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Space-time Trefftz-DG approximation for elasto-acoustics
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@ Magique-3D, Inria-UPPA-CNRS-E2S, Pau, France; ® Total SA, Pau, France

(v0.0 released January 2018)

Discontinuous finite element methods have proven their numerical accuracy and flexibility, but
they are still criticized for requiring high number of degrees of freedom for computation. There
have been some advances with Hybridizable Discontinuous Galerkin (HDG) approximations
but essentially in the time-harmonic regime, because the time integration requires implicit
schemes.

Another possibility to explore seems to be Trefftz methods, which distinguish themselves
by the choice of basis functions: they are local solutions of initial equation. Thus, in case of
time-dependent problems, space-time meshes are required.

Classical Trefftz-type approximation uses the exact solutions of Acoustic System (AS) and
Elastodynamic System (ES) taken with different frequencies, in order to obtain better numer-
ical errors. We have computed a polynomial basis using the Taylor expansions of generating
exponential functions which are the exact solutions of the initial acoustic and elastodynamic
systems. This basis, compared to the classical one based on trigonometric functions, requires
less degrees of freedom for the same level of accuracy.

In the present work, we develop the theory for coupled Elasto-Acoustic System (EAS).
We confirm well-posedness of the problem, based on the a priory error estimates in mesh
dependent norms. We consider a space-time polynomial basis to implement numerically the
method and to perform some numerical experiments showing promising results.

Keywords: Trefftz-DG method; elasto-acoustic system; space-time polynomials

AMS Subject Classifications: 65M60; 35Q86; 35L05

1. Introduction

Wave reflection imaging for complex media can be effectively done by using ad-
vanced numerical methods (see [4]). In the context of the collaborative research pro-
gram Depth Imaging Partnership between Inria and Total, team-project Magique-
3D and Prospective Lab of Houston develop high-order numerical schemes based
mostly on discontinuous finite element approximation of wave fields. This tech-
nique, known as Discontinuous Galerkin (DG) method, is preferred because it
takes into account geometrical and physical features of environment, and it is
well-adapted for parallel computation [4, 38]. Recently it has been implemented
for coupled elasto-acoustic problems, which led to the development of new propa-
gators in time and frequency domains [39, 40].

However, when comparing to the conventional methods based on continuous
approximations, the number of degrees of freedom required by DG method to
achieve the same accuracy is significantly higher.

To avoid this difficulty, HDG methods have been developed and their integration
into DIP is under way for both acoustic and elastic domains, with the possibility
of numerical coupling (see [1] and references therein).
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Another idea to explore consists in using Trefftz approximation space, whose
elements are themselves discrete local solutions of the AS and ES [2, 7]. By its
construction, Trefftz methods reduce the number of degrees of freedom, since they
require computing surface integrals only to solve the variational formulation. Thus,
we may consider the advantages of Trefftz method compared to the standard ones,
including better order of convergence, flexibility in the choice of basis functions,
low dispersion, incorporation of wave propagation directions in the discrete space,
adaptivity and local space-time mesh refinement [2, 7].

Trefftz type methods have been widely used with time-harmonic formulations by
Farhat, Tezaur, Harari, Hetmaniuk (2003 - 2006) (see [30, 31]), Gabard (2007) (see
[32]), Badics (2014) (see [36]), Hiptmair, Moiola, Perugia (2011 - 2013) (see [33—
35]) and others, while studies are still limited for reproducing temporal phenomena.
Only few papers are interested in Maxwell equations in time [23, 24, 26, 27], but
they are mostly devoted to a theoretical analysis of the method, showing the con-
vergence and stability, and numerical tests with plane waves approximation are
restricted to 1D + time dimensional case.

Space-time Trefftz approximation by Lagrange multipliers for the second order
formulation of the transient wave equation was explored in [25, 28].

Trefftz-DG method for the first-order transient acoustic wave equations in arbi-
trary space dimensions extending the one-dimensional scheme of Kretzschmar et
al. [27] has been introduced in recent paper of Moiola and Perugia (2017) [29]. The
authors propose a complete a priori error analysis in both mesh-dependent and
mesh-independent norms.

In order to move on numerical simulations of geophysical phenomena and to
consider more realistic applications, DIP aims to develop new approximation tech-
niques, which retain DG based methods but operates the Trefftz approach.

