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Abstract

Leverage score sampling provides an appealing way to perform approximate com-
putations for large matrices. Indeed, it allows to derive faithful approximations with a
complexity adapted to the problem at hand. Yet, performing leverage scores sampling
is a challenge in its own right requiring further approximations. In this paper, we
study the problem of leverage score sampling for positive definite matrices defined by
a kernel. Our contribution is twofold. First we provide a novel algorithm for leverage
score sampling and second, we exploit the proposed method in statistical learning by
deriving a novel solver for kernel ridge regression. Our main technical contribution is
showing that the proposed algorithms are currently the most efficient and accurate for
these problems.

1 Introduction

A variety of machine learning problems require manipulating and performing computations
with large matrices that often do not fit memory. In practice, randomized techniques
are often employed to reduce the computational burden. Examples include stochastic
approximations [I], columns/rows subsampling and more general sketching techniques [2} [3].
One of the simplest approach is uniform column sampling [4, [5], that is replacing the
original matrix with a subset of columns chosen uniformly at random. This approach is fast
to compute, but the number of columns needed for a prescribed approximation accuracy
does not take advantage of the possible low rank structure of the matrix at hand. As
discussed in [6], leverage score sampling provides a way to tackle this shortcoming. Here
columns are sampled proportionally to suitable weights, called leverage scores (LS) [7 [0].
With this sampling strategy, the number of columns needed for a prescribed accuracy is
governed by the so called effective dimension which is a natural extension of the notion of
rank. Despite these nice properties, performing leverage score sampling provides a challenge
in its own right, since it has complexity in the same order of an eigendecomposition of the
original matrix. Indeed, much effort has been recently devoted to derive fast and provably
accurate algorithms for approximate leverage score sampling [2), 8 6, [9].
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In this paper, we consider these questions in the case of positive semi-definite matrices,

central for example in Gaussian processes [10] and kernel methods [I1]. Sampling approaches
in this context are related to the so called Nystrom approximation [I2] and Nystrom centers
selection problem [I0], and are widely studied both in practice [4] and in theory [5].
Our contribution is twofold. First, we propose and study BLESS, a novel algorithm for
approximate leverage scores sampling. The first solution to this problem is introduced in [6],
but has poor approximation guarantees and high time complexity. Improved approximations
are achieved by algorithms recently proposed in [8] and [9]. In particular, the approach in
[8] can obtain good accuracy and very efficient computations but only as long as distributed
resources are available. Our first technical contribution is showing that our algorithm
can achieve state of the art accuracy and computational complexity without requiring
distributed resources. The key idea is to follow a coarse to fine strategy, alternating uniform
and leverage scores sampling on sets of increasing size.
Our second, contribution is considering leverage score sampling in statistical learning with
least squares. We extend the approach in [I3] for efficient kernel ridge regression based on
combining fast optimization algorithms (preconditioned conjugate gradient) with uniform
sampling. Results in [I3] showed that optimal learning bounds can be achieved with a
complexity which is (5(n\/ﬁ) in time and O(n) space. In this paper, we study the impact
of replacing uniform with leverage score sampling. In particular, we prove that the derived
method still achieves optimal learning bounds but the time and memory is now O(nde),
and O(deg?) respectively, where deg is the effective dimension which and is never larger,
and possibly much smaller, than y/n. To the best of our knowledge this is the best currently
known computational guarantees for a kernel ridge regression solver.

2 Leverage score sampling with BLESS

After introducing leverage score sampling and previous algorithms, we present our approach
and first theoretical results.

2.1 Leverage score sampling

Suppose K € R g symmetric and positive semidefinite. A basic question is deriving
memory efficient approximation of K [4, 8] or related quantities, e.g. approximate pro-
jections on its range [9], or associated estimators, as in kernel ridge regression [14, 13].
The eigendecomposition of K offers a natural, but computationally demanding solution.
Subsampling columns (or rows) is an appealing alternative. A basic approach is uniform
sampling, whereas a more refined approach is leverage scores sampling. This latter proce-
dure corresponds to sampling columns with probabilities proportional to the leverage scores

(i, \) = (f{(f{ + )\nI)_l) : i€ [n, (1)

(22

where [n] = {1,...,n}. The advantage of leverage score sampling, is that potentially very
few columns can suffice for the desired approximation. Indeed, letting

i=1,...,n

doo(A) = n max £(i, ), degr(N) =D L3, ),
=1



for A > 0, it is easy to see that deg(\) < doo(N) < 1/ for all A, and previous results
show that the number of columns required for accurate approximation are d, for uniform
sampling and deg for leverage score sampling [5] [6]. However, it is clear from definition ({1])
that an exact leverage scores computation would require the same order of computations
as an eigendecomposition, hence approximations are needed.The accuracy of approximate
leverage scores is typically measured by ¢ > 0 in multiplicative bounds of the form
1 ~

mf(i,)\) < L3, N) < (L +1t)l(i, N), Vié€ln]. (2)
Before proposing a new improved solution, we briefly discuss relevant previous works. To
provide a unified view, some preliminary discussion is useful.

2.2 Approximate leverage scores
First, we recall how a subset of columns can be “used to compute approximate leverage scores.
For M < n,let J = {jz}zj\il with j; € [n]7 and KJJ e RM*M with entries (KJ,J)lm = 1, jm-
For i € [n], let K;; = (Kj, 4,...,Kj,, i) and consider for A > 1/n,

036, 2) = ()" H(Ki — K (K70 + A K ), (3)
where A € RM*M ig a matrix to be speciﬁedlﬂ (see later for details). The above definition

is motivated by the observation that if J = [n], and A = I, then £;(i, \) = £(i, \), by the
following identity

K(K 4+ Anl)~' = () YK — K(K + AnI)"'K).

In the following, it is also useful to consider a subset of leverage scores computed as in .
For M < R <n, let U = {u;}*, with u; € [n], and

Ly(U,A) = {ls(ur, \),..., Ls(up, \)}. (4)
Also in the following we will use the notation
Ly(UN) — J' (5)

to indicate the leverage score sampling of J' C U columns based on the leverage scores
L;(U,\), that is the procedure of sampling columns from U according to their leverage
scores |1} computed using J, to obtain a new subset of columns J'.

We end noting that leverage score sampling (5] requires @(M?) memory to store Kz,
and O(M? 4+ RM?) time to invert K, and compute R leverage scores via (3).

1Clearly, l; depends on the choice of the matrix A, but we omit this dependence to simplify the
notation.



2.3 Previous algorithms for leverage scores computations

We discuss relevant previous approaches using the above quantities.

Two-Pass sampling [6]. This is the first approximate leverage score sampling pro-
posed, and is based on using directly (5) as L, (Ua, A) — Ja, with Us = [n] and J; a subset
taken uniformly at random. Here we call this method TwoO-PAss sampling since it requires
two rounds of sampling on the whole set [n], one uniform to select .J; and one using leverage
scores to select Js.

RECURSIVE-RLS [9]. This is a development of Two-PAss sampling based on the
idea of recursing the above construction. In our notation, let Uy C Us C Us = [n], where
U1, Uy are uniformly sampled and have cardinalities n/4 and n/2, respectively. The idea is
to start from J; = Uy, and consider first

LJ1 (U27 >\) = JQa

but then continue with
LJQ(Ug, )\) —> Jg.

Indeed, the above construction can be made recursive for a family of nested subsets (Up) g
of cardinalities n/ oh. considering J; = Uy and

LJh(Uh+17 )\) —> Jh+1- (6)

SQUEAK]S8]. This approach follows a different iterative strategy. Consider a partition
U1, Uz, Us of [n], so that U; =n/3, for j = 1,...3. Then, consider J; = Uy, and

Ljy,uu,(J1 UUz, A) — Jo,

and then continue with
LJzuU3(J2 UUs, A) = Js.

Similarly to the other cases, the procedure is iterated considering H subsets (Uh)hH:1 each
with cardinality n/H. Starting from .J; = U; the iterations is

LJhUU}H_l(Jh U Uh+1a A) (7)

We note that all the above procedures require specifying the number of iteration to
be performed, the weights matrix to compute the leverage scores at each iteration, and a
strategy to select the subsets (Up)n. In all the above cases the selection of Uy, is based on
uniform sampling, while the number of iterations and weight choices arise from theoretical
considerations (see [6, 8, 9] for details).

Note that TWO-PASS SAMPLING uses a set J; of cardinality roughly 1/A (an upper
bound on ds()\)) and incurs in a computational cost of RM? = n/A?. In comparison,
RECURSIVE-RLS [9] leads to essentially the same accuracy while improving computations.
In particular, the sets Jj, are never larger than deg(\). Taking into account that at the last
iteration performs leverage score sampling on Uy, = [n], the total computational complexity



Algorithm 1 Bottom-up Leverage Scores Sampling (BLESS)

Input: dataset {z;}}_,, regularization A, step ¢, starting reg. Ao, constants gi, g2 controlling
the approximation level.
Output: M}, € [n] number of selected points, J set of indexes, Ay, weights.
1: Jo = @, Ag = [], H = 710%5%0(1/)\)
2: forh=1...H do
3 A= A-1/q

4:  set constant Ry = ¢y min{x?/\y, n}

5. sample Uy, = {u1,...,up, } i.i.d. u; ~ Uniform([n])

6:  compute £y, _ (zy,,Ap) for all uy € Uy, using Eq.

7o set Py = (pra)ity with ppi = Lo, (u M) /(Cuew, Loy (Tus An))
8  set constant M} = gody, with dj, = th ZueUh Cy,_(zy, Ap), and

9: sample Jp = {jl, R ,th} iid. g; ~ Multinomial(Ph, Uh)

10: Ap = %diag (pth, <+ Phjnr,

11: end for

is ndeg(N)2. SQUEAK [8] recovers the same accuracy, size of Jj, and ndeg(\)? time
complexity when |Up| =~ deg()), but only requires a single pass over the data. We also
note that a distributed version of SQUEAK is discussed in [8], which allows to reduce the
computational cost to ndeg(A\)?/p, provided p machines are available.

