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David Cohen-Steiner Alba Chiara De Vitis
February 15, 2019

Abstract

In this paper, we study the spectrum and the eigenvectors of radial kernels for
mixtures of distributions in R™. Our approach focuses on high dimensions and relies
solely on the concentration properties of the components in the mixture. We give
several results describing of the structure of kernel matrices for a sample drawn from
such a mixture. Based on these results, we analyze the ability of kernel PCA to
cluster high dimensional mixtures. In particular, we exhibit a specific kernel leading
to a simple spectral algorithm for clustering mixtures with possibly common means
but different covariance matrices. We show that the minimum angular separation
between the covariance matrices that is required for the algorithm to succeed tends
to 0 as n goes to infinity.

1 Introduction

Given a set of data points drawn from a mixture of distributions, a basic problem in
data analysis is to cluster the observations according to the component they belong
to. For this to be possible, it is clearly necessary to impose separation conditions
between the different components in the mixture.

Many approaches have been proposed to solve the problem of clustering mixtures
of distributions. We give below a brief historical account of the algorithms that come
with theoretical guarantees, focusing on the high dimensional situation. Unlike in
the low dimensional dimensional case, approaches based e.g. on single linkage or
spectral clustering cannot be employed, because such methods require dense samples
which would have an unreasonably large cardinality. The first result in this field,
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due to Dasgupta, used random projection onto a low dimensional subspace [5]. It
was shown that a mixture of Gaussians with unit covariance in dimension n could be
provably well clustered if the separation between the means of the components was
O(y/n). The result was later improved by Dasgupta and Schulman [6] using a variant
of EM for unit covariance Gaussians, and by Arora and Kannan [2], using a distance-
based algorithm, for Gaussians with at most unit covariance. These methods, to
correctly classify the components, require a O(nl/ 4) separation between the centers
of the Gaussian. For mixtures of unit covariance Gaussians, Vempala and Wang
[23] used PCA to obtain a dimension-free separation bound, which depends only on
the number of the components. Their method is based on the fact that the space
spanned by the k top singular vectors of the mixture’s covariance matrix contains
the centers of the components. Projecting to this space has the effect of reducing the
variance of each component while maintaining the separation between the centers.
Kannan et al. [13] extended this idea to mixtures of log concave distributions with at
most unit covariance, also requiring a separation between the centers that depends
only on the number of the components. Achlioptas and McSherry [1] improved
further the dependency of the separation bound on the number of components. A
combination of PCA with a reweighting technique was proposed by Brubaker and
Vempala [4]. This method is affine invariant and can deal with highly anisotropic
inputs as a result. When applied to a sample from a mixture of two Gaussians, the
algorithm correctly classifies the sample under the condition that there exists a half
space containing most of the mass of one Gaussian and almost none of the other.
Finally, a different family of approaches uses the moments of the mixture to learn the
parameters of the components. Strong results have been obtained in this direction
(see e.g. [9, 3]). These methods do not require any separation assumption, however
their downside is that they require a priori knowledge of a small parametric family
containing the component’s distributions. They also become inefficient when applied
to high dimensional data, since the number of moments involved grows rapidly with
the dimension. For example, the currently fastest algorithm [9] for learning mixtures
of Gaussians runs in time O(n®).

Another possible approach to the analysis of mixtures uses kernel matrices. On
a dataset {x1,...xxy} of N points in R™ a kernel function &k : R” x R™ — R defines a
N x N kernel matrix whose ij entry is k(x;, ;). An important class of kernels are
positive definite kernels, which are those for which the associated kernel matrix is
positive definite for any dataset. The use of such kernel matrices, and in particular
of their spectral decomposition as in the popular kernel PCA algorithm, has long
become commonplace in data analysis. Still, surprisingly little is known regarding
theoretical justifications for kernel based clustering methods. Notably, the analysis
in [20] implies that a kernel PCA type algorithm will correctly cluster mixtures when
the components are sufficiently separated. However, the arguments used in this
paper follow the low (or constant) dimensional intuition and the required separation
between the components is of the order of the width of the kernel, which typically
leads to a separation that grows like the square root of the dimension.



In order to improve the above analysis of kernel PCA, it is necessary to better
understand the behavior of kernel matrices and of their spectra as the dimension
increases. Again, while the literature on eigenvalues of random matrices is vast and
growing rapidly, the knowledge about random kernel matrices is much scarcer. A
notable exception is [14], which gives an asymptotic description of radial kernel
matrices of the form k(z;,z;) = h(||z; — x;||*/n) as the dimension n tends to infinity,
for a fixed function h. In the case of distributions whose coordinates are independent
after some linear change of coordinate, e.g. Gaussians, it is shown that the kernel
matrices converge in the operator norm to a certain matrix related to the covariance
of the data. Under the weaker condition that the distribution enjoys concentration
properties, the corresponding convergence result is proved to hold at the level of
spectral distributions, but no result is derived for individual eigenvalues.

In this paper, we prove new results about radial kernel matrices of mixtures
of high dimensional distributions. Unlike [14], we do not assume independence of
coordinates. Rather, we only assume that the components in the mixtures have
exponential concentration. Specifically, we show that such matrices can be very well
approximated by the sum of a matrix that is row constant within each component
and a matrix that is column constant within each component. For distance matrices
of mixtures with a single component, the result implies a large spectral gap between
the two largest eigenvalues: The ratio between these eigenvalues is of the order of
the dimension, rather than that of the square root of the dimension, as one might
naively expect from basic concentration results. When the input distributions are
supported on a sphere, this “double concentration” phenomenon is enhanced and
large eigenvalue gaps arise for kernel matrices more general than distance matrices.
The proof technique is geometric and very different from the one used in [14].

For positive kernels, a consequence of the above result is that kernel PCA is a
valid clustering method as long as the Gram matrix of the mixture’s components,
when viewed as elements of the corresponding Reproducing Kernel Hilbert Space
(RKHS), is sufficiently well conditioned. In particular, this allows to check that
kernel PCA allows to correctly clusters mixtures of two Gaussians with a required
separation between centers that does not depend on the dimension.

In the case of even distributions supported on a sphere and satisfying a Poincaré
inequality, we further show that our main result can be strengthened, so that kernel
matrices are well approximated by block constant matrices, provided the kernel,
which may or may not be positive, is smooth enough. We also design a specific non
positive kernel for which this result can be extended to non necessarily even (and
non necessarily centered) distributions. This kernel is not of the form studied in [14],
so the results of this paper do not apply even for Gaussian mixtures. Based on this
kernel, we derive a simple spectral algorithm for clustering mixtures with possibly
common means. This algorithm will succeed if the angle between any two covariance
matrices in the mixture (seen as vectors in R”2) is larger than O(n~/610g®?n). In
particular, the required angular separation tends to 0 as the dimension tends to
infinity. To the best of our knowledge, this is the first polynomial time algorithm for
clustering such mixtures beyond the Gaussian case.



