
HAL Id: hal-01940530
https://inria.hal.science/hal-01940530

Submitted on 30 Nov 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Space-time Trefftz-DG approach for elasto-acoustic wave
propagation

Hélène Barucq, Henri Calandra, Julien Diaz, Elvira Shishenina

To cite this version:
Hélène Barucq, Henri Calandra, Julien Diaz, Elvira Shishenina. Space-time Trefftz-DG approach for
elasto-acoustic wave propagation. WCCM 2018 - 13th World Congress on Computational Mechanics,
Jul 2018, New-York, United States. �hal-01940530�

https://inria.hal.science/hal-01940530
https://hal.archives-ouvertes.fr
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FIGURE 1: Ocean Bottom Seismic (OBS) data acquisition
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TABLE 1: Generic properties of the most widely used numerical methods∗

Numerical Complex High-order Explicit semi- Conservation Elliptic
method geometries accuracy and discrete form laws problems

hp-adaptivity

FDM • • • • •
FVM • • • • �
FEM • • • � •

DG-FEM • • • • �
∗ J.S.Hesthaven T.Warburton. Nodal DG methods. Algorithms, analysis, and applications. 2007
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PROS AND CONS
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Adapted to the complex geometries

High-order accuracy and hp-adaptivity

Explicit semi-dicrete form

Conservation laws

Higher number of degrees of freedom,

compared to the methods with continuous approximation
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DEFINITION ∗
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Given a region of an Euclidean space of some partitions of that region,

a Trefftz method is any procedure for solving BVP of PDE,

using solutions of that PDE or its adjoint, defined in its subregions.

∗ I.Herrera. Trefftz method: a general theory. 2000
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EXPECTED ADVANTAGES AND DRAWBACKS
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Higher order of convergence

Flexibility in the choice of basis functions

Low dispersion

Incorporation of propagation directions in the discrete space

Adaptivity and local space-time mesh refinement
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EXPECTED ADVANTAGES AND DRAWBACKS
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Higher order of convergence

Flexibility in the choice of basis functions

Low dispersion

Incorporation of propagation directions in the discrete space

Adaptivity and local space-time mesh refinement

Sparse form of the global space-time matrix
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MATHEMATICAL FORMULATION
ACOUSTIC SYSTEM
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PROBLEM EQUATIONS
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space
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c2
FρF

∂p

∂t
+ divvF = f in QF

ρF
∂vF

∂t
+∇p = 0 in QF

vF = vF 0, p = p0 in ΩF × {0}

vF = gD
F in ∂ΩF × I
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ACOUSTIC SYSTEM
MESHING
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space

0

KFnKF

ti
m

e

Th - mesh on QF

Fh = ∪KF∈Th
∂KF - mesh skeleton

KF ∈ QF (cF , ρF ≡ const in KF )

vF , p ∈ H1(KF )

ωF , q ∈ H1(KF )
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AS
(vF , p)
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AS
(vF , p)

× test
functions

(ωF , q)

SPACE-TIME INTEGRATION ON KF

=

SUM OVER ALL KF SUM OVER ALL ∂KF

SURFACE INTEGRATION TERM

(test functions)
(vF , p)
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SPACE-TIME DISCRETIZATION
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Seek (vF h, ph) ⊂ V(Th) ⊂ TF (Th) s.t. for all (ωF , q) ⊂ V(Th) it holds:

ATDGF
((vF h, ph); (ωF , q)) = `TDGF

(ωF , q)
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Seek (vS h,σh) ⊂ V(Th) ⊂ TS (Th), s.t. for all KS ∈ Th, (ωS , ξ) ⊂ V(Th) it holds:

