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Context

Motivations Context

Jet noise: .

y/D 0
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x/D

G. Daviller (2011).
@ Jet noise dominant during
take off.
@ Becomes limiting for
specifications.

@ Noise comes from the flow.

Sao Paulo airport. Gilles TissoT. CNA. September, 2018
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Motivations Wavepackets

Jordan & Colonius (2013)

Where does the noise come from? Cavalieri et al. (2012,2013)
Tinney et al. (2008)

o Turbulent stochastic eddies?

o Or something more organised?

e Wavepackets in pressure/velocity field.

R

¢t

transonic heated jet Re =5 x 106. Near-field pressure.

o Acoustic directivity as extended source (low azimuthal angles).

Gilles TissoT, CNA, September, 2018
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Wavepackets

Motivations Wavepackets

Jordan & Colonius (2013)

Where does the noise come from? Cavalieri et al. (2012,2013)
Tinney et al. (2008)

@ Turbulent stochastic eddies?

o Or something more organised?

e Wavepackets in pressure/velocity field.

PR/

Tinney € Jordan 2008; Co-azial “ o
transonic heated jet Re =5 x 106. Near-field pressure.

o Acoustic directivity as extended source (low azimuthal angles).

Source: likely a wavepacket shape.
Gilles TissoT, CNA, September, 2018
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Motivations Wavepackets

Jordan & Colonius (2013)
Cavalieri et al. (2013)
Sinha et al. (2014)
. . .1e Baqui et al. (2015)
Wavepackets: Propagated linear instability waves

Experimental jet mean flow.
2
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Gilles TissoT, CNA, September, 2018
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Motivations Wavepackets

Jordan & Colonius (2013)
Cavalieri et al. (2013)

Sinha et al. (2014)
. . .1e Baqui et al. (2015)
Wavepackets: Propagated linear instability waves

Experimental jet mean flow. Centerline |u|?:
2. T T T T T T T T T - L - L
1.5 102 4 F
r/D 10t .
0.5 E| 1044 R 3
LN L I 1 1 1 — LEE
1 2 3 4 5 6 71 8 9 10 ol /- - b
Locally-parallel , 10 LPSE
o x/D . e— Experiment
Stability Linear downstream Jo-s L 7 =xpelt
. 2
propagation of the 02 4 . 6 810
4 <
' Kelvin-Helmholtz mode.
2 > Far-field sound:
| 1ed soul
ol e PSE Se— ]
) (Parabolised Stability Eq.) £ | $30dB!
=
z B .
- Kelyin-Helipholtz mode o : 40
-2 0 2 ,:’, 6 s 10 % 20 -

0 T
20 30 40 50 60 70 80 90
0
Non-linearities important for far-field prediction...

...toward low-order non-linear wavepacket model.
Gilles TissoT, CNA, September, 2018
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Non-linearity

Motivations Non-linearity

Landhal (1967)

McKeon & Sharma (2010,2013)

. . . Moarref et al. (2013)
Non-linearity as an “external forcing” Towne ct al. (2015)

Navier-Stokes in the frequency-azimuthal mode domain:

£Q7w7maw7m = NQ7w7m(q/)'

Nawnmi (d)

Gy ,my

q,wi,m1

/Vti.w,wny(q,) |+| aw\M\
'Cq,u,\:,m N

EFT:' (4" V)4 [Convective | 4 MFT
term
g

Gilles TissoT, CNA, September, 2018
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Motivations Non-linearity

Landhal (1967)

McKeon & Sharma (2010,2013)

. . . Moarref et al. (2013)
Non-linearity as an “external forcing” Towne ct al. (2015)

Navier-Stokes in the frequency-azimuthal mode domain:

£Q7w7maw7m = NQ7w7m(q/)'

7~ ™

Nﬁ-wl-ml (q/>

Gy ,my

q,wi,m1

N@wxmw(q,) |+| ‘7-\M\
‘Cé,w,\:,my

‘All possible forcings

All possible response

—1

EFT:' —(4'"V)4 [Convective | 4 [P T
term
'q

Identify relevant non-linearities.

Gilles TissoT, CNA, September, 2018
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Non-linearity

Motivations Non-linearity

Landhal (1967)

McKeon & Sharma (2010,2013)

. . . Moarref et al. (2013)
Non-linearity as an “external forcing” Towne ct al. (2015)

Navier-Stokes in the frequency-azimuthal mode domain:

£Q7w7maw7m = NQ7w7m(q/)'

7~ ™

Nﬁ-wl-ml (q/>

Gy ,my

q,wi,m1

N@wxmw(q,) |+| ‘7-\M\
‘Cé,w,\:,my

/

I::l (@' V)q' [Convective | 4 ] M lified forcings M lified responses
T ,E‘T ost amplified forcings ost amplified responses
term

@ Resolvent analysis.

