > 0, Point (i) has been already proved in Theorem [B.]]
Similarly, if 7 < 0, @ > 0 and ¢ + a/|r| > 0, Point (i) also follows directly from Theorem [B.]]
In these two cases, (B.15) is also trivial. We divide our study of the remaining cases in four.

Case (a): r<0,a<0orr <0, a=0and ¢ < 0. In this case, we combine the previous
lemmas with the next one, similarly to the proof of (ii). Note that we need to use Lemma [B.10] (i)
if ¢+ af/|r] < 0, Lemma (ii) if ¢+ aB/|r] > 0. If ¢ + af/|r] = 0, we use a comparison
between Z% and a BPIk(b,d,a,c —¢,/3) and a BPIx(b,d,a,c+¢,B V (c+¢)), for which the
previous cases apply, and let € — 0.

Lemma B.10 (Extinction) Assume that r < 0.

(i) Asume also that ¢ <0 and ¢+ aB/|r| < 0. Then for all n > 0 small enough,

lim P(vt e [(E L) log K, (2 1 2n) log K|, 2 =0) =1. (B.21)

K—s+oo 7| 7|

(ii) Assume also that ¢ +aB/|r| >0 and a < 0. Then for alln >0 and T > n,

lim P(vee [(5

C
log K, (-5 +T)1 K] 7K :0) —1. B.22
m +n)log K, (7 + T log / (B.22)

|al |al

Ir| a’

we combine as above Theorem Lemma [B.10], Lemma and Lemma [B.g]

Case (¢): 7 <0, a>0, c<0 and % = % This can be treated using comparisons between

ZE and BPIk(b,d,a,c — ¢, ) and BPIk(b,d,a,c+¢c,3V (c+¢)) and letting ¢ — 0.

Case (b): r<0,a>0,c<0and 2 < I This corresponds to Figure (c) In this case,

Case (d): r < 0, ¢ = a = 0. This can be treated using comparisons between ZX and
BPIk(b,d,0,—¢, ) and BPIk(b,d,0,e,8V ¢) and letting € — 0. O

Proof of Lemma Since the rate of immigration is upper bounded by Ke¢V(¢teT) on
[0, T'log K], the probability that a migrant arrives during this time interval is upper bounded by
TKV(taT) Jog K which tends to 0 when K — 4+o00. The lemma is proved. O

Proof of Lemma The number of immigrant families which arrived during the time interval
[0, %5 log K| and which survived up to time %5 log K is, by thinning, a Poisson random variable
with parameter
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This formula is obtained by ([A.4)), where the probability of keeping a family immigrated at time
t is the fraction in the above expression.
In the case where r > 0,

%ElogK €
A> - / Kcettqr > T
0 2ab

In the case where r < 0,

Therefore,

For the upper bound, it follows from (B.2) that

KE

pris if r <a,
E (Zg 1ogK> < %i(f log K ifr=a,
[5_"': if r > a.
Therefore, (B.17) follows from Markov’s inequality and the choice n > (1V %7“)5. O

Proof of Lemma The number of immigrant families which arrive during the time interval
[0, e log K] and which survive up to time € log K is a Poisson random variable with parameter

K (lal+1/2)e

elog K
A< / Kee®dt < KP——
0 la| +1/2

The maximal size of each families (immigrant or present at time 0) on the time interval [0, € log K]
is bounded by the size at time elog K of a Yule process with birth rate b, i.e. a geometric
random variable G; with parameter K, independently for each immigrant families. Hence,
with probability converging to 1,

KB+ (lal+3/0)e

sup ZF< Y Gy < KOH(eltit)e (B.23)
te|0,e log K i—1

For the lower bound, we observe that ZX is bigger than a linear pure death process BP(0,d, 3).
For each of the | K —1] initial individuals, the probability of survival up to time e log K is K %,
hence, with probability converging to 1, infic[ c10g K] ZE > KP~2¢ Hence the lemma is proved
with € = (2d) V (|a| + b+ 1). O