In Section 2, we develop a theory for Trefftz-DG method applied to the coupled
EAS. We give some a priori error estimates in mesh dependent norms, confirm-
ing the well-posedness of the problem. In Section 3, we propose an algorithm of
implementation of the method. Some numerical results for 2D simulations will be
presented by the end of the Section 3.

2. Space-time Trefftz-DG method

In this Section, we apply Trefftz-DG method for solving first-order elasto-acoustic
wave propagation system. We refer to [42] for more theory and demonstrations for
the acoustic, elastodynamic and elasto-acoustic problems.

2.1. FElasto-acoustic wave propagation system

The elasto-acoustic coupling is motivated by its further numerical application.
Indeed, it could be simpler to consider the acoustic media as a limit case of elasto-
isotropic media. Thus, it might be possible to solve the elastodynamic problem
with variable coefficients, and then, to treat the acoustic medium as a particular
region of heterogeneous elastic medium with the shear modulus p = 0 or very small
[21].

However, from a practical point of view, this approach would require computingn
the six components of stress tensor, instead of the only necessary unknown, that
corresponds to the pressure. Moreover, if the numerical code is based on a dis-
cretization by H! finite elements, the consideration of the limit case x4 = 0 would

2
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destroy the coercivity in H' norms, while a choice of very small x would result
in numerical artefacts, due to a slow S - waves appearance. An example of this
phenomena has been described by Bossy in [16].

Methods, based on discontinuous finite element approximation, are basically well-
adapted to specifics of fluid-solid interaction problems. Taking into account the
foreseen implementation of the numerical solution in the case of inverse problem,
where the goal is to reconstruct media parameters, we consider a transmission
problem between the first order elastodynamic and acoustic systems. In the elas-
todynamic case the problem is solved in terms of velocity-stress, while the acoustic
case is considered in terms of velocity-pressure. This choice is seen as more adapted
to the imaging conditions and provides straight-forwardly the quantities of interest
for the inverse problem.

In this section we introduce EAS based on numerical coupling of proper ES and
AS by the transmission conditions, and we develop a space-time Trefftz-DG formu-
lation for the coupled problem. We provide some mesh-dependent error estimates
confirming well-posedness of the problem.

2.1.1. Elastodynamic system

The Elastodynamic System of equations is based on three fundamental laws of
continuum mechanics: movement equations, constitutive equations (Hook’s law),
and geometric equations (infinitesimal strain tensor definition) [14].

We introduce a global space-time domain Qg = g x I, which contains a bounded
Lipschitz space domain Qg C R" and a time interval I = [0, 7.

The Lamé coefficients A = \(x), u = p(z) and solid density ps = ps(z) are the
solid parameters, assumed to be piecewise constant and positive.

We consider the first order ES in solid medium in terms of velocity vg = vg(z,t)
and stress o = o(x,t) fields:

)

E;c; — Ce(vs) =0in Qg,
0

,05% —dive =0 in Qg,

vs(-,0) = vsg, o(-,0) = g in Qg,

O = gpg in@QSXI.

Here C is the elastic coefficient tensor (symmetrical and positive), e(vg) = (Vg +
Vvl)/2 is the infinitesimal strain tensor. The boundary conditions gp, = gp,(x, 1),
the velocity vsg and the stress og are the initial data.

By symmetry and positivity of the tensor C, the application € — C'e is an
isomorphism in the symmetrical tensor space [14]. Thus, we may consider the
corresponding inverse application A, verifying the same properties of symmetry
and positivity:

oo .
Ao e(vs) =0 in Qs,
dvg . .
psﬁ —dive =0 in Qg, (1)

vs(+,0) = vgg, o(-,0) = o9 in Qg,

ko'S:gDs in@QsXI.

3
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2.1.2. Acoustic system

To consider an Initial Boundary Value Problem (IBVP) in fluid media, we introduce
a global space-time domain Qr = Qg X I, where Qp C R" is a bounded Lipschitz
space domain, and a time interval I = (0, 7).

The fluid parameters cp = cp(x) and prp = pp(z), standing for the acoustic
wave propagation velocity and fluid density respectively, piecewise constant and
positive.

We consider the first order AS in terms of velocity vy = vp(x,t) and pressure
p = p(z,t) fields:

1 Op
P | 4 _
C%pF T, +divorp = f in QF,
ovp o
PFW—FVP—O in Qr, (2)

UF(-,O) = VFo, p('vo) = po in QFa

vp = gp, in 0Qp x I.

