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Competition

Tumor growth

What are minimal biological processes able to recover the kinetics of (experimental) tumor 
growth?
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Fits very well 
Lacks physiological interpretation

Benzekry et al., PloS Comp Biol, 2014
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Since the viable tumor mass, mv, is the product of the total
number of viable cells and the average mass of a cell, mc, we have
mv~Nvmc leading to

BT~(
Bc

mc
)mvz(

Ec

mc
)
dmv

dt
ð5Þ

This first-order differential equation, representing conservation of
energy, explicitly links properties of tumor cells (Bc, Ec, and mc)
with properties of the whole tumor (BT and mv). Consequently, it
provides a simple, but powerful, way to integrate important
features and results from different areas of cancer research.
Solving this equation to determine tumor growth requires
knowledge of how tumor metabolic rate, BT , depends on its
viable mass, mv, to which we now turn.

Model for tumor vascular system and the prediction of
metabolic rate. Tumor metabolic rate, BT , is proportional to
the sum of the rates of cellular fermentation and aerobic
respiration. For avascular tumors, BT depends on the diffusion
rate of nutrients and oxygen from the surrounding environment
[18]. For vascular tumors, BT is proportional to the total blood
volume flow rate to the tumor, _QQT , consistent with observations
that glucose and oxygen consumption rates vary linearly with
blood flow rate [19]. The dependence of _QQT on mv and host mass,
M, is determined by the structure, dynamics and interaction of the
tumor and host vasculatures. Here, we develop a complete
analytical model of tumor vascular networks applicable
throughout different phases of development by deriving the
allometric scaling of tumor rates and times with host body size
and capillary density. Although the importance of the vascular
interface between the tumor and the host has been previously
recognized, our work is a novel attempt to mechanistically model
its role in tumor growth [10–12,20].

Mounting evidence suggests that some tumor vascular networks
exhibit fractal-like properties similar to those of the circulatory
system [21–23]. To analyze tumor vasculature, we borrow from an
idealized framework that has proven successful for quantitatively
understanding the circulatory system. This framework assumes
that in healthy tissue the vasculature is space-filling, minimizes
energy loss and has invariant terminal units (capillaries) [1]. We
compare these optimal networks with measures of tumor
vasculature, while retaining the assumption of invariant capillaries.

To facilitate comparisons between healthy and tumor vascula-
ture, we introduce scaling ratios for radii and lengths of vessels
across levels, k, of the network. We treat all branches at the same
level, k, as having similar properties and assume a constant
branching ratio, n–the effective number of daughter vessels for
each mother vessel [1]. Following West et al 1997 and Gevertz et
al 2006, we model blood vessels as cylinders, similar to the Krogh
model [1,11]. The capillaries define the lowest level k~N while
the largest vessels feeding the tumor define k~0 (Fig. 1). We
introduce scale factors for the ratio of daughter to mother vessel
radii:

rkz1

rk
~n{a ð6Þ

and similarly for daughter to mother vessel lengths:

lkz1

lk
~n{b ð7Þ

The exponents, a and b, can be used as quantitative diagnostics for
comparison with healthy tissue, where theory predicts and data

support a~1=2 for large vessels and a~1=3 for small vessels (from
energy minimization) and b~1=3 for all vessels (from space filling)
[1]. Deviations from these values indicate the degree to which
optimization and space-filling are violated during tumor growth.

For healthy tissue, a and b are approximately independent of k,
indicating that the network has a fractal-like structure, as observed.
To determine if tumor vascular networks have similar geometric
structure, we observe that for vessel radii, rk

r0
~n{ka, where r0 is

the largest vessel in the hierarchy, and taking the log of both sides
and rearranging yields log rk~({a log n)kzlog r0, and similarly
for vessel lengths log lk~({b log n)kzlog l0, so plotting log rk

and log lk versus k should yield straight lines whose slopes are
{a log n and {b log n, respectively, if a and b are constant.
Figs. 2a, 2b show data from various tumors, indicating that tumor
vasculature does indeed exhibit approximately fractal behavior, in
agreement with other studies [22,24].

The metabolic rate of the tumor, determined by oxygen and
nutrient availability, depends on its capillary density, which is
controlled by the scaling factors a and b. In File S1 we derive the
relationship between the metabolic rate, tumor size and vascular
architecture:

BT~B0(M)mb
v ð8Þ

where b~1 if 2azbƒ1, but ~1=(2azb) otherwise, and B0(M)
is a normalization factor that depends on the host mass, M. For
healthy tissue, where capillary density is controlled by large-vessel

scaling, this gives b~3=4, in agreement with data (B!M3=4) for
large mammals [25]. For tumors too small to support significant
pulsatile flow, or whose host supply vessels are likewise too small,
theory predicts a&1=3. So, if their vasculature is space-filling,
b~1 and their metabolic rate scales linearly: BT~B0(M)mv [1].