2.4 Leverage score sampling with BLESS

The procedure we propose, dubbed BLESS, has similarities to the one proposed in [9] (see
@), but also some important differences. The main difference is that, rather than a fixed
A, we consider a decreasing sequence of parameters A\g > Ay > --- > Ay = A resulting
in different algorithmic choices. For the construction of the subsets U, we do not use
nested subsets, but rather each (Uh)hH:1 is sampled uniformly and independently, with a
size smoothly increasing as 1/My. Similarly, as in [9] we proceed iteratively, but at each
iteration a different decreasing parameter \j is used to compute the leverage scores. Using
the notation introduced above, the iteration of BLESS is given by

Ly, (Uns1, Ans1) = Jhyts (8)

where the initial set J; = U is sampled uniformly with size roughly 1/\.

BLESS has two main advantages. The first is computational: each of the sets Uy,
including the final Uy, has cardinality smaller than 1/\. Therefore the overall runtime
has a cost of only RM? < M?/X, which can be dramatically smaller than the nM? cost
achieved by the methods in [9], [§] and is comparable to the distributed version of SQUEAK
using p = A\/n machines. The second advantage is that a whole path of leverage scores
{£(3, /\h)}hH:1 is computed at once, in the sense that at each iteration accurate approximate
leverage scores at scale Ay, are computed. This is extremely useful in practice, as it can be
used when cross-validating Ap. As a comparison, for all previous method a full run of the
algorithm is needed for each value of Aj.



Algorithm 2 Bottom-up Leverage Scores Sampling without Replacement (BLESS-R)

Input: dataset {x;}}' ;, regularization A, step ¢, starting reg. Ao, constant ga controlling
the approximation level.
Output: M}, € [n] number of selected points, J set of indexes, Ay, weights.
1 Jy=0, Ag =[], H =180
2: forh=1...H do
3 A= A1/q

4:  set constant B, = min{gor?/(A\pn), 1}

5. initialize U, = ()

6: forie[n]do

7 add 7 to Uy, with probability Sy,

8: end for

9: for j € Uy do B

10: compute py j = min{qaly, ,(x;, An—1), 1}
11: add j to Jp, with probability py_;/Bh

12:  end for
13: Jh = {jl, ... ,th}, and Ah = diag (ph,ju . 7ph,th> .
14: end for

In the paper we consider two variations of the above general idea leading to Algorithm
and Algorithm[2] The main difference in the two algorithms lies in the way in which sampling
is performed: with and without replacement, respectively. In particular, considering
sampling without replacement (see [2) it is possible to take the set (Up)_ | to be nested
and also to obtain slightly improved results, as shown in the next section.

The derivation of BLESS rests on some basic ideas. First, note that, since sampling
uniformly a set Uy of size doo(A) < 1/X allows a good approximation, then we can replace
Loy (1], ) = 7 by

LU/\(U/\, )\) — J, (9)

where J can be taken to have cardinality deg(A\). However, this is still costly, and the idea
is to repeat and couple approximations at multiple scales. Consider A’ > X, a set Uy, of size
doo(N') < 1/X sampled uniformly, and Ly, (Uy, ') = J'. The basic idea behind BLESS
is to replace @]) by

Ly (U, \) — J.

The key result, see , is that taking J of cardinality
(X'/N)degr(A) (10)

suffice to achieve the same accuracy as J. Now, if we take ) sufficiently large, it is easy to
see that deg(N') ~ doo(N) ~ 1/X, so that we can take J' uniformly at random. However,
the factor (/) in becomes too big. Taking multiple scales fix this problem and leads
to the iteration in ({g]).

2.5 Theoretical guarantees

Our first main result establishes in a precise and quantitative way the advantages of BLESS.



Algorithm Runtime |J|

Uniform Sampling [5] - 1/A

Exact RLS Sampl. n? derr ()
Two-Pass Sampling [6] n/\? dogr ()
Recursive RLS [9] ndeg(\)? det(N)
SQUEAK [§] ndeg(N)?  der(N)
This work, Alg. [|and[]] 1/X deg(N)?  den(V)

Table 1: The proposed algorithms are compared with the state of the art (in @ notation), in terms of
time complexity and cardinality of the set J required to satisfy the approximation condition in Eq. E}

Theorem 1. Letn € N, A > 0 and § € (0,1]. Givent > 0,q > 1 and H € N, (\p)H_,
defined as in Algom'thms and@ when (Jh,ah){f:l are computed

B> 12q(2t+1)2(1 +t) log 12?717

. 2 2
1. by Alg. |1j with parameters Ao = m, q1 > %, e

2. by Alg. @ with parameters Ao = #2“), q > 54,£2(2t:r721)2 log 12Hn

let Z;h(i, An) as in Eq. depending on Jy, Ap, then with probability at least 1 — 0

(a) 11+tf(i,Ah) < 05, < (1+min(t, 1))(i,\y), Vi€ [n],h e [H],
(b) [ Jn] < qadeg(Mn),  Vh e [H].

The above result confirms that the subsets J; computed by BLESS are accurate in the
desired sense, see , and the size of all Jj, is small and proportional to deg(Ap,), leading to
a computational cost of only O (min (%, n) deg(A)?log?® §) in time and O (degr(N)?log? 1)
in space (for additional properties of J;, see Thm. |4|in appendixes). Table [1| compares the
complexity and number of columns sampled by BLESS with other methods. The crucial
point is that in most applications, the parameter A is chosen as a decreasing function of n,
e.g. A = 1/4/n, resulting in potentially massive computational gains. Indeed, since BLESS
computes leverage scores for sets of size at most 1/, this allows to perform leverage scores
sampling on matrices with millions of rows/columns, as shown in the experiments. In the
next section, we illustrate the impact of BLESS in the context of supervised statistical
learning.

3 Efficient supervised learning with leverage scores

In this section, we discuss the impact of BLESS in a supervised learning. Unlike most
previous results on leverage scores sampling in this context [6l [8, @], we consider the setting
of statistical learning, where the challenge is that inputs, as well as the outputs, are random.
More precisely, given a probability space (X X Y, p), where Y C R, and considering least



squares, the problem is to solve

winé (1), £() = [ (@) - yPdolay) (1)
JeH XXY

when p is known only through (z;,y;)i; ~ p". In the above minimization problem, # is a
reproducing kernel Hilbert space defined by a positive definite kernel K : X x X — R [I1].
Recall that the latter is defined as the completion of span{K(z,-) | x € X} with the inner
product (K (z,-),K(2',-));, = K(z,2’). The quality of an empirical approximate solution

~

f is measured via probabilistic bounds on the excess risk R(f ) = £(f ) — min ren €(f).

3.1 Learning with FALKON-BLESS

The algorithm we propose, called FALKON-BLESS, combines BLESS with FALKON [13]
a state of the art algorithm to solve the least squares problem presented above. The appeal
of FALKON is that it is currently the most efficient solution to achieve optimal excess
risk bounds. As we discuss in the following, the combination with BLESS leads to further
improvements.

We describe the derivation of the considered algorithm starting from kernel ridge regression

(KRR)
Alz) = ZK(w,xi)ci, ¢c= (K + )"y (12)
i=1

where ¢ = (c1,...,¢p), Y = (y1,...,yn) and K € R™ ™ s the empirical kernel matrix with
entries (I?)” = K (z;,7;). KRR has optimal statistical properties [15], but large O(n?) time
and O(n?) space requirements. FALKON can be seen as an approximate ridge regression
solver combining a number of algorithmic ideas. First, sampling is used to select a subset

{Z1,...,Zp} of the input data uniformly at random, and to define an approximate solution
R M

f)\’M(CU) = ZK(iﬁx)aj’ o= (KJMKTLM‘}')\KMM)_IKJMZ/, (13)
j=1

where a = (ay,...,anr), Kpr € R™M | has entries (Knm)ij = K(xi, &) and Ky €

RMXM has entries (Kyar)jy = K(%j,%;), with i € [n],j,7’ € [M]. We note, that the
linear system in ((13) can be seen to obtained from the one in by uniform column
subsampling of the empirical kernel matrix. The columns selected corresponds to the
inputs {Z1,...,Zy}. FALKON proposes to compute a solution of the linear system |13| via
a preconditioned iterative solver. The preconditioner is the core of the algorithm and is
defined by a matrix B such that

1
BBT = (%Kﬁﬁw + AKMM) . (14)

The above choice provides a computationally efficient approximation to the exact precon-
ditioner of the linear system in (13) corresponding to B such that BB = (KJMKTLM +
AK )~ The preconditioner in can then be combined with conjugate gradient to
solve the linear system in . The overall algorithm has complexity O(nMt) in time and
O(M?) in space, where t is the number of conjugate gradient iterations performed.



RLS Accuracy

of :
Time R-ACC 5%/ 95" quant a5l

BLESS 17 1.06 0.57 / 2.03

BLESS-R 17 1.06 0.73 / 1.50 8 i

SQUEAK 52 1.06 0.70 / 1.48 * L

Uniform - 1.09 0.22 / 3.75 e T |

RRLS 235  1.59 1.00 / 2.70 I N .

T + + +

BLESS BLESS-R SQUEAK  Uniform RRLS

Figure 1: Leverage scores relative accuracy for A = 1075, n = 70000, M = 10000, 10 repetitions.

In this paper, we analyze a variation of FALKON where the points {Z1,...,Z} are
selected via leverage score sampling using BLESS, see Algorithm [I] or Algorithm 2] so that
M = My, and 7y, = xj,, for Jy, = {j1,...,jm, } and k € [M}]. Further, the preconditioner
in is replaced by

n

BiB;, = (M

—1
K g0, Ay K g, + /\hKJh,Jh) : (15)

This solution can lead to huge computational improvements. Indeed, the total cost of
FALKON-BLESS is the sum of computing BLESS and FALKON, corresponding to

O (nMt + (1/\)M?logn + M?) O(M?), (16)

in time and space respectively, where M is the size of the set Jy returned by BLESS.