Proof of Lemma We first prove (i). Using the same argument as in the proof of
Lemma [B.7], we can prove that the probability of the event I' that a migrant arrives during the
time interval [0, T log K] converges to 0. Therefore, on the complementary event I'“ and on this
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time interval, the process ZX is a BP(b,d, K®) and, using (A.4), its extinction time Tpy satisfies,
for all t < Tlog K,

re" K?
. C

Thus, for t = nlog K with n > (/|r|, there exists a constant C' such that

P(Texs > nlog K) < P(T) + C K~Ir*8 0.
K—+o0

Now, let us prove (ii). Using the Markov property and Theorem we can assume without
loss of generality that ¢ < 8 < n|r|/4. Note that assuming ¢ + a/3/|r| > 0 implies that a > r. In
addition, we can prove as above that, with a probability converging to 1, there is no new immi-
grant arriving in the population between times (¢/|a| +n/2)log K and (¢/|a| + T)log K. Hence
we only need to check that all the families that descend from each of the individuals initially
present in the population and of all immigrants which arrive before time (¢/|a| + 7n/2) log K are
extinct before time (¢/la| + n)log K. Using (A.4)), each of these families has a probability to
survive longer than a time (17/2)log K which is smaller than 2K~""/2 (for K large enough).
Since the number of these families is equal to K? plus a Poisson random variable of parameter
Ke° fo(c/‘aH"/Q) log K gas g < K¢/a, we deduce that it is smaller that K"/3 with probability con-
verging to 1. Hence, on this event, the probability that at least one of these families survives up
to time (¢/|a| + n)log K is smaller than

r/3
(1-—21{*”VV2)KW K00,

This concludes the proof of Lemina [B.10 g

C Logistic birth and death process with immigration

C.1 Omne-dimensional case

We consider here a one-dimensional logistic birth and death process with individual birth rate b
and individual death rate d4+Ck/K when the population size is k and immigration at predictable
rate y(t) > 0 at time t. We denote by LBDIk(b,d,C,~) the law of this process. We consider a
specific initial condition in the next result. Recall that r =b —d.

Lemma C.1 Assume that (Z,t > 0) follows the law LBDIk (b,d,C,~) with b>d. Let T >0
and assume that v(t) < K'=% for all t € [0, T log K| for some a > 0.

(i) [f% €& —¢e & +¢] for some e >0, then
zZE T r
lim P(vie[0,Tloghkl, e |5 -2 5 +2]) =1
m (V € [0,Tlog K1, w Sle gt

K
(i) For all e,e’ > 0, there exists T'(e,e’) < 400 such that for all initial condition 270 > e we
have that
Z’ZI—'((E g’) T T
lim P | ZFEe) [7_2 o ’} —1.
e \ K Sle et
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Proof This result is related to the problem of exit from a domain of [Freidlin-Wentzell| and
can be proved with standard arguments as in [5,[7]. The only difficulty comes from the additional
immigration rate (smaller than K'=¢ for all ¢ € [0,T log K1), which is negligible with respect to
the reproduction rate (of order K'), but this can be handled for example adapting the proof of [6]
Prop. 4.2]. O

C.2 Two-dimensional case
C.2.1 Transfer birth-death process with immigration

We consider a two-dimensional transfer process with immigration (Y, Z/),50, with transition
rates from (n,m) € N? to

(n + 1,m) with rate nbf(w,t) + & (w, 1),
(n — 1,m) with rate nd(w,t),
(n,m + 1) with rate mb%¥ (w, t) + & (w, t),
(n,m — 1) with rate md% (w,t),

)

(n —1,m + 1) with rate 7% (w, ) nm

n+m’

with C' > 0 and predictable rates 75, b5, dX ,'yiK : Q2 x Ry — Ry. Remark that transfer only

(2 (3
occurs from population YX to population ZX.

We denote by TBDI (b, dX b dlf 75 K 4L the law of (YE, ZK).