'q

Identify relevant non-linearities.

Gilles TissoT, CNA, September, 2018
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Non-linearity

Motivations Non-linearity

Landhal (1967)

McKeon & Sharma (2010,2013)

. . . Moarref et al. (2013)
Non-linearity as an “external forcing” Towne ct al. (2015)

Navier-Stokes in the frequency-azimuthal mode domain:

£Q7w7maw7m = NQ7w7m(q/)'

Nﬁ-wl-ml (q/>

Gy ,my

q,wi,m1

= 7 :
T ' :
/ ' ~
Nq.wN,mN (q ) 1 quy,my W) Physical
ﬁl?w;vﬂ" N responses

/

—(4'"V)q [Convective | 4 ] Identified
=
@‘7 term IFT

@ Resolvent analysis.

'q

@ Inverse problem: PSE-4D-Var.

Identify relevant non-linearities.

Gilles TissoT, CNA, September, 2018
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Model

Locally parallel resolvent analysis Model

Compressible Navier-Stokes equations:

dp _
e +V.(pu)=0
8(;;: + (u.V)(pu) = -Vp+ V.7
oyrT _ ) 1
P +p(u.V)(yrT) = —p(V.u) + 7 : Vu + TGPTV.(,MVT)

with 7 = 2= (u (Vu + (Va)') + (up — 2p) (V)l) 5 p = prT.

Gilles TissoT, CNA, September, 2018
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Model

Locally parallel resolvent analysis Model

Compressible Navier-Stokes equations:

dp _
e +V.(pu)=0
85;: + (u.V)(pu) = -Vp+ V.7
oyrT . ) 1
P +p(u.V)(yrT) = —p(V.u) + 7 : Vu + TGPTV.(,MVT)

with 7 = 2= (u (Vu + (Va)') + (up — 2p) (V)l) 5 p = prT.

Linearised Navier-Stokes Equations: over mean flow U(y)

(pu.T)" = qy(x.t) =

Gilles TissoT, CNA, September, 2018
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Model

Locally parallel resolvent analysis Model

Compressible Navier-Stokes equations:
Op

e +V.(pu)=0
% + (u.V)(pu) = -Vp+ V.7
oyrT . ) 1
P +p(u.V)(yrT) = —p(V.u) + 7 : Vu + TGPTV.(,MVT)

with 7 = 2= (u (Vu + (Va)') + (up — 2p) (V)l) 5 p = prT.

Linearised Navier-Stokes Equations: over mean flow U(y)

20

T _ ,-nii’
(p,uvT) = q¢(;c’t) — Q($)+q’(az,t) /D Lo

0

5
/D

Locally parallel assumption + Fourier Transform:

1 > . i(mb—wi+ax
q’(x,r,H,t)—WZ/ / Qoo (1) €MO=91H0T) oy dgy.

Gilles TissoT, CNA, September, 2018
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Model

Locally parallel resolvent analysis Model

Linearised problem: eigenvalue problem (D(a,w,m) =0).

E(j,a,w,mqa,w,m =0.

Gilles TissoT, CNA, September, 2018
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Model

Locally parallel resolvent analysis Model

Linearised problem: eigenvalue problem (D(a,w,m) =0).

E(j,a,w,mqa,w,m =0.

Non-linear problem:

~ /
E(j,a,w,mqa,w,m = N(j,a,w,m (q ) .

Gilles TissoT, CNA, September, 2018
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Model

Locally parallel resolvent analysis Model

Linearised problem: eigenvalue problem (D(a,w,m) =0).

E(j,a,w,m‘]a,w,m =0.

Non-linear problem:

~ _ /
E(j,a,w,mq%w,m — JVq,a,w,m (q ) .
—_—

Bfa.cwom (B restricts on u comp.)

Gilles TissoT, CNA, September, 2018
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Model

Locally parallel resolvent analysis Model

Linearised problem: eigenvalue problem (D(a,w,m) =0).
Lg o wmawm = 0.
Non-linear problem:
Lg.0wmawm =Nagowm (d)-
Bfa.cwom (B restricts on u comp.)
Linearised problem with external forcing: (D(a,w,m)#0).