The source function f = f(x,t), the boundary term gp,. = gp,(x,t), and the
velocity vpg and pressure pg are the direct problem data.

2.1.3. Transmission conditions

The choice of the transmission conditions requires the continuity of velocity and
stress normal components at the interface I'prg = 9Qp N 0Qs . The shear stress
must vanish at the interface, and the velocities aligned to the interface remain
unconstrained [14, 15]:

3)

{UF ‘NP = Vs N, at Drg,

ONr,, = —PNr,, at I'rg,

where nr,. is a unit normal vector to I'rg, outwardly directed to Qp. We will
apply (3) to the in-coming and out-going flux terms at I'pg to couple acoustic and
elastodynamic formulations.

2.2. Space-time DG formulation

Let Kg C Qs, Kr C Qp, and ng, = (nf(s,n}(s), NK, = (n}”(F,n’}(F) - outward
pointing unit normal vectors on 0Kg and 0K g respectively. We consider all media
parameters to be constant in Kg, Kr. Unknowns vg, & and vg, p are supposed to
be in H'(Kg) and H'(KF) respectively.

Multiplying the equations of (1) by the test functions & and ws € H'(Kp),
the equations of (2) by the test functions ¢ and wp € H'(KF) respectively, and
integrating by part in time and space twice, we obtain:

4

URL: http://mc.manuscriptcentral.com/gapa

Page 4 of 15



January 15, 2018
Page 5 of 15

oNOYTULT D WN =

Applicable Analysis gAPAguide
Applicable Analysis

/KS *—e(ws))Jrvs (p aat dlvé)]

¢
+ Aa' EnKS vs - N &+ psvsni, - ws — ON, -ws} ds =0,

S—

8KS

owp
/KF or (% 4, divwrp) + vp - (pFW + Vq)}d

1
+/ [ 3 anFq—i—vF g, q+vaFnK “WE + P, wp]ds— fqdv.

We introduce a non-overlapping mesh 75, = {Kr} U {Kg} on Q.

Without losing generality with respect to the classical space DG methods, we
start with the particular cases of meshes, whose elements are right prisms, with
vertical sides parallel to time axis. All media parameters inside the elements Kp
and Kg are supposed to be constant, so that all discontinuities lie on the inter-
element boundaries.

Since the space-time mesh has been introduced, the mesh skeleton
Fn = [UkseT, 0Ks] U [UkpeT, 0KF] can be decomposed into families of element
faces as follows [27]:

.7-"}?5 — internal Q-faces in solid (¢ - fixed),

.7:,{5 — internal I-faces in solid (z - fixed),

Fp® — external initial time faces (Qg x {0}),

.7-";{5 — external final time faces (g x {T'}),

FP% — external Dirichlet boundary faces (9Qg x [0, T]),
]-",?F — internal Q-faces in fluid (¢ - fixed),

]-",{F — internal I-faces in fluid (z - fixed)

]-'SF — external initial time faces (Qp x {0}),

]:,?F — external final time faces (Qp x {T'}),

]:f? 7 — external Dirichlet boundary faces (0Qp x [0,77),

Frs — internal fluid-solid interface faces (I'rg x [0,T7).

To fix the notations, we define the averages {-}, space normal jumps [-], and time
jumps [-]; between two elements K} ¢ and K# ¢ for piecewise-continuous scalar p,
vector vp g and tensor o fields [4]:

1
{r} = §(P|K; +Pixz) on OKpNOKE C Fyr,
[ple = pixinf + P2k, on 0K NOKE C FpF,
Ipl: = ]9|Kjvn’}(}v +pIK§nl}<g on 0K+ NOK% C ]:}?F,
)
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1 1 2 1
fvrs} = §(UF,S|K}D,S + US|k ) on 0Kp g NOKgg C F,",

— x T 1 2 1
[[UF,S]]x = URS|KLg " KL + URS|KZ " K2 on 8KF,S N 8KF75 c Fr,

_ t t 1 2 Q
[[UF,S]]t = vFvS‘Kzlr,snK}:,S + vFvS‘Kz%*,snK?:,S on 8KF,S N GKRS C Jrh F
o} = (o + o) on KL NOK2 C Fir
9 K5 |KE S S ’
o] EU‘Kénf@ +G|K§n‘f(§ on OK: NOK2 c Flr,
lo]: = U‘K;n%é + U‘Kgnkg on 0K NOK% c .7:}?‘“.
We also use the superscripts ”—” and ”+” to refer to the interior and the exterior

information respectively for each element [4].