Lemma C.2 Assume that (Y;*,ZK) >0 follows the law TBDIy (b, al bk, dit 75 K 4K
and that there exist constants by, dy, bo, da, 7 > 0 such that for some s > 0,

sup (b1 (£) = bl + 165 () — ball + [ldf* (2) — du || + [|d5' (t) — de]
te[0,slog K]

@) = 7l + I @l + g ()] a0 (D

in probability. Let S :=1r9 — 11 4+ 7.

(i) Assume S > 0, that YI* > KB for some B > 0 and that nY{< < ZI < Y{ for some n > 0.
Then, there exists T =T(n) < oo and p > 0 such that for s > 0 small enough,

im P (Y, x <K 25, k) =1 (C.2)

K-+ s

(ii) Assume S < 0, that ZE > K for some 8 > 0 and that nZE < Y& < ZE for some n > 0.
Then, there exists T = T(n) < oo and p > 0 such that for s > 0 small enough,

im P (Zh,x <K V], k) =1 (C.3)

K—+oo B 8
Lemma (i) says that, if the population Y'X is initially dominant and if the population Z#

has a positive fitness and is initially not negligible, after a short time on the time-scale log K,
Y becomes negligible with respect to ZX. For the proof, we refer to Lemma (iii).
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C.2.2 Logistic transfer birth-death process with immigration

We consider a two-dimensional logistic transfer process with immigration (Y,X, Z/);50, with
transition rates from (n,m) € N? to

(n + 1,m) with rate nbf (w, ) + & (w,t),

C
(n —1,m) with rate n [d{((w,t) + ?(n + m)} ,
(n,m + 1) with rate mb¥ (w,t) + & (w, 1),

(n,m — 1) with rate m [d?(w,t) + %(n + m)] ,

nm

(n —1,m + 1) with rate 7% (w, ) ,
n+m

with C' > 0 and predictable rates 75, blK , dZK ,'yiK : 2 x Ry — Ry. Remark that transfer only
occurs from population Y to population ZX.

We denote by LT BDI (b, als, bk ks, C, 75 v 4 the law of (Y, ZK).

Lemma C.3 (Competition) Assume that (Y, Z[)i>0 follows the law
LTBD[K(b{(,d{(,bé(,dé(,C, TK,’le,"}/g() and that there exist constants by, dy,ba,do, 7 > 0 such
that for some s > 0, the convergence (C.1)) is satisfied.

K
(i) Assume thatry :=bi—dy > 0, r9 :=by—dy >0, S :=r9—r1+7 > 0 and Y% € [% —-& ¢+ 6]
K
for some ¢ > 0 and 270 > me for some m > 0. Then, for all & > 0, there exists
T =T(m,e,e") < oo such that

K
/T

) Z, ro i)
im P(vE <K [7_ ) 2 ’} —1.
im (T_s ’KE I 5,C+5

K—+4o00

K K
(ii) Assume that 1 > 0, ro > 0, S < 0 and Y% > me for some e,m > 0 and ZTO €
(2 —e,% +¢]. Then, for all e’ > 0 there exists T =T (m,e,e') < oo such that

YK T1 T1

lim P(-L ¢ [7— I ’], 7K <dK ) =1.

dm P (e [g-age] ot <
K K

(iii) Assume that r1 >0, 19 <0, S >0 and Y% € [% —e, —i—e] for some € > 0 and 270 > me

for some m > 0. Then there exists a constant p > 0 such that, for all s > 0 small enough,

lim P (Y, x <K 28k, Zhogx <K', ) =1. (C.4)

K—+o00 s

In Lemma (iii), the initial population Y¥ is resident and after invasion, the population
7K becomes dominant but not resident, as can be seen from the exponent 1 — sp in (C.4).