As tumor vasculature becomes increasingly inefficient and/or
attaches to host supply vessels sufficiently large to deliver pulsatile

Figure 1. Schematic of tumor growth model. (a) Vascularized
tumor supplied by blood siphoned from host vasculature. White area
represents viable tissue, while grey represents necrotic core. (b)
Schematic of vascular network composed of tubes. (c) Topological
model of tumor and host network beginning with feeding vessel (k = 0)
and terminating at the capillary level (k = N).
doi:10.1371/journal.pone.0022973.g001

Tumor Growth and Vascularization Theory
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Population approach and its use for prediction

Benzekry et al., PloS Comp Biol, 2014
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Concomitant tumor resistance

• Critical clinical implications in terms of post-surgery 
metastatic acceleration

• Inhibition of secondary growth by a primary mass

Primary hypothesis: athrepsia 
(deprivation of nutrients) 

 Ehrlich, 1906

Concomitant immunity 

Bashford, 1908

Non-immunogenic systemic 
factors 

 Dewys, Cancer Res 1972

CR occurs in immune-
deprived mice 

 Gorelik, Int J Cancer 1981

Cytostatic circulating factor 

 Ruggiero et al., Br J Cancer 
1985

Systemic inhibition of 
angiogenesis 

O’Reilly et al. (Folkman), Cell 
1994

…

…

Figure 1. Inhibition of the Growth of Metastases by the Presence of 
a Primary Tumor 
Thirty mice were implanted with LLCs. When tumors were 1500 mm3, 
half of the mice had their tumors removed. Within 15 days of tumor 
removal, the number of surface lung metasmses (A) and lung weight 
(B) had markedly increased as compared with the mice with an intact 
primary tumor. In mice with an intact primary tumor, lung weight (which 
correlates with tumor burden) was not significantly different from that 
of a normal lung. 

genesis inhibitor(s) in the circulation relative to angiogenic 
stimulator(s). 

We have developed an animal model in which the pres- 
ence of a primary tumor almost completely suppresses 
the growth of its metastases. We now report the isolation, 
purification, and amino acid sequence of a polypeptide 
generated by the primary tumor that inhibits angiogenesis 
and growth in a secondary metastasis. 

Tumor Present 

InhIbitIon of the Growth of Metada 
by the Preaonce of a Pdmary Tumor 
Several murine tumors, which included sarcoma-160, 
B-l 6 melanoma, colon-66 adenocarcinoma, and various 
cell lines of Lewis lung carcinoma (LLC), were compared 
for the ability of a primary dorsal subcutaneous tumor to 
inhibit growth of its distant metastases. A variant of LLC 
(designated LLC-LM, i.e., low metastatic) most potently 
suppressed lung metastases; removal of the tumor was 
followed by the most rapid growth of me&stases. 

LLC cells implanted into the dorsal skin of C57BL6/J 
mice formed visible tumors (60-160 mm? within 3 days. 
Within 13-21 days of removal of a primary LLC of 600- 
2000 mm3, the number of visibte surface lung metastases 
had increased by lO-fold compared with control mice with 
an intact tumor (Figure 1 A). Lung weight, which correlates 
with total tumor burden, increased 400% relative to mice 
in which the primary tumor was intact (p < 0.001) (Figure 
1 B). Since comparable results were obtained in immuno- 
deficient SCID mice lacking both T and B lymphocytes 
(data not shown), the inhibition of metastatic growth was 
not dependent on an intact immune system. In mice with 
an intact primary tumor, histological studies revealed the 
presence of microscopic metastases, either as perivascu- 
lar cuffs of eight or nine cell layers around a preexisting 
venule or as a thin colony of two layers of tumor cells 

Tumor Removed 

Figure 2. The Presence of a Primary Tumor Is Associated with an Inhibition of Neovascularizatlon and Growth of Its Metastaees 
Mice were sacrificed 15 days after removal of primary tumors and their lungs compared with lungs of mice with an intact primary tumor. Hematoxylin 
and eosin staining of sections of lungs revealed the presence of m&stases in both groups. Mice with a primary tumor present (left panels) had 
only small meta&ses (arrows) as compared wtth the growing and Invasive metaetaees in the lungs of mice after primary tumor removal (right panels). 
lmmunohistochemicaf staining with antibodies (Ab) against von Wilbbrand factor revested neovasculariurtion (brown statn) of the me@etaeH after 
primary tumor removal. In contrast, when the tumor was left In place, there was only pertvascular cufffng of metastasas wtthout neovascutarkatttn. 
Normal lung vessels were seen in both groups. 