H&a,w,m = Hﬁtl B]?(j,a,w,m-

q,0,W,m

(H restricts on u comp.)

Gilles TissoT, CNA, September, 2018
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Resolvent analysis

Locally parallel resolvent analysis Resolvent analysis

Linearised problem with external forcing:

~ —1 rs
HQa,w,m = H‘Cq,a,w,mB f‘;_h%%m'
———

SVD

Gilles TissoT, CNA, September, 2018
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Resolvent analysis

Locally parallel resolvent analysis Resolvent analysis

Linearised problem with external forcing:
Haa,w,m = H‘Cg,a,w,mB f‘;_h%%m'
N———
SVD

SVD to maximise Rayleigh quotient:

”Haa,w,m‘P _ H (H‘Cg,z,w,mB) fa,w,m”g

Foswm || Fawml? [ Forio.mlI?
a,w,m o,w,m a,w,m

Gilles TissoT, CNA, September, 2018
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Resolvent analysis

Locally parallel resolvent analysis Resolvent analysis

Linearised problem with external forcing:
Haa7w7m = Hﬁg,a,w,mB .f}7a7w7m_
N————
SVD
SVD to maximise Rayleigh quotient:

”Haa,w,m‘P _ H (H‘Cg,z,w,mB) fOé7W7m||2

f T 2 T 2
a,w,m o,w,m a,w,m

Most amplified harmonic forcing/response modes:

HLZ 4 wmB=USV*

yOL,W, M

HCZL

q?a’w’m

BV, = o;U;
with U = (Uy,...,Un), V = (Vi,...,Vn) and ¥ = diag(o1,...,0n).

Gilles TissoT, CNA, September, 2018
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Locally parallel resolvent analysis Resolvent analysis

m = 0 (most acoustically efficient), St = 0.6, @ = apsE.

Optimal forcing |u|: Optimal response |u|*:
1 —— 50 1 —— 10°
Critical layer —— Critical layer
08 Inflection point 7 40 0.8 Inflection point
1
Q 0.6 30 a 0.6 10
= =
=04 20 T 04
Critica .
02 | tical layer (T(y) = ¢) AH{ 10 0.2 103
0 L L L L L L L O 0
1 2 3 4 5 6 7 & 9 12 3 4 5 6 7 8 9
x/D x/D

Gilles TissoT, CNA, September, 2018
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Locally parallel resolvent analysis Resolvent analysis

m = 0 (most acoustically efficient), St = 0.6, @ = apsE.

Optimal forcing |u|: Optimal response |u|*:
1 — 50 1 — 10°
Critical layer —— Critical layer
08 Inflection point 7 40 0.8 Inflection point
"
o 06 30 o 06 10
= =
S04 20 S04
Critica
02 | tical layer (T(y) = ¢) AH{ 10 0.2 103
0 L L L L L L L 0 U
1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
x/D x/D
Normalised radial inner product
PSE vs Exp.: Optimal response vs Exp.:
1 nt
0.8 0.8
07 08 07 08
0.6 06 0.6 0.6
+ 05 + 05
2 04 0.4 n 04 0.4
0.3 02 0.3 02
0.2 ’ 02 ’
011 2 3 4 5 6 7 8 9 0 C”1 2 3 4 5 6 7 8 9 0

z/D z/D
Forced wavepacket represents well downstream region.
Gilles TissoT, CNA, September, 2018
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Model

PSE-4D-Var Model

Parabolised stability equations: ferbert (1997)

o Loeeallyparallel — Slowly divergent.
qu,m(z,7) = q(z,7) i Jo () dg.

@ We neglect viscosity.

Gilles TissoT, CNA, September, 2018
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Model 10/20

PSE-4D-Var Model

Herbert (1997)

Parabolised stability equations:
o Loeallyparallel — Slowly divergent.
Gum(z,7) = q(z,7) € Jo € dg
@ We neglect viscosity.
Model propagated downstream:

6q +(A+aB)g=0

( ).~

= Qx-

Inflow condition: Kelvin-Helmholtz mode from locally parallel
stability analysis.