ATDGS
((vS h,σh); (ωS , ξ)) = `TDGS

(ωS , ξ)
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nΓFS

ΓFS

space

0

ΩS
ΩF

ti
m

e

Q = (ΩF ∪ ΩS )× I

{
vF · nΓFS

= vS · nΓFS
on ΓFS

σnΓFS
= −pnΓFS

on ΓFS
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T(Th) ≡
{

(ωF , q, ωS , ξ) ⊂ H1(Th)4 : ρF
∂ωF

∂t
+∇q =

1

c2
FρF

∂q

∂t
+ divωF = 0,

ρS
∂ωS

∂t
− divξ =

∂A ξ

∂t
− ε(ωS ) = 0, ∀KF ,KS ∈ Th

}
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T(Th) ≡
{

(ωF , q, ωS , ξ) ⊂ H1(Th)4 : ρF
∂ωF

∂t
+∇q =

1

c2
FρF

∂q

∂t
+ divωF = 0,

ρS
∂ωS

∂t
− divξ =

∂A ξ

∂t
− ε(ωS ) = 0, ∀KF ,KS ∈ Th

}

SPACE-TIME DISCRETIZATION IN T

∑
KF

∫
∂KF

[
(

1

c2
FρF

p̂hq + ρF ˆvF h · ωF )nt
KF

+ (p̂hωF + ˆvF hq) · nx
KF

]
ds

+
∑
KS

∫
∂KS

[
(A σ̂h : ξ + ρS ˆvS h · ωs )nt

KS
− ( ˆvS hξ + σ̂hωS ) · nx

KS

]
ds =

∑
KF

∫
KF

fqdv
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∑
KF

∫
∂KF

[
(

1

c2
FρF

p̂hq + ρF ˆvF h · ωF )nt
KF

+ (p̂hωF + ˆvF hq) · nx
KF

]
ds

+
∑
KS

∫
∂KS

[
(A σ̂h : ξ + ρS ˆvS h · ωs )nt

KS
− ( ˆvS hξ + σ̂hωS ) · nx

KS

]
ds =

∑
KF

∫
KF

fqdv

NUMERICAL FLUXES THROUGH THE FLUID-SOLID INTERFACE

FΓFS
h


ˆvF h · nx

KF
p̂hnx

KF
ˆvS h · nx

KS
σ̂hnx

KS

 ≡


vS h · nx

KF
phnx

KF
+ α(vF h · nx

KF
− vS h · nx

KF
)

vS h · nx
KS
− δ(σhnx

KS
− phnx

KS
)

−phnx
KS
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Seek (vF h, ph, vS h,σh) ⊂ V(Th): ∀KF ,KS ∈ Th, (ωF , q, ωS , ξ) ⊂ T(Th) it holds:

ATDG ((vF h, ph, vS h,σh); (ωF , q, ωS , ξ)) = `TDG (ωF , q, ωS , ξ)
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ACOUSTIC TDG

ELASTODYNAMIC TDG

ELASTO-ACOUSTIC TDG



SPACE-TIME TREFFTZ-DG APPROACH FOR ELASTO-ACOUSTIC WAVE PROPAGATION

WELL-POSEDNESS

MESH DEPENDENT L2 NORMS
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ACOUSTIC TDG

ELASTODYNAMIC TDG

ELASTO-ACOUSTIC TDG

W
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L-
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D
∗

∗ H.Barucq H.Calandra J.Diaz E.Shishenina. Space-time Trefftz-Discontinuous Galerkin
approximation for elasto-acoustics. [RR] 2017
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i

j

1 2 · · · Nx

Nx + 1 · · · k

Nx

N
t

k = (j − 1)× Nx + i
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1 2 · · · Nx

Nx + 1 · · · k

t0 = 0

t = ∆t

t0 = ∆t

t = 2∆t
· · ·

t = T
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N
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ATDG ≡
∫
FΩ

h

+

∫
FT

h

+

∫
F0

h︸ ︷︷ ︸
AΩ

TDG

+

∫
F I

h

+

∫
FD

h︸ ︷︷ ︸
AI

TDG
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+

∫
FT
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+

∫
F0

h︸ ︷︷ ︸
AΩ

TDG

+

∫
F I

h

+

∫
FD

h︸ ︷︷ ︸
AI

TDG

GLOBAL SPACE-TIME MATRIX

M = ∆xMΩ + ∆tMI
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ATDG ≡
∫
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∫
FT