The space-time DG discretization of the coupled problem consists in find-
ing (vep,Ph,vsn,on) C V(Tp) such that, for all Kp,Kg € T, and for all
(wr, q,ws, &) C V(Tp) it holds:

_/KS [Uh . (A%f —e(ws)) +vsn - (p 8815 —divg) |d

~ t ~ ~ t ~
+/ [A o &, —vsy - N &+ psvspny, - ws — TR, -ws} ds =0,
0Ks

1 0Oq Owp
—/KF {ph(chF BT +divwr) + vy, - (PF—F B +VQ)}d

1 . . .
+/ [ — P, 4 + Vin - N, q + pEUERNY, - WE + P, - UJF} ds = / faqdv,

where numerical fluxes vy, Ph, VS, On are defined on the mesh skeleton Fj, as
following:

Vi, _ ({vrn} + Blpn]e Ir
(p > - <{ph} + afvry]s on 7y
v§h _ (f{vsn} —dlon]e > I

A~ = f S’
( ) <{ah} Ylvsle o
(A nKF — EgDp - nKF on FPr
Phny, pun, +a(ven —gp,) - N, hoo
USh nK — USh * nK —d(op — gDs)nf(s on FPs
a’hn}”{S D", h >
('UFh> <’UFh > on }-iizp’
<U3h> (vSh > on ]:}?s,
op
<Uﬁ“h> _ <UFh) on FT
Dh ’

6
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V3 v
Ohp
VE v
Eh Fo on f}?F,
Pn
V3 v
op
VFR N, USh N,
phn%F = phn%F + a(vpp — vsh) - n?(p on FFs.
VSh N Vsh - N, — 0(0h — pr)ni, h
O'hnf(s —phnf(s

2.3. Trefftz-DG formulation

We define the Trefftz space in the elasto-acoustic medium, such that the chosen
test functions wg, & and wp, g satisfy respectively the elastodynamic and acoustic
equations inside each element Kg and Kp:

Owp
T(7Tn) E{(WF,CI,WS,E)CHI(E) 8.t pp— +Vq— T ? 4 divwp = 0
in all Kr € Ty, psaa —dlvﬁ—aaf—e(ws)—Oinallngﬁ}.

This choice of basis functions removes all volume integral terms in the DG formu-
lation above. Thus Trefftz-DG formulation for EAS reads as:
Seek (VEp, PhyVSH, L) C V(Th) s.t., for all (wp,q,ws, &) C V(T,), it holds true:

/f“s [A on : [€] —l—psvgh*[[ws]]t} ds

h

- [ [toniosle + fosniele = rosuleliosls — Slolofel. s

+
T
B 3

1

AUh:€+PSUSh'WS}dS_2/O [Aa'h:f‘i‘PSUSh'WS}dS
Fos

vsp -y & — 0o E} ds

v Wi, € = O(ounic, — pankc, )€ — pnf, - ws|ds =

|
T
]
%]

1
2/0 [Aa'h : £+pSUSh'wS}dS+/D [gDsn”}C(s ws +0gDs 15)}d87
Fos FPs

h h

1 _ _
/f" [02 prh [l + prvEy, [[wF]]t] ds
PR

+ /f [{pr}wrle + {ornale + alvmnlelorl. + Blollal. | ds

7
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1 t t d
+ ———DrN g, 4+ PFUFpNE, - WF|dS
FpF LCRpPF

1

1
/ { phnKFQ+PFUthKF wF}dS+/ [pnf(F -wF+oth.wF}ds
2 Jror ch FPF

+/ [phn?@ ‘W + a(VFy - N, — Ush  N,) t WE Vs H%FQ)} ds =
Frs

1 1 .
s [ Prhq + PFUFH - WF} ds + [agDF “WF — gDy nKFq} ds,
2 Jror Lekpr FPr

which can be rewritten, using bilinear Arpg(-;-) and linear ¢7pg(-) operators, as
following:
Seek (vEp, Ph, Vs, 0n) C V(Th) s.t., for all (wp,q,ws, &) C V(Ty), it holds true:

Arpc(vER, Phy Ush, 01); (WP, ¢, ws, €)) = brpa(wr, ¢, ws, §). (4)

2.4. Well-posedness

We refer to the estimates, obtained previously for the acoustic, elastic and cou-
pled elasto-acoustic problems in [42]. The analysis is carried out in the framework
developed in [27] for the time-dependent Maxwell problem.