3.2 Statistical properties of FALKON-BLESS

In this section, we state and discuss our second main result, providing an excess risk bound
for FALKON-BLESS. Here a population version of the effective dimension plays a key role.
Let px be the marginal measure of p on X, let C': H — H be the linear operator defined
as follows and deg"(\) be the population version of deg(\),

det*(\) = Te(C(C +AI)7Y), with (Cf)(a') = /XK(w’,ar)f(:v)de(x),

for any f € H,x € X. It is possible to show that deg™(A) is the limit of deg(A) as n goes to
infinity, see Lemma [l below taken from [I4]. If we assume throughout that,

K(z,2') < k? Vz,2’' € X, (17)

then the operator C' is symmetric, positive definite and trace class, and the behavior of
der™ (A) can be characterized in terms of the properties of the eigenvalues (o) ey of C.
Indeed as for deg(A), we have that deg*(\) < £2/A, moreover if o; = O(j7%), for a > 1, we
have deg* () = O(A~Y®) . Then for larger a, deg” is smaller than 1/\ and faster learning
rates are possible, as shown below.

We next discuss the properties of the FALKON-BLESS solution denoted by fAnt



Theorem 2. Let n € N, X > 0 and § € (0,1]. Assume that y € [—5, 5], almost surely,

a > 0, and denote by fy a minimizer of . There exists ng € N, such that for any
n>ng, ift >logn, A > % log %, then the following holds with probability at least 1 —d:

~ 4a
R(Fame) <+ 320l (

a’log?2  a deg(\) log 2 )
s+ +A].
n2\ n

In particular, when dog*(\) = OA™V), for a > 1, by selecting Ax = n~*/*+) we have
R(}l\)\*,n,t) S Cn_%ﬂa

where ¢ is given explicitly in the proof.

We comment on the above result discussing the statistical and computational implications.

Statistics. The above theorem provides statistical guarantees in terms of finite sample
bounds on the excess risk of FALKON-BLESS, A first bound depends of the number of
examples n, the regularization parameter A and the population effective dimension deg™ ().
The second bound is derived optimizing A, and is the same as the one achieved by exact
kernel ridge regression which is known to be optimal [I5] [T6] [I7]. Note that improvements
under further assumptions are possible and are derived in the supplementary materials,
see Thm. [8] Here, we comment on the computational properties of FALKON-BLESS and
compare it to previous solutions.

Computations.To discuss computational implications, we recall a result from [14] showing
that the population version of the effective dimension deg*(A) and the effective dimension
degr(A) associated to the empirical kernel matrix converge up to constants.

Lemma 1. Let A > 0 and § € (0,1]. When A > % log %, then with probability at least
1-9,
(1/3)der™(A) < deg(A) < 3deg™ ().
Recalling the complexity of FALKON-BLESS , using Thm [2| and Lemma , we
derive a cost

1
) <ndeﬁ*()\) logn + Xdeff*(A)Z‘ logn + deﬁ*(A)i’*)

in time and O(deg*(\)?) in space, for all n, A satisfying the assumptions in Theorem
These expressions can be further simplified. Indeed, it is easy to see that for all A > 0,

det* () < K2/, (18)

so that deg*(N)? < “—/\Qdeﬁ*(A)Q. Moreover, if we consider the optimal choice A\, = O(nfa%rl)
given in Theorem [2, and take deg*()\) = O(A~Y®), we have %deﬂ*()\*) < O(n), and there-
fore }dei™(A)? < O(ndeg™(N)). In summary, for the parameter choices leading to optimal
learning rates, FALKON-BLESS has complexity O(ndeg*(A+)), in time and O(deg*(As)?)
in space, ignoring log terms. We can compare this to previous results. In [13] uniform

10



Time Comparison Test Error

—FALKON-BLESS
— FALKON-UNI

—BLESS

—BLESS-R|
SQUEAK 03F

—RRLS

0.281
10%F

Seconds
Classification Error

0 1 2 3 4 5 6 7 10° 102 10 10° 108 1070 1072 107
Number of Points x10% Malkon

Figure 2: Runtimes with A = 107 and n increasing Figure 3: C-err at 5 iterations for varying A faixon

sampling is considered leading to M < O(1/)) and achieving a complexity of O(n/A) which
is always larger than the one achieved by FALKON in view of . Approximate leverage
scores sampling is also considered in [I3] requiring O(ndeg(\)?) time and reducing the time
complexity of FALKON to O(ndeg().)). Clearly in this case the complexity of leverage
scores sampling dominates, and our results provide BLESS as a fix.

4 Experiments

Leverage scores accuracy. We first study the accuracy of the leverage scores generated
by BLESS and BLESS-R, comparing SQUEAK [§] and Recursive-RLS (RRLS) [9]. We
begin by uniformly sampling a subsets of n = 7 x 10* points from the SUSY dataset [18],
and computing the exact leverage scores £(i, \) using a Gaussian Kernel with ¢ = 4 and
A\ = 107, which is at the limit of our computational feasibility. We then run each algorithm
to compute the approximate leverage scores ¢, (i, A), and we measure the accuracy of
each method using the ratio ZJH (i,A)/€(i,\) (R-ACC). The final results are presented in
Figure [I] On the left side for each algorithm we report runtime, mean R-ACC, and the
5t and 95" quantile, each averaged over the 10 repetitions. On the right side a box-plot
of the R-ACC. As shown in Figure [I| BLESS and BLESS-R achieve the same optimal
accuracy of SQUEAK with just a fraction of time. Note that despite our best efforts, we
could not obtain high-accuracy results for RRLS (maybe a wrong constant in the original
implementation). However note that RRLS is computationally demanding compared to
BLESS, being orders of magnitude slower, as expected from the theory. Finally, although
uniform sampling is the fastest approach, it suffers from much larger variance and can over
or under-estimate leverage scores by an order of magnitude more than the other methods,
making it more fragile for downstream applications.

In Fig. 2] we plot the runtime cost of the compared algorithms as the number of points grows
from n = 1000 to 70000, this time for A = 10~3. We see that while previous algorithms’
runtime grows near-linearly with n, BLESS and BLESS-R run in a constant 1/\ runtime,
as predicted by the theory.

BLESS for supervised learning. We study the performance of FALKON-BLESS and
compare it with the original FALKON [I3] where an equal number of Nystrom centres are

11
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Figure 4: AUC per iteration of the SUSY dataset Figure 5: AUC per iteration of the HIGGS dataset

sampled uniformly at random (FALKON-UNI). We take from [13] the two biggest datasets
and their best hyper-parameters for the FALKON algorithm.

We noticed that it is possible to achieve the same accuracy of FALKON-UNI, by using
Abless for BLESS and A ¢qixon for FALKON with Apjess > Afaikon, in order to lower the deg
and keep the number of Nystrom centres low. For the SUSY dataset we use a Gaussian
Kernel with o = 4, Aaikon = 1075, Apess = 1074 obtaining M}, ~ 10* Nystrém centres. For
the HIGGS dataset we use a Gaussian Kernel with o = 22, Argipon = 1078, Apjess = 1076,
obtaining Mj, ~ 3 x 10* Nystrom centres. We then sample a comparable number of centers
uniformly for FALKON-UNI. Looking at the plot of their AUC at each iteration (Fig
we observe that FALKON-BLESS converges much faster than FALKON-UNI. For the
SUSY dataset (Figure [) 5 iterations of FALKON-BLESS (160 seconds) achieve the same
accuracy of 20 iterations of FALKON-UNI (610 seconds). Since running BLESS takes
just 12 secs. this corresponds to a ~ 4x speedup. For the HIGGS dataset 10 iter. of
FALKON-BLESS (with BLESS requiring 1.5 minutes, for a total of 1.4 hours) achieve
the same accuracy of 20 iter. of FALKON-UNI (2.7 hours). Additionally we observed
that FALKON-BLESS is more stable than FALKON-UNI w.r.t. Afqikon,o. In Figure
the classification error after 5 iterations of FALKON-BLESS and FALKON-UNI over the
SUSY dataset (Apess = 107%). We notice that FALKON-BLESS has a wider optimal region
(95% of the best error) for the regulariazion parameter ([1.3 x 1073,4.8 x 107%]) w.r.t.
FALKON-UNT ([1.3 x 1073,3.8 x 1079]).

5 Conclusions

In this paper we presented two algorithms BLESS and BLESS-R to efficiently compute
a small set of columns from a large symmetric positive semidefinite matrix K, useful for
approximating the matrix or to compute leverage scores with a given precision. Moreover
we applied the proposed algorithms in the context of statistical learning with least squares,
combining BLESS with FALKON [I3]. We analyzed the computational and statistical
properties of the resulting algorithm, showing that it achieves optimal statistical guarantees
with a cost that is O(ndeg*(\)) in time, being currently the fastest. We can extend the
proposed work in several ways: (a) combine BLESS with fast stochastic gradient algorithms
[19] and other approximation schemes (i.e. random features [20, 21]), to further reduce

12



the computational complexity for optimal rates, (b) consider the impact of BLESS in the
context of multi-tasking [22] 23] or structured prediction [24], 25].
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A Theoretical Analysis for Algorithms [I] and

In this section, Thm. [ and Thm. [f] provide guarantees for the two methods, from which
Thm. [ is derived.

In particular in Section some important properties about (out-of-sample-)leverage
scores, that will be used in the proofs, are derived.

A.1 Notation

Let X be a Polish space and K : X x X — R a positive semidefinite function on X, we
denote ‘H the Hilbert space obtained by the completion of

H =span{K(z,-) | z € X}

according to the norm induced by the inner product (K(z,-), K(',-)),; = K(x,2"). Spaces
‘H constructed in this way are known as reproducing kernel Hilbert spaces and there is
a one-to-one relation between a kernel K and its associated RKHS. For more details on
RKHS we refer the reader to [26], 27]. Given a kernel K, in the following we will denote
with K, = K(z,-) € H for all x € X. We say that a kernel is bounded if | K|y < x with
k > 0. In the following we will always assume K to be continuous and bounded by x > 0.
The continuity of K with the fact that X is Polish implies H to be separable [27].

In the rest of the appdendizes we denote with A, the operator A+ AI, for any symmetric
linear operator A, A € R and I the identity operator.

A.2 Definitions

ForneN, (z;)f,and J C {1,...,n}, A€ RI7I¥17I diagonal matrix with positive diagonal,
denote £ in eq. 1} by showing the dependence from both J and A as

Ura(i,A) = () Ky — KJ (K5 + AnA) 'K y,). (19)
Moreover define C 7,4 as follows

J
T

Cra= 7 S A K., ® Ky,
=1

We define the out-of-sample leverage scores, that are an extension of ‘ J,A to any point x in
the space X.