O’Reilly et al. (Folkman), Cell, 1994



Questions and experiment

Questions 

• Quantitatively distinguish between qualitatively valid theories of tumor-
tumor interactions 

• Establish and validate a minimal model able to simulate tumor-tumor 
interactions 

Experiment 

• Injection s.c. of two tumors of 106 LLC cells in C57/BL6 mice 

• Two groups 

– Control: only one tumor 

– Group S: simultaneous injection of cells in two different sites



A mouse with two tumors
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Single-tumor growth models
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Figure 2: One-tumor growth models analysis: parameter distributions
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Figure 2: One-tumor growth models analysis: parameter distributions
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Models for single tumor growth were independently fitted to the large and small growth curves from the two-tumor

bearing animals and from the simulated double-independent tumors from the control group. Parameters inferred were

compared.

Exp = Exponential, Gomp = Gompertz



Two-tumors models

(Figure 1). Dividing the population of tumor cells between proliferative (�!(�) and 

�!(�)) and quiescent (�!(�) and �!(�)) compartments, this theory was formalized in a 

simple way by the following equations: 

 

��!
�� = ��! − (��! + �(�! + �!))1!!!!,       �! � = 0 = �!,!
��!
�� = ��! + �(�! + �!),       �! � = 0 = 0
��!
�� = ��! − (��! + �(�! + �!))1!!!!,       �! � = 0 = �!,!
��!
�� = ��! + �(�! + �!),       �! � = 0 = 0

 (1)  

In this model, � is the proliferation rate, � is the product of the production rate of 

cytostatic factors (such as meta- and ortho-tyrosines) and the transfer rate from 

proliferation to quiescence. The systemic dynamics of these seric factors was 

assumed to be at quasi-steady state and controlled by parameter � (which 

aggregates transfer from the tumor cells into the circulation, natural degradation and 

transfer back from the circulation to the distant site as well as production and effect 

rates). The Heaviside functions 1!!!! and 1!!!! (which equate one if �! > 0 and zero 

elsewhere) stand for the fact that when factors are present but no proliferative cells 

exist, nothing happens. In particular, they ensure that the solutions (understood in the 

weak sense due to the discontinuous nature of the Heaviside function) remain 

positive. 

Indirect (angiogenesis-related) inhibition of growth 

Derivation of this model was based on previous modeling considerations of tumor 

growth under angiogenic signaling (28) and distant angiogenic inhibition (38,39). In 

the model, the tumors carrying capacities, denoted �! and �! are dynamical 

variables that represent the respective tumors vasculature supports, known to be a 

Proliferation inhibition

 

{
 

 
݀�ଵ
݀� = ܽ�ଵ ln (

�
�ଵ + �ଶ

) ,       �ଵሺ� = Ͳሻ = �,ଵ
݀�ଶ
݀� = ܽ�ଶ ln (

�
�ଵ + �ଶ

) ,       �ଶሺ� = Ͳሻ = �,ଶ
 (3)  

 

Competition

{
 
 
 
 

 
 
 
 
𝑑𝑉1
𝑑𝑡 = 𝑎𝑉1 ln (

𝐾1
𝑉1
) ,       𝑉1(𝑡 = 0) = 𝑉0,1

𝑑𝐾1
𝑑𝑡 = 𝑏𝑉1 − 𝑑𝑉1

2
3𝐾1 − 𝑒𝑉21𝐾1>𝐾0,       𝐾1(𝑡 = 0) = 𝐾0

𝑑𝑉2
𝑑𝑡 = 𝑎𝑉2 ln (

𝐾2
𝑉2
) ,       𝑉2(𝑡 = 0) = 𝑉0,2

𝑑𝐾2
𝑑𝑡 = 𝑏𝑉2 − 𝑑𝑉2

2
3𝐾2 − 𝑒𝑉11𝐾2>𝐾0,       𝐾2(𝑡 = 0) = 𝐾0

 

Angiogenesis inhibition

Benzekry et al., Cancer Res, 2017

• Requirements: 