We introduce two mesh-dependent norms ||| - [||%pq and ||| - |||%pg- in T(7p) as
follows:
llwr, 0,05, €)1 = 5 [(4) 161 1Hp1/2[[w
s Slirpe = rxFesy 20178 (F29)
2
Y R Y AT
+ H7 sl L2(F)) €] LZ(]—'IS) 2 L2(]-'hTS)

1/2 1/2 1/2 2 1/2 2
2‘ ’LQ( TS) +‘ LQ(}'DS) 200 e L) + Ha CL)F”Lz(F;?F)
gt 0l it
QH(C%pF Lale]] L goey + 310 ] L)

2 1 1 2
6 Mo ol S
+ 8" 1 L2<f’F> 2 chF) PEGIE) el PR
2 _ 2 Y 2
ll(wrs g:ws, E)ll7pe- = [l[(wrs 4 ws: E)ll[7pe + 119 *wWs 72 205,

+I(A) ¢, (Fosy H1I6” I/Z{WS}}H Frsy TT 2 {ey?, (F19)
+ Hdil/QEHZQ(]:’?S) + 5“0471/25“%2(}'55) + Hail/szHi%}-fF) + |’pF2wE”i2(filF)

1
+ (5
CFPF

)1/2(]_”22(}-}?,;) + ||/6_1/2{{WF}”%2(]:ZF) + HO‘_1/2‘{{q}||iz(]:ZF)'

Using these norms, the coercivity and continuity properties of bilinear Arpa(-, )
and linear ¢7pg(-) forms hold true:

8
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ATDG((WFy qawS7€); ("‘-)Fa Q>w575)) = H’(wF7Q7wS7£)|H%DG’

|”4TDG((UFapa USao-); (wFaQaW57£))| <2 |H('UF,p,US,U)|HTDG’* |(wFanS,£)|||TDGa

1 1 1
< 2 |: 2 2 /2 2
\brpc(vr,p,vs,0)| < V2 ||p) vFoHLQ(FSF) + Il(c%pF) poHLQ(IEF)
Y2 2 1/, 2 '/ _ —
+ ||pS vSO”L2(]:£S) + HA UOHLz(]:gS) ’ (gDF =9gps = 0)7

These estimates approve that the variational problem (4) admits a unique solu-
tion (vrp, Ph,Vsh, on) € V(Th), with

|(ve — vER, P — PRvE — vERD — Pu)|llTDE <

3 inf

VF — W ’ - 77) —w ,O'— *,
g o NN0F —wr,p = g,v5 —ws,o = Elllrpe

3. Implementation of the method

In this Section we consider a simple example of a one-dimensional homogeneous
medium, in order to better understand the method implementation, and we discuss
the polynomial basis choice. In the end of the Secton we give some results of 2D
simulations for the acoustic, elastodynamic and coupled elasto-acoustic problems.

3.1. Numerical algorithm

We choose a one-dimensional space domain = [z, 2] and a time domain I =
[0,77] so that @ = € x I represents a rectangle.

The uniform mesh 7 on Q) is composed of non-overlapping rectangular elements
K* k=1,..Ny, Ny = N, x N;, with edges parallel to the space and time axes,
and equal to Az = (xg — xp)/N, and At = T /Ny respectively (see Figure 1).

Az %

T —
o) -
E ]{l’C At Z | Ng+1 ]| .- k j
=

1 2 Ng
0 L
rL TR L I
Nfll

space

k=(—1)x N, +i

Figure 1. Uniform rectangular mesh 7, on Q. Element numbering.

Once we have defined the discrete approximation space, we can solve the problem
inside each element K, communicating values at the boundaries 0K by the in-
coming and out-going fluxes. Thus, the variational problem will be represented
by a global algebraic linear system, with a global sparse matrix, of size equals to

9
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the total number of elements multiplied by the number of degrees of freedom per
element (N; x N, x ndof). The inversion of a huge matrix, numerically speaking,
is a very expensive process. In order to optimize the execution of the algorithm,
we will solve the problem ”layer by layer”, considering final results, computed on
the current time layer at time ¢, as initial values for the next layer at time ¢ + At
(see Figure 2).

t="T t="T
t = 2At ‘ t=2At
Z | [Neg+1| --- k Z L «+ C+«+ R
to = At to = At
t = At t = At
1 2 Ny
| to =0 L to=0
L ] L ]
N, N,

Figure 2. Uniform rectangular mesh 75 on Q. Decomposing on layers.