Definition 1 (out-of-sample leverage scores). Let J = {ji,...,jm} C {1,...,n}, with
M €N and A € RM*M pe g positive diagonal matriz. Then for any xz € X and X\ > 0 we
define

—~ 1.~ B
Cra(w,X) = ~[[(Cra+ M)V,

Moreover define l?@ﬂ (2, )\) = (An) " K(z,2).
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In particular we denote by

U, N) = by (2, ),

the out of sample version of the leverage scores £(i, \). Indeed note that £(x;, \) = £(i, \)
for i € [n] and A > 0 as proven by the next proposition that shows, more generally, the
relation between ¢; 4 and £ 4.
Proposition 1. Let n € N, (z;)!; € X. Forany X > 0,J C {1,...,n},A € RI7Ix1I
with A positive diagonal, we that that for any v € X, £y a(x, X) in Def. |1 and Ly 4(z, \) in
Def.[3, satisfy R _

&LﬁA(QZ’i, )\) = ZJ,A(Z.a )\)7
when |J| > 0, and ZM (xi, A) = Z‘M] (i, A), when |J| =0, for any i € [n], A > 0.

Proof. Let J = {j1,...,Jjs}- We will first show that ZLA(:J:, A) is characterized by,

Crala,\) = K (2,2) — —vy(2) (K + AlJ|A) " oy (@),

An An
with K; € RM*M with (K;)p, = K(xj,,;,,) and vy(z) = (K(x,2j,),...,K(x,2j,,)).
Denote with Z; : H — RI/I, the linear operator defined by Z; = (Kgcj1 yeee ,Kz].w )T, that

is (Zif)k = <K$1k’f>7{’ for f € H and k € {1,...|J|}. Then, by denoting with B = |J|A

we have
[J]

* — 1 o C
Z;B ' Z; = 17| D AT Ky, ® Ky = Ca
=1

Now note that, since (Q + M)~ = A"1(I — Q(Q + AI)™!) for any positive linear operator
and A > 0, we have

Ca(@ ) = = (Koo (Coa+ A)TKy ) = 5 (Ko, (1= Coa(Cra+ M) K

An
K(z,z) 1 —1/2/ p—1 - —1p-
==Y K, 2B YA(B V22,2, Y + A 'B 1/QZK>
" n < xy 4] ( J4 g + ) JA 23’
where in the last step we use the fact that R*R(R*R+ AI)~! = R*(RR* + M) 'R, for any
bounded linear operator R and A > 0. In particular we used it with R = B~'/2Z;. Now

note that Z;27 € RIIXI7I and in particular Z;1Z% = Ky, moreover Z;K, = v(x), so

~ K 1
lra(z,\) = ()i;x) - mv(x)TB_l/Q(B_I/QKJB_I/2 + AN 7B 2y (1)
 K(z,z) 1 T 1
v Ev(z) (Kj+ AB) v(x)
K(z,z) 1 T 1
=—7" - — K A

where in the second step we used the fact that B~Y/2(B~Y/2KB~1/2 + \I)7'B~1/2 =
(K + AB)~!, for any invertible B any positive operator K and X\ > 0.
Finally note that
~ K(z,z) 1

o T -1 _ 7 .
Al = )\nv(aj) (Kj+ MA) v(x) =Llra(i, N).
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A.3 Preliminary results
Denote with G)\(A, B) the quantity
GA(A, B) = [[(A+ ATV (A = B)(A+ A1),
for A, B positive bounded linear operators and for A > 0.
Proposition 2. Let A, B be positive bounded linear operators and A > 0, then

. B GA(B, A)
B 1/2 1/2) = < AT
1T — (A+M)"V2(B + M) (A+A)7V2| = Gy(A, B) < 1= Gr(B,A)’

where the last inequality holds if Gy(B, A) < 1.

Proof. For the sake of compactness denote with Ay the operator A + A\l and with B) the
operator B + AI. First of all note that I = A;l/QA,\A)_\l/z, SO

j A;l/QB)\A;UZ _ A;1/2A/\A;1/2 B A;l/QBAA;\lﬂ
_ A;1/2(A/\ B BA)A;1/2 _ A;1/2(A— B)A;UQ
_ A;1/2B>1\/2 B/\_l/Z(A B B)B/\_l/z Bi/zA/;l/Q7
where in the last step we multiplied and divided by B}\/ % Then
17— A2 BAT ) < A2 B2 By A - BB
moreover, by Prop. 7 of [14] (see also Prop. 8 of [21]), if GA(B, A) < 1, we have
1A 2By < (1 - Ga(B, 4) 7
O

Proposition 3. Let A, B,C be bounded positive linear operators on a Hilbert space. Let
A > 0. Then, the following holds

GA(A,C) < GA(A, B) + (1 + G(A, B))Gy (B, C).

Proof. In the following we denote with Ay the operator A + AI and the same for B, C.
Then

—1/2 —1/2 —1/2 —1/2 —1/2 —1/2
14324 = AT < A2 - BIAY Y 1472 (B - )AL

Now note that, by dividing and multiplying for B/l\/ 2, we have
HA;l/Q(B _ C)A;1/2|| _ H14;1/23/1\/2 B;1/2(B B 0)3;1/23/1\/214;1/2”

—1/2 ,1/2 —1/2 —1/2 —1/2 ,1/2

< A2 B2 B (B - ) By = 147 B P (B, 0.
Finally note that, since || Z||? = || Z*Z|| for any bounded linear operator Z, we have
—1/2 ,1/2 —1/2 —1/2 —1/2 —1/2 —1/2 —1/2

1AL 2 BY2I2 = | A P BaAL P = (1T + (1 — A PBAAL ) < 1+ (1T - A2 Baa .
Moreover, by Prop. [2| we have that

1T — A2 BAAY? | = GA(4, B).
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Proposition 4. Let B be a bounded linear operator, then
1 — ||l = BB*| < 0min(B)? < omax(B)? < 1+ || — BB*|.

Proof. Now we recall that, denoting by < the Lowner partial order, for a positive bounded
operator A such that al < A <Xbl for 0 <a <b, we have (1 -b)] X I —-A=<(1—-a)l =
(14 b)I and so, since BB* =1 — (I — BB*), we have

(1 —||I = BB*|)I = omin(B)*I < BB* < 0pmax(B)*I < 1+ (1+ ||I — BB*||)I,
from we have the desired result. O

Let ||-||zs denote the Hilbert-Schmidt norm.
We recall and adapt to our needs a result from Prop. 8 of [14].

Proposition 5. Let A > 0 and vy, ...,v, with n > 1, be identically distributed random
vectors on separable Hilbert space H, such that there exists k* > 0 for which ||v]|y < K2
almost surely. Denote by Q the Hermitian operator QQ = %ZLI Elv; ® v;]. Let Qn =
LS v ®@v;. Then for any § € (0,1], the following holds

4k 2K2
B n B

1@+ A1 72(Q = Q)@+ AT < 5 4

. . 'y -1 8k2(14+Tr(Qy
with probability 1 — & and 5 = log 4‘%((%&%?))‘2”5) < ( +||Q\(\?A @D

Proof. Let Qx = @ + AI. Here we apply non-commutative Bernstein inequality like [3]
(with the extension to separable Hilbert spaces as in[14], Prop. 12) on the random variables

Zi =M — Qv 0 QP with My = QV*(E[v; @ 1))@, /% for 1 < i < n. Note that
the expectation of Z; is 0. The random vectors are bounded by
—-1/2 -1/2, —-1/2 —-1/2 —-1/2 —-1/2
10320 @ Q) *vi = Mil| = By Q) 0l @ Q) - Q30 @ Q1 Puillu

_ 2k2
< 2@+ NP < =,

and the second orded moment is

E(Z) =E (vi,Q'v) Q3 ui@ Q) Pu — 0%Q°
K2 1/2 1/2 KJZ -1 _.

Now we can apply the Bernstein inequality with intrinsic dimension in [3] (or Prop. 12

—1
in [14]). Now some considerations on . It is § = log ‘hgﬂf - ZT|Z)\r’QZ2II?’
A

lower bound for [|Q*Q|| = 5oy where o1 = [|Q]] is the biggest eigenvalue of @), now, when

0 <A <oy we have § < 8TrQ.
When A > o1, note that Tr(Q(Q + A1) < A1 Tr(Q) < K2/, then

Tr(Q(Q + AI)™Y) < k2 kP OR?2K?
ley'ell TS A o o

So finally 8 < 2/||C2H-$-TJF(CA Q)) -

now we need a
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A.4 Analytic decomposition

Lemma 2. Let A >0, J,J' C{1,...,n}, with|J|,|J'| > 1 and A € RVIXI7I A" ¢ RI7'IXI7]
positive diagonal matrices, then

1-2v-~ ~
Lpar(x,N) <Y A) <
T, lra@d) < lhale,A) < 7—
with v = GA(GJ/7A1,6'J7A),
Proof. By denoting with B the operator

B=(Cya+A)"Y2(Cpoa+ Y2,

?J/A/(a;,/\), Ve e X,

and according to the characterization of ¢, J.A(x, A) via Prop. 1} we have
(@A) =n M (Cra+ AD TR 3 = n VB (Croar + M)V G,

So, by recalling the fact that, by definition of Lowner partial order <, we have al|v||* <
| Av||? < b||v||?, for any vector v and bounded linear operator such that al < A*A < bl
with 0 < a < b, and the fact that o(A*A) = 0(AA*) = 0(A4)?, we have

Omin(B)?[(Cyroar + A T2 < |B(Cproar + AT K 13y < 0max(B)[(Corar + AD) T2 K |5
That, by Prop. [T} is equivalent to

Omin(B)? 0y (2,0) < Lya(2,0) < Omax(B)*Lyr (. ).
By Prop. [ff we have 1 — ||[I — BB*|| < omin(B)? < 0max(B)? < 1+ || — BB*|. Finally, by