h

+

∫
F0

h︸ ︷︷ ︸
AΩ

TDG

+

∫
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h

+

∫
FD

h︸ ︷︷ ︸
AI

TDG

GLOBAL SPACE-TIME MATRIX

M = ∆xMΩ + ∆tMI

MΩ - block-diagonal
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ATDG ≡
∫
FΩ

h

+

∫
FT

h

+

∫
F0

h︸ ︷︷ ︸
AΩ

TDG

+

∫
F I

h

+

∫
FD

h︸ ︷︷ ︸
AI

TDG

GLOBAL SPACE-TIME MATRIX

M = ∆xMΩ + ∆tMI

MΩ - block-diagonal MI - sparse
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M−1 ≡
[
∆xMΩ + ∆tMI

]−1
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M−1 ≡
[
∆xMΩ + ∆tMI

]−1

=[
I + κ (MΩ

−1MI )
]−1[

∆xMΩ

]−1
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M−1 ≡
[
∆xMΩ + ∆tMI

]−1

=[
I + κ (MΩ

−1MI )
]−1[

∆xMΩ

]−1

TAYLOR EXPANSION (IN CONDITION OF SMALL ENOUGH κ)

M−1 =
[∑∞

n=0(−1)nκn (MΩ
−1MI )n

][
∆xMΩ

]−1
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M−1 ≡
[
∆xMΩ + ∆tMI

]−1

=[
I + κ (MΩ

−1MI )
]−1[

∆xMΩ

]−1

TAYLOR EXPANSION (IN CONDITION OF ENOUGH SMALL κ ≡ ∆d
t

∆d
x
)

M−1 =
[∑∞

n=0(−1)nκn (MΩ
−1MI )n

][
∆xMΩ

]−1

block-diagonal
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M−1 ≡
[
∆xMΩ + ∆tMI

]−1

=[
I + κ (MΩ

−1MI )
]−1[

∆xMΩ

]−1

TAYLOR EXPANSION (IN CONDITION OF ENOUGH SMALL κ)

M−1 =
[∑∞

n=0(−1)nκn (MΩ
−1MI )n

][
∆xMΩ

]−1

block-diagonal x sparse
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n ∆x = 10−2 ∆x = 2 · 10−2 ∆x = 5 · 10−2 ∆x = 10−1

3 1.4166E-05 4.3741E-05 2.8780E-04 2.5772E-03

4 3.1623E-07 1.2656E-06 5.3868E-05 1.2674E-03

5 2.8903E-07 9.1744E-07 4.1029E-05 1.3010E-03

FULL INVERSION (κ = 10−2)

n ∆x = 10−2 ∆x = 2 · 10−2 ∆x = 5 · 10−2 ∆x = 10−1

· 2.2540E-07 8.9583E-07 5.5811E-05 1.3004E-03
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4 3.1623E-07 1.2656E-06 5.3868E-05 1.2674E-03

5 2.8903E-07 9.1744E-07 4.1029E-05 1.3010E-03

FULL INVERSION (κ = 10−2)

n ∆x = 10−2 ∆x = 2 · 10−2 ∆x = 5 · 10−2 ∆x = 10−1

· 2.2540E-07 8.9583E-07 5.5811E-05 1.3004E-03
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2D ELASTO-ACOUSTIC SYSTEM
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FIGURE 9: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.567). Dirichlet boundaries

acoustics

elastodynamics
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FIGURE 9: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.633). Dirichlet boundaries

acoustics

elastodynamics
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FIGURE 9: 2D Elasto-acoustic system.

Numerical velocity v(x, 0.700). Dirichlet boundaries

acoustics

elastodynamics
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FIGURE 10: 2D Acoustic system.

Convergence of velocity vF in function of cell size h
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FIGURE 11: 2D Elastodynamic system.

Convergence of velocity vS in function of cell size h
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Implementation of the method for 2D acoustic, elastic,
elasto-acoustic systems

Numerical validation of prototype Matlab code

Implementation of an algorithm of the approximate inversion

Development of 2D TDG acoustic propagator in the framework
of Elasticus code
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Development of 2D TDG elastic propagator in the framework
of Elasticus code; optimization

Exploration of space-time tent pitching meshes

Analysis of performance
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