Proof Let us first prove (i). By Condition (C.1)), the proofs of [2| or [1I, Ch. 11] can be

easily adapted to prove that, when + (Y, ZL) converges in probability to (yo,z0) € (0,00)?,

49



the process (Y ZK) converges in probability in L (R;) to the solution (y(t),z(t)) of the
dynamical system

(C.5)

(ro = Cly+2) + 7%

g o=ym—-Cly+2)-1/5
z =z
In our frequency-dependent case with constant competition, invasion implies fixation [2, Section
3.3.1], so that, for all (yo,20) € (0,00)2, (y(t), 2(t)) converges when t — +oc0 to (0,79/C) (since
S > 0). The lemma follows from this result as in [5, Thm. 3(b)].

The proof of (ii) follows the same arguments.

Let us turn to the proof of (iii). First, we remark that, for y(¢), z(t) solution to (C.5)),
p(t) = y(t)/z(t) solves p = —Sp when (y,z) solves (C.5). Hence, if y(0) € [F —¢,% +¢] and
2(0) > me,

r/C+e _g
t) < ——— .
p(t) < ———e

In particular, there exists tg such that, for all t > to, y(t) < %z(t). Therefore, 2/z < ro+|ra|/2 =
ro/2 < 0 for all ¢t > ty. Therefore, (y(t), z(t)) converges to (0,0) for ¢ — +o00. In addition, for
any 1 > 0, there exists ¢, large enough such that the solutions at time ¢, of the dynamical system
issued from any initial condition in [%1 —& ¢+ e] X [me, 00), belongs to a compact subset of
Cp=A{(y,2) € B(0,n);0 <y/z <n}.

We deduce that there exists a compact subset of Cy5, containing (thf/K, Z{S/K) with a
probability close to 1 for K large enough. In particular, there exists a constant x > 0 such that

P (th > kK, 2 > HK) . (C.6)

K—+4oc0

After time t,,, we can construct a coupling between the stochastic population processes as follows:
for all ¢ smaller than Tff;it the first exit time of Adh(KCay) by (YE, ZK),

0 o VK 1, g1 2 _ oK 3., 73
Ap <Y, <Ay + I, Ay < Zpyy, <A+ T

where A = A} = Y;f](, A= A3 = Ztln(, A° has law BP(by,dy+71+4Cn), A' has law BP(by,d; +
7/(1427)), A% has law BP(bg, da+4Cn), A3 has law BP(by+271/(1+2n), d2), and the random
variables I} and I3 count, in Y& and ZX respectively, the number of individuals alive at time
t +t, born from immigrant individuals which arrived in the population after time ¢,. Note that
all theses processes are not necessarily independent.

Using domination of immigrant population by Yule processes as in the proof of Lemma
we can prove as in (B.23) (with 8 = 0) that, for s > 0 small enough,

lim P (Vt <slogK, I' + I} < Kl—aﬂ) =1 (C.7)
K—+oo

Let us first prove that T: fj]‘it > slog K with probability converging to 1. We first need to check
that (Y%, ZF) € B(0,2n) for all t < slog K with probability converging to 1. Because of (C.7)),
it is enough to prove that

Plr.syic) (Teat(A") < Topic (A1) ——— 1
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and similarly for A3, where Tuy(A?) is the extinction time of A’ and Tys(A?) is the first time ¢
such that AL > M. It is classical to prove that, for A ~ BP(b,d) with b < d,

n k
Pi(Text (A) < Tn(A)) = &) -@G)

so the result follows.

The second steps consists in proving that V;X < 2nZK for all t € [t,, t,+ slog K]. Recall that
kK < Y;f]( < 1.577255 with high probability. Using (C.6|), we can apply Lemma to obtain
that, for s > 0 small enough and all &’ > 0, for all ¢t < slog K,

AL < (1 4 ) Aletn=r/a+2m)

A2 > (1 - &) ABelretomn, (©5)

We choose n > 0 and ¢’ > 0 small enough so that r; —7/(1 4+ 2n) < ry —4Cn and 1.5(1 +¢’) <
2(1 —¢’) . Hence, with probability converging to 1, for all ¢t < slog K,

Vi, < Ap <201 - nAger /0 < onZK

So we have proved that Tff;it > slog K with probability converging to 1.
In addition, it follows from (C.8) that

Y, < 2nexp ((r —ra — /(14 2n) +4Cn)t) Z[, .