2 Kernels in high dimensions

Our analysis of kernel matrices for high dimensional data hinges on the concentration
of measure phenomenon. Concentration of measure is a property of metric measure
spaces that roughly says that regular functions are nearly constant [18, 16, 10].
It can be observed in many spaces, typical examples being Gaussian spaces or
manifolds with Ricci curvature bounded below. We give precise definitions below
for a probability measure p on R™. We say that f : R® — R has exponential
o-concentration, or g-concentration for short, for some o > 0, if for any € > 0:

iz | f(x) = M(f)| > e} <O(e™7)

where M(f) is a median of f. The measure p is said to have o-concentration if all
1-Lipschitz functions have o-concentration. In particular, we have that f equals
M (f) plus or minus O(c) with high probability.

Levy’s lemma [17] states that an isotropic Gaussian with covariance oI has
Gaussian concentration, which is a stronger property implying O(o)-concentration.
This result is also true for anisotropic Gaussians if one takes ¢ to be the maximum
eigenvalue of the covariance matrix. In particular, it implies that for high dimensional
Gaussian spaces, most of the points are at about the same distance from the center.
More precisely, almost all the mass of an isotropic Gaussian is concentrated in a
spherical shell of radius o+/n and thickness O(o). Indeed, for an isotropic Gaussian
vector z, E(||z||?) = o®n. As distance functions are 1-Lipschitz, by Levy’s lemma,
they have o-concentration. Hence the distance from a random point to the center
differ by at most O(c) from o+/n, with high probability.

A stronger form of concentration that we will also consider is based on Poincaré
inequality. We will say that a probability measure p satisfies a Poincaré inequality if
for any Lipschitz function f : R™ — R whose mean is zero with respect to u, we have

/ Fdu < 0(1) / IV 7 12dp

A probability measure that satisfies a Poincaré inequality necessarily has O(1)-
concentration [19]. Gaussians distributions whose covariance have O(1) eigenvalues
are known to satisfy a Poincaré inequality. The famous KLS conjecture [12] states
that uniform distributions over isotropic convex bodies, and more generally isotropic
measures with log-concave densities also do.

2.1 Main result

We consider a mixture p of k distributions p; in R™, with weights w;, which we treat
as numerical constants. We assume that each component y; has O(1)-concentration.
Drawing a sample of N points independently from the mixture gives a point set
X that is, with probability 1, the disjoint union of subsets X;, corresponding to
each component. The radius of yi; is the quantity (E,,||z — E,,z|[?)/? for a random



variable x with law u;, and we denote by R the smallest radius of the u;. We
consider a function h : Ry — R and the associated radial kernel. This defines a
kernel matrix ®5,(X) whose entries are h(||z; — x;||)/N, for 2;,z; in X. We assume
that the indices are ordered in such a way that the components form contiguous
intervals ; in particular, we have a natural block structure (doubly)-indexed by the
components.

Theorem 1. If the number of samples N is drawn according to the Poisson distri-
bution with mean Ny, then with arbitrarily high probability, we have:

log N,
|1(X) — A] so(muhnm/” 2 °)
0

where the entries of A in the ij block are given by

Ay =5 [ 1l = =)+ [ 1l = Do) = [ 1l = <))

and with )
¢ = sup (\h”(r)\ n W(r)r) T ]l exp (~O(R))
r>R/2 r

Furthermore, if the components p; are supported on the sphere centered at 0 with
radius v/n, and have mean at distance O(1) from the origin, the conclusions above
hold with cy, replaced by

¢, = sup

<log2(R)!h”(T)! + B/ (r)]
r2R/0(log(R))

r

)+ e/

The proof of Theorem 1 follows from the analysis of the map sending each point
x in R” to its kernel function h(|lz — .||) in L?(R™, u) or, more precisely, of a finite
sample version of this map. That analysis crucially depends on the fact that in
Euclidean spaces, the cross derivative of the distance a%yﬂx — y|| is upper bounded
by O(1/||z — y||). A first consequence of Theorem 1 is the following result about the
spectrum of ®,(X), which follows directly from the variational characterization of
eigenvalues:

Corollary 1. Under the assumptions of Theorem 1, the spectrum of ®,(X) has at
most k eigenvalues larger than O (ch + ||h]lcot/ %50%), and at most k eigenvalues

smaller than —O (ch + 17|00 %ELNO), with arbitrarily high probability.

2.2 Distance matrices

To illustrate Theorem 1, setting for example h(r) = r gives a description of distance
matrices. Consider the case of a sample drawn from a mixture of k& Gaussians with
unit covariance. If z; and z; are drawn independently from two Gaussians in the
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mixture, x; — z; is a Gaussian with covariance 2/. Concentration of measure then
implies that the entries ||z; — x;|| of each block concentrate around their mean value,
i.e. they differ by at most O(1) from the mean of the block with high probability:

(1311 . (I)lk mi :|:O(1) . mlk:I:O(l)
Pp(X)=1| || | =% : . : (1)
q)kl .. q)kk mi1 :|:O<1) | Mgk :|:O(1)

A finer description of ®,(X) is given by Theorem 1. For an isotropic Gaussian,
the radius R is ©(y/n), and from |h'| =1, |h"| = 0 we get ¢, = O (1/4/n).

The dependancy on the average number of samples Ny in Theorem 1 involves
||| oo, Which is unbounded. However, assuming for example that the centers of the
components are at distance O(1), then the fraction of pairs of sample points whose
distance is larger than an appropriate constant times y/n is exponentially small by
concentration. Hence we can first modify h by thresholding such that ||h| s becomes
O(y/n), with an exponentially small change in ®;(X). Furthermore, by making the
transition between the linear part and the constant part smooth enough, we can
ensure that the second derivatives of the modified kernel g are O(1/+/n), so that
cg = O(1/+/n). Applying the theorem to g implies that with a polynomial number
of samples (Ng = Q(n?logn) suffices), with arbitrarily high probability, each block
of ®,(X) has the following structure

ar az - an; by b1 - b
1| a1 a2z - ap; 1 by by - bo

i =5 +5 +B
ay a2 - ap; by, by, - by,

with ||B|| = O(1/4/n). Note that the error term B is now much smaller than the
one in (1), which is a priori up to O(1) in the operator norm.

Furthermore, for each block the vectors (as) and (b;) are, up to a constant,
averages of the columns of the distance matrix. As a result these vectors are 1-
Lipschitz and thus have O(1)-concentration. Also, we can assume they have the same
mean, namely half the average distance m;; within the block, that is, at least (y/n).
So we can write as = m;j(1+¢,)/2 and by = m;;(1+6;)/2 with 5 and §; in O(1/y/n)
with high probability. This implies that each block is very well approximated by a
rank one matrix. Indeed

as+ b =mij(24+¢e5+01)/2 =mi; (1 +e5/2)(1 + 0,/2) + O(1/n))

In particular, the normalized distance matrix of points drawn according to a single
Gaussian has only one eigenvalue that is larger than O(1/4/n), this top eigenvalue
being ©(y/n). This observation, which we stated for isotropic Gaussians for con-
creteness, applies to any distribution with O(1)-concentration and variance O(n) as
well.



We also remark that in the case of distributions on the sphere with O(1)-
concentration and variance ©(n), the contribution of A” in the error bound in
Theorem 1 is divided by ©(y/n/log® n), which makes it possible to extend the above
discussion to kernels other than distance functions. We do not elaborate further as
the spherical case will be studied in more detail in the sequel of the paper.