Prop. 2| we have
Il - BB*| < 2.
1—v

Lemma 3. Let 0 < A< X, and J C {1,...,n} and A € RV then

!/

Cra(z, N) < lya(z,A) < %ZJ,A(Q;,X), Yz € X,

Proof. 1f |J| = 0 we have that Z@,[] (x, ) = W and the desired result is easily verified. If
|J] > 1, let B = (Cya+A)"2(Cja+ NI)'/2. By recalling the fact that, by definition of
Lowner partial order =<, we have al|v||? < ||Av|? < b||v||?, for any vector v and bounded
linear operator such that al < A*A < bl with 0 < a < b, and the fact that o(A*A) =

o(AA*) = o(A)?, we have
Omin(B)?|(Cra+ NIV 5y < [B(Crat+ NI TVPEK Ry < 0max(B)?[(Coa + N 1)KL,
That, by Prop.[1] is equivalent to
Tmin(B) 2y a(x, N) < Ly 4(2,)) < Omax(B) 2Ly a(x, X).
Now note that
o+ N o+ N XN

in(B)? > i = 2> ==,
Umm(B) = ;g% o+ A 1, JmaX(B) = (Sjgl()) o+ A A
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Theorem 3. Let A >0, J C {1,...,n}, with |J| > 1 and A € RV positive diagonal.
Then the following hold for any x € X,
1— 2054 1 -

T Lz, N) < EJA(x A) < (x, ),
VA

T 1l-vya
where vy 4 = GA(C, a],A). Morever note that for any |U| C {1,...,n}, we have
viAa<nu+ 1 +nu)Brav,

with Bray = G)\(aU,b GJ,A) and ny = GA(C, aUJ)-

Proof. By applying Lemma [2) with their J' = {1,...,n},A" = I, and recalling that
Uz, \) = Ly, ny,1, We have for all » € X

1— 204~ . 1 -
—l(x, ) </ M) < A).
1 VA (.%', ) > J,A(:U7 ) =71_ VA ($, )
To conclude the proof we bound v 4 in terms of 3; 4, and 7y, via Prop. . O

A.5 Proof for Algorithm

Lemma 4. Letn € N, (z;)! ; C X. LetU C{1,...n}, with [U| > 1. Let (pk)| | CRbea
non-negative sequence summing to 1. Let M € N and J={j1,-..,jm} with j; sampled 1.1.d.

from {1,...,|U|} with probabzlzty (pk)l | and A = |Ul|diag(pj, - --,pjy)- Let 7 € (0,1],
and s = SUPyeqr,. )} IUlpk 1(Crrp 4+ M)~ 1/2Kruk |3,. When

4
M > 2slog—n,
-

then the following holds with probability at least 1 — T

C Gra— Co(C 4slog 4n
1(Cu.r + M) "2(Cra — Cup)(Cup + M) < \/ﬁ.

Proof. Denote with (; the random variable

G = (Cor + M) 7Y2(K,, @K, )(6*(],1 £ A2,

|Up

for i € {1,...,M}. In particular note that (i,...,(y are i.i.d. since ji,...,Jy are.
Moreover note the following two facts

[Gill = sup I(Cus + AT 2Ky, |3 = s,
ke(omUT) !U\
) )
Zpk CU[—i-)\I) 1/2(ka®Ka: )(CUJ-F/\I)_l/Q

= (CU,I + )\I) 1/2 C'UJ(CU,] + )\I)71/2 =W,
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where for the second identity we used the fact that d/l, = 1/(pk|U]). Since by definition of
Cj 4 we have

— (O -1/2 ' v A “1/2
M ; Cl (CU’I i )\I) <‘J’ ; Az’z’ Kx]i ® K$Ji> (CUJ + /\I)
— (6[]’] + AI)_l/QaJ,A(aU,I + )\I)—l/2’

then, by applying non-commutative Bernstein inequality (Prop. [5|is a version specific for
our problem), we have

M
(o +AD) 3G = G Cora + A2 = |l 7 D (G — Bl < 2ot 4 2
| 7 7 7 Mi:l a Mo

with probability at least 1 — 7, and 7 := log T”( ”) In particular, by noting that ||[W| <1
by definition, when M > 2sn, then

2377 /28HW ]7] 2377 /23 \/2377 23n 4sn
- 3M - 3 M-

To conclude note that ” ” ) < rank(W) < |U| < n, so n < log 2 O

Lemma 5. Letn,R € N, (z;)]; C X. Let U = {uy,...,ur} with u; i.i.d. with uniform
probability on {1,...,n}. Let 7 € (0,1] and let A > 0. When

2nk? o 4n
“ntr? BT

then the following holds with probability 1 — T

R >

N N R Ank2log 4n
I(C + A)~V2(Cy — OO+ M) 2| < | OB

(An+ k2)R’
Proof. Denote by (; the random variable (; = (6 + )\I)_l/z(Kzui ® Kxul)(a +A)~1/2 for
i €{1,...,R}. Note that (; are i.i.d. since u; are. Moreover note that
~ 1
IGI = sup [(CH+ADTVPELIP < sup (=K, @ Koy + M) 72K |
i€{1,...,n} ie{l,.n} T
ni?
< =
= An+ k2

Moreover note that

1l e ~ ~ ~ PPN
E[G] = Y (C+ M) Ky, @ Ky, )(C + AT = (C 4+ AT PO@C +AD) 72 =W
i=1
So we have, by non-commutative Bernstein inequality (Prop. |5|is a version specific for our
problem),

M
(4 A1) 2(Cs — )@+ A2 = |1 3G~ Bl <

=1

2w7 2v||W{|n
sk T R
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with probability at least 1 — 7, and 7 := log 4S”r‘g[,vﬁ). In particular, by noting that |[W|| <1

by definition, when R > B analogously to the end of the proof of Lemma we

(An+r2)R?
have 23% + \/% < ,/%. To conclude note that TITIEVV[ﬁ) < rank(W) < n, so
n < log 47". O

Lemma 6. Let n,R €N, (z;)?; C X. Let U = {u,...,ur} with u; i.i.d. with uniform
probability on {1,...,n}. Let 7 € (0,1] and let A > 0. When

16nk2 4n
R> ——log —
“xntr2 8

then the following holds with probability 1 — T

20 6
Zﬁ(mui, A) < max <5, 5deﬁc()\)> .
i=1

=V

~

Proof. First of all denote with z; the random variable z; = %{(x,,, A) and note that (z;)f,
are i.i.d. since (u;)2, are. Moreover, by the characterization of £(x, \) via Prop. [1} we have

52

sl < sup (CHAD V2R, |12 < (K @ Kayp 4+ MD)Y2K, P < = =10,
|24 ke{l,...,n}H( ) I < (K, v/ ) ol CICESY)

moreover we have

Elz] = E[Te((C + M) (Kz,, ® Kz,))] = Tr((C + M) 'E[K,,, ® Ko, )
— Ty ((6 + M) f: %Kmk ® ka) _ ((6 + M)—lé) = deg(\).
k=1

So by applying Bernstein inequality, the following holds with probability at least 1 — 7

R R 2 2
n ~ 1 2vlog = 2udeg(N) log 2
= uiy A) — de == i — Elz])| < = =
o 2o frws ) = der)] = |5 D~ BEa)| < S+ =
So we have
R R 2 2
n ~ n ~ 2vlog = 2udeg (M) log 2
—= uis A) < det(N)+|= Y Uy, A) — degg(N) | < deg(A e T,
20 s ) < a0 | 5 3 s )~ den)| < den() 4 =74

Now, if deg(A) < 4, since R > 16vlog %, we have that

2vlog 2 2udeg(N) log 2 1 \/T
GRNERY e A A IR P S
degr(A) + sg T = Sdd oty <5

If degi(\) > 4, since R > 16vlog 2, we have

2vlog 2 2udeg(\) log 2 1 1 6
der(\ Y Rl G S dut(V) < 2de(V).
fN+ = s =\ saagoy T sdgty | GV < pden(Y)

O
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Theorem 4. Letn € N, (z;)"; C X. Leto € (0,1], t,¢g > 1, A\ >0 and H,dp, A\, Jn, An, Un
as in Alg.. Let Ay = Ay and vy = Gy, (C,Cy, 1), B = G, (Cupr,Cy, 1),

nn = G, (C, éUhJ). When

K2 5k2qe (2t + 1)? 12Hn
= ——— > > 12¢g————(1+1)1

then the following holds with probability 1 — §: for any h € {0,...,H}

1 - _ _
a) Tf(w,)\h) < Ly a,(r) < min(T,2)l(x,\p), VzeX,
b) dn < 3qdeg(An) V 10q, and |Jpn| < q2(3qdeg(An) V 10q). (20)
c) B < ’ <3 vp < L
PE e ™S e TS e

where T'=1+t ander =2+ 1/(T —1).

Proof. Let H, cr, g and A, Uy, Jy, Ap, dp, Pn, = (ph’k)kRil, for h € {0,..., H} as defined in
Alg. |1} and define 7 = §/(3H). Now we are going to define some events and we prove a
recurrence relation that they satisfy. Finally we unroll the recurrence relation and bound
the resulting events in probability.

Definitions of the events Now we are going to define some events that will be useful
to prove the theorem. Denote with Ej, the event such that the conditions in Eq. (20)-(a)
hold for Jj, Ay, Up,. Denote with Fj, the event such that

n ~ 6

OSNT U 1) < —deg(N).
R > U, An1) 3 ()
uelUp

Denote with Bj j the event such that 3y, satisfies

8, < 4sy log 47”

, with sp:= sup
M, ke{l,...Ry} BnPhk

I(Cupr + MnD) ™ 2Ky, |12 (21)

Denote with Bs j the event such that 7y, satisfies

4k2nlog %
M <A\l Ao
()\hn + K )Rh
First bound for s;. Note that, by definition of py, , that is, by Prop.

Pnk = nZthlvAh—l(xulw An)/(dpRp) = nZJh_l,Ah_l (‘rukv An)/(dnRp),

SO
dp||(Cuy 1 + AnD) 2Ky, |2 Cw dnlu, 1(Tu, An)

Sp = sup = P
ke{1,....,Rn} ngjh—lvgh—l(xulw)\h) uelp, ejh_17Ah_1(xu7)\h)
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where the last step consists in apply the definition of ZUh, 1. By applying Lemma [2[ and |3| to
Ly, 1(x, \p), we have

—~ 1 ~ )\h—l —~
4 M) < U, Np) < ————l(x, \j—
Uh,I(xa h) =1_ mh (1:7 h) = )\h(l — nh) (LE‘, h 1)

and analogously by applying Lemma |3| to Z,h_h;lh_l(x, An), we have Z,h_ (x, A\n) >

17Ah—1
Cy 1A, (T, An—1). So, by extending the sup of sj, to the whole X, we have

~

sn < i sup Cupa(z, \n) < Anrdn Uz, Ap—1)
© zeX th—l,Ah—l(x’ An) (1= 1n) zex th—l,Ah—l(x’ Ah—1)

Now we are ready to prove the recurrence relation, for h € {1,... H},

Ep 2 BN Byp N Ep_1 N F.