It means, that inside each time slab we solve the formulation inside each element,
taking into account in-coming and out-going fluxes from its two neighbours (left
and right ones). Thus, the global matrix will have a block tridiagonal form, of size
N; times smaller than the original one (see Figure 3).

C [|R J L U Y
LI|C]|R Uy ug
L ||C|R Us ug
X —
L|C|R
R o L | C Un, R,

Figure 3. Global algebraic linear system with block tridiagonal matrix.

One more feature to reduce the numerical costs consists in computing space
and time integrals on faces of one element of reference (unit square), and then, in
projecting the computed values to all mesh elements (multiplying by Az and At
for space and time integration respectively in the case of rectangular mesh).

To sum up, we propose a short pseudo-code, which describes the algorithm of
the method implementation. It is important to notice, that the main loop in time
contains three steps:

1) computation of the approximation coefficients u for the numerical solution in
the current time slab [t;_1,t;];

2) computation of the intermediate numerical solutions v and p thanks to the
approximation coefficients u at the end of the current time slab ¢;, using tsnap
function.

3) reinitialization of the initial values - computation of the right-hand side
u0=0.5(v0+p0) at the beginning ¢; of the next time slab [¢;,¢;11], thanks to the
intermediate numerical solutions v and p from the step 2, using the L2-projection
function 12proj.

10
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1 Data: vt0, pt0 % initial velocity and pressure fields
2 ¢, tho, space, time % domain parameters
3 dx, dt, nx, nt, ndf % mesh and DG parameters
4 Result: v_tfin, p_tfin % final velocity and pressure fields
5 Compute:
6 v0=I2proj(vt0, phi—v) % velocity and pressure linear terms at to = 0
7 p0=I2proj(pt0, phi_p)
8 u0=0.5(v0+p0) % initial right-hand side
9 M % global sparse matrix - left-hand side
10 invM = M~! % inversion of the global matrix
11 for j =1 :nt do
12 Compute:
13 u = invM*u0 % vectpr qf the cgefﬁcients er approxi.mate

% solution in the time slab [(j — 1)dt, jdt]
14 v=tsnap(u, phi—v, t;) % intermediate approximate solutions for velocity
15 p=tsnap(u, phi-p, t;) % and pressure fields at ¢t; = jdt
16 v0=I2proj(v, phi—v) % intermediate velocity and pressure linear
17 p0=I2proj(p, phi—p) % terms at t; = jdt
18 1u0=0.5(v0+p0) % reinitialization of the right-hand side
19 end
20 Compute:
21 vtfin=tsnap(u, phi—v, t,;) % final approximate solutions for velocity and
22 p-tfin=tsnap(u, phi—p, t,;) % pressure fields at t,,; = ntdt
23
;g The idea to remove the last two steps, corresponding to the ”projection” of the
% approximation coefficients to the numerical solution, is quite attractive, because it
57 will provide a faster implementation of the code (we could reuse directly a vector of
28 approximation coefficients computed in the previous slab). In order to explore this
29 idea, we have used the algorithm based upon a high-order DG scheme, that arises
30 after space semi-discretization of second order hyperbolic problems, proposed by
31 Antonietti and Mazzieri in [37]. In this work, the authors derive an implicit arbi-
32 trarily high-order accurate time integration scheme based on DG spectral element
33 approach. In contrast with finite difference time integration schemes, for which
34 the solution at the current step depends upon the previous steps, time DG meth-
35 ods applied over time slabs [t;,t;41] lead to a casual system in which the solution
36 at the current time slab depends only upon the solution at t; . By coupling DG
37 discretization in both space and time leads to a fully space-time finite element
22 formulation.
40 In order to adapt the developed scheme to the method, described by the authors
41 [37], we had to replace the numerical fluxes vy, ph, vy, n by the central ones,
42 to obtain completely symmetrical formulation. Numerical tests of this model with
43 symmetrical formulation gave positive results in the case, where initial conditions
44 and zero source term have been imposed. The case with a non-zero source is still
45 under study.
46
47
48 3.2. Polynomial basis
4
53 As we discussed in the Introduction, one of the advantages of Trefftz-type methods
51 is the flexibility in the choice of basis functions. The main condition is to satisfy
52 the Trefftz property inside each element. To execute the numerical simulations,
53 we have computed a polynomial basis, defined in the element of reference, using
54 generating exponential functions - local solutions of the initial systems of equations.
55 We have extended the algorithm for computing wave-polynomials for second order
g? transient wave equation, proposed by Maciag in [22], to the first order ES and AS of
58
59
60
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Figure 4. 2D EAS (o = 8 = 0.5). Propagation of numerical velocity v(z,t).