3 Positive definite kernels and clustering

For radial kernels that are positive definite, i.e. that define positive definite kernel
matrices, Corollary 1 implies that there are at most k significant eigenvalues for
mixtures of k probability measures that concentrate. We can use this result to
provide guarantees for a simple clustering algorithm. First, assuming a certain gap
condition, we can relate eigenspaces of the kernel matrix to the space of piecewise
constant vectors, i.e. vectors that are constant on each component in the mixture.

The required gap condition can be conveniently formulated in terms of kernel
distances [21, 11]. Recall that kernel distances are Hilbertian metrics on the set
of probability measures, which are obtained by embedding the ambiant Euclidean
space into a universal RKHS. More precisely, given two probability measures p; and
o on R™ the expression

() = [ llle = g1l dp () da(y)

is a positive definite kernel and the kernel distance is the associated distance.

Proposition 1. Assume h defines a positive definite kernel, and that the conditions
of Theorem 1 are satisfied. Let

G = ((fir 145) )i j=1..k

be the Gram matriz of the components in the kernel distance.

If the smallest eigenvalue of Gy, is at least Kcp, then the maximum angle formed
by the space spanned by the top k eigenvectors of ®,(X) and the space of piecewise
constant vectors is at most O(1/vV'K), with arbitrarily high probability, provided

N() Z Nl, with:
HE hlJ? hlJ?
N~ O (n [FORETLT <n|| 2||oo>)
C C C
h h h

Under these assumptions we can provide a guarantee for the following basic kernel
PCA clustering algorithm. First, we perform a spectral embedding using the k top
eigenvectors of ®,(X). Namely, each data point = is mapped to (¢1(x),. .., ¢x(z)),
®1, ..., Pk being the k dominant eigenvectors of ®5,(X). In order to have the right
dependency on the total number of points, these eigenvectors are scaled to have norm
V/N. By the above proposition, this will give a point cloud that is O(y/1/K) close
in the transportation distance W5 to a point cloud obtained using the embedding



provided by an orthogonal basis of piecewise constant vectors, scaled to have norm
V/N. Note that in the latter point cloud, each component becomes concentrated at
a single location, the distance between any two such locations being ©(1). In such a
situation, any constant factor approximation algorithm for the k-means problem will
find a clustering with a fraction of at most O(1/K) misclassified points. We just
proved:

Corollary 2. If the assumptions of Proposition 1 are satisfied, kernel PCA allows to
correctly cluster a 1—O(1/K) fraction of the mizture, with arbitrarily high probability.

As an example, we consider the case of a mixture of two Gaussians using a
Gaussian kernel h(r) = exp(—r2/(272)). In this case, matrix G, can be computed
in closed form, so that the conditions of Proposition 1 can be checked explicitly.

Corollary 3. Consider a mixture of two Gaussians with O(1)-concentration in R™.
Assuming that the variance of each Gaussian is O(n), for 7 = ©(y/n), Gaussian
kernel PCA allows to correctly cluster a 1 — O(1/K) fraction of the mixture if the
distance between the centers is K.

The choice of variance for the components in the above corollary is to fix
ideas, similar conclusions would hold with other behaviors. The above guarantee
matches the dimension-independent separation required by the PCA-based algorithms
described in [13, 1] for example. Finally, the results in this section are in fact not
strongly tied to the Hilbertian nature of positive kernels. More precisely, they may
be easily extended to conditionally positive kernels, by simply restricting the involved
quadratic forms to the space of zero mean functions. We omit further details.

4 Covariance based clustering

As shown in the above section, the approximation of kernel matrices provided by
Theorem 1 is sufficient to conclude that their top eigenvectors are nearly constant
on the clusters if the kernel is positive, which allows to correctly cluster the data.
Unfortunately, while we showed that positive kernels could allow to cluster e.g.
mixtures of Gaussians with different enough centers, the range of cases that can be
successfully clustered using positive kernels remains unclear at this stage. In this
section we show that by relaxing the positivity constraint, one can design kernels
that can deal with more difficult situations, such as mixtures of distributions with
common centers but different covariances. While Theorem 1 alone is insufficient
for this purpose, we show that stronger conclusions can be obtained assuming that
the components of the mixtures are supported on the sphere S with radius \/n and
centered at the origin, and satisfy a Poincaré inequality. Namely, kernel matrices can
then be approximated by block constant matrices, rather than a sum of column and
row constant matrices within each block. We state below such a result for general
kernels, assuming the input distributions are even. We also consider the case of non



necessarily even distributions with small enough means. Similar conclusions can
then be drawn for the kernel

he(r) = cos <\/tﬁ(n - r2/2)>

where t is a parameter. The argument is more direct and avoids the use of Poincaré
inequality. A more transparent way to write this kernel is to remark that for z and
yon .S,

e = ) = cos (= <>

Note that h; has a perhaps non intuitive behavior compared to the most commonly
used kernels as it oscillates ©(y/n) times over the sphere S for ¢t = ©(1) for example.

Theorem 2. 4ssume measures [; are supported on S, even, and satisfy a Poincaré
inequality. Let h(r) = K/ (r)/r. If the number of samples N is drawn according to the
Poisson distribution with mean Ny, then with arbitrarily high probability, we have:

log N,
Maxwiwso<¢+wthM@w”ﬁﬂ
0

where the entries of B in the ij block are all equal to

G = ([ 1z = D)y )

For the kernel hy, if measures p; are supported on S, have O(1)-concentration and if
their means are at distance O(1) from the origin, then:

tlog? log N,
\@MX%4MSO<Og"+ noe ﬂ

NZD Ny
with arbitrarily high probability for t = O(1).

In particular, in the case of even distributions satisfying a Poincaré inequality,
letting the sample size go to infinity, expliciting the upper bound in the first part of
the theorem implies that for any fixed bounded function h with bounded derivatives
up to the third order, the radial convolution operator from L?(R™, 11;) to L*(R™, ;)
has at most one singular value larger than O(log®n/\/n). It seems likely that the
logarithmic factor can in fact be removed, by replacing the Lipschitz extension
argument by a Dirichlet energy estimate in the proof of Theorem 1.

We now show that the second part of the above theorem can be used to cluster
high dimensional mixtures based on the components covariance matrices. We assume
that the components p; have O(1)-concentration and variance O(n). As the PCA
algorithm of [13] allows to separate components whose means are at distance at
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least ©(1) from the other means, it is sufficient to consider the case where all means
are at distance O(1) from the origin. We denote by ¥; the non centered covariance
matrix of u;. Given s > 0 and a symmetric matrix M, we define fs(M) to be
the matrix having the same eigenvectors as M, eigenvalues being transformed by
function A — f5(A), with fs(A) = max(0, |\| — s). Let

Y Y
trace),  traceX,,

A = y/nmin
uFv

2

As covariance matrices have trace ©(n), they have Frobenius norm 0(y/n), so that
A = Q(min), Qmin being the minimum angle between any two covariance matrices.
Let further C, Cs be two appropriate universal constants. The algorithm we propose
is the following:

Algorithm 1 CovarianceClustering(X)

X = data points projected on S
b = q)ht(X), with t = CIA
Approximately solve the k-means problem for the columns of fo,aa(P)

To prove that this algorithm succeeds, we apply Theorem 2 to the data projected
on S, which tells us that &y, (X ) is well approximated by block constant matrix
B. We then show that under our separation assumptions, matrices Gj, are well-
conditioned in the case of mixtures of two components. Using this fact, we show
that the columns fo,a4(B) corresponding to different components are sufficiently
far apart. Applying a perturbation bound then allows to conclude, and obtain the
following guarantee:

Theorem 3. If A > Kn~1/6 log5/3 n, the above algorithm allows to correctly cluster
a O(1/K®) fraction of the mizture with arbitrarily high probability, provided Ny > N1,
with:

N1 = O (log(n/A)n?/A?)