Analysis of E;. Note that, since ||C|| < x2, then
x € X the following holds

H%MI < (C+ M) < %, so for any

K(z,x) ~ K(z,x)
<z, \) < .
(K2 4+ MNn — (@A) = An
Since \g = WQT)_I and ZVLH (x, o) = %, we have
1~ 1 K(z,x) K(z,z) min(2,T7)K(z,x) ) ~
—l(x, ) < = </ Ao) = = < 2, T)(xz, \o)-
T (z,20) < T o = @,[](xv 0) \on (,{2_{_)\0)” < min(2, T){(z, Ao)

Setting conventionally dy, 19,10, fo = 0 (they are not used by the algorithm or the proof),
we have that Ey holds everywhere and so, with probability 1.

Analysis of E}_1NB; ,NBa . First note that under Ej,_1, the following holds zjh—lzghfl (x, Ap—1) >

~

+0(z, Ap—1) and so

o~ ~

Ah—1dp, Uz, Ap—1) Ah—1dp, (, An—1) TAp—1dp
sp < sup = < Sup = < .
M=) wex €z (2, A—1) — An(l=10) wex L0(z, \poq) — An(1—17m)

Now note that under By, by applying the definition of Ry, in Alg. [l by the condition on

q1, we have
4r2nlog )fi \/4 log =
<y 2T o [ TPAT g () < 3/22.
h = \/()\hn—i- HQ)Rh - q1 - /( T) - /

So under By ,, N By, N Ej,—1 and the fact that ¢ = ’\f\: , we have s, < f:‘&fﬁi"‘) < (8/7)qTdp

and so, since M}, = godj,, by the condition on g9, we have

8 < 4shlog47"< (32/7)qTdplog %2 (32/7)qT10g47"< 7
h = M;, - M, - q2 llcT’
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where in the last step we used the definition of M}, in Alg. (I} Then, since under By ;N By ;N
Ej_1 we have that 8, < 7/(1lcr), n, < 3/(1ler) < 3/22, then, by applying Proposition [3]
to v, w.r.t. my, Br, we have

3 3 7 1 1
vh <+ (14 0,)Br < <+<1+ >><

11 ﬁ 11 cr cT
Then % < 1;%/”: and ﬁ < min(7),2), so by applying Thm. , we have
1~ .

T@(a:, Ap) < Zjh7Ah<x’ Ap) < min(7T,2)0(x, \p).

Analysis of E;,_1NF},. First note that under E},_; the following holds ZJh-hAh—l (x,Ap—1) <

~

min(7,2)¢(x, \,—1), so, by applying Lemma |3 to Zjh—lyAh—l(:E’ An), we have

n ~ Ap—1n ~ 2Ap—1n N
dp, = — 12 i Ty Ap) < l i Ty Ap—1) < U(xy, Ap—1)-
h Ry, ug(;h Jh—lyAh—l( h) MRy, ug{;h Jh—lvAh—l( h-1) M Rp ug{;h ( h—1)

Moreover under F},, we have th ZueUh z(xu, Ap—1) < max(5, gdeg()\h_l)), so, under E,_1N
Fj,, we have
dp, < 2qmax(5, (6/5)deg(An—1)) < max(10q, 3gdeg(An))-

This implies that
|Jn| = My, = godp, < g2 max(10q, 3qdegr(An))

Unrolling the recurrence relation. The two results above imply Ej, 2 By, N By p N
E,_1 N Fy. Now we unroll the recurrence relation, obtaining

Ep 2 Eo N (N1 Fy) N (Nh_1B1j) N (N0_ Baj),
so by taking their intersections, we have

NioEn 2 Eo N (N1 Fy) N (N5 By j) N (NG, Bayj). (22)

Bounding By, Ba p,, F}, in high probability Let h € [H]. The probability of the event
Bl,h can be written as ]P)(Bl’h) = f ]P)(Blyh|Uh, Ph)d]P)(Uh, Ph). Now note that IP)(BL}L‘U;L, Ph)
is controlled by Lemma {4} that proves that for any Uy, P, the probability of P(By ,|Uy, Pr)
is at least 1 — 7. Then

P(B; ) = /P(Bl’h|Uh,Ph)dIP’(Uh,Ph) > iélf]P)(BLh]Uh,Ph) >1—-r.
h
To see that P(By 4|Uy, Pp,) is controlled by Lemma , note that, since |Uy| is exactly Ry,

by definition of Aj, and Ay,
_ [l

n

Ap Ap = |Un| diag(pjy;-- - pjy,, )

that is exactly the condition on the weights required by Lemma @ which controls exactly
Equation . Finally Bj j, I}, are directly controlled respectively by Lemmas [5| and |§| and
so hold with probability at least 1 — 7 each. Finally note that Ey holds with probability
1. So by taking the intersection bound according to Equation , we have that ﬂﬁzth
holds at least with probability 1 — 3H . O
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A.6 Proof for Algorithm

Lemma 7. Let A\ >0, n €N, ¢§ € (0,1]. Let (z;)7_y C X. Let b€ (0,1] and p1,...,pn €
(0,b]. Let ui,...u, sampled independently and uniformly on [0,1]. Let v; be independent
Bernoulli(p;j/b) random variables, with j € [n]. Denote by z; the random variable z; =
Ly, <pvj. Finally, let the random set J containing j iff zj = 1. Let A = |%(pjl, . ’pj\JI)’
where ji,...,j|y are the sorting of J. Then the following holds with pmg)ability at least
1-96

~ o~ 2 2
GA(C,Cra) < 220 4 ﬂ/%, with s = sup fu(c+ ADTV2R, |12,

i€[n) P
with s = log 47"
Proof. Let (; be defined as

= 22O A0, K )@+ AL

for i € [n], where z; are the Bernoulli random variables computed by Algorithm [2] First
note that

(€ + AT 205a(C AT = ‘Z L@ s an 1, 0 1)@+ A

- Z (C+ M)~V (K,, © K, )(C 4 AI)~1/?
]EJ

fzgl (C+ A V2K, @ K,,)(C + AI)"V/?
i=1 %

= ZQ.
=1

In particular we study the expectation and the variance of {; to bound G A(é, C 7.4). By
noting that the expectation of z; is E[z;] = E[1y,>pvi] = E[1y,>p|E[vi] = b x 5 = p;, for any
i € [n], then

E ZQ_Z ] (c A VAEK,, @ K ) (C + M) ~Y?

_Z (C+ M) V2K, @ K,,)(C + M) ~Y/2

= (C’ +AN)TV2C(C + A7V =W,

Now we will bound almost everywhere ||(;]| as

1
1Gill < sup **II(C FADT K < E sup (64 ATV KGR
i€[n] N icn] Pi
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We are ready to apply non-commutative Bernstein inequality (Prop. [5|is specific version for
this setting), obtaining, with probability at least 1 —§

n

2sm , [28n
(8.0 = 12 S0 - ElG < 20 420
i=1
with n =1 g4HT;V(|I|/‘§). Finally note that since Tr(W)/||[W/| < rank(W) < n, we have
n < log 33t O

Lemma 8. Let A\ >0, n €N, § € (0,1]. Let (z;); C X. Let b€ (0,1] and p1,...,pn €
(0,0]. Let uq,...u, sampled independently and uniformly on [0,1]. Let v; be independent
Bernoulli(p;/b) random variables, with j € [n]. Denote by z; the random variable z; =
Ly <pvj. Finally, let the random set J containing j iff zj = 1. Then the following holds
with probability at least 1 — §

<Y pt (0 [3 polos
1€[n] 1€[n]

Proof. By definition of Jp, note that

T =" 2

i€[n]

We are going to concentrate the sum of random variables via Bernstein. Any z; is bounded,
by construction, by 1. Moreover

Analogously E[22] — E[z;]? = p; — p? < pi. By applying Bernstein inequality, we have

2
)l <1
1D (ei—p)l <log s+

i€[n]

with probability 1 — ¢. Then with the same probability,

]J]<Zp, /Zpi)log%
i€[n] i€[n]

Theorem 5. Let n € N, (.CL‘Z)Z 1 CX. Let 6 € (0,1], t,g>1, A >0 and H,dp, A\, Jn, An
as in Alg. @ Let v, = GA(C, CJ} 4,) When

O

I<,2

4n
A= ——— >2Tqg(1+2/t) log —
0 min(2,1)’ q1 > 2Tq(1 +2/t)log 5
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then, the following holds with probability 1 — §: for any h € {0,...,H}

1~ ~ ~
a) f€(az,)\h) < {y 4,(r) < min(T,2)l(z,\p), Vze X,

6H
Bl < Sqmin(T,2) (5V degh))log - (23)
1
c) vp < —.
cr

where T =1+t and ecr =2+ 1/(T — 1).

Proof. Let H, cp, ¢ and A\, Jy, Ap, (ph,i)ieq for h € {0,..., H} as defined in Alg. [2| and
define 7 = 6/(2H). Now we are going to define some events and we prove a recurrence
relation that they satisfy. Finally we unroll the recurrence relation and bound the resulting
events in probability.

Definitions of the events Now we are going to define some events that will be useful
to prove the theorem. Denote with Ej the event such that the conditions in Eq. —(a)
hold for Jj, A;,. Denote with Z;, the event such that

3
[ Tal <> phi+ (1+ (D pri)'/?) log =
i€[n) i€[n]

Denote with V}, the event such that vy, := G, (GUJ, a]h,Ah), satisfies

8r2 82 1
vy, < sy, logi+ 25hlogi, with s, = sup

C+ MDD V2K, |2, (24
e Y sup npmll( nl) Az (24)

Analysis of s;. Note that, by definition of pj,;, for Algorithm |2, and of Z, we have so

~ Ui, N Ui, N
Sp, = sup 1(C 4+ MI)"YV2K,, |12, = sup # = sup #
i€[n] "Ph,i i) @il A, (xi)  iel) iy, 1, (Ti)

1

with A4; = %‘Ah, where the last step is due to the equivalence between ¢ and 7 in
Proposition
Now we are ready to prove the recurrence relation, for h € {1,... H},

Ey, DOViNZyNEy_q.