dimension one and higher. This basis contains the couples of polynomial functions
for velocity - pressure in acoustics and velocity - stress in elastodynamics, of degrees
less or equal to n(n = 0, 1, 2, 3), satisfying the Trefftz property, to provide n*”
approximation order. We refer to the Appendix B of [42] for the polynomial basis
examples for AS and ES.

3.3. Numerical tests

We present some numerical results obtained when applying the algorithm to the
2D elasto-acoustic problem (see more numerical tests in [42]).

It is worth noting that the currently developed code is a prototype MATLAB®)
version, which is, technically speaking, quite limited. This version has been created
in order to explore the method and algorithm in general, and to perform some basic
numerical tests for its validation. The development of a new high-performance soft-
ware must be the next step. It will require the implementation of new propagators
based on libraries, which have already been developed on the Carbon platform by
Magique-3D and Total.

Wave propagation in coupled elasto-acoustic media is represented by the snap-
shots in the Figure 4.

The coupled fluid-solid medium is a unit square, and it contains two identical
in form rectangular layers: acoustic on the top, and elastic at the bottom. The
final time of propagation is 7' = 1. Medium parameters in acoustic media are
pr = 1, cp = 2, in elastic media - pg = 1, A = 1, u = 2 (all parameters are
nondimensionalized). We consider zero initial conditions, and introduce a source
term in the middle of the acoustic layer. The source signal emitted at the source
point sre=(0.5,0.25) is represented by the first derivative of a Gaussian function,
so that it takes approximately six elements per wavelength. Dirichlet conditions
are imposed at the boundaries.

The numerics reproduce propagation characteristics that correspond perfectly to
physical expectations. Even if the model is limited (large mesh of 30 x 30 x 30
elements, Dirichlet boundaries, which causes many reflections), we can observe all
type of waves (P, S - waves, incident, reflected waves and waves of P, S - head
waves).

Figure 5 shows some results of convergence of the velocity in two-dimensional
acoustic (a) and elastodynamic (b) cases.

The convergence curves have been computed for different approximation orders
(n = 0,1,2,3), and they represent the numerical error as a function of cell size
in logarithmic scale. The convergence in both cases is of order higher than the
corresponding approximation order.
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Figure 5. Convergence of velocities vg in elastodynamics and vp in acoustics in function of cell size
h = Ax.

4. Conclusion

We have applied the theory of Trefftz-DG method applied to the coupled Elasto-
Acoustic System, we have studied the well-posedness of the problem, and proved
error estimates in suitable mesh-dependent norms. The new space-time polynomial
basis has been computed for numerical implementation of the method. We have
developed a prototype code for 2D acoustic, elastodynamic, and elasto-acoustic
problems, including th implementation of a source term, Dirichlet boundary con-
ditions and rectangular mesh, which has been validated by the analytical solutions
(see [42]). The convergence results are of higher order, compared to the classical
DG methods. Moreover, Trefttz-DG variational formulation is simpler to compute,
because it contains surface integration only, without any differential operators.

However, it is still early to discuss the performance of the code, before its opti-
mization and paralleling. Thus, many directions are possible to explore, for both
algorithmic and coding parts, such as: to continue studies of change-over between
time layers in a case of implemented source [37], to study the optimal choice of
penalty terms; to find the alternative to a global matrix inversion, which brings
the main computational cost; to implement absorbing boundaries and perfectly
matched layers for executing more proper simulations; to pass from simple rectan-
gular meshes to more complicate (in space domain) forms - which is one of main
advantages of Trefftz-DG methods. The last one gives the possibility of developing
a hybrid method, based on numerical coupling of DG method in elastics, with Spec-
tral Element Method (SEM) in acoustics, considering a Trefftz-DG transmission
layer at the interface, in order to create software for a wider rane of applications.

The work, presented in this paper, is still under way. We have obtained very
promising results, which deserve the development of a high-performance code, to
be able to assess the method correctly.
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