Gilles TissoT, CNA, September, 2018
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4D-Var
PSE-4D-Var 4D-Var
Observations: V: PSD (|ul?, [v|*)T Papadakis (2007)

Ansaldi (2015)

. Observations Y

X
Gilles TissoT, CNA, September, 2018
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4D-Var 11/20
PSE-4D-Var 4D-Var
Model: Parabolised Stability Equations (PSE) Papadakis (2007)

Ansaldi (2015)

dq
F— A B)g =
8:c+( +aB)g=f

i P~ i [ o
(qagq> =0 with G () = g(a)e! o €O
T T

q(0,7) =qo+n, «o0)=ao,

q

. Observations )

Homogeneous . "
PSE

q"(z) =q(z, f =0,n=0)

X
Gilles TissoT, CNA, September, 2018
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4D-Var 11/20

PSE-4D-Var 4D-Var

4D-Var: search for (fmina nmin) = argmin(j(q, a, f, "’]))P“P‘“i‘lMS (2007)

Ansaldi (2015)

1 [t 1
J=2/0 (g, @) = Ylfiy, dz + 5 [[Hr — V[,

Lot e d Lo
Ty ; [Fale x.+§||77HWT,-

q .
@7 () = Q0 Faras )y Observations
Forced
PSE
Homogeneous
PSE

Gilles TissoT, CNA, September, 2018
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4D-Var

Conclusion

PSE-4D-Var .

4D-Var
4D-Var: search for ( finin, Mmin) = argmin( 7 (q, o, f,n))Papadakis (2007)

Ansaldi (2015)

1 [t 1
J=2/0 (g, @) = Ylfiy, dz + 5 [[Hr — V[,

Lot e d Lo
Ty ; [Fale x.+§||77HWT,-

What are the missing non-linearities f in the linear model?
Solved using adjoint method (adjoint PSE).
q

4 () = A Fos ) Oervacions
Forced
PSE

Homogeneous
PSE

Gilles TissoT, CNA, September, 2018
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4D-Var 12/20
PSE-4D-Var 4D-Var
Adjoint equation:
OA OE\ T dq o¢”
_ ptZ= _ = N A —
E ax+<A+O‘B 6:c) }‘+8x(< ") a5 RHS,,

(Bg,\), = RHSy,
E*A(L,r) = RHSs3,
¢(L) = 0.

Optimality condition:

oJ
ﬁ =Aa,r)+ Wi f
o = ETA(0,r) + go¢*(0) + Wym.

e Solved iteratively (steepest descent).
@ Weights determined by L-curve method.

Gilles TissoT, CNA, September, 2018
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Sensitivity

PSE-4D-Var Sensitivty

Sensitivity: m =0, St = 0.6.
\ \ \ \ 3e-06

0.8 + (H(q,a)—Y)? .

) -
0.6 cction poin® ..-__a"": 2 2e-06
1nfl peett
e

Q
= 04t

1e-06
0.2 +

|u|?, grayscale=observation error.

Gilles TissoT, CNA, September, 2018
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Sensitivity

PSE-4D-Var Sensitivity

Sensitivity: m =0, St = 0.6.
\ \ \ \ 3e-06

0.8 | (H(g, o) = Y)? i

) -
0.6 + cction poin® ..-__a"": 2 2e-06
nfl peett
e

Q
= 04

1e-06
0.2

|u|?, grayscale=observation error, contour=sensitivity.

Gilles TissoT, CNA, September, 2018



PSE-4D-Var

PSE-4D-Var Sensitivity

Sensitivity: m =0, St = 0.6.

Error |u|?: Response |dul? = |u/ —u"|?:
——— 3¢-06 1 —_— 8e-11
08 + (H(g.a)—Y)*
|6 fom[? === 08 1 1 et
0.6 2¢-06
T4t de-d1
1e-06
02 2¢-11
0 0 0
01 2 3 4 5 6 8 9
z/D
Optimal forcing |u|*: Optimal response |u
1 T T T T T T T 50 1 : T T T T T T 10°
Critical layer Critical layer ——
08 - Inflection point - 40 08 Inflection poing s
. . "
Q 30 10
N
= 20
10 103
0 S 0
1 2 3 4 5 6 7 8 9
z/D

Predicted by locally parallel resolvent analysis.
Gilles TissoT, CNA, September, 2018
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Sensitivity

PSE-4D-Var Sensitivity

Sensitivity: m =0, St = 0.6.

Error |u|?: Response [du|? = |uf — u"|?:
— 3e-06 N Se-11
08 + (H(g.a)—Y)*
|6 fom[? === ) 08 1 Ge-11
0.6 A 2e06
2ol de-d1
1¢-06
02 2e-11
0 0 0
01 2 3 4 5 6 8 9
z/D
Inflow condition not sensitive: J

@ Critical layer sensitivity when neutral (z ~ 3).
@ Kelvin-Helmholtz growth dominates upstream (modal behaviour).