Hence clustering will succeed if the minimum angle av;,;, between the components
covariances is larger than O(n~1/6 log®/3 n). First note that one case is not covered
by this algorithm, namely the case where different components have covariance
matrices differing only by a scaling. This situation can be dealt with easily by
clustering the data according to the distance to the origin. A second remark can
be made about the sample size. The guarantee given above aims for the smallest
angular separation, and as a result requires a number of points that is more than
quadratic in the dimension. While it is possible that a better analysis would give
smaller sample sizes in this regime, we remark that if «;,;, = (1), the proof can be
modified to show that correct clustering will require only O(nlogn) points. Indeed,
in this situation, the error bound in Theorem 2 is dominated by the contribution of
the sample size, and having O(nlogn) points will make it small enough so that the
rest of the analysis can be applied.
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Figure 1: Second singular vector of ® for isotropic mixtures of centered Gaussians.

To conclude, we give some numerical results on specific examples of equal weight
mixtures of two Gaussian distributions p; and pe with mean zero on R”, with n even.
The covariances 7 and Yo are both diagonal in the standard basis. For a parameter
s > 0, the eigenvalues of 31 are 1 + s on the first n/2 coordinates, and 1 — s on the
last n/2 coordinates. Eigenvalues of ¥y are reversed, so that ¥ + Yo = 21, meaning
that the whole distribution is isotropic. Under the assumptions of Theorem 3, as
shown in the proof, the spectral soft thresholding operation used in the algorithm
will leave at most 2 non zero eigenvalues. Rather than implementing the whole
algorithm, we just plot the second dominant singular vector of ®, as the first one
turns out not to separate the components. Figure 1 shows it for s = 0.9, n = 10,
s =0.6,n =100, s =0.33, n = 1000 and s = 0.2, n = 10000, with ¢ = 0.1. In all
cases each Gaussian has n sample points. We see that the clusters are easily detected.
Note that in the latter case, the Gaussians are nearly spherical, the relative error
being of roughly 10% in terms of standard deviation.

5 Proofs

We give the proof of Theorem 1 in section 5.1, of Proposition 1 in Section 5.2, and of
Corollaries 1 and 3 in Sections 5.3 and 5.4. Theorems 2 and 3 are proved in Sections
5.5 and 5.6.
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5.1 Proof of Theorem 1

For technical reasons we will not work directly with the input measure p, but
rather with its empirical measure fi = ) . w;fi;, the number of samples being drawn
according to a Poisson distribution with appropriately large mean M. Since the p;
have O(1)-concentration, a vector X with law j; satisfies E(|X —EX||9)/4 = O(v/n)
for constant ¢ > 1, which implies (see e.g. [8]) that

E(Wi(ui, i) = O(nMy /™)

where W, are the transportation distances for [ = 1 or 2. By Markov inequality, for
any 0 > 0, these distances are at most § with probability at least 1 — p, with

Consider the map

o5 R" = L*(R", o)
z = ¢(x) = h([le =[]

The gist of our proof of Theorem 1 is as follows. We first observe that the
directional derivatives of ¢; at each point satisfy a Lipschitz condition with a small
constant. More precisely, this is true after modifying them in a small region, which
is enough for our purposes. Using concentration of measure, this implies that these
derivatives, modulo piecewise constant functions on the components, are small. This
can be further reinterpretated as saying that ¢;, after centering on each component,
has a small Lipschitz constant. Because each component has constant concentration
by assumption, this implies that the image of each component by ¢, after centering
on each component, has small concentration. The desired claim on the block structure
of ®,(X) can then be deduced.

5.1.1 A property of ¢;

Let E € L?(R™, i) be the space of functions that are constant on the support of
each y1;, and Pg and P. denote the orthogonal projectors onto £ and E+. Further
denote by S the sphere with radius y/n centered at 0.

Proposition 2. With probability at least 1 — p, for any x1 and xo € R",

| Peron(z1) — Pproppu(za)|| < O(cn(6))||z1 — 22|

Furthermore if measures p; are supported on S and their mean is O(1), then with
probability at least 1 — p, for any x1 and xo in S:

1Pp1dp(21) — Pridp(@2)|l < O(cr,(9)) a1 — 2]

12



with

cn() = (L+0)en+ Vil |l
h(8) = (L+0)c, + Vo]

To prove the first part of Proposition 2 we argue that

d
|Pprop(z1) — Pprou(z2)l2 < sup . Pprop|| o — 2|
$O7U»HUH:1 €L V,T=x0 2
d
< sup |Pp o du|| [lv1 — 22l
$07U7H’UH:1 €z V,T=T0 2

(2

o\ 1/2
ﬁ/ﬁ@i) 1 — 2]
2

where in the last line f; denotes the directional derivative of ¢y, at xo in direction v.
To conclude, it is sufficient to prove that

fi— /fidﬂi

For the second part, we use a similar argument except that we interpolate between
x1 and z9 using a great circle on S instead of a straight line. This shows that

establishing
fi— / fidp;

suffices to conclude. Proving these two inequalities is the point of the rest of this
section. For some p > 0, let

< sup <sz

z0,v,[|vl|=1

sup
xo,v,||v]|=1

) < O(cn(9)) (2)

sup
xo,’U,”’U”:1,<U,IO>:O

) < O(c,(9)) (3)

Ly, ={y| {y,v)| < 1/p}

Further define:

1
dp = sup (!h"(r)H!h'(?‘)\)
r>pR r
R'(r)] 1
d, = su (’ + = | (r
w = s (PP L

Lemma 1. Function f; is dp-Lipschitz outside B(xg, pR) and |f;| is bounded every-
where by sup |I'|. Furthermore, if v is a unit tangent vector at xg € S, then f; is
d},-Lipschitz on Ly, \ B(xg, pR).