• Symmetry: same parameters for tumor 1 and 
tumor 2 

• Should resume to single tumor growth in the 
absence of the other tumor 

• Main assumption for the difference between the two 

tumors: difference in the initial take (V0,1 = 1, V0,2 = 

0.75) 

• Difference in the growth kinetics should not result 
from difference in V0 

• Model selection (rejection) criteria: goodness-of-fit + 

parameter identifiability



The competition model did not fit
B. Competition

Days
0 5 10 15 20

Vo
lu

m
e 

(m
m

3 )

0

500

1000

1500

Days
0 5 10 15 20

Vo
lu

m
e 

(m
m

3 )
0

200

400

600

800

1000

1200

1400

1600

Days
0 5 10 15 20 25

Vo
lu

m
e 

(m
m

3 )

0

200

400

600

800

1000

1200

1400

1600

Days
0 5 10 15

Vo
lu

m
e 

(m
m

3 )

0

200

400

600

800

1000

1200

1400

1600

Days
0 5 10 15 20 25

Vo
lu

m
e 

(m
m

3 )

0

200

400

600

800

1000

1200

1400

1600

Days
0 5 10 15

Vo
lu

m
e 

(m
m

3 )

0

200

400

600

800

1000

1200

1400

1600

Days
0 5 10 15 20 25

Vo
lu

m
e 

(m
m

3 )

0

200

400

600

800

1000

1200

1400

Days
0 5 10 15 20

Vo
lu

m
e 

(m
m

3 )

0

100

200

300

400

500

600

700

800

900

1000

Days
0 5 10 15 20 25 30

Vo
lu

m
e 

(m
m

3 )

0

200

400

600

800

1000

1200

Days
0 5 10 15 20

Vo
lu

m
e 

(m
m

3 )

0

500

1000

1500

 

{
 

 
݀�ଵ
݀� = ܽ�ଵ ln (

�
�ଵ + �ଶ

) ,       �ଵሺ� = Ͳሻ = �,ଵ
݀�ଶ
݀� = ܽ�ଶ ln (

�
�ଵ + �ଶ

) ,       �ଶሺ� = Ͳሻ = �,ଶ
 (3)  

 

Days
0 5 10 15 20

Vo
lu

m
e 

(m
m

3 )

0

500

1000

1500

Benzekry et al., Cancer Res, 2017



The « inhibition of proliferation » model fitted best

Table 2

Model Par. Unit Median value (CV) RSE (%)

Proliferation inhibition

↵ day

�1
5.77 (67.4) 17.5

� day

�1
5.07 (49.3) 21.2

� - 0.074 (2.69e+03) 2.47

Angiogenesis inhibition

a day

�1
0.182 (47.8) 4.01

b day

�1
21.5 (603) 2.34

e day

�1
4.75 (106) 1.48

Competition

a day

�1
0.085 (30.9) 3.45

K mm

3
8.36e+03 (2.17e+06) 15

1
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Model SSE AIC RMSE R2 #

Proliferation inhibition 0.204(0.0319 - 0.461)[1] -14.2(-54 - -8.28)[1] 0.453(0.182 - 0.688)[1] 0.961(0.902 - 0.987)[1] 3

Angiogenesis inhibition 0.336(0.154 - 0.772)[2] -5.07(-27.5 - 5.67)[2] 0.588(0.4 - 0.891)[2] 0.957(0.645 - 0.986)[2] 3

Competition 0.666(0.141 - 2.2)[3] 0.71(-33.2 - 13.1)[3] 0.828(0.383 - 1.5)[3] 0.694(-0.0757 - 0.964)[3] 2

Figure 4
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Summary

Perspective: integrate this model for tumor-tumor interactions into the 

organism-level for the dynamics of the metastatic population

• « Proliferation inhibition » model was able to adequately fit the data and provides 

with a simple (3 parameters), identifiable, biologically grounded model. 

• « Angiogenesis inhibition » model was also able to fit the data, but to a lesser 

extent. 

• « Competition model » was not able to fit the data, thus allowing to reject this 

theory/model as being sufficient to explain the data. 

• Our model gives a dynamical valid explanation of the CR paradox (= if a tumor 

is able to inhibit the growth of a distant one, how can it grow at the same time?) 



Conclusion

• A general modeling framework for modeling metastases 

• Simplified model (growth + dissemination) able to describe available clinically 

relevant preclinical data of dynamics of total metastatic burden 

• Quantitative exploration of classical theories for metastatic colonization and 

tumor-tumor interactions and st 

• A patient-specific key parameter µ was critical in the quantification of patient-

specific metastatic aggressiveness
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