Introducing 0 < p < —(ry —r2 — 7/(1 4 2n) + 4Cn) and choosing t = slog K —t,, and n < £/2,

we deduce (C.4). O

D Algorithmic construction of the slopes of j(t)

We defined in Theorem the times s; of change of resident or dominant populations. For
algorithmic purpose , it is useful to characterize all the times t; where the functions S(t) change
their slopes. The successive slopes are given in the next result which stems from Corollary
The next formula is explained after the statement of the theorem. We define

532 (£) := Se(t) g, (1)>0 or (8(t)=0 and fo_1(t)=0) (D.1)

Theorem D.1 Under the same assumptions as in Theorem the limit B(t) is continuous
and piecewise affine and can be constructed recursively as follows: assume that, for some k > 0,
we have constructed times 0 = tg < t1 < ... < tx < Ty and integers E’O,...,%_l such that
(B(t),t € [ti,tit1]) is affine and £*(t) = L, for all t € [t;, tiy1) for all 0 < i < k — 1. Recall that,
since tp < To, we have Card(Argmazy<,<pBe(ti)) € {1,2} for all 0 <i < k.
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Then

Be (tk) — Be(tr) ~
the1 =t + [ inf ke U A0 st X0(t+) > Sy 4 (0.8: 0.5
ki1 = tg ( {zg(tk+)—stk+(e;5;e;5) # ¢ (tkt) > St (6,05 4,0)

/\inf{%% s.t. Be(ty) > 0 and Zg(tk—i-) < 0}
Be(tr) — Be—1(tr) +

S0y (tet) — Shyes (66, 6,0) 13, (1,)>0
and 22_1(tk+) - §tk+(€5a 82:5)]15@(%»0 > 0}

/\inf{ A O st By(ty) > Beor(th) — a

1 — By (tk)

A inf

; E%ﬂ (tkt) > 0 and By (t) < 1}) (D.2)

and, for allt € [0,tp11 — tg),
Bo(t +tr) = Be(ty) + Xtp+)t, YO<{<L. (D.3)
It follows from Corollary [2.4] that
Stet = Ligy (n)=1:6,5<3} S(y;z) + Lig, (n)<1 or 653} S(y; ).

and Y9 (tx+) is defined from Xy(tx+) as in (D.1)), and X(tx+) is defined using (2.9) replacing
§tk by gtw-

Note that the slope in (D.3) only depends on the vector 5(t;). Hence these formula make
possible exact numerical simulation of 5(¢). In the definition (D.2)) of ¢x41,

1. the first infimum corresponds to the first time where another component of 3(t) intersects
Be, (¢) (change of resident or dominant population),

2. the second one to the first time where a component of 8(t) hits 0 (extinction of a subpop-
ulation),

3. the third one to the first time where immigration due to mutations becomes dominant in
the dynamics of one coordinate of 3(t),

4. the fourth one to the first time where Sy (¢) hits 1 when By (fx) < 1 (transition from
dominant to resident for trait ¢.0).

The smallest of the four infima in (D.2]) gives the nature of the next event.
The third infimum involves only traits £§ whose initial dynamics (after time tx) is not driven
by mutations, i.e. such that S,_1(tx) < Be(tr) + o In this case,

S0 (ti+) = St (06, 650) L, (1) 0-
When £9_ (ti+) > i+ (€6, £30) 1,0, the time where the curve Sy(t)+t S, + (60, €8) 15, (1) 0

1 (t tZO t _ : th : b Bl(tklfﬁefl(tk)+a .
crosses fr—1(fi) + £ X (fih) — o s then given by o s s D ayao
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