13



Proof. We consider the radial coordinate system (r,6) centered at xg, where 6
denotes the angle formed by y — xg and v. A direct calculation shows that

fily) = %  Bula)(y) =W (r)cost
Hence
d "
%fi(r(y),ﬁ(y)) = h"(r)cos@
d

20/1r(w).0(y)) = =1 (r) sin6

Noticing that r is a 1-Lipschitz function of y, and that |df/dy| < 1/r allows to
bound the derivatives of f; in the radial and tangent directions using the chain rule,
implying:

'y 2\ 1/2
IVA@I = ((h’%r(y))cose(y))? # (Mg o) )
< max <h”(?”(y)) | cos O(y)], hlf,?(ag»)
Using that |cos6(y)| < 1/(p?r) on Ly, \ B(xo, pR), the conclusion follows. O

Lemma 2. We can write f; = fi + g;, where f; is dp-Lipschitz, and g; is supported
on B(xo, pR) with ||gi||cc < 2sup, [I'(r)]. If v is a unit tangent vector at xg € S,
then we can find a similar decomposition with f; dj -Lipschitz and g; supported on
B(xg, pR) UR™\ L, , with ||gi||cc < 2sup, |h'(r)].

Proof. Define f; to be a dj-Lipschitz extension of filrm\ B(zo,pr) to R", which exists
by Kirszbraun’s extension theorem [15]. We choose f; such that supg,, g | fil =
SUPyB(,pR) | fil, Which can be done by thresholding if necessary. The result follows
by letting ¢g; = f; — fi. The spherical case is proved similarly. O

Lemma 3. With probability at least 1 — p, we have Vary,(fi) = O(cy(6)?). If
measures p; are supported on S with mean O(1), then with probability at least 1 — p,
for v a unit tangent vector at xg € S, Vary,(fi) = O(c},(8)?).

Proof. For the first claim, we write
Varg, (fi) < Varpi(fl-) + y/ Varg, (gi)
Varg, (fi) + 11gill2

Varg, (fi) + sup |gi|it; (B(xo, pR))

IN

IN
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Because f; is dj,-Lipschitz, the pushforwards of w; and [i; satisfy
Wa( figha, fins) < dpWa(fis, ps) < dpd

And since y; has O(1)-concentration, fizu; has at most O(d?) variance. As a result
Varg, (fi) = Varfizii; < O((1 + 6%)d3)

Also, letting d,, be the distance function to xg, we have that

Wy (dmoﬂ(ﬂi>v d:fco}i(ﬂi)) <4

since distance functions are 1-Lipschitz. Consider an optimal coupling (X,Y)
between dy(fi;) and dgqs(p;). By Markov inequality, the probability that X < pR
and Y > pR+ 1 is at most d. This implies that

fi(B(xo, pR)) < 6 + p1i(B(z0, pR + 1))

Since dg, O(1)-concentrates on f;, its median is O(1) close to ([ diodﬂi)l/Q. As the
latter quantity is at least R, we have by concentration

pi(B(2o, pR + 1)) < exp (—Q(1 — p)R + O(1))

As a consequence

v/ Varg, (fi) <O <(1 + 02124, + sup W (r)] (6 + exp (—Q(1 — p)R))1/2>

The first claim follows by setting p = 1/2. The spherical case is proved similarly,
except that we use the inequalities

fi (B(zo, pR) UR™\ Ly ) < fi; (B(zo, pR)) + fi; (R™ \ Ly p)

and

fi (R™\ Ly p) 6+ pi yl Ky,v)| > 1/p—1})
d+2exp(—Q(1/p) + O(1))

§ + O(exp(—=Q(1/p)))
which follows as above from the fact that linear functions O(1)-concentrate on p;

and have mean O(1). Choosing appropriate p = O(log(R)™!), the bound above
becomes § + 1/R?, hence

ININ A

Var, (f;) < O((l—s—dz)l/?d;L—i—sup]h’(r)\((5+1/R2)1/2)
< O(c,(9))

This proves (2) and (3) and concludes the proof of Proposition 2.

15



5.1.2 Decomposition of ¢,(X)

We first show the following variant of Theorem 1:

Proposition 3. If the number of samples M is drawn according to the Poisson
distribution with mean My, then with probability at least 1—p, we have ||®p(X)—A| =
O(en(0)) with ep(6) = cp(0)(1 + 0) + 0||A'[|oc, and ||Pr(X) — A| = €},(0) with
e (0) = ¢, (8) (L +0) + 6||h'||oo in the spherical case.

The argument is the same for the spherical and for the non-spherical case, so we
only consider the non spherical case. Let M be the number of samples of . First
decompose the unnormalized kernel matrix Dy (X) = M ®p(X) as follows:

Dh(X) = PEDh(X) + PELDh(X)

The first term PgDp(X) is column constant within each block. We now focus on
the second one.

Lemma 4. With probability at least 1 — p, the centered covariance matriz of the
columns of PgiDy(X) corresponding to any component has eigenvalues at most
O(Mecp(6)%(1 + 6%)).

Proof. The columns of Pp1 Dy (X) are the images of the sample points by Pr1¢p,
expressed in the standard basis. Hence by Proposition 2, the map ¢ associating
each sample point with its column in Pg. Dy (X) is O(v/Mey,(8))-Lipschitz with
probability at least 1 — p. Let ¢ be a O(v/Mey(8))-Lipschitz extension of ¢ to
R™. Consider a unit vector v € RM and let U be a random column of Pg. Dy (X).
Variable (U, v) is equal to (¢(V),v) = (¢(V),v), where V is drawn according to f;.
Let now W be drawn according to y;. Since p; has O(1)-concentration, (¢(W), v)
has variance O(Mcy,(8)?). Because with probability at least 1—p, Wa(fi;, i1;) < 6, the
distributions of (¢(W),v) and (¢(V),v) are O(v/Mey,(5)d) away in the Wo distance.
As a consequence

Var((6(V),v)) = O(Var((6(V), v)) + Mep(8)%6%) = O(Mey, (6)*(1 + %))

Let us further decompose
PEJ_Dh(X) = PEJ_Dh(X)PE -+ PEJ_Dh(X)PEJ_

as a sum of matrix Pp.1 Dp,(X)Pg which is row constant within each block, and
a remainder M.B = Pg1 Dy (X)Pg1L whose columns are the columns of Py Dp(X)
centered in each block. By Lemma 4, the non centered covariance matrix of all the
columns of M.B has eigenvalues at most O(Mcp,(8)2(1 + 62)). As this covariance
matrix is M.BB?, this shows that ||B|| = O(c,(8)(1 + §)). Thus we get:

CI)h(X) = PE(I)}L(X) + PELCI)}L(X)PE + B

16



Letting A = Pp®,(X) + Pp1®,(X)Pp, we see that for x € support(fi;) and y €
support(fi;), the xy entry of A is given by

MA,, = / h(llz — 2l (2) + / W(lly — 2/ da (=) — / h(llz — 2/ da(=)d; ()
By Kantorovich-Rubinstein theorem,

|A— Al <sup|M.Ayy — M. Ay < O(S||F|0)
zy
which concludes the proof.

5.1.3 Sample size

In order to prove that Theorem 1 also holds for small sample size, we use the
following result in [22]. For a random variable W, let ExW denotes the Lj norm of
W. For a matrix U, ||U||s is the maximum entry of U, and ||U||1,2 is the maximum
norm of the columns of U.

Theorem. Let Z be a M x M Hermitian matriz, decomposed into diagonal and
off-diagonal parts: Z = D+ H. Fiz k in [2,00), and set ¢ = max{k,2log M}. Then

ER|RZR| < O (qEx||RHR||0o + /nqEx | HR|12 + 1l H||) + E | RDR]

where R is a diagonal matriz with independent 0 — 1 entries with mean 7.