Analysis of Ey. Note that, since ||6H < k2, then 52—1”\] = (6 + M)~ =2 %, so for any
x € X the following holds
K(z,x) ~ K(z,x)
— < f(x,\) < .
(K2 +X)n — (@) < An

Since \g = WQT)_I and ?@ﬂ (x,N) = K)onf), we have

~ 1 K(x,)

1 K(z,z) min(2,T)K(z,z) ~
— < — =
Tf(fﬂ,)\o) <7

= < mi .
on Ean S min(2, T)¢(xz, o)

Setting conventionally dy, 19,10, Bo = 0 (they are not used by the algorithm or the proof),
we have that Ey holds everywhere and so, with probability 1.

< lyp(z,No) =
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Analysis of E;,_1NV},. Note that under E},_1, we have ZJh—hAh—l (x, Ap—1) > %E(aj, Ah—1),
=)

Sp, = sup —= (i An) STSUpM
iel) qily, A, (Ti, An—1) iefn] q1(zi, An—1)

TAp—1 Ui, A1) TAp Tq
S Sup — = = s
Aoielm) l(xi, Ap—1)  GA-1 @1

where we used the fact that Z(xl, An) < )";\le\(aji, Ah—1), via Lemma In particular since
we are in Vj, this means that, since ¢ > 27q(1 + 2/t) log 47", we have

T 8 T 8k
vy, < —qlogi + qlog— <@+t P4 \/2/(4 4 2t71)2 (25)
@ ART Q1 AnT

1
<(1/8+1/8)2+t 1)L < (26)
2CT
Then 1 <1 j}’;h and —- - < min(7, 2), so by applying Thm I we have
1~

Tf(:z:,)\h) <€, 1, (. A) < min(T,2)E(z, Ay).

Analysis of E),_1NZ;,. First consider Ele[n] Dh,i- By the fact that €Jh LA Zthl’Ah—N
by Proposition [I, we have

Spni=a1 Y iy an (@i ) —(hzfjh VA (T A)

i€[n] i€[n]
Ah— . h— ~
Sq )\hl Z EJhﬂ,Ahﬂ (@i, An—1), < ¢ min(T', 2) )\hl Z Ui, Ap—1),
1€[n] i€[n]

Ah—1

< ¢1 min(7’, 2) > Uwi, An) = qu min(T, 2)deg(Mn),

i€[n]
where we applied in order (1) Lemma to bound ZjhflvAh—l (x4, Ap) in terms of ZJh—lyAh—l (iy Ah—1),
(2) the fact that we are in the event Ej,_; and so Zthl,Ahq (i, Ap—1) < min(7T, Q)Z(xi, Ah—1)s

then (3) again Lemma [3[ to bound Z(xz, Ah—1) W.I.t. Z(acz, An), and (4) finally the definition
of deff()\h).
Now if deg(Ap,) < 10, we have that

3 3
i+ (1 DY) log = < 15¢; min(T, 2) log =.
> phi+ (14 (Y pni)'/?)log = < 15q1 min(T, 2) log ~

1€[n]

If degr(Ap,) > 10, we have that

3 3
(1 Y2 log 2 < 3deg( ) in(T,2) log =.
> i+ 1+ pha) )log — < 3defr(An)q1 min(T’, 2) log

i€[n] i€[n]

So under Ej,_1 N Zp, we have that

3
|[J] < 3¢1 min(T,2) (5V der(A\1)) log —.
T
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Unrolling the recurrence relation. The two results above imply E, O VN Zp N EL_q.
Now we unroll the recurrence relation, obtaining

E, 2 EyN (ﬂ?=1zj) N (ﬂ?lej),
so by taking their intersections, we have
NiZoEn 2 Eo N (N1, Z5) N (NIL, V7). (27)

Bounding V},, Z;, in high probability Let h € [H]. Denote by P, = (pn;)je[n- The
probability of the event Zj, can be written as P(Zy) = [ P(Z,|P,)dP(P,). Now note that
P(Zp,|Py) is controlled by Lemma [8] that proves that the probability of P(Zy|Py) is at least
1 — 7. Then

P(Z),) = /P(Zh|Ph)dIP>(Ph) > inf B(Z|P) > 1 - 7.

The probability event V}, is lower bounded by 1 — 7, via the same reasoning, using Lemma [7}
Finally note that Eg holds with probability 1. So by taking the intersection bound according
to Equation , we have that ﬂthth holds at least with probability 1 — 3HT. O

A.7 Proof of Theorem [1]

Proof. The proof of this theorem splits in the proof for Algorithm [I] that corresponds to
Theorem [ and the proof for Algorithm [2] that corresponds to Theorem [5] In particular,
the result abou leverage scores is expressed in terms of out-of-sample-leverage-scores l Tn,Ap
(Definition . The desired result, about ‘ Ji.A,, 18 obtained via Proposition

Note that the two theorems provides stronger guarantees than the ones required by this
theorem. We will use only points (a) and (b) of their statements. Moreover they prove the
result for the out-of-sample-leverage-scores (Definition [1)) and here we specify the result
only for x = z;, with ¢ € [n]. O

B Theoretical Analysis for Falkon with BLESS

In this section the FALKON algorithm is recalled in detail. Then it is proved in Thm. [0]
that the excess risk of FALKON-BLESS is bounded by the one of Nystréom-KRR. In Thm. [7]
the learning rates for Nystrom-KRR with BLESS are provided. In Thm. [§] a more general
version of Thm. [2|is provided, taking into account more refined regularity conditions on the
learning problem. Finally the proof of Thm. [2]is derived as a corollary.

B.1 Definition of the algorithm

Definition 2 (Generalized Preconditioner). Given A > 0, (z;);2, € X, M € N and
A € RMXM yogitive diagonal matriz, we say that B is a generalized preconditioner, if

1
B = 714—1/2 T—IR—I
AT R
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where Q € RM*4 partial isometry with QTQ = I and ¢ < M, where T,R € RI*? gre
inwvertible triangular, and Q,T, R satisfy

1
A VPKyyATV2=QT'TQ"T, R= MTTT + M,

with Ky € RM*M defined as (Kyvm)ig = K(zi,25).

Example 1 (Examples of Preconditioners). The following are some ways to compute
preconditioners satisfying Def. [

1. If Ky in the definition above is full rank, then we can choose
Q=1, T=-chol(AV?KyyA~'?), R= chol( <~ Lrrm o M),
where chol is the Cholesky decomposition.

2. If Ky is rank deficient, let g = rank(Kyar), then
(Q,2) = qr(A™ 2Ky ATY2), T = chol(QTA™V2 Ky A7Y2Q), R = chol(— TTT+/\I)
where qr is the QR rank-revealing decomposition.

3. If instead of qr we want to use the eigendecomposition, then let ()\j,uj) 1 be the

eigenvalue decomposition of Al/2KMMAI/2 with Ay > -+- > Ay > 0 and let q =
rank(Kprpr). Then

D) /A
Q= (u1,...,uq), T = diag(\/A1,...,v/Aq), dei(lg( Ml—i-)\,..., ]\;4—/\).

Definition 3 (Generalized Falkon Algorithm). Let A > 0 and t,n, M € N. Let (zi,y:);—y ©
X XY be the dataset. Given J C [n] let X;= Ujegx; be the selected Nystrom centers and
denote by {¥1,...,%)} the points in X;. Let A e RVIXVI pe q positive dzagonal matric

of weights and K the kernel function. Let B,q be as in Def. @ based on XM and A. The
Generalized Falkon estimator is defined as follows

/]
fAJAt—Zaz (x,%;), with a=Bp,

where By € RY denotes the vector resulting from t iterations of the conjugate gradient
algorithm applied to the following linear system

WB=b, W=B"(KKus+Kyy)B, b=B"K,y,
with Ky € RnXM, (KnM)ij = K(xl-,ﬁfj), and Ky € RMXM, (KMM)U = K(f@,fj), and
with y = (y1,...,yn) € R™

Definition 4 (Standard Nystrom Kernel Ridge Regression). With the same notation as
above, the standard Nystrom Kernel Ridge Regression estimator is defined as

_ 7]

f,\}] = Z OéiK(.%', %z), with o = (KJMKRM + )\HKMM)Ty.
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B.2 Main results

Here, Thm. [6] proves the excess risk of FALKON-BLESS is bounded by the one of Nystrom-
KRR. In Thm. [7] the learning rates for Nystrom-KRR are provided. In Thm. [§ a more
general version of Thm. [2|is provided, taking into account more refined regularity conditions
on the learning problem. Finally the proof of Thm. [2]is derived as a corollary.

Let Z, = (i, y:)7—; be a dataset and J C {1,...,n} and A € RI/I*I/| positive diagonal
matrix. In the rest of this section we denote by J?)\ 7.A+ the Falkon estimator as in Def.
trained on Z,, and based on the Nystrém centers Xy = Ujes{z;} and weights A with
regularization A and number of iterations {. Moreover we denote by J?)\ J the standard
Nystrom estimator trained on Z,, and based on the Nystrom centers X M-

The following theorem is obtained by combining Lemma 2, 3 and Thm. 1 of [13], with
our Prop. [2|

Theorem 6. Let A > 0, n > 3, 6 € (0,1], tmax € N. Let Z, = (z4,y:)"1 be an i.i.d.
dataset. Let H and (Mn)F_ o, (Mp)E_o, (Jn)E_, (An)EL, be outputs of Alg. I 1| runned with
parameter T = 2.

The following holds with probability 1 — 20: for each h € {0,..., H} such that 0 < Ap, <
IC1l,

92 nHtmax

R(ﬁh,Jh,Ah,t) < R(f,\th) + 4v et \/1 + o log 5 vVt € {0,. .., tmax},

with 0 := 2371 .