@ Homogeneous PSE works upstream.

Gilles TissoT, CNA, September, 2018
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Converged

PSE-4D-Var Converd |

Converged 4D-Var:. Real(u), St=0.6
1 . . . . . . . . 0.03
08 | 1H 0.02
0.6 0.01

% 04 :

-0.01
0.2 -0.02
0 -0.03

High forcing near:
@ Critical layer.

@ Centerline.
Converged results conserve the same trend.

Gilles TissoT, CNA, September, 2018
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PSE-4D-Var S Converged

0.004 0.002
08 F 0.8
0.003 0.0015
0.6 - 0.6
2 2 )
= 04l 0.002 = 04 0.001
02 0.001 0.2 0.0005
0 0 0 0
0 1 2 3 4 5 6 7 8 9 01 2 3 4 5 6 7 8 0
r/D r/D
~u 2 | ~v ‘2
Homogeneous PSE |q. | Homogeneous PSE |q.,) .,
0.004 0.002
0.8
0.003 0.0015
0.6
Q
0.002 = 04 0.001
0.001 0.2 0.0005
0 0 0
0 8
z/D
~v |2
Forced PSE |qy m
0.004 0.002
08
0.003 0.0015
0.6 F
Q 9 Q
= 0.002 = o4l 0.001
0.001 02 0.0005
0 0 0
0o 1 2 3 4 5 6 7 8 9
/D /D

Observation Y* Match experiments. Observation Y*

Gilles TissoT, CNA, September, 2018
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Orr mechanism

P S E-4D-Var Orr mechanism

Orr (1907)
Boyd (1983)

Sensitivity: contours=forcing; color=infinitesimal response. hmcf;”}ggf!;%;j

Real(u): [v]?:
L Le-05 l— 2.5e-11
08 - T 5006 0.8 | 18 2e-11
L.5e-11
0
le-11
“He-|
5e-06 512
“1e-05 0 S S SR 0
001 2 3 4 5 6 7 8 9
x/D
' ' Vorticity conservation
b = Growth of |v|?.
s 1 ' . .
SOAZN V Az RYAN

Tilting suggesting Orr mechanism in space.

Gilles TissoT, CNA, September, 2018
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lodel 4D-Var Sensitivity Converged Orr mechanism

P SE—4D—V€L1 Orr mechanism

Orr (190"7)
Orr model: for Couette flow (U(y) = Sy). Gase (1960)

Temporal Orr model: vorticity convected by shear

0- 0- 5 B
<8t Sya > VeY(x,y,t) =0, 1 stream func.

V2Y(z,y,t) = F(z — Syt,y).

Spatial Orr model: Fourier Transform in time

~ jwz

VZIZ(QU, y,w) = Fa(y)e"sv.

with .
~ ~ [ w
F =_—F | — FFT i fF .
) = 5, F (o) FFT i of Flowg)

ﬁQ(y) - VQ@Z(Ov Y, w)

Gilles TissoT, CNA, September, 2018
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Orr mechanis

P S E-4D-Var Orr mechanism

Jet locally approximated by Couette ﬂow'

1
1 —_——— 2.5 x 10 10 T e 3
0.8 + 1Ff2x 1071 100 [ ]
—11 12
1.5x 10
1 x 10-1 =107 =
* 6 PSE 1
5% 1012 2 ¢ Orr
o 10 [v]2 PSE ——
0 L 0 [v]? Orr
0o 1 2 4 5 6 7 8 9 1073 T 0
/D 0 2 4 6 8 10 12

. ) v
Point used for matching flows Comparison PSE sensitivity / Orr

(maz(v) at critical layer). model.

Orr mechanism quantitatively confirmed.

Gilles TissoT, CNA, September, 2018
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Conclusion

Summary

o Forced wavepacket consistent with experiment.

(]

Critical layer highly sensitive region to non-linearity.

(]

Along the critical layer, shear convects and tilts the
response to non-linearities, leading to an amplification by
Orr mechanism.

PSE-4D-Var powerful tool.

(]

Gilles TissoT, CNA, September, 2018



	Motivations
	Context
	Wavepackets
	Non-linearity

	Locally parallel resolvent analysis
	Model
	Resolvent analysis

	PSE-4D-Var
	Model
	4D-Var
	Sensitivity
	Converged
	Orr mechanism

	Conclusion