Let us apply this theorem to Z = M (P, (X)— Aps), where X is an iid sample of u
with cardinality M distributed according to a Poisson distribution with mean My, and
Ay is the matrix specified in Theorem 1. In any case ||[RZR|| < O(trace(R)||h| o),
and by Proposition 3, with probability at least 1 — p, we have ||Z]| < O(Mep(9))
(and similarly for the spherical case). Clearly Ei||RDR| and Ej||RHR|~ are
both bounded by O(||h]l«), and Ey||HR||12 is at most O(||h|lscExvM). Also
|H| < IZ]| + [|D|| < O(Mep(d) + ||h|loo) with probability at least 1 — p. Hence the
theorem above gives:

Ep|RZR|| < |[h]locO(pEgtrace(R) + ¢ + /ngExvV M + 1) + O(nen(6) Ex M)

Taking k = 2 and n = Ny/My, we have Etrace(R) = O(Ny), ExvM = O(v/My)
and ExM = O(My). With ¢ = 2log My, we get

|RZR)|| |RZR||
Ll 1 < i1}
Er (traee(R) < OB Ny
log My log My 1
< N
< IIhHooO<p+ N TV TN +M0)+O(eh(5))
<

n log M
e (WW N °> +0(en(9))
0

log M,
< |70 ( nl/n + O%V O 45+ (1+ 5)\/3> + (14 6)%20(cp)
5M, 0



assuming Ny > log My. Matrix RZR/trace(R) is simply @, (Y) — Ay, where Y is an
iid sample of p with cardinality N distributed according to a Poisson distribution with
mean Ny. Continuing the last equation, taking My = ]\703”/2 and 6 = (71/]\401/n)2/3
so that p = ©(V/4), we have

n log M,
Ex([|®n(Y) — Anl)) < ||2]locO (1/”+ ~ 0>+0(Ch)
oM, 0
n log N
< 0<Ch+||hlloo ]50 0)

The conclusion follows by applying Markov inequality.

5.2 Proof of Proposition 1

We want to show that for a positive kernel, the space spanned by the k top eigenvectors
of ®p,(X) is close to the space of piecewise constant functions E. We first observe
that for a large enough number of samples, matrix Gy, is close to its finite sample
version G, whose ij entry is the average of the kernel over X; x Xj:

Lemma 5. For any c > 0, we have:

— . c 2
P(IGn=Gallze) < 10 (Noesp (=868 (min s e

Proof. The desired operator norm can be bounded using entries magnitude as follows:

P(IGi -Gl z¢) < P(IGh—Ghll3 > )
< max P (1Gu(0,5) = Gali. )| = c/k) (4)
i
In order to control the error on entry ij, we write:

v 2 el = [ Al - ylldus()dns )

NiN;
reX;,yeX;

_ z\lfz Z Ni Z (h(\lx—yll) - /h(Hx—yH)d'uj(y))

Gn(i,j) — Gli,j) =

Since ||h/||oo is the Lipschitz constant of [|h(x —.)||, we see by concentration that
for fixed x and for y distributed according to p;:

1A (Il = ylI) —/h(Hx—yH)dﬂj(y)le = O([[1 )
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where for a random variable U, ||U|ly, = sup,>;p~* (E||U\|p)1/p is its Orlicz 1
norm. As a consequence, conditionally to N;, this implies (Corollary 5.17 in [24])
that for any ¢ > O:

P (8| 2 ) < Zexp <Nf“ <mi“ <|\hi|oo’ uh{iizo)))
— 5 3 (o=t~ [ nte =)

yEX

with

Hence by the union bound:

2
(e < oo )
xEX N )

0 (oo (2300 (o (i i )))

Similarly, as the Lipschitz constant of [ h(||. — y||)du;(y) is at most ||1/||~ as well,

we get:
P(U|>5)<2exp<—NQ<min< i >>>
0 9

U= 3 ([ e =it - [ wille = s)da)dns ()

¢ reX;

AN

IN

with

The last two inequalities together with (4) imply the desired claim. ]

Let now M\h be the matrix obtained from é\h by multiplying the ij entry by
Jw;wj. Applying the above lemma with ¢ = ¢y, its smallest eigenvalue can be lower
bounded as follows:

M(Mp) = QM(Gr)) = QM(Gh) — a) = Q(Key,)

with arbitrarily high probability, assuming No = QW% /c).

Now, note that M}, is the matrix of the quadratic form ®,(X) restricted to
E. More precisely, the indicator functions of the clusters, normalized to have unit
Ly-norm, form an orthornormal basis of E, and writing that quadratic form in
this basis gives Mh Let A be the smallest eigenvalue of Mh By the variational
characterization of eigenvalues, there exist at least k eigenvalues of ®(X) that are
at least A\. Let H denote the space spanned by the k-top eigenvectors of ®p(X),
and let L denote the space spanned by the remaining N — k. We show using a
perturbation argument that the maximum of the principal angles between space E
and space H is small.
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Let z € E+ be a unit vector. We may write z = oz, + fry with o + 62 =1,
and xy and xy are unit vectors belonging respectively to L and H. Then:

' 0y (X)z = o2t ®p(X)ap + B2l ®n(X)zy

Since z € E+, we have 2 Az = 0, where A is the matrix defined in Theorem 1.
Hence by Theorem 1, with arbitrarily high probability:

xtCI)h(X)x S O(Ch)

2 2
o 0 (A g (I
Ch Ch

2t @ (X)zg > A > KQ(cp)

provided

Also, by assumption:

As a consequence:

d(z,L) = 8 < O(1/VK)

That is, the maximum angle between the (N — k)-flats E+ and L is O(1/VK).
Hence, so is the maximum angle between their orthogonals E and H, which is the
desired claim.

5.3 Proof of Corollary 2

Let B+ € RN be the space of vectors whose mean is zero on each block. This space
has codimension k. Now, for any vector € E+, we easily see that 2t Az = 0, where
A is the matrix from Theorem 1. As a result, the quadratic form @5 (X) is at most

O (ch + ||h]lcot/ %go%) I on E+ with arbitrarily high probability, implying that

@, (X) has at least (N — k) eigenvalues that are at most O (ch + ||~ ]loo/ %)
Applying the same argument to —®j(X), the result follows.

5.4 Proof of Corollary 3

Matrix Gy, has entries
Gn(i, 3) = Eh(||z; — x;]))

where z; are independant random variables with law N (u;, %;), where p; and ¥; are
the means and covariances of the two Gaussians in the mixture.

Lemma 6. If u is a centered Gaussian random variable with covariance ¥, then:

1
2

E(h(|ul])) = det <I + ng)

20



Proof.

B(h(lull)) = 1.