Proof. Let 7 = 0/(tmaxH) and let h € {1,...,H}. By Lemma 2 and Lemma 3 of [13],
we have that, when G)\(C' CJh 4,) <1, Wlth the1r th A, = th 4, and Ay, defined as in
theorem [4] then the condition number of W}, that is the preconditioned matrix in Def. [3]
with A = )\, is controlled by

1+ G,\h(CJh Ah,C)
1- G>\h (CJ;“AM C)

cond(Wp) <

Now, by Prop. 2| we have

~ R G a’ 6’
G>\h (CJh,Ah, C) S Ah( — Ji’Ah) )
1- G)‘h (07 CJh,Ah)

So, combining the two results above, we have that when G}, (6’, 5’Jh7Ah) <1/3

1
cond(Wy) < — <3.
1-2G,,(C,Cy, a,)

Now denote by Ej; the event such that

R(.]/c;\h,‘]h,Ah,t) S R(}\;\h,-]h) =+ 462 eit 1 + )\7 lOg -
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Since cond(W}) < 3, we have that log % > 1 and so can apply Theorem 1 of
con h

[13] with their parameter v = 1, obtaining that each E}, 4, with ¢ € {0, ..., tmax} hold with
probability 1 — 7. So by taking the intersection bound, we know that Ej := ﬂﬁgg‘Eh,t holds
with probability 1 — taxT.

Finally denote by Fy the event: G,\h(a, 5Jh,Ah) < 1/3 for any h € {0,...,H}. Note
that Theorem [4 states that, by running Alg. [T] with 7' = 2, the event Fpy holds with
probability at least 1 — 4.

The desired result correspond to the event ﬂthlEh N Fy which, by taking the intersection
bound, holds with probability at least 1 — § — tyax HT. O

B.3 Result for Nystrom-KRR and BLESS

We introduce here the ideal and empirical operators that we will use in the following to
prove the main results of this work and then we prove learning rates for Nystrom-KRR.
In the following denote with C' : H — H the linear operator

C:/Kx®depX(x),

and, given a set of input-output pairs {(z;,v;)}1; with (z;,y;) € X x Y independently
sampled according to p on X x Y, we define the empirical counterparts of the operators
just defined as S : H — R” s.t.

FeH o (K, o)l € R,

vn
with adjoint S* R — H s.t.

1 n
v=(v)jy ER" = —— > 0K,
\/ﬁ =1

Now we introduce some assumption that will be satisfied by the conditions on Thm.

Assumption 1. There exists B,o > 0 such that the following holds almost everywhere on
X

|

Elly — Elyle]l” | o] < 5B %

Assumption 2. There exists r € [1/2,1] and g € H such that
fu =102,

Theorem 7 (Generalization properties of Nystrom-RR using BLESS). Let ¢ € (0, 1] and
A > 0,n € N.Under Asm.[1, [3 let the Nystrom estimator as in Definition[§) and assume
that (Jp)E |, (An)E |, (\n)EL, is obtained via Alg. 07’@. When % log 5 < A < ||C], then
the following holds with probability 1 — 46

Blog % n \/Uzdeﬁt()\h) log % n \L/2+
h

R(f> <38
(f)\h,Jh) = HQHH nm
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Proof. The proof consists in following the decomposition in Thm. 1 of [I4], valid under
Asm. 2] and using our set J; to determin the Nystrom centers. First note that under
Assumption 2| there exists a function fy € H, such that £(fy) = infrcy E(f) (see [15] and
also |16, [I7]). According to Thm. 2 of [I4], under Asm. [2| we have that

R(Puu) > <a( SOumn) + CMp)Y>e Ay

Sample error Computational error Approximation error
where S(A,n) = [[(C+A)72(8;5 — Cufr)|l and C(Mp) = ||(I = Pay,)(C + A1)/

with Py, = athCShJ. Moreover q = ||g|ln(B2V(1+08)), B = |(Cr + AI)~Y2(C + AI)'/2||,

0 = ||(Co + A)Y/2(C + \)~1/2.
The term S(Ap, n) is controlled under Asm. (1| by Lemma 4 of the same paper, obtaining

Blog% N 2 der(Ap) log%
nvV n ’

with probability at least 1 — d. The term § is controlled by Lemma 5 of the same paper,

S(A\,n) <

B<2,
with probability 1 — § under the condition on A. Moreover
0 = (€ + AD)2O(C + ATV < 14 [[(C 4 A1) TVAE - 0)(C +AD T,

where the last term is bounded by 1/2 with probability 1 — § under the same condition on
A, via Prop. 8 and the following Remark 1 of the same paper.

Now we study the term C(Mp) that is the one depending on the result of BLESS. First
note that, since diag(A4y) > 0, then

. ~ /\T . ~ ~ /\_‘_
Puy, = Cy, 1€, = CJmAhCJh’Ah.

By applying Proposition 3 and Proposition 7 of the same paper, the following holds

C(My) < A ,
1 - G)\h (C7 CJ;“Ah)

< 2Ap,

with probability at least 1 — &, where we applied Thm. (c) and Thm. (c), which control
exactly Gy, (C,C}, 3, ) and prove it to be smaller than 1/2 in high probability.
Finally by taking the intersection bound of the events above, we have

B log % n U2deﬂ()‘h) log % n 2A1/2+v
h

R(f)\hu]h)l/Q S 4”-9”7‘[ nm

I

with probability 1 — 4. O
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Theorem 8 (Generalization properties of learning with FALKON-BLESS). Let ¢ € (0, 1]
and X > 0,n > 3, tmax € N. Let Z, = (x;,yi)j—; be an i.i.d. dataset. Let H and
My, Ji, Ag be outputs of Alg. 1] runned with parameter T = 2. Lety € [—a/2,a/2] almost
surely, with a > 0. Under@ Let A >0,n >3, € (0,1], when %log% <A< C|l, then
the following holds with probability 1 — 66

-~ a’log? 2  ad.p()\)log 2
R(Fray.aps) < 4ae™ 4 32|g/% ( POy o 4 eﬁ(n) 4 oXF2 ) e e {0, tmax )

Proof. The result is obtained by combining Thm. [6] with Thm. [7] and noting that when
y € [—a/2,a/2] almost surely, then it satisfies Asm. [I| with B, o < a. O]

B.4 Proof of Thm. 2

Proof. The result is a corollary of Thm. [§] where we assumed only the existence of fy.
This correspond to assume Asm. 2| with r = 1/2 and g = fy (see [15]). O

C More details about BLESS and BLESS-R

BLESS (Alg. . Here we describe our bottom-up algorithm in detail (see Algorithm .
The central element is using a decreasing list of {)‘h}]ﬁ:p from a given Ag > X up to A. The
idea is to iteratively construct a LSG set that approximates well the RLS for a given A,
based on the accurate RLS computed using a LSG set for Ap_1. The crucial observation of
the proposed algorithm is that when Ap,_1 > Ay, then

. . A ) A
Vi €(i, Ap) < <2200, A1), desr(Mn) < 2 deg(Mn_1),
Ah—1 Ah—1

(see Lemma |3, for more details). By smoothly decreasing A, the LSG at step h will only
be a Ap/An_1 factor worse than our previous estimate, which is automatically compensated
by a Ap/Ap—_1 increase in the size of the LSG. Therefore, to maintain an accuracy level for
the leverage scores approximation as in Eq. and small space complexity, it is sufficient
to select a logaritmically spaced list of A’s from \g = k2 to A (see Thm. , in order to keep
An/An—1 as a small constant. This implies an extra multiplicative computational cost for
the whole algorithm of only log(x2/)).

More in detail, we initialize the Algorithm setting Dy = (0,[]) to the empty LSG.
Afterwards, we begin our main loop where at every step we reduce A\, by a ¢ factor, and
then use Dy_1 to construct a new LSG Dy, NoteNthat at each iteration we construct a
set Jp, larger than J,_1, which requires computing £p, , (i, Ap) for samples that are not in
Jr_1, and therefore not computed at the previous step. Computing approximate leverage
scores for the whole dataset would be highly inefficient, requiring O(nMs) time which
makes it unfeasible for large n. Instead, we show that to achieve the desired accuracy it is
sufficient to restrict all our operations to a sufficiently large intermediate subset Uy, sampled
uniformly from [n]. After computing ¢p, (i, Ap) only for points in Uy, we select M}, points
with replacements according to their RLS to generate J,. With a similar procedure we
update the weights in A;,. We will see in Thm. [I} |U,| o 1/Ay, is sufficient to guarantee
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that this intermediate step produces a set satisfying Equation ({2]), and also takes care
of increasing |Uy| to increase accuracy as Ap, decreases Moreover the algorithm uses a
My o< 32, £py_y (i, An) that we prove in Thm. |1} to be in the order of deg(An). In the
end, we return either the final LSG Dy to compute approximations of £(i, A), or any of the
intermediate Dy, if we are interested in the RLSs along the regularization path {)\h}thl.

BLESS-R (Alg. [2)) The second algorithm we propose, is based on the same princi-
ples of Algorithm [I] whlle simplifying some steps of the procedure. In particular it removes
the need to explicitly track the normalization constant d; and the intermediate uniform
sampling set, by replacing it with rejection sampling. At each iteration h € [H], instead of
drawing the set Uy, from a uniform distribution, and then sampling J, from Uy, Algorithm [2]
performs a single round of rejection sampling for each column according to the following
identity

P(zp; = 1) = P(zh,; = Huni < Br)P(uni < Br) = Bubn,i/Br = Phi X ZDh,l(fvi, Ah—1),

where zp, ; is the r.v. which is 1 if ¢ € [n], while uy, ; is the probability that the column i passed
the rejection sampling step, while 3} a suitable treshold which mimik the effect of the set Uj,.

Space and time complexity. Note that at each iteration constructing the genera-
tor £p, ,, requires computing the inverse (K, + Apnl )=t with M ,:f time complexity, while
each of the Ry, evaluations ENDFH1 (i, \,) takes only M,% time. Summing over the H iterations
Alg. [l| runs in O M? + Ry, M?2) time Noting that Rj, ~ 1/\, that Mj, ~ dj, < 1/Ap,,
and that >, Ayt =3, ¢ AN = qqq " \~1, the final cost is O (A™! maxy, M?) time,
and O (maxh M }%) space. Similarly, Alg. [2 only evaluates / p,_, for the points that pass the

rejection steps which w.h.p. happens only O(nf,) = O(1/)) times, so we have the same
time and space complexity of Alg. [T}
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