/\/WlT(E)exp <—;xt ( ! ) a;) dx
det ((2*1 n T%I)_I)I/Z
det(%)1/2

1 _
T

By standard algebraic manipulations, shifting the center amounts to scaling the
expectation by a certain factor:

NI

O]

Lemma 7. If u is a Gaussian random variable with covariance ¥ and mean , then:

1
2

1 1
E(h([ul])) = exp (—Tgm I+ #zw)ﬂ) det (z+ 722>
In particular, letting B, be the 2 x 2 matrix with entries

Bn(i,7) = Eh(llyi = y;1)

where y; are independent random variables with law A(0,3;), we see that G}, is
obtained from Bj, by scaling the off diagonal entries by a factor A that is at most

1 i 1—(14272)7t
eXp<_T2Mt(1_([+72(El+ZQ) o) 1),u) < exp(— ( 2 ) |M1—M2H2>

_1-6 <|\M1 M2|2>
n

Because det By, is non negative and the entries of By, are ©(1), we deduce that

det G}, det By + (Bp)3y — \2(Br)3,

(1= X*)(Bn)t

_ 2
- @<||“1“2||)
n

Now, the largest entries of G, are the same as for By, that is, ©(1), which implies
that the maximal eigenvalue of G}, is O(1) as well. From this we see that:

M(Gh) = © (Hm —M2|2>

n

Y

To conclude, it suffices to check that for our choice of kernel and assumptions on the
variance of the Gaussians, ¢, = ©(1/n).
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5.5 Proof of Theorem 2

We first show that constant functions are sent to nearly constant functions by the
convolution operator with kernel i from L?(R™, 11;) to L*(R™, u;).

Lemma 8. Let fi(x) = [ h(|ly — z])dpi(y), and fi(x) = [ h(lly — z|)dpi(y). If
and i are supported on the sphere S, even, and satzsfy a Poincaré inequality, then:

Var,, fi = <nc;12)
Proof. The gradient of f; is as follows:
Vi) = [ @ = (e - yl)drity
For x € S, the gradient of the restriction of f; to S is
Vhisa) = PrsVAie) = Prs ([ villa = vl )
Denoting by M : L?(R", ;) — L*(R™, u;) the operator defined by
My(@) = [ gz - vl)da(v)

From the structure of blocks described in Theorem 1, and letting the sample size go
to infinity, we get that || M — M’ = O(c} ), where

M'g(x) = / o (y) M. dpss ()
and
/h\ly—Z\lduz /hum—zndm /hlz—ZII)duz( Jaju; ()

Calling y the coordinate vector of S, that is, the identity map of S, the above
equation expresses M’y as the sum of two terms 77 and T5. The first one is

Ti= [ ([ ity = D)) asto) = [ vt

we see that as y; is even, f;(y) is an even function of y. Hence multiplying it by y
gives an odd function whose integral against ;; must be be zero as p; is even as well.
Hence T7 vanishes. The second term 15 is

T - < / ydui(y)> ( [l = 2hdug(z) — [z - Z’Il)dui(Z)duj(Z’))
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As p; is even, it has zero mean so T cancels. From (5), the above discussion gives:

IVfisl? < | My|?
< (M = M)yl
< ORIyl
< O (ncﬁ)
The desired claim follows using Poincaré inequality. O

Lemma 9. Toking h = h;, we have:

Var,, f; < O(t*/n)
assuming p; and p; are supported on S, have O(1) means and O(1)-concentration.
Proof. For any z,y in .S we can write

hi(lz —yl) = Reexp <Zt <z,y >>
vn
Hence
filx) = Re (fi(—tz/vn))

As a consequence, for any unit vector w:

< Vhi()u>]| < jﬁr < Vi(—tz/Va),u > |

(—ta/v/m)|

IN

t =
t
Lol
\/ﬁ (H:UJZ Hl)
< O(t/vn)
where pf is p; multiplied by function x —< x,u >, the last line using the fact that

w; has O(1)-concentration and O(1) mean. Hence f; is O(t/+/n)-Lipschitz. The
lemma follows since p; has O(1)-concentration. O

IN

To prove the first part of Theorem 2, using Theorem 1, it is sufficient to show
that with arbitrarily high probability ||A — B|| = O(U) where

U:\/ﬁc%l
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and A is the matrix given by Theorem 1. By definition of A, and after a small
manipulation, we see that the entries of A — B in the ij block are given by

(=B = ¢ ([ 0lle = Dause) = [ 1l = s ()t

t ([ = #Dat) = [y = Dt 1dns)

- é((fj(g;) —/fj(x)d,u,-(x)> + (fz-(y) —/fi(y)duj(y)»

Hence by Lemma 8, the entries of A— B have, conditionally to N, variance O(U?/N?).
In particular, A — B has expected squared Frobenius norm at most O(U?). Bounding
the operator norm by the Frobenius norm and applying Markov inequality proves
the desired bound on ||A — B|| and concludes the proof of the first part of the
theorem. For the second part of Theorem 2, the argument is the same except one

uses the bound given in Lemma 9 instead of Lemma 8. Expliciting the constant
c,, = O(t log® n/y/n) then gives the desired bound.

5.6 Proof of Theorem 3

Since the desired conclusions are unchanged by scaling the components by a constant
factor, and as we assume their variance is ©(n), we can assume that their variance
is n. Let j; be the pushforwards of p; by the closest point projection on S. The
following lemma is easily proved:

Lemma 10. Measure ji; has O(1)-concentration and mean O(1).

Proof. Let f : S — R be a 1-Lipschitz function. To prove that g; has O(1)-
concentration, we prove that for X distributed according to ji;, there exists a number
c such that || f(X) — c|l¢, = O(1). The range of f on S is contained in an interval
of length 2,/n. By shifting f if necessary, we can assume that || f||cc = O(y/n). We
also assume f is smooth, which is sufficient. Define

g:R" — R
o f(H ”> it o] > vi/2

20z . (=
N f (M) else

= i — if ||z n
Vo) = f<|| |) £ el > vi/2

= = (o) + v () o
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As a consequence function g is O(1)-Lipschitz, hence by concentration, for Y dis-
tributed according to y;, there exists a number ¢ such that by ||g(Y') — ¢y, = O(1).
Letting now f : o+ f(z/||z||), we have that P(g(Y) # f(Y)) < exp(—0(1)y/n)
since g and f only differ on B(0,+/n/2), which has exponentially small measure by
concentration. Also clearly ||g(Y) — f(Y)|loo < O(y/n). As a consequence, the 1
norm of g(Y) — f(Y) is at most O(y/n) times the 11 norm of a Bernoulli variable
with expectation exp(—©(1)y/n). Since the 11 norm of such variables is O(1/y/n),
19(Y) = f(Y)|ly, = O(1), from which we get || f(Y) — ||y, = O(1). This is what we
wanted to prove, as f(Y) and f(X) have the same distribution.

To relate the means of u; and fi;, we notice that by concentration of the distance
to the origin, the 1-transportation distance between both measures is O(1). In
particular the means of u; and p; differ by O(1), hence the mean of fi; is O(1). O

The above lemma shows that we can apply Theorem 2 to the projected point
cloud X: With arbitrarily high probability, matrix @, (X) is & = O(tlog®n/\/n)
close to B in the operator norm, assuming Ny is Q(log(n/t)n?/t?).

We now would like to argue that B retains enough information about the
components so that we can separate them. To do so, we restrict B to the subspace
E, , of piecewise constant vectors supported on the two components X, and X'v, for
some indices u and v. In the orthornormal basis formed by the normalized indicator
vectors of the two components, the ij entry (i, j € {u,v}) matrix of this restriction
is (w;w;)~ 1/2Ght (,7), Ght being the 2 x 2 matrlx associated with uu and i, and
w; being the fraction of data points in the i*® component. As the w;’s are O(1 )Athe
singular values of B restricted to V,,,, are within a constant factor of those of Gy, .

Now, using the power series expansion of h;, one can show the following lower
bound on the smallest singular value of the 2 x 2 matrix G}, associated with p, and
1y, based on the difference between their covariance matrices:

Lemma 11. There exists C1 = O(1) such that if t < C1|| Xy, —Xy]|2/v/n, the smallest
singular value of Gy, is at least Q(t?|| Sy, — X ||3/n). Furthermore:

IGh, = G|l = O(t/v/n)
Proof. By Taylor’s theorem, for i, j € {u,v}, we have:
t
Gp,(i,7) = /Cos(<x y>>d,u,~ x)dp;(y
(2,7) NG (@)dp;(y)
t
- Z / U <oy > da)i)

Let x and y be two independent random vectors distributed respectively according
to p; and p;. Conditioned to = 9 € R", < z,y > has O(||z||)-concentration and
mean O(||xo||), so its ¢1 norm is O(]|zol|). Hence

I <2,y > lly < OE[z]) < O(Vn)
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As a consequence the distribution of | < z,y > /v/n| decays exponentially. Hence
its 1" moment is controlled by the I moment of an exponential distribution with

mean O(1), that is, ©(1)!1!. This implies

t2 0 t21
|Gy, (i,5) — 1+ / 9 < T >2 dpi(x)dp(y)] <) @9(1)21(21)!
=2
< oY

for ¢ less than some numerical constant. Now
/ < z,y >% dpi(z)dp;(y) = /ytziy dpj(y)

— /trace Siyy'du;(y)
= trace ¥;X;

We may thus expand the determinant of G, as follows:

det G, = Gp,(u,u)Gp,(v,v) — Gp,(u, 0)2
t2 4 t2 A
= (12n<2u,2u>+0(t )) <12n<zv,2v>+0(t )>

12 2
—(1- =<2, 4
( 2n< , > 4+0( )>

t? 2 4

=~ IS - S+ 0
Hence by assumption, for well chosen C4, the first term in the expansion above
dominates, so | det Gj,| satisfies the desired lower bound. Since the entries of G,
have absolute value less than 1, the lower bound also holds for the smallest singular

value of Gy,

To relate matrices Gj, and (N}'ht, we let 0z (resp. dy) be the difference between
x (resp. y) and its projection on S, so that x — dx (resp. y — dy) is distributed
according to fi; (resp. pj). We can write

(i) = [ o (jﬁ < bry—dy >) dpi(2)dus (9)

Also

<x—odx,y— 0y >=<uz,y>—<dr,y>—<dy,r >+ < dx,dy >

By concentration and since p; has O(1) mean, | < dz,y > | has expectation
O(]|0z]||) conditioned to dx. Since E|dz|| = O(1) by concentration of the distance to
the origin, we have E| < dz,y > | = O(1). The last two terms above can be dealt
with similarly, yielding that the distributions of < z — dz,y — dy > and of < x,y >
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are at 1-transportation distance O(1). Since cos(t./y/n) is O(t/y/n)-Lipschitz, we
see that

|éht(iaj) - Ght(l,j)‘ = O(t/\/ﬁ)
which concludes the proof. O

In particular, choosing t = C1[|X,, — Xy |l2/v/n = C1A, we see that for any u, v,
the smallest singular value of B restricted to E,, is at least Q(A* — O(A//n)),
which by assumption on A is also Q(A%).

Lemma 12. For sufficiently small Co = O(1), the columns of fo,as(B) with indices
i and j are equal if i and j belong to the same component. If i and j belong to
different components, their distance is Q(A*/vV/N).

Proof. Eigenvectors of B with non zero eigenvalue are piecewise constant, so the first
part is clear. Assume indices ¢ and j respectively belong to distinct components u
and v. The distance between their columns is || fo, a4 (B)eus]|, Wwhere ey, has entries
1/4X, (resp. —1/4X,) at indices corresponding to component u (resp. v), and 0
else.

Vector ey, is in E,, and has norm O(1/ VN ). From the singular value lower
bound, there must exist a unit vector 2 such that | < ey,, Bx > | = Q(A*/V/N).
Denote by Esc,a4 the vector space generated by the singular vectors of B with
singular values at least 2C5A%, and write = ay + Sz, where y and z are unit
vectors respectively lying in Eyc, a4 and in E;CQ A4y and a? + %2 = 1. We have

| <ew,Bx>| = |a<ew,By>+p8< ey, Bz>|
= O(| < ew, By >|)+ O(C2A4/\/N)
< max(Cs| < eyy, By > ‘,C4CQA4/\/N)

for some constant C3 and Cy, where in the second line we used the fact that the
largest singular value of B is O(1). Hence for small enough Co = O(1), we will have
C1CoA*/V/N < | < eyy, Bz > |, implying | < ey, By > | > | < ewy, Bx > |/C3 =
Q(A*/+/N). Now because y € Eyc,nt, as fo,as modifies eigenvalues by a factor at
most 2 in that range, there exists a matrix F' with the same eigenvectors as B, and
with singular values between 1/2 and 2, such that F By = fo,a4(B)y. Hence

| < fC’zA4(B)F_1euvay > ‘ = ‘ < F_leuvfogA4(B)y > ’ = ’ < F_leuvaBy > ’
= | <ew,By>|=9Q(A'/VN)

In particular fgo,pa(B)F ey, has norm at least O(A*/v/N). But that vector equals
F1 foy,ns(B)ew, and as F' ~! doesn’t change distances by more than a factor of 2,
we see that || fo,a1(B)ew|| = Q(A*/V/N), as claimed. O
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Now, as fo,a4 is 1-Lipschitz, the perturbation inequality proved in [7] states that

IN

. 1Bl + [[®n, (X)
4 — 4 O|lo =
1Fop04(B) = fop (e (X)) < |1, (X) — B

< O(6log?6)

2
” +2> [, ()~ B|

Our assumption on A is chosen so that A*/(§log?d) = Q(K?). Hence we may
assume in particular that ||®,,(X) — B|| < CoA*. By Weyl’s theorem on eigenvalue
perturbations, fo,as(®p, (X)) thus has at most k = ©(1) non zero eigenvalues. As a
result || fo,a1(B) — fo,as(®n, (X))|3 < O(821og? §) = O(A%/K). This means that
within each component, the columns of fe, a4(®p, (X)) have variance O(A%/(NK®))
with respect to the column of fo,a4(B) associated with that component. By Lemma
12, this implies that the ratio between the maximum variance of the components
in ¢c,(X) and the minimum squared distance between their centers in an optimal
solution to the k-means problem is O(K ~%). Applying any constant factor approxi-
mation algorithm for the k-means problem will thus cluster the data with the claimed
error